University of

"1l Kent Academic Repository

Nijhoff, Frank W., Joshi, Nalini and Hone, Andrew N.W. (2000) On the discrete
and continuous Miura Chain associated with the Sixth Painlevé Equation.
Physics Letters A, 264 (5). pp. 396-406. ISSN 0375-9601.

Downloaded from
https://kar.kent.ac.uk/41500/ The University of Kent's Academic Repository KAR

The version of record is available from
https://doi.org/10.1016/S0375-9601(99)00764-1

This document version
UNSPECIFIED

DOI for this version

Licence for this version
UNSPECIFIED

Additional information

Versions of research works

Versions of Record
If this version is the version of record, it is the same as the published version available on the publisher's web site.
Cite as the published version.

Author Accepted Manuscripts

If this document is identified as the Author Accepted Manuscript it is the version after peer review but before type
setting, copy editing or publisher branding. Cite as Surname, Initial. (Year) 'Title of article'. To be published in Title

of Journal , Volume and issue numbers [peer-reviewed accepted version]. Available at: DOI or URL (Accessed: date).

Enquiries

If you have questions about this document contact ResearchSupport@kent.ac.uk. Please include the URL of the record
in KAR. If you believe that your, or a third party's rights have been compromised through this document please see

our Take Down policy (available from https://www.kent.ac.uk/quides/kar-the-kent-academic-repository#policies).



https://kar.kent.ac.uk/41500/
https://doi.org/10.1016/S0375-9601(99)00764-1
mailto:ResearchSupport@kent.ac.uk
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies

arXiv:solv-int/9906006v1 10 Jun 1999

On the discrete and continuous Miura Chain associated with the Sixth
Painlevé Equation

Frank Nijhoff

Department of Applied Mathematics
The University of Leeds, Leeds LS2 9JT, UK

Nalini Joshi and Andrew Hone

Department of Pure Mathematics
The University of Adelaide
Adelaide, Australia 5005

July 22, 2013

Abstract

A Miura chain is a (closed) sequence of differential (or difference) equations that are
related by Miura or Backlund transformations. We describe such a chain for the sixth
Painlevé equation (Pyp), containing, apart from Py itself, a Schwarzian version as well
as a second-order second-degree ordinary differential equation (ODE). As a byproduct
we derive an auto-Béacklund transformation, relating two copies of Pyy with different pa-
rameters. We also establish the analogous ordinary difference equations in the discrete
counterpart of the chain. Such difference equations govern iterations of solutions of Py
under Bécklund transformations. Both discrete and continuous equations constitute a
larger system which include partial difference equations, differential-difference equations
and partial differential equations, all associated with the lattice Korteweg-de Vries equa-
tion subject to similarity constraints.


http://arxiv.org/abs/solv-int/9906006v1

1 Introduction

The six Painlevé equations are second-order nonlinear ordinary differential equations
(ODEs) that arose in the classification programme originated by Painlevé [fl, P]. In this
paper, we concentrate on the sixth Painlevé equation (first found by R. Fuchs in [J]):
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and equations related to it by Miura or Bécklund transformations.

Painlevé’s classification programme aims to identify classes of ODEs with the property
that all movable singularities of all solutions are poles. He and his school completed the
classification work for first-degree second-order ODEs (under some natural assumptions).
However, the work for third-order ODEs remains incomplete. The third-order classification
was undertaken by Chazy, Garnier, and Bureau [f], ] and more recently by Cosgrove
[A. However, they restricted their attention to special classes which exclude Schwarzian
equations [[], i.e. ODEs of the form

Zowe 372,

Z, 2272’

k
(12.2}) = R(Zu, 20, Z,2), {Z,0} = (L.1)
where k is a positive integer and R is a rational function of Z,,, Z,, and Z with polynomial
coefficients. Equations of Schwarzian form appear naturally as similarity reductions of

soliton equations (just as the Painlevé equations do [§]). For example, the third-order
ODE

=uZ — a7’ (1.2)

(where primes represent derivatives w.r.t. ) arises as a reduction of the Schwarzian KdV
equation

z

2= {z,a}, (1.3)

2z
cf. [, [[0). It is related to the second Painlevé equation
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by the Cole-Hopf transformation V = —Z"/(2Z') . Even though equations of the type
([L.1) are not M&bius invariant (whereas the Schwarzian operator is), the partial differential
equations (PDEs) from which they arise as similarity reductions are invariant under the
action of PSLy(C). Moreover, they appear to possess some special symmetries that give
rise to Bécklund transformations of the Painlevé equations to which they are related.



In this note we present a generalization of Eq ([.9), namely a four-parameter Schwarzian
Pyr equation (SPyr) (see Eq (B-1f) below) and the Miura transformation relating it to Pyr.
In addition, we give a second-order second-degree equation (see Eq. (2.I7) below) which
we call a modified Py1 (MPvy1) which is also related to Pyr by a Miura transformation.
As a byproduct, we obtain an auto-Bécklund transformation for Py (i.e. a transfor-
mation relating Pyr to a copy of itself with possibly different parameters). These three
transformations form what we call the Miura chain.

It should be noted that relationships between Py and second-degree equations were
known before, cf. [11], [, [3, [4]. However, our point of view that the latter equation
constitutes a modified version of Pyt appears to be new, and is motivated by the connection
of these equations to certain discrete equations which forms the central part of the present
note. In fact, we present the exact discrete counterparts of the SPy1 and MP+;1 equations.
These are nonlinear nonautonomous ordinary difference equations that can be considered
to be nonlinear superposition formulae for the auto-Bécklund transformations (auto-BT's)
of the corresponding continuous equations. In recent years such difference equations have
attracted a great deal of attention (see [[[J] for a review) as integrable difference equations,
possibly defining new transcendental functions by means of discrete rather than continuous
equations.

The derivation of the equations is based on the results on the similarity reduction
of a family of partial difference equations, namely the KdV family of lattice systems, a
programme that was initiated in Ref. [[§] and continued in [I7]. The present note is a
further development of the general framework presented in a recent paper [I§], in which
equations on the lattice as well as in the continuum are naturally linked together. It was
shown there that Pyy (with general parameters «, (3, v, 0) naturally arises from such
a framework for the lattice KAV family (without imposing a limit). Moreover, a new
discrete Painlevé equation with four free parameters was derived, the general solution of
which can be expressed in terms of the transcendental solutions of Pyi. We will refer to
these continuous and discrete results as forming the “regular” Pyy system.

In the present paper we extend the results of [I§. We derive SPyy, MPyy as well as
their natural discrete analogues, and transformations between them. Thus we establish
a Miura chain also for ordinary difference equations (OAEs). As is the case with the
regular Py system, these OAEs govern the same functions as the corresponding ODEs
and are compatible with them. Hence there are common solutions to both the discrete
and continuous equations. In our view, these results might shed some new light on the
algebraic structures behind solutions of Py, cf. e.g. [LY].

The Miura chain can be schematically described as in the following diagram.

BT
Pyr . Pyr
Miuk‘ Miura/ \ Miura
BT
MP+ MP+

Note that the pull-back of the Miura between the modified and regular Py equations
gives rise to an auto-BT. Behind this diagram there is another one for the corresponding



discrete equations regulating the shifts in the parameters n,m, p and v of the lattice KAV
system (see e.g. Eq (R.5)) and associated similarity constraints (see Eq (-5H)).

The outline of the paper is as follows: in §2 we present our results on three classes of
equations: the Schwarzian Py class, the modified Pyy class and the regular Py class. We
also give the formulae relating the various classes. In §3 we outline the derivation of the
equations. Only an outline is given here because more complete explanations of the lattice
framework can be found in [I§]. In §4 we demonstrate some special parameter limits of
the equations, some of which have been given before in the literature. Finally in §5 we
give some concluding remarks.

2 The Painlevé VI Miura Chain

In this section, we list the three classes of systems i.e. Schwarzian, Modified, Regular,
which are intertwined through the Miura chain. Both continuous and discrete equations
are given. An outline of their derivation may be found in §3.

We list them in the order given schematically as

Schwarzian Py —  Modified Py — Py

For each system, there are associated or component systems that can be described as
follows:

1. The lattice equation, i.e. the partial difference equation governing the dependent
variable, e.g. %, (where n and m are the lattice variables, whilst there are also
lattice parameters, e.g. p,q, or alternatively r = q/p appearing in the equation);

2. The similarity constraints compatible with the corresponding lattice equation [@],
containing additional parameters u, v;

3. The ordinary difference equation for the dependent variable obtained by using sim-
ilarity constraints and lattice equations to eliminate shifts in one of m or n (thus
leading to OAEs governing a function of one lattice variable e.g. z,, := 2z, m);

4. The differential-difference equation for the dependent variable as a function of a
lattice variable, e.g. n, and a continuous parameter, e.g. r;

5. The ordinary differential equation that results from the elimination of the shifts in
the lattice variables altogether by usage of the similarity contraints in favour of
continuous operations only.

It should be noted that no continuum limit is carried out here. All equations govern the
same functions as in the original lattice equations, subject to the accompanying similarity
constraints.



2.1 Schwarzian Painlevé VI System
The Schwarzian equations stand at the base of the Miura chain and seem to be the most

fundamental in the family. We use them as the starting point for the derivations of other
members in the Pyt family of equations. The relevant equations are listed below.

e Lattice Equation

(Zn,m - Zn+1,m)(zn,m+1 _ Z”+1’m+1) = 7‘2 (2.1&)
(Zn,m - Zn,m+1)(zn+17m - Z”"’Lm"'l)

see Ref. [RO].

e Similarity Constraint # 1

n(zn—l-l,m - Zn,m)(zn,m - Zn—l,m) + m(zn,m—l—l - Zn,m)(zn,m - Zn,m—l) _ ,azn,m :
Zn+1l,m — An—1m Zn,m+1 — Zn,m—1
(2.1b)

see Ref. [[(], where we use the notation 1 = p + % to remain consistent with that

of [ig].

e Similarity Constraint # 2

- nzn+1,m + Zn—1m — 22n,m + mzn,mﬂ + Znm—1 — 22nm (2.1¢)
= ’ .
Zn+1l,m — An—1,m Zn,m+1 — Znm—1

in which v = A\(—1)"™ is an alternating coefficient with A constant.

e Ordinary Difference Equation

(r* = 1)(zpq1 — 20)* =
_ [27,2 Bzng1(Zni2 — 2n) — (04 1) (Zny2 — Zng1)(Zng1 — 2n)
(m —p = v)(zn42 — 20) + (0 + 1)(2n42 — 22041 + 20)

+ Zpy1 — Zn:| X

% [27,2 Bzn(Zn41 — Zn—1) — M(Zny1 — 2n)(Zn — 2n—1) tz, - 2n+1:| 7
(m—p+v)(Znt1 — 2n—1) + n(2n+1 — 22 + 2p—1)
(2.1d)
i.e. the discrete Schwarzian PVI equation.
e Differential-Difference Equation
—tdﬁ = n(an ~ #n)(#n — Zn1) (2.1e)
dt Zn+1 — Rn—1



e Ordinary Differential Equation

{z,t} = [(a — b2t — 2(a — b)%(t — 233 +
+(t— 1)t4z’3( —[(a —b)2 — 4(1 — )2 — dat + 2abt — 26*t — det + 2(a + b)ct +

(b—c)*t? — 16 + 32tfi — 8t — 121% + 12t7% — 4t* 5?2 +
8H(2 — 3t + t2)ﬂz”> n
20222 ([4 +6(a — b)? — 16t — 4at — 5a*t + 12abt —
7h%t — dct 4 2(a + b)ct + 12t% + 4at® — 2abt® +
A2 + dct? — 2act® — A2+ 4(t — )22 +
8(2 — 5t + 3t2)2/2" + 8(t — 1)2t2z”2> -
At — )t z2' (((a — b)* — 2t — 2at + (a — b)bt —
2ct + act + bet — Afi + 6t — A% + 2tp?)2” +
(2 — At + 12 — 21 + 2tji)2 2" + t2(t — 1) (t — 2),2"2)]/

8(t — 1)%t42"(fiz + t2') (—fiz + (t — 1)tz')] , (2.1f)

where the parameters a,b,c are given by

1 1 1
a:§+u+m—n , b:§+u+m—|—n , c:§+l/—m—|—n.

and the independent variable t = 1/r2. Eq (.1}) is the Schwarzian Pyy.

2.2 Painlevé VI System

We now move on to the “regular” Pyp equations, i.e. the equations that give rise directly
to Py itself. These are given in terms of the intermediate variable v, ,, which is related
to the Schwarzian variable 2y, ,,, via the (discrete Cole-Hopf type) relations

p(zn,m - Zn—l—l,m) = Un4+1,mUnm (2'23)

Q(Zn,m - Zn,m—i—l) = Unm+1Unm - 2.2b)
The main objects of interests, however, are combinations of the variables vy, ,,, given by

xn,m = ’ yn,m — )

Un,m _ Un41m (23)
Un+1,m+1 Un,m+1

which are related through the fractional linear transformation

yn,m -r y _ xn,m +r
n,m — .
1 —7rYnm 1+re,m

Tnm =

The following equations arise from the results of [[§]:



e Lattice Equation

Un,m+1 . Un+1,m

Un+1,m+1 Un,m

e Similarity Constraint

—r < Un+1,m Un,m+1>
- - )
Un+1,m+1 Un,m

(2.5a)

Un4+1 — Un—1
nn—i—,m n,m+

Un+1lm + Un—1,m

Un,m+1 — Un,m—1
m

=u—-v, (2.5b)

Un,m+1 T Un;m—1

cf. [Ig].

Ordinary Difference Equation

Tpy1 — T +7(1 — pTpy)
Tt + Tn +1(1+ 2 Tpy1)
Tp — Tp—1+7(1 — 2pTH_1)
Tn 4+ Tpo1 +7(1+ zpzp_1)
= pur(14 2rz, + 22) + v(r + 2z, + r22) — mr(l — 22), (2.5¢)

(n+1)(r+z,)(1 +rzy)

—n(l —rHa,

cf. [@, ] The relation between the variable x,, and v, ,,, is explained in section 3.

Differential-Difference Equation

d _ Up41 — Un—1
—2t$ log vy, = 717%&1 Ton s (2.5d)
Ordinary Differential Equation
20y O°
=Pty (- ) |25 - O -
= 1(1 —r?)? [r(3y* + 1) — 2(1 + r%)y] <@>2 +
2 Y '\ or
FA =) [2yly — )y — 1)+ (-2 O
+ o [0y~ B)(y — 2y 1)
+L =)y (v =Dy = 1)* = (0 =Dy —r)*)] |
(2.5e)

which is Py with the identifications ¢t = r—2

eters

, w(t) = y/r and identifying the param-

B=(u-v-m+n)?,
y=@u+v-m-n—-12%, §=(u+v+m+n+1).

a=(up—v+m-—n)? ,

Note that the variables n, m need not be integers: we only require that they shift
by units. In (P.5q) the variable y is fractionally linearly related to z,, as is explained
in section 3.



2.3 Backlund Transformation

It should be noted that the Schwarzian Py can be written in second-order form, namely:

o d 10— W' — L[(a —b) + (c+ b)]W + ft(c +b)
(W —m)[(t = )W — fit]

dt
cbt W (c+b)at[t(l — )W’ — 3[(a — b) + (c + b)]W + Lfit(c + b)]

(1—-tw (1 =)W W —p)[(t = YW — ft]

a2t O\ [t =W = 1[(a—1b)+ (c+ bW + Sat(c +b)]°
(s o) WV — Pl D~ P
by using the transformation
)]
W(t)=pn+t 0 (2.7)

Since we know that Pvyp is the only representative in the relevant class of the Painlevé-
Gambier classification [PI]|, this second—order first-degree ODE must be equivalent to
Py up to a M&bius transformation. Indeed, eq. (R.6) is the Pyy equation with the
identifications:

Wi(t) = /_LZU(E) , b= — (2.8)

a=4p> , B=(b—c)?=4m?
F=(a—b*=4n* |, §=(a+c—27%=2v—-1)%.

The connection with the modified Py equation takes place via a Miura type transforma-
tion giving rise to an auto-BT of the form:

t(1— )W — S[(a—b) + (c+ b)t]W + Jat(c +b) -
(W =t =)W — fit] ’
(2.9)

w=t—-W | p+(b-pa)|l-

for Pyr itself. Concrete auto-BT’s for Pyy were given in e.g. 3, [3, [[3]; however, this
one seems to be different from those.

The explicit relation between the Schwarzian equation (R.1f) and Py is given by (R.9)
whereas the inverse relation is

L

w=(1-9) "t o-ma-n, (2.10)

where in the above h = h(w',w,t) is given by the formula (R.19) below. Analogous
connections also exist on the level of the OAEs. In fact, as is explained in section 3, the



relations between x, y on the one hand and z on the other hand can be written in the
form

Zn+1,m — Zn,m Zn,m+1 — Zn,m
TYpm = —————— , Tpm =T , (2.11)
Zn,m+1 — Zn,m Zn+1,m+1 — Zn,m+1

which reduces to a discrete Cole-Hopf transformation between the OAEs (R.1d)) and (B-5¢)

if we eliminate the shifts z, ,, — 2, m+1 using the relation

ﬂzn,m - nAn,m p P ﬂzn,m - nAn,m
k) 1 - k) =
p—v+m—nDy,, e e m—pu+v+nDyy,’

Zn,m T An,m—1 =

(2.12)
in which
_ (zn+1,m - Zn,m)(zn,m - Zn—l,m) _ Zntlm T Zn—1m — 2Zn,m
A”vm = ) Dn,m = .
(zn—l—l,m - Zn—l,m) Zn+1,m — Zn—1,m
Note that the latter objects only involve shifts in n.
2.4 Modified Painlevé VI System
The modified equations are formulated in terms of the canonical variables
B = 2t T Enm - Enmtl T B (2.13)

)

Zn+1,m — Zn,m Zn,m+1 — Zn,m

Using these expressions and rewriting the various relations in terms of the variables h and
k, we obtain the following set of equations.

e Lattice Equations

k”-l'l,m - kn,m = r2(hn,m+1 - hn,m) 5 (214&)
k”+17mkn,m —1= r2(hn,m+1hn,m - 1) , (214b)

e Similarity Constraint # 1

2n 2m
+ = [ s 214C
hn—l,m + hn,m kn,m—l + kn,m H ( )
e Similarity Constraint # 2
2nh 2mk 1
Do, m Tnm 2 4y tntm, (2.14d)

+
hn—l,m + hn,m kn,m—l + kn,m 2

e Ordinary Difference Equation

B 2(n+1) _ on
=9 <“_hn+1+hn> <“_hn_1+hn>
[ihn — (3 +v+n—m)] [ih, — (3 +v+n+m)]

= o L (2.14e)




e Differential-Difference Equation

dh, 2(n +1) on )
2—— = — h: —1). 2.14f
dt <hn+1 + hn hn—l + hn) ( " ) ( )

e Ordinary Differential Equation The modified Py1 equation can be written as the cou-
pled system of first-order ODE’s:

dk a— ik

b— ik

J— — — — 2 —

2t (k) = (R - 1) (2.14g)
dh  c—jh b—ph,

2= = Ty (h—k) = o (0P 1) (2.14h)

with the identifications of a, b, ¢ as before. Eliminating the variable k(t), we are led
to the following second-order second-degree equation for h(t):

48%(t — 1)%n" [t(t — A" 4 (2t — D)W +43%h% — 3a(b + ¢)h? + 2(be — i*)h + (b + ¢)
= t(t — D)I'?[a— b+ (b+c—2)t + 2a(1 — 2t)h] x
Xla—b—2+ (b+c+2)t +2a(1 — 2t)h]
—2t(t — 1)(2t — 1)R’ [4/1%3 — 31h%(b + ¢) + 2(bc — p*)h + (b + c)ﬂ]
+47*h% — 4531 —a + ¢+ 2b + (2a + ¢ — b — 2)t]h°
72 (1 = @) + 6b(1 — @) + 56 + 4(1 — a)e + 8be + 5(2a — 2+ ¢ — b)(b + )t — 45| n*
+ﬂ[—(1 —a)2(b+¢)+(1—a) (4/12(1 — 9t) + 2t(b + ¢)? — 202 + 2be(4t — 3))
+ (4% 4 be) (b + o)t — b3(t — 1)% — 312 + 8u2b(1 — t) + 4efi?
(4t — 5)b%c — 6bc2t] B3
+ [4@415(1 — )+ 10(1 — a)(b + )t — 14a2bet(t — 1) — 7%(6b + 4c)(1 — a) — Sbe?
+(1—a)?(be — i) — (3t — 5)(t — 1)p*b* — (3t + 2)ptc? + be>t?
120%e(1 — a) — 2bc2t(1 — a) + b3e(1 — )% + 262E2H(1 — 1) — 2cb®t(1 — a)] h?
+i [b?’(l —2) + (c+ 0)32 + 6be(1 — a)(1 — 2t) + 262(1 — ) — 2ab>(1 — t) — 2¢*¢(1 — a)
+((1 —a)? + 4bct® — Ap*t(1 — t)) (b4c) + (5 — 12t)b%*c — 2b2ct} h
(1 — ) (pﬂ(b o)+ 2b202) — (1= a)?be — (1 —)%b3¢
—t2bc® + 2bc*t(1 — a) — 2b%c(1 — t)(1 — a) . (2.15)

Second-order second-degree equations related to Pyy were given in e.g. [, [[3, [[3,
[[4], cf. also [[[J], however we have not established the precise connection between
(B-13) and those equations, even though in principle it should fit into the classification

of ,@].

The various Miura relations that link the modified Py equations to the regular ones
are given as follows.



Discrete Miura

o (1 —72) 4+ r2h, — ky,
z, = rt p— (2.16)
(= v —n—m)+ @2 (hy —1)] (hn_1 + hn) + 20(1 — 72)(hy — 1)

rin+m—+v+ 5 — jhy)(hn + hp-1)

Discrete Inverse Miura

e = e 217
e Continuous Miura
[t(t — DI — (¢ — ph)(1 — h)(w —1)]* =
= 12(t — 1)K + t(t — 1)(c — ih) (b — ih)(h? — 1) (2.18)
e Continuous Inverse Miura
2nh = ﬁ [—a F(24b)(1—t) —2t(1 — t)% S+ at(2 — %)
—c(w —t) + (a — ﬁ)i] (2.19)

This completes the list of the various continuous and discrete equations in the Miura
chain associated with the Pyt equation. What is manifestly absent in the above list in each
of the three classes is the corresponding partial differential equation (PDE). It is important
to realise that the full PDE analogue of e.g. (R.1d) cannot be simply the Schwarzian KdV
([3), since the latter equation is not rich enough to yield full Pyy as a similarity reduction.
In fact, it turns out that there does indeed exist a PDE that is associated with the Py
system, but this PDE being a very rich equation in its own right, we believe it merits a
separate publication, [RJ].

3 Remarks on the Derivations

In this section, we outline the derivation of the results given in §2. Full details of the
general framework within which we work were presented in Ref. [[§]. We will not go
into the details of this structure here. However, it is worthwhile to note that there is
a subtle duality between the set of lattice parameters p,q,r,... and the lattice variables
n,m in this framework. The words “parameters”, “variables” follow naturally from the
roles they play in the discrete framework. However, in the continuous equations we derive,
the parameters play the role of independent variables, whereas the lattice variables play
the role of parameters. So the shifts in the lattice variables have the interpretation of
Béacklund transformations for the continuous equations.

The similarity constraints form the starting point for the derivation of results in §2.
In particular, the ones for the Schwarzian system play an important role. In Ref. [Lg],

10



the simlarity constraint for the variables v, i.e. eq. (R.5H), were derived from one for the
variable z, i.e. (R.1H). (This involves taking first a difference in the discrete variables n or
m and then using the PAE (P.Ig) to rewrite it in a form that can integrated once, thus
leading to a new alternating parameter v.) The resulting constraint for v again in terms
of z led to the second similarity constraint (R.1d). Both the Schwarzian constraints are
used to derive the ones for h and k, i.e. Eqs (R.14d) and (R.14d)). The combination of the
two constraints ([2.1H) and (R.1d) lead to the relations (R.13). The latter, together with
the PAE used to eliminate shifts in m, gives rise to the OAE (R.1d).

The derivation of Py in ] uses two additional intermediate variables:

Un4+1m — Un—1,m Unm+1 — Unm—1
) ? 5 9
Un+1,m + Un—1,m Un,m+1 + Un,m—1

which are related to the variables x and y via

1- Tnm—1Yn,m

Ynm — Tn—1,m
a = @ 5 b = . 32
o Yn,m T Tn—1,m o 1+ Tnm—1Yn,m ( )
By using the PAE (R.5d), we then get
A +7rTpm) I+ anme1) = 2— A =1r/Ynm)1+anm), (3.3a)
(@nm + 7)1+ bpgrm) = 28 = (r = Ynm) (L + bpym) (3.3b)

The ODE (R.5d) (equivalent to Pyq) is obtained from the differential-difference equation
(B-5d) and the second relation (B.3H) together with the similarity constraint (2.5H). More
details can be found in Ref. [[Lg].

Finally, to obtain the discrete and continuous modified Pyt equations in terms of the
variable h we solve the system of constraints (R.14d), (R.14d) as follows

2n 1 1

= —+v+4+n+m-— gk > , 3.4a

hn—l,m + hn,m hn,m - kn,m <2 Hn,m ( )
2m 1 1

= —+v+n+m-—ph > . 3.4b

kn,m—l + kn,m kn,m - hn,m <2 Hlim,m ( )

These relations allow us to express k entirely in terms of h via

l _ 2nhn,m
2 + v + n + m hnfl,m+hn,m

k= . - : (3.5)

/J/ B hnfl,m +hn,m

involving only shifts in the independent variable n. Furthermore, using the coupled PAE’s

(R.144]) we obtain
(hnm + En1,m) (him — knm) =(1- Tz)(hi,m -1, (3.6)

which is quadratic in the variable h. Inserting (B.5) into (B.6) we obtain (R.14d). Alter-
natively, we obtain a scond-order second-degree PAE for k by solving h from (B.6) and
inserting it into (R.144).

11



Another relation we need is the m-shifted object

2n - r2(l<:n7m — hnm)[% +v4+m—n— fikyn)
hpmt1 + hn—1,m+1 B (1- r2)(k72L,m —1) 7
which follows from the m-shifted constraints (2.14d) and (R-14d) together with (P.144).

Similarly, we have

(3.7)

2(n+1) _%—i—u—i—n—m—l—ﬂknﬂm (3.8)
hn—l—l,m + hn,m hn,m + kn—i—l,m ’ ‘

where kj11,m can be eliminated using (R.144).

Finally, the continuous Schwarzian Py equation (R.1f) can be obtained from the cou-
pled system of ODEs for h and k (.14d) and (P.14l]) using the differential-difference
relation (R.1¢) which leads to

2n
—t—1 = 3.9
at Og Zn hn + hn_l ) ( )
and consequently
1 _
5+v+n+m-—puh
k—h=2 a (3.10)

p+tz/z

Furthermore, the Miura relations (2.1§) and (R.19) between Pyy in terms of w and the
MPy7 equation in terms of h follow from the relation
1—-k

w(t) = tm (3.11)
where one can either eliminate k by solving h — k from (R.14H) or differentiate (B.11) and
eliminate k by using (B.11) and both (.14g) and (R.14H). The discrete Miura transforma-
tions (R.16) and (R.17) follow from the definitions (R.4) and (P.13) exploiting the various
relations such as (B.§) and (B.1() above. The consistency of all these connections and
relations follow from the structures given in [[[§] from which also isomonodromic deforma-
tion systems (i.e. Lax pairs) for all the equations can be derived as well as explicit gauge
transformations between them. The construction of those is in preparation.

4 Some Special Limits

In this section, we consider limits of the equations presented in §2. In particular, we
present new limits exhibiting discrete versions of Schwarzian Py ([.2). We want to stress
again, that the discrete and continuous equations of the previous sections are not related
via continuum limit (which amount, in fact, to coalescence limits on the parameters of the
equations), but that their relation is exact in the sense that the discrete and continuous
flows are compatible, meaning that one can be considered to be a symmetry of the other
and vice versa. However, in this section we will perform limits on the parameters to

12



show that the discrete equations contain many of the previously known discrete Painlevé
equations under coalescence, in particular the discrete analogues of Pry. In fact, taking
the limit r — oo, m/r — &, it is easy to see that (R.5d) reduces to

n+1 n 1 1
+ =n+p+ ¢z —— ) 4.1
TpTnt1 +1 TpTp—1+1 a 25 < " xn) ( )

which is the the alternate dPy equation of R4, RJ].

The limit to the standard discrete Py (dPp) is a little more subtle, since we need to
work in an oblique direction. In fact, to obtain dPy from (R.5d) we write r = 1+ § and
take the limit 6 — 0, whilst taking n = n’ — m, where n,m — oo such that n’ is fixed (in
the limit) and dm — 7 finite. In that limit we have also (1 — z,,)/(1 + ) — an4+1 and
(B.5d) reduces to the following equation:

(4.2)

1 - 1—a,_
(”/+1)(1—$i)—(M+V)(1+:nn)2:2mn< Tnt1 1= on 1> |

1+ Tn4+1 1+ Tn—1

where we consider z,, to be a function of n’ rather than n. In terms of a,, (omitting from
now on primes on the n’ variable), this equation reads

—u+ v+ nay

4.3
1—a2 ’ (4.3)

1
577(an+1 +an-1) =
which is dPyy [[[6, B§].
In the above coalescence limits, the discrete Schwarzian equation (R.1d]) reduces to

- — Zn— 1
4n(zn+2 Zn+1) (20 — Zn—1) S iud4n-— ﬂzn+1 + Zn 7 (4.4)
(zn+2 - Zn)(zn—l—l - zn—l) 2 Zn+1 — Zn

which is the discrete Schwarzian Pryp, i.e. the discrete analogue of ([.9), cf. [[0], whereas
in the alternate limit the equation becomes

_ Zp41

—n =¢2, (4.5)

—(n+1
Zn4+1 — Zn Zn4+1 — Zn—1

)2n+2 - Zn+1:| |: Zn Zn — Zn—1
Zn4+1 — Zn Zn4+2 — Zn

cf. [[L5). In both equations the “discrete Schwarzian derivative”, which is the canonical
cross-ratio of the four entries z,_1, 2zp, Zn+1, Znt2 1S prominent. Finally, in these limits
the modified equations reduce to

h2 —1
= 4n— nl )
fhp — (5 +v+n)

(hngr + b)) (b + 1) (4.6)

which is the discrete analogue of the thirty-fourth equation in the classification list of
Painlevé-Gambier (see [R1]). Its discrete analogue dPxxxrv, i-e. (f.6), was first given in
[B7 (see also [§]). The alternate version, following from the other coalescence limit, reads

N 2(n+1) B 2n £2
_ VA _ = 4.7
(,U hn—i—l + hn) <M hn—l + hn> h% -1 ’ ( )

and was first given in [[Lg].
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