University of

"1l Kent Academic Repository

Lins, Rafael D., Thompson, Simon and Jones, Simon L. Peyton (1994) On
the Equivalence Between CMC and TIM. Journal of Functional Programming,
1 (4).

Downloaded from
https://kar.kent.ac.uk/21166/ The University of Kent's Academic Repository KAR

The version of record is available from
https://doi.org/10.1017/S0956796800000939

This document version
UNSPECIFIED

DOI for this version

Licence for this version
UNSPECIFIED

Additional information

Versions of research works

Versions of Record
If this version is the version of record, it is the same as the published version available on the publisher's web site.
Cite as the published version.

Author Accepted Manuscripts

If this document is identified as the Author Accepted Manuscript it is the version after peer review but before type
setting, copy editing or publisher branding. Cite as Surname, Initial. (Year) 'Title of article'. To be published in Title

of Journal , Volume and issue numbers [peer-reviewed accepted version]. Available at: DOI or URL (Accessed: date).

Enquiries

If you have questions about this document contact ResearchSupport@kent.ac.uk. Please include the URL of the record
in KAR. If you believe that your, or a third party's rights have been compromised through this document please see

our Take Down policy (available from https://www.kent.ac.uk/quides/kar-the-kent-academic-repository#policies).



https://kar.kent.ac.uk/21166/
https://doi.org/10.1017/S0956796800000939
mailto:ResearchSupport@kent.ac.uk
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies

On The Equivalence Between CM-C and TIM

Rafael D.Lins & Simon J.Thompson
Dept. de Informatica - Universidade Federal de Pernambuco - Recife - Brazil
Computing Laboratory - The University of Kent - Canterbury - England.

Abstract

In this paper we present the equivalence between TIM, a machine developed to implement lazy
functional programming languages, and the set of Categorical Multi-Combinators, a rewriting
system developed with similar aims.

Keywords: Categorical Multi-Combinators, lambda calculus, functional programming.

Introduction

A number of different abstract machines for the implementation of lazy functional languages have been
developed in the last few years. Many of these machines were developed using different principles or
even based on different theories of functions and seem to be unrelated. In our opinion, it 1s important
to examine the similarities and differences between these machines, because this will provide a better
understanding of their features. In this paper, we investigate the relationship between TIM and
the system of Categorical Multi-Combinators. Although these two abstract machines seem to be
completely unrelated we prove their equivalence.

The method of compilation of functional languages into combinators, first explored by Turner
in[18], provides a way of removing the variables from a program, transforming it into an applicative
combination of constant functions or combinators. Turner used a set of combinators based on
Curry’s Combinatory Logic. To each combinator there is associated a rewriting law. In rewriting a
combinator expression, Turner rewrites the leftmost-outermost reducible subexpression (or redez) at
each stage. When no further rewriting can take place the expression is said to be in normal form.

Another theory of functions is provided by Category Theory [4], and we can see the notation used
herein as providing an alternative set of combinators. The original system of Categorical Combinators
was developed by Curien [1]. This work was inspired by the equivalence of the theories of typed A-
calculus and Cartesian Closed Categories as shown by Lambek [4] and Scott [15].

Aiming to implement lazy functional languages in an efficient way using rewriting of Categorical
Combinators we developed a number of optimisations [5, 7] of the naive system, the most refined of
which was the system of Linear Categorical Combinators [7]. The modifications introduced reduce
the number of rewriting laws and increase the efficiency of the system by reducing the number of
rewriting steps involved in taking an expression to normal form, whilst leaving the complexity of the
pattern matching algorithm unchanged.

Categorical Multi-Combinators are a generalisation of Linear Categorical Combinators. Each
rewriting step of the Multi-Combinator code is equivalent to several rewritings of Linear Categorical
Combinators, since an application of a function to several arguments can be reduced in a single step.
The core of the system of Categorical Multi-Combinators consists only of two rewriting laws with a
very low pattern-matching complexity and avoids the generation of trivially reducible sub-expressions.

Independently, there has been much interest in compiled versions of functional languages which
run much more quickly on von Neumann machines than do interpreters. Johnsson, with his imple-
mentation of Lazy ML [3], showed that it is possible to get fast implementations of lazy functional
languages. Johnsson’s implementation model was described as the G-Machine [13; 3]. The basic



principle of the G-Machine is to avoid generating graph nodes when it is unnecessary. Several optimi-
sations to the G-Machine are suggested in [13, 3]. In [16] there is an analysis of these optimisations
and their performance figures obtained with several different benchmark programs.

Categorical Multi-Combinators served as basis for two compiled machines: GMC [12] and CM-
CM [11, 17]. GMC is inspired by the G-Machine, in the sense that it generates graph lazily. The
implementation of GMC has shown performance close, but slower, than the G-machine. CM-CM is
a stack based machine which served as a basis for TCMC, a lower level abstract machine suitable
for efficient implementation of functional languages on RISC architectures. The implementation of
ICMC, still in progress has shown performance figures which in the best case is several times faster
and in the worst case it is 10% slower than Chalmers LML compiler based on the G-machine.

At the same time, independent work on the Ponder abstract machine by Fairbairn and Wray
developed into a more sophisticated system, the Three Instruction Machine, or TIM [2] which can be
thought of as a lazy SECD machine.

In this paper we investigate the relationship between TIM and the system of Categorical Multi-
Combinators. The first section presents the source language for generating Categorical Multi-Combinator
expressions and TIM code. To make presentation easier we adopted a slightly different notation for
Categorical Multi-Combinators from the one presented in [8]. The multi-pair combinator is repre-
sented by a tuple (zy,...,z,), we use the empty tuple () to denote identity, and angle brackets stand
for closures {a,b) (which we previously wrote o a b). We follow this by explaining the evaluation
mechanism in Categorical Multi-Combinators [8] and TIM [2]. For further details on TIM, and indeed
on other machines we refer readers to [14]. The core of the paper is section 3, in which we present
two functions € and 7 translating from TIM to CMC and vice versa. We show in 3.2 and 3.4 that
each of the translation functions respects rewriting, in a sense which we explain, and in 3.5 we show
that 7 is a left inverse of C, and that C is a left inverse of 7 modulo rewriting.

1 The Source Language

A program 1s taken to be a sequence of combinator definitions together with an expression to be
evaluated, which will involve these combinators.

c1 =qef combinatory

Cn  =qef combinator,

MaIn— exPression

A program when compiled will generate a script which is formed by a sequence of combinators linked
to their code thus,
1 +— [combinator:]

p= :
¢n +— [combinator,]

In order to flatten the source code the compilation algorithms for Categorical Multi-Combinators and
TIM will extract right-parenthesised expressions and replace each of them by a unique label. These
labels will also be part of the script, and as with combinators they have their name linked to their
code.

1 +— [combinatorq]

¢n +  [eombinator,]
— [expression,]

l;m + [expression,,]



The main-expression is compiled separately as,
[main—expression]p

In order properly to interpret recursion, we assume that the environment p contains the definition of
all combinators, so that recursive combinators produce recursive references through the environment.
The notation we use is: with each label [ there 1s associated code {, and with each combinator ¢ there
is associated code ¢,, we supress the environment p when no confusion is possible.

1.1 Compiling into Categorical Multi-Combinators

In Categorical Multi-Combinators function application is denoted by juxtaposition, taken to be
left-associative. The compilation algorithm for translating A-expressions into Categorical Multi-
Combinators is given by the function R®° %7 where each x; is a variable and the corresponding ¢
its depth in the environment, i.e. the corresponding DeBruijn number. Top level expressions are
translated using an empty environment, so by Rl1. For a matter of uniformity combinators will be
represented as composed with a dummy frame, (), which can be seen as the identity frame.
[] _ m—1 Th...T]
(T .1) Ry ... pa= (L ,ONR a)

m

(T ,2) R¥0-Tiq b= R%0-Tig . RT0--Tj}
(T .2°) R™%i(a...b)y=1

where [; 1s a new unique label in the script, such that

li s (Rx,...xja) o (Rx,x]b)
(T .3) R*%ib=1 ,if b is a constant
(T .4) R™%ig; =i

Combinator names and labels are treated as constants.

1.1.1 Example of Compilation

The script:
S = Ada.Ab.Ac.ac(be)
K = Xe Ak
I = Xii
SKKI

forms the following environment:

S — RU[AarbAc.acl]
K — RUXEALE]
I — RU[XiA]

which by application of the compilation rules above translates to:
S = (L*(204),0)
K — (LY(1),0)

I = (L0),0)
i — 10



The expression to be evaluated is translated as
RU[SKKT]

which generates SK K as compiled code.

1.2 Generating TIM Code

Now we present the compilation algorithm for TIM.
The script,
1 +— [combinator]

¢n + [combinator,]
MaIn— exPression

Compiles into TIM code as,
¢1  +— B[combinator]

r= n — B[ combinator,]
Clmain—expression]
where compilation schemes B and C' are given below:

(C.1) B[May,...an.body] = [Take n; Clbody][as, ..., an] ]

(C.2) Cle; ea]laq, .., an] = [Plezllai, - - ., an]; Cleidar, - - -, an]]
(C.3) Clatom]lay,...,an] = Elatom][ay, ..., a,]

(C.4) Plam][a,...,a,] = [Push arg m]

(C.5) Pleillaq, .- ., an] = [Push combinator ¢;]

(C.6) Ple]lai,...,an] = [Push label /], where { is a new (unique) label and the rule side-effects p
thus p := p[e/ — (C[e])] means p with entry [e¢' — (C[e])].

(C.7) Elam]lai,...,an] = [Enter arg m]
(C.8) Eleilla,- .., an] = [Enter combinator ¢;]

The “” used in rules (C.1) and (C.2) is overloaded. In rule (C.1) semi-colon is equivalent to cons (:)

in a functional language, while in rule (C.2) semi-colon stands for append (++). Compilation of an
expression into TIM generates a flat sequence of code, always. In rules C.4 and C.7 a variable a,, is
replaced by m, its position in the list of variables [ay, ..., a,].

1.2.1 Example of Compilation
The script:

S = Ada.Ab.Ac.ac(be)

K = XLk
I = Xii
SKKI



forms the following environment:

S —  B[Aa.Mb.Ac.acli]
K — B[XkeALE]
I — B[]

which by application of the compilation rules above translates as:

S

+— [Take 3; Push label 1;; Push arg 1; Enter arg 3]
K +— [Take 2; Enter arg 1]
I +— [Take 1;Enter arg 1]
li — [Push arg 2; Enter arg 3]

The expression to be evaluated generates the following TIM-code:

C[SK KI]p + Push Combinator I; Push Combinator K; Push Combinator K; Enter Combinator S;

2 Executing the Code

In this section we show how Categorical Multi-Combinators and TIM execute the code compiled by
the compliation schemes above.

2.1 Categorical Multi-Combinator Rewriting Laws

The core of the Categorical Multi-Combinator machine is presented on page 71 of [8]. For a matter
of convenience we will represent the multi-pair combinator, which forms evaluation environments as
(g, ...,%y) and compositions, which represent closures, will be written as {(a, b). Using this notation
the kernel of the Categorical Multi-Combinator rewriting laws is:

(M*‘l) <n,($m,"',$1,$0)> = T
(M*.2) (xox122...20,y) = {20, y) ... {Tn,Y)
(M*3) <Ln(y)a (wOa ey wm)>$0$1 T4l Ty = <y; (an Tty xn)) Tp41 - Lz

The state of computation of a Categorical Multi-Combinator expression is represented by the
expression itself. Rule (M*.1) performs environment look-up, this is the mechanism by which a variable
fetches its value in the corresponding environment. (M*.2) is responsible for environment distribution.
The rule (M*.3) performs environment formation: if during rewriting a label or a combinator reaches
the leftmost position of the code we proceed a script look-up and enter the corresponding code in the
definition environment. This can be expressed as

(Ly) = {ly)

2.2 TIM states

The state of a TIM computation is a tuple
(Code, Current Frame, Argument Stack, Frames)

The Code part is a sequence of TIM instructions. The Current Frame is the label (pointer) to a
frame in Frames, which will be used for the evaluation of the Code. Specifically it is used to hold the



values of free variables in the code. These values might be literal values, or closures represented by
code-frame pairs. The Argument Stack is a stack of values, which are arguments to functions. Frames
is a heap in which frames are stored. We use Miranda list notation to represent stacks.
The initial state of the machine is
(Code, (),11,1])

The state transition laws for TIM presented on page 36 of [2] are,
(s.1) ([Take n; 1], fo,(a1:...:an : A), FY=> (I, f, A F[f — (a1,...,an)]},

where f selects an unused frame
Push arg n; I, f, A, F[f— (... an, .. )y = I, f(an - A, F[f— (.. an, .. )])
Push label [; 11, £, A, FY = (I, £, ({, [ - A), F)
Push combinator ¢; I], f, A, F'Y = (I, f,({¢, ) : 4), F)
Enter arg n], f, A, F[f— (..., {c, f), .. )]) = {er, fn, A, F[f— (... {e, fo), -2 )]
(s.6) ([Enter combinator ¢, f, A, F) = {(¢r, (), A, F)

Note that in law (s.1) above we use the notation F'[f — (a1, ..., ay)] to represent the heap F' updated
with a new frame f, consisting of a1 to a,. In all other rules F[f — (a1,...,a,)] means the heap F’
contains a particular frame f. The empty tuple, (), represents the empty frame.

(s.2) ([
([
([
([

3 C.M-C & TIM

The close relationship between TIM [2] and the original set of Categorical Multi-Combinators [6, 8]
has been known to the first author for a long time, and has also been mentioned by other people [19].
This equivalence was also outlined in [11].

Our aim in this section is to make clear the relationship between TIM [2] and the original set of
Categorical Multi-Combinators [6, 8]. We present two functions C, translating from TIM to CMC and
T going in the reverse direction. The translation functions and equivalence proofs we supply depend
upon a number of simple properties of the form of the state and expressions produced by rewriting or
executing compiled lambda expressions.

o All lambda expressions rewritten are of ground (non-functional) type. This is implicit in the
rewriting rule for T'ake in TIM where it is assumed that there are always sufficient arguments
upon the stack to perform a function application when required.

e All lambda expressions are assumed to be lambda-lifted before compilation (c.f. [3]), since this
is intrinsic to the rewriting rules for Categorical Multi-Combinators. Examining the form of
rewritten lambda expressions in CMC, it is safe to assume that in any composition {/,r}), [ is
not a composition and that r is a multi-pair or tuple (zg,...,zy).

We then show that the translations given commute with rewriting. First we show that if a TIM
state 77 rewrites in one step to state 75 then C(7T1), the Categorical Multi-Combinator equivalent
rewrites in a sequence of zero or more steps to C(72) — (Property I). We then show that if a CMC
expression M rewrites in one step to My then 7 (M), the TIM equivalent rewrites in a sequence of
zero or more steps to 7 (Ms) — (Property II).

Property 1 Property I1
T1 — C(Tl) M1 — T(Ml)
U 4 U 4

T2 — C(Tz) M2 — T(Mz)

Finally we show that 7 is a left inverse of C, i.e. ‘C then 7 is the identity on TIM states. The other
inverse relationship does not hold. We exhibit an example to show this, but we also show that it is
an inverse modulo rewriting.



3.1 Translating TIM into C.M-C

The translation from TIM states to Categorical Multi-Combinator expressions is performed by the
following functions.

(t'l) C(<Iafa [an"'axz]aF[fH(yanla"'yn)D): <TFIa(TFy0aTFy1a"'aTFyn)> TPXy ... TR,

(¢.2) mrl{cn, /)] = (tren, (TRY0, -« -, TPYm)), where f— (yo, ..., ym) in I
(t.3) tr[Take n;I] = L"~Y(rpI)
(t.4) rp[Push arg n; I =71l (n — 1)

(t.6) 7p[Push combinator ¢;I] = 71 ¢,

[
[
[
(t.5) 7p[Push label [; ] = 7¢I I\
[
(t.7) rp[Enter arg n] = (n — 1)
[

(t.8) 7p[Enter combinator ¢] = ¢/,

As we can observe 7p in rules (t.3) to (t.8) is recursively invoked only on code sequences without
any need for heap information, which is carried by F'. For notational simplicity the subscript F,
such as in 7p, which stands for the heap of frames in TIM states, will be omitted in the sequel, if
no misunderstanding can arise. Rule t.1 above translates a TIM state into a top-level Categorical
Multi-Combinator expression it is used to translate the expression under evaluation. In this case 7p
is ancillary to C and translates a code sequence into Categorical Multi-Combinator sub-expressions.
We also apply 77 to each entry in the TIM script in order to generate the corresponding C.M-C script
thus,

¢ +—  [combinator] ¢ —  1p[combinator]

T [labeli] I' — rp[label,]

3.2 Proof of Property I

We show that if a state 77 rewrites to a state T» then C(73), the Categorical Multi-Combinator
equivalent expression to 77, rewrites in a sequence of zero or more steps to C(72). The translation
between TIM states and C.M-C. expressions is performed by the algorithm above. The following
sub-sections prove the result clause by clause.

3.2.1 Multi S-Reduction

Let us start analysing the most important state transition law of both machines, the one which
corresponds to G-reduction in the A-Calculus. We can see that

([Take n; I, fo, (a1 : ... an : APy = (LA F[f—(ar,...,a0)]},
where f selects an unused frame
and
<Ln(y),(w0,...,wj)>l‘0l‘1"'l‘nl‘n+1"'l‘z = <ya ($0a~~~a$n)>$n+1"'xz



perform exactly the same transformation to the code. This equivalence can be shown formally as
follows,

t.1

C({[Take n; 1], f,[z0, ..., 2s], F[f — (o, ..., u)])) = (r[Take n;I],(7yo,...,7y)) T2g...T2,
151 [| .3
CUIL, f1,[®n, - &, Flfi— (xo,...,2n-1)]) (LY, (tyo, ..., Tyi)) Tro .. T,
.1 VM*3
(I, (tg, ..., T¥p_1)) T&n...TZ, (I, (T, ..., TCn_1)) Ty ... T,

3.2.2 Push arg as Environment Look-up

The operation which allows a variable to fetch its value from its corresponding environment is expressed

in TIM and C.M-C. as,
([Push arg n; I, f, A F[f— (...,an,.. )y = (L fian, A F[f— (. an,..)])

(n,(m, ..., 21,20)) = Ty
Consider the behaviour of the two rules:

C({[Push arg n; I], f, (zo : .. ), F[f — (am, - )])) 2 (r[Push arg n; I], (tam, ")) Tag...

1 5.2 [| .4
CHI, fi(an imo...), F[f— (am, - )]) (rI (n—=1),(Tam, ")) Tag. ..
.1 U M*2
(tI,(Tam, )y Tan T2y ... (rI,(Tam, )y {(n = 1), (ram, ) Tao...
U M*A

(rI,(Tam, )y Tan Tag...

3.2.3 Push label as Environment Distribution
This operation is performed by the following laws in TIM and C.M-C, respectively,
([Push label §;T], f, A, FY = {(Lf{Lf):AF)
(zox12a...2n,y) = {zo,y){x1,y) .. (Tn1, ¥){Tn, Y)

Right associated applications are removed from the TIM code and replaced by a label. Push label [
builds a closure of the current frame and the label .
Let us prove the operational equivalence between the laws above.

C({[Push label [; I, f, [zo,.. ], F[f — (am - )])) 2, (r[Push label I; I], (Tam, )} Tag. ..

1 5.3 | .5
CUL L), 0 L FLf e aml) (PL 0 (ram, ) 7o
[t U M2
(I, (Tam, )y 7L, f) Taq. .. (T1, (Tam, - WU, (Tam, - ))Tzq . . .
[| ¢.2

(I, (Tam, - )Nl (Tam, - )yTag . ..

(T1, (Tam, - N, (Tam, ) Tzq . ...

We recall that I’ is the TIM label corresponding to .



3.2.4 DPush combinator as Script Look-up

In TIM and C.M-C functions are lambda lifted during compilation, so that each function corresponds
to a closed A-expression or a combinator. Whenever a combinator is applied 1t will generate its
own evaluation environment, binding actual parameters to formal parameters. In C.M-C whenever
a combinator name reaches the leftmost outermost position in the code we enter the corresponding
code.

([Push combinator ¢;I], f, A, F) = {(I,f,{e,()): A, F)
Let us prove the operational equivalence between the laws above.

C({[Push combinator ¢;I], f,[zo,...], F[f — (am, - )])) 2, (r[Push combinator ¢; I], (Tam, )} Tag. ..

I 5.4 [| ¢.6
C(<I’f’ [(C, ()>’ xo""]aF[fH (am’)D) <TI C/,(Tam,~~~)> TZo ...
£.1 J M2
(I, (Tam, ) 7{e, () Tag. .. (T1,(Tam, ) (¢, (Tam, ) To...
[| ¢.2

(T1,(Tam, ) {re,7()) Tzo. ..
[
<TI’ (Tam’ e )> <C/, T()) TXo. ..

where ¢’ is the TIM combinator corresponding to ¢. As combinators discharge the environments they
are composed with we have both sides above operationally equal.

3.2.5 [Enter arg as Environment Look-up

In the law,

([Enter arg n], f, A, F[f— (..., (e, 1), .. )]y = {er, FLA F[f = (.. e, 1), D)

Enter performs a similar transformation to the code as Push arg n above, 1.e. an environment look-up.
Let us see the state transition this law performs in C.M-C.

C({[Enter arg n], f,[zo,.. ], F[f— (- {e, f')--)]) 2 (r[Enter arg n], (-, 7{c, ), ) 720 ...

Us.5 || t.7
C{er, [/ [xo, - L, FI = (Yo, -, 90)]) (=1, (e, f1), ) Two ...
|| ¢.1 UMl
(rer, (Tyo, -+, TYm)) T2o . .. e, ') Tao ...
[ | t.2
{er, (TYo, -+, TYm)) Txo ... (re,(Ty0, -+, TYm)) Txo ...

[
(e (tyo, ,TYm)) Txo ...
[

(el (Tyo, +, TYm)) TZq ...



3.2.6 Enter combinator as Script Look-up

The other role of the Enter combinator is simply to read the code for a function definition from the
script, performing a lazy linking of the code, by the following law,

([Enter combinator ¢, f, A, F) = {¢;, (), A, F)

This law is equivalent to the following state transformation in C.M-C.

C({[Enter combinator c|, f, [zo,...], F[f — (am, - )])) 2 (r[Enter combinator ¢], (Tam, )} Tag...
1 5.6 | .8

C({er, O, [0, .- ], FLf — (am, .. )]) (el (Tam, ) Txo ...
| ¢.1

(rep, (Tam, ) To. ..

(el (Tam, ) Txo ...

where ¢} is the TIM code associated with combinator ¢’.

3.3 Translating C.M-C into TIM

The translation between Categorical Multi-Combinator expressions and TIM states is performed by
the following functions:

(r.1) T({e, (Yo, -, ym)) wo...w) = {Oe, f,[6wq,...,0ws], F[f — (Oyo, ..., 0um)])
(r.2) 0L"!(z) = [Take n;6z]

(r.3) On = Enter arg (n+ 1)

(r.4) 6c!. = Enter combinator ¢

(r.5) f(eper...em) = Tep;...; Wey;beg

(r.6) 6(n,(yo,...,ym)) = Oyn

(x.7) 0z, (Yo, .-, ym)) = (0, f), where [ (Oyo, ..., 0um)

(r.8) ¥n = Push arg (n + 1), if n is a variable

(r.9) ¥¢, = Push combinator ¢, if ¢ is a combinator

(r.10) !, = Push label {

T translates a top-level Categorical Multi-Combinator expression into a TIM state. # and ¥ are
ancillary functions which translate the code of a Categorical Multi-Combinator sub-expression into
TIM-code. As we can observe in rule (C.2) above for compiling TIM code each subterm in an
application is translated depending on its position in the term. ¥ is needed to reflect this difference,
which does not exist in Categorical Multi-Combinators, into TIM. F' appears as an unbound variable in
rule (r.1) - the meaning of this is “the heap built by the recursive invocation of # on the subexpressions
to which it is applied”. When (r.5) is applied a new frame in the heap is generated, and we can see
that the traversal of the Categorical Multi-Combinator expression gives rise to a collection of frames
(F) in the heap.

10



The corresponding TIM script is generated by applying & to each of the entries of the C.M-C
script, thus

¢ +—  [combinatlor] ¢ + B[ combinator]

6

'~ [labeli] [ Olabelq]

The syntax of Categorical Multi-Combinator expressions which can arise from compilation or rewriting
of compiled expressions shows us that in rule (r.1) e can either be a variable, an application, or an
abstraction (L™(a) or ¢;). We use this in proving property IT below.

3.4 Proof of Property II

We show here that if a Categorical Multi-Combinator expression M; rewrites in one step to expression
Mo then the TIM state 7 (M) rewrites in a sequence of one or more steps to 7(Ms). The translation
between C.M-C. expressions and TIM states is performed by the algorithm above.

3.4.1 Environment Look-up

T((n, (oo (Y, (g, ), Nwo...cw) = (On, f,[6wo, ..., 0wg], F[f — (..., {0y, f'),..)])
UM | 7.3
Ty, (zj, -, z1))wo ... wy) (Enter arg (n + 1), f, [fwo, ..., 0wg], F[f — (..., {8y, f"),.. )]
[| 7.1 1 5.5
By, ', [0wo, . .., 0w, F) By, ', [0wo, ..., 0w), F[f— (..., 0y, f),..)])

The translation rules give rise to different heaps on the left and right hand sides. Note, however that
the only difference is the presence of an additional frame, f, on the right hand side. As rewriting is not
affected by the presence of this extra frame we can say that the two expressions above are equivalent.

3.4.2 Environment Distribution

T{xo.. .20, (Ym,..))wo...) = (0 ...2n), [, [Pwo, .. ), F[f — (Oym, .. )]}
U M*2 | 7.5
T{xo, Ym,--)) - {Zny (Ym,y - Jywg .. ) (Tay, ... .0z, f,[Pwo, .. ), F[f — (Oym,...)])

[| 7.1
(Oxo, £, 10{x1, (Ym, .- )Y, ..., 0we, .. ], F[f — (Oym, .. )])

There are three cases to be considered depending on the form of the expression z,,
z, 1s a combinator ¢’:

| 7 || r.10
Bz, f,[..., {0, 0), 0wy, .. ], F) (Push combinator c...fxg, f,[fwo,..], F[f — (Oym,..)])
! boa

(Oxo, £, [, (e, ), wg, .. ], F) (Tap_q... 0z, f,[{c,)), Owo,..], F[f — (Oym,..)])
I #(s.2,5.3, 0r s.4)

(Oxo, £, [, (e, O0), 0wy, .. ], F[f — Oym, .. )]}

11



z, 1s a variable a:

[| r.6 [| ».7
(Oxo, £, [ .., 0Ya, Owg, .. ], ) (Push arg (a+1)...0xq, f,[fwo,.. ], F[f — (0ym,.. )]}
U 5.2

(Tap_1...0x0, f,[0yq , 0wy, .. ], FIf — (Oym,..)])
I #(s.2,5.3, or s.4)

(Oxo, £, .-, 0ya , 0w, .. ], F[f — (Oym, .. )])

z, is a label I':

| .6 || r.10
Oz, f,[..., (0L, f), 0w, .. ], F[f — (0yYm, .. .)]) (Push label .. .0zq, f,[fwo, .. ], F[f— (0, 9m .. )])
[ Is3

(Ozo, f,[. -, (e, ), 0w, .. ], F[f — (Bym, .. )] (Wap_q...0z, [, F), Owo,..], FIf— (Oym,..)])
I #(s.2, 8.3, or s.4)

Oxo, £ 1. e, 1), Bwo, . ], I — (Oym, - )])

3.4.3 Multi S-Reduction

’T((L"_l(y),(wo,...,wj))xo...J:Z) = (HL"_l(y),f/,[on,...,sz],F[f/|—>(Hwo,...,wj)])
VM*3 I 7.2
Ty, (2o, ..o n_1)) Tp ... 2,) ([Take n,0y], ', [0z, ..., 02.], F[f — (Qwo, ..., w;)])
[| r.1 151
Oy, [, [0xn,....0c,), F[f— (Qxo,...,0m,_1)] Oy, [, [0xn,....0c,), F[f — (Bzq, ..., 00,-1)])

The heap in the right hand side has an additional frame, f’, if compared with the heap in the left
hand side. As this does not affect rewriting we can say that the two expressions above are equivalent.

3.5 Cand 7

We show that the two translation functions C and 7 are related to each other. In particular we show
that 7 1s a left inverse of C, but the reverse is not true. However, it 1s an inverse modulo expression
rewriting, as explained in section 3.5.2.

3.5.1 7T oC = Identity

Here we prove that 7(Cx) = z, when x is a TIM state by structural induction over the structure of x.

TC, £y [wo, 2], FIf— (Yo, -, yn)])) ©l T, (Tyo, ..., TYn)) TXo...TZ,)

r.1

= (0(rI), f,[0(rzq), ..., 00tz )], F[f — (0(Tyo), ..., 0(Tyn))])
Assuming that 0(7xz) = #, this equals

GIT T(C<I’f’[x0a"'ax2]aF[f'_>(y0a~~~ayn)]>)
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Now we prove that @(rz) = # by induction over the structure of x:

f(r[Take n; 1)) = 6(L"~'(r1))
= [Take n;6(r1)]
by induction #(rI) = I,s0

= [Take n;I]
O(r[Push arg n; I]) B O(rI;(n —1))
= (8- 1:0(7D)
= [Push arg n; 6(r1)]
by induction #(rI) = I,s0
A [Push arg n; I]
O(r[Push combinator c; I]) Lo 0(r1;c)
= [ 0(r1)]
e [Push combinator ¢; 8(r1)]
by induction #(rI) = I,s0
22 [Push combinator c; I]
O(r[Push label 1; I]) L o(r1;1)
= [l 0(r)]
r.8

= [Push label I;0(71)]
by induction #(rI) = I,s0
A [Push label 1; ]

o~
-3

O(r[Enter arg n]) = 6(n—1)
= [Enter arg n]
f(r[Enter combinator c]) L8 Oc!.
= [Enter combinator ¢]
O(7[{en, )]) L2 O{ren, (Tyo, ..., Tym)), where f— (yo,. .., Ym)
S (O(Ten), f), where fr— (0(Tyo), ..., 0(Tym))
by induction #(rcy) = ¢y, s0
o7

= <Cn,f>

13



3.5.2 CoT = Identity

We will show that C(7x) = x, where x is a Categorical Multi-Combinator expression does not hold,
but if C(7 #) = 2’ then z rewrites to ' in a finite sequence of steps.
Firstly let us try to prove that C(7z) = =.

C(T({e, (Yo, Ym)YWo ... wg)) = Clbe, f,[0wq, ..., 0w], F[f — (Byo, ..., 0un)])

= ((r[be], (t[0yo), - - ., T[0ym])) T[Owq] ... T[0wnm]
If 7[02] = «, then

Now we will try to prove that 7[fz] = x, where x is a Categorical Multi-Combinator expression by
induction over the structure of z:

0L~ I)] = r[Take n,0I]

£ i alen)
by induction 7[0I] = I
E )
7[0n] = r[Enter arg (n + 1)]
L7 (n+1)-1
= n
T[f(eper .. .em)] S T[Wenm;...; Wey; feg]
if e,, Is a variable n 54 r[Push arg (n+ 1);...;Uey; feg)
B 7[...;Wey; Begln
140 €€l .. .Em
if ¢, is the code linked to a label I/ "=’ 7[Push label [;...;Wey;feg]
L [ Wey; feo)ll
140 €€l .. .Em
if e,, is the code linked to a combinator ¢’ =2 7[Push combinator ¢;...; Wey;feg]
Lo T[...; Wey; feg)c).
= €0€1 .. .Cm
r.7
0, (yo, - um))] = Tl{0x, f)]
SR G NG U R 7))

2

(&, (Yo, -, Um))
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7[9(<n’ (yo’ R ym)>] = T[gyn]
= yn

In the last case we saw that 7[fz] # z. However, we can see that if 7[fz] = &’ then « rewrites to a’
in a finite sequence of rewriting steps, so we have 7z ~ z, and C7 z = z, as required.

4 Conclusions

In this paper we have shown the equivalence between the operational semantics of the TIM ma-
chine and rewriting of Categorical Multi-Combinator expressions: every TIM state is equivalent to a
Categorical Multi-Combinator expression and vice versa; equivalent expressions are transformed into
equivalent expressions by rewriting.

The point of similarity of the two systems which distinguishes them from others is their coarse
granularity of computation — a number of f-reductions can be performed in a single step in both
systems. Both perform formation, distribution, look-up and deletion of multi-element environments
as single computation steps.

The result shows that we can see Categorical Multi-Combinators as describing machine computa-
tions at a high level of abstraction, and also indicates that efficient implementations of this system
are feasible. The authors are currently investigating a novel abstract machine, TCMC [9], based on
Categorical Multi-Combinators and CM-CM [11, 17].
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