University of

"1l Kent Academic Repository

Towers, Matthew (2013) Poisson and Hochschild cohomology and the semiclassical
limit. arXiv .

Downloaded from
https://kar.kent.ac.uk/41235/ The University of Kent's Academic Repository KAR

The version of record is available from

This document version
UNSPECIFIED

DOI for this version

Licence for this version
UNSPECIFIED

Additional information
Imported from arXiv

Versions of research works

Versions of Record
If this version is the version of record, it is the same as the published version available on the publisher's web site.
Cite as the published version.

Author Accepted Manuscripts

If this document is identified as the Author Accepted Manuscript it is the version after peer review but before type
setting, copy editing or publisher branding. Cite as Surname, Initial. (Year) 'Title of article'. To be published in Title

of Journal , Volume and issue numbers [peer-reviewed accepted version]. Available at: DOI or URL (Accessed: date).

Enquiries

If you have questions about this document contact ResearchSupport@kent.ac.uk. Please include the URL of the record
in KAR. If you believe that your, or a third party's rights have been compromised through this document please see

our Take Down policy (available from https://www.kent.ac.uk/quides/kar-the-kent-academic-repository#policies).



https://kar.kent.ac.uk/41235/
mailto:ResearchSupport@kent.ac.uk
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies

POISSON AND HOCHSCHILD COHOMOLOGY AND THE
SEMICLASSICAL LIMIT

MATTHEW TOWERS

ABSTRACT. Let A be a quantum algebra possessing a semiclassical limit A. We

show that under certain hypotheses A€ can be thought of as a deformation of

the Poisson enveloping algebra of A, and we give a criterion for the Hochschild

cohomology of A to be a deformation of the Poisson cohomology of A in the

case that A is Koszul. We verify that condition for the algebra of 2 x 2 quantum

matrices and calculate its Hochschild cohomology and the Poisson cohomology

of its semiclassical limit.

Certain quantum algebras A admit a semiclassical limit: that is, a Poisson al-

gebra structure on their ¢ — 1 limit A which preserves some noncommutative
information from A. A simple example is the quantum plane

k@) y)
(xy — qyx)

whose semiclassical limit is the polynomial ring k[z,y| with Poisson structure de-
termined by {z,y} = zy. Various authors have investigated to what extent the
Hochschild (co)homology of A is determined by the Poisson (co)homology of its
semiclassical limit, for example [VdB94l [FT91], usually using spectral sequence
methods, and a related situation where there is a Poisson structure on an associated
graded algebra is dealt with in [Kas88| Théoreme, p.223]. The famous Kontsevich
quantization theorem also guarantees a relationship between the cohomology of a
Poisson algebra and that of its canonical quantization.

In this paper we study the link between Poisson and Hochschild cohomology by
showing that if A is graded with a PBW basis of polynomial type with a polynomial
semiclassical limit A, the enveloping algebra A¢ is a deformation of the Poisson
enveloping algebra P(A) (Section . The restriction to A being polynomial allows
us to describe P(A) by generators and relations (Lemma [2): when the Kéahler
differentials of A are not free as an A-module, additional relations are required.

If A is Koszul with quadratic dual A' the Hochschild cohomology of A is computed
by a differential graded algebra whose underlying algebra is A®A'. If A has a PBW
basis of polynomial type we show that this DGA is a deformation of the DGA A® A'
that computes Poisson cohomology of the semiclassical limit A (Proposition .
This leads to a condition for HH(A) to be a deformation of HP(A); in particular
when this holds the Hochschild and Poisson cohomologies have the same bigraded
Hilbert series (Corollary [27).

Two algebras to which our results can be applied are the coordinate ring A(n) of
quantum affine n-space and the algebra M of 2 x 2 quantum matrices. We discuss
the cohomology of the quantum plane and its semiclassical limit in Section [4] as
an example of our methods; Hochschild cohomology for quantum affine spaces and
Poisson cohomology of their semiclassical limits are already known, for example
[Wam93| §6], [BGMSO05], [LRO7, Proposition 2.2.1], [Sit05] §3.3].

In Section[5] we show that the Hochschild cohomology for 2 x 2 quantum matrices
is a g-deformation of the Poisson cohomology of the semiclassical limit, and cal-
culate this Poisson cohomology explicitly in Theorem These computations are
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2 MATTHEW TOWERS

new, although some low-dimensional Hochschild cohomology groups for quantum
matrices have appeared in the literature: the zeroth Hochschild cohomology group
is known to be generated by the quantum determinant, and the structure of the
first cohomology group as a module over the centre was determined in [LLO7]. An
interesting feature of these computations is the action of the Poisson centre on the
Poisson cohomology groups, which acts freely except for a single trivial summand
in the top cohomological dimension. This is in contrast to [VdB94, Theorem 4.1]
for example, where the action is free.

0.1. Notation and conventions. Throughout this article ¢ is a transcendental
element over a field k of characteristic zero. k[¢*!] is the ring of Laurent polynomials
in ¢ and k(q) its field of fractions. “Graded” means Zso-graded unless otherwise
stated. The nth graded component of a graded algebra A is denoted A,, and if
A € A, we write [A\| = n.

1. POISSON ALGEBRAS AND POISSON COHOMOLOGY

1.1. The Poisson enveloping algebra. Let A be a Poisson k-algebra with bracket

{—,—}; that is, A is a commutative associative k-algebra with unit, {—, —} is a Lie
bracket on A, and for any a € A the map
b— {a,b}

is a derivation. A left Poisson module over A is a k-vector space M which is a
simultaneously a left module for A as an associative algebra and a left module for
the Lie algebra (A, {—.—}), satisfying

{z,ym}n = {z, yym + y{z,min
{zy, min = 2{y, min + y{z, min

for any x,y € A and m € M, where {a,m} s denotes the Lie algebra action and
am the associative algebra action of a € A on m € M.

Let Q(A) be the A-module of Kéhler differentials of A. This is the free left
A-module on generators (a) for a € A quotiented by the submodule generated by
all elements of the form

(1) Qa), Qa+Dd)—Qa)—02(b), Qab) —a2(b) — bQ(a)
for a € k and a,b € A. If we define
[a2(x), b2 (y)] = a{z, b}Q(y) + bla, y}Q(z) + abQ({z,y})

then 2(A) becomes a k-Lie algebra: see [Hue90, Theorem 3.8].

There is an associative algebra U(A, Q(A)) called the Poisson enveloping al-
gebra satisfying a universal property such that the category of left U(A, Q(A))-
modules is equivalent to the category of left Poisson modules over A. A more
general construction of which the Poisson enveloping algebra is a special case given
in [Hue90, §1].

In the rest of this section A = k[x1,...,x,] will be a polynomial algebra so that
the Kéahler differentials are freely generated as an A-module by Q(z1),...,Q(z,)
[Wei94l £8.8]. We will need a presentation of the Poisson enveloping algebra by
generators and relations in this special case. To this end, let P(A) be the k-algebra
generated by y; and Q(y;) for 1 <14 < n, subject to two sets of relations. The first
set says that the y;s commute:

(2) vy =Yy 1<i<ji<n
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so there is an algebra homomorphism ¢4 : A — P(A) determined by z; — y;. The
second set of relations is

(3) Qy)y; — y;Qyi) = eal{wi, 25}) 1<i,j<n
@ 20w 00w = (M5 ) owm) 15i<i<n

The map ¢4 : A — P(A) makes P(A) into an A-module. Let tq(4) : Q(A) — P(A)
be the map of A-modules such that Q(x;) — Q(y;), and regard P(A) as a k-Lie
algebra by defining [u,v] = uwv — vu.

Lemma 1. 1q4) i a homomorphism of k-Lie algebras.

Proof. Firstly note that
(5) Qyi)ea(b) —1a(0)Q(yi) = ea({wi, b})

for any b € A. When b is a monomial this can be proved by induction on the length
using (3]}, and the result extends to arbitrary b € A by linearity.

To prove that tq(4) is a Lie algebra homomorphism we must show that for any
a,be Aand 1 <1i,j <mn,

va(a)([af2(w;), bUz;)]) = tala{zi, b})2(y;) + va(bla, 2;})Q(y:)
+ea(ab) ) ea (8{2;;]}> Q(yr)

k
is equal to

oAy (a2(z;))taa) (b2(x5)) — taca) (b2(z)))aa)(a(z;)) =
1a(@)2(yi)ea(®)y;) — 1a(b)Q(y;)eala)2(y;)
for any a,b € A and any i, j.

Using ,
La(@)2(yi)ea(0)Q(y;) — ta(b)y;)eala)2(y:)
= 1a(@)(ea(0)Q(y:) + ta({2i,0}))Q(y;) — 1a(b)(La(@)(y;) + ea({z;,a}))Q(y:)
= 1a(ab)(y:)2y;) — Qy;)wi)) + ealafw:, b1)Qy;) + ea(bla, 2;})2(y:)
and the result follows from O
Lemma 2. The Poisson enveloping algebra U(A, Q(A)) is isomorphic to P(A).

Proof. We will verify that (P(A),ta,tq(a)) has the universal property of [Hue90,
1.6]. We must show that given an associative k-algebra B equipped with the Lie
bracket [b1, bo] = b1bs — bab1, a morphism of k-Lie algebras ¢q(4) : Q(A) — B and
a morphism of k-algebras ¢4 : A — B such that
(6) pa(a)pa(a)(bQ(z;)) = do(a)(abld(z;))
(7) ba(a) (b2(xi))pala) — da(a)doa)(0Uzi)) = ¢a(b{zi, a})
for any a,b € A and any ¢, there is a unique homomorphism ® : P(A) — B of
k-algebras such that ® o014 = ¢4 and ® o L4y = Poa)-

If these are to hold, ® must satisfy ®(y;) = ¢a(x;) and ®(Q(y;)) = daca)(Q(z:)).

Since the elements y; and Q(y;) generate P(A), if such a ® exists it is unique.
In order to show that such a ® exists we need only show that the elements

da(r;) and po(a)(Q(w;)) satisfy the relations , and of P(A). Certainly
the ¢4(x;) commute since ¢4 : A — B is an algebra homomorphism, so is
satisfied. Next,

ba(a)(Qwi))pa(rs) — dalrs)paca)y(z:) = da({zi ;})
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by , and therefore is satisfied. Finally,
baa)(Qzi))baa)y(Q2z;)) — daa) (2z)))Paa) (i)
= da(a)([Qz:), Qz;j)]) = daca) (Q{zi, z;})
because ¢qg(4) is a homomorphism of Lie algebras, and applying ¢q(a) to
() = 3 25 ot
and using @ gives

b @(tasa)) = 3 on (2525 ) oy @000)

%
and so is also satisfied. O

Corollary 3. P(A) has a PBW basis consisting of all elements of the form

ity Q)" Q)"
for a;,b; > 0.
Proof. This is a consequence of a result of Rinehart [Hue90, Theorem 1.9] which

shows that the Poisson enveloping algebra is isomorphic as a vector space to the
symmetric A-algebra on Q(A) via the canonical map. O

1.2. Poisson cohomology. In this section A = k[z1,...,z,] is once again a poly-
nomial algebra so that (A) is a free A-module, and we may consider its mth
A-exterior power A’} (Q(A)). This is the quotient of the tensor product over A of m
copies of Q(A) by the submodule generated by all tensors with two equal factors.
Write

Qar) A+ AQ(ap)
for the image of the pure tensor

Q(al) R4 Ra Q(am)

in A (2(A)). As an A-module, A'{ (2(A)) is free on all elements of the form

Qi) A AUz,
for 1 <y <ig < -+ <ipm < n, so it is isomorphic to A ®; A™ (V) where A™ (V) is
the mth exterior power of the vector space V spanned by the Q(z;).
Definition 4. Alty(Q(A), A) is Homa (A"} (Q(A)), A)

This is what Huebschmann calls the space of A-multilinear alternating func-
tions from Q(A) to A. The direct sum Alt’ (Q(A), A) = @,,,>0 Alt')y (Q(A), A) is
a differential graded algebra when equipped with the Cartan-Chevalley-Eilenberg
differential

df (Qziy) Ao AN Qi) =

Z(*l)jﬂg(ﬂﬁz‘j)f(g(xu) AN N ) N AQ(w4,,))
i>1

Y R, ), s A, A A, ) A i )N,

1<j<k<m
and the shuffle product

(fAg)(Qar) Ao A Q(a\f|+|q\)) =
ngn Qai, ) A AU ) g(Qai ) A AUaigy )
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where f € Altgl(Q(A),A), ge Alt‘jl(Q(A),A), the sum is over all i = (i1,...,%¢4+|q|)
such that iy < --- <ijp and i|fj41 < --- < §|f|4|g, and sgn(i) is the sign of the
permutation 7 + ¢,. The shuffle product on the space of alternating forms is
obtained by transferring the natural multiplication on A ®; A*(V*) through the
isomorphisms

AltA(Q2(A), A) 2 Homy (A ® A*(V), A) = Homg (A*(V), A) = A @ A*(V7).

Definition 5. The Poisson cohomology HP*(A) of a Poisson algebra A is the
cohomology of the differential graded algebra Alt% (Q(A), A).

If A is a graded algebra and its Poisson bracket respects the grading then the
Poisson cohomology groups are bigraded; in this case we write HP” (A) for the part
in homological degree i and internal degree j.

When the Kéahler differentials are projective as an A-module, so in particular
when A is polynomial, P(A) ®4 A% (£2(A)) is a projective resolution of A as a
P(A)-module and the Poisson cohomology of A is isomorphic as an algebra to
Extp(a)(4, A) [Hued0, p.81].

2. THE SEMICLASSICAL LIMIT AND ¢g-DEFORMATIONS

Let A be a k[g*!]-algebra which is a torsion-free k[g™']-module and suppose
A= A/(q—1)Ais commutative. If u € A write @ for its image in A. Then A is a
Poisson algebra with bracket

{a,b} := B(a,b)
where 3(a,b) is the unique element of A such that ab — ba = (¢ — 1)5(a, b).
Definition 6. With A, {—,—} and A as above we say that A is the semiclassical
limit of A.

See for example [Dumlil [Gool0)].

Definition 7. A k[g*']-subalgebra R of a k(q)-algebra R is called a k[g*']-form
of R if the natural map R ®Qyjq=1] k(q) — R is an isomorphism. We say R is a q-
deformation of the k-algebra R via the k[qg™']-form R if R/(q — 1)R is isomorphic
as a k-algebra to R.

We will use an analogous notion of g-deformation for differential graded algebras,
obtained by replacing ‘algebra’ and ‘subalgebra’ by ‘DG-algebra’ and ‘sub-DG-
algebra’ everywhere in the above definition. Note that if R is (bi)graded then so is
R, and they have the same Hilbert series.

Suppose A is a k[gt!]-form of a k(g)-algebra A and that A has a semiclassical
limit A. We want to relate the Poisson enveloping algebra P(A) and the enveloping
algebra A® = A ®j,,) A°P of A using the notion of g-deformation. The subalgebra
of A® generated by A® 1 and 1 ® A°P is not suitable as a k[g*!]-form because it
is commutative modulo ¢ — 1, and P(A) is in general noncommutative. To help us
define a suitable k[g*!]-form we need some special elements of A®.

Definition 8. Let a € A. Then €(a) is
a®l—-1®a
qg—1
Lemma 9. Let z,y € A. Write x and y for the elements x ® 1 and y ® 1 of A°.
Then in A°,

(8) (zy) = xQ(y )+yQ( )+ (¢ = 1)Q(y)a)
9) Qz)y —yQ(z) = Blx,y) ®
(10) Q(2)y) — Q2)2y) = QB(=, ))-

€ A°.



6 MATTHEW TOWERS

The proof is a simple computation. This lemma shows that the Q(a) behave like
g-analogues of the Kéhler differentials of A — compare with and @,

with , .

Remark 10. If A is a quadratic algebra generated by homogeneous elements x; of
degree one with a basis of the form x{'---x% for a; > 0, these relations, together
with the relations of A, are enough to give a presentation of A®. This follows by

counting the dimension of the spaces of relations.

For the rest of this section we assume that A is graded, that xi,...,x, is a
homogeneous generating set for A, and that A is polynomial on the images X; of
the x;. Let y; be the generator of P(A) corresponding to X;; then P(A) is graded
by putting y; in the same degree as x;.

Lemma 11. Let A’ be the k[g*']-subalgebra of A° generated by x; @ 1 and Q(x;)
for 1 <i < n. Then there is a surjection of graded algebras P(A) - A'/(¢ — 1) A’

defined by y; — x; @ 1 and Q(y;) = Q(x;).

Proof. We must show that if we substitute x; ® 1 for y; and Q(x;) for Q(y;) in the
defining relations (2), (3), [@) of P(A), the resulting expressions lie in (g — 1).A’.
This is true of the relations (2]) because the semiclassical limit exists.
: we need

Q(xi)(xj ®1)—(x® DQx;) = B(xi,x;) @1 mod (¢ —1)
but this is immediate from (9).
(E[): Suppose first that S(x;,x;) = @, - - ;, is a monomial. We need

Qxi)Q0x5) = Qx)Q0x) = D (%3, -+ %5, - xiy ® 1)Qx;;) mod (g — 1)
J
but this follows easily by induction on N using . The general case, when 5(x;, x;)
is not assumed to be a monomial, follows by linearity. O
)_

Lemma 12. Let z1,...,z, be a homogeneous generating set for a graded k(q
algebra B and let B be the k[qt']-subalgebra of B generated by zi,...,z,. The
B @11 k(q) = B as graded algebras.

3

Proof. The assignment z; — z; ® 1 determines a graded surjective homomorphism
of algebras B — B ®y4+1) k(q). Suppose the kernel contains a non-zero element
X = 3",(ai/bi)z; where a;,b; € k[gF!] and z; = z;,, ..., 2z;,,. We may assume all the
b; are equal to 1 by multiplying by an appropriate element of k[¢g*!], so that X € B.
Now B is a free k[q™!]-module as it is the direct sum of its graded pieces which are
finitely generated k[g™!]-submodules of a k(g)-module and therefore torsion-free.
Therefore the map B — B®j,4+11k(q) is injective and so X = 0, a contradiction. [J

It follows that A’ is a k[g™!]-form of A°.
Corollary 13. If dimy P(A),, = dimyq) A5, for all m then A® is a q-deformation
of P(A) via the k[g*']-form A’.
Proof. If we regard k as a k[g™!]-module with ¢ acting as 1 then

A//(q — 1)./4/ =y kg1 k

as graded algebras. Each graded piece of A’ is a free k[g™!]-module, since it embeds
into a k(g)-module A® and is therefore torsion free. So for any m,

dimk(.A/ ®k[qgr1] E)m = dimk(q) (A/ Ok[q1] k(q)m = dimy,(q) Ac = dimy P(A).,
where the second equality is because of Lemma So the surjection of Lemma
has to be injective. O
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When A has a PBW basis of polynomial type we can apply the previous corollary
to get:

Theorem 14. Suppose the set of elements of the form x{* ---x% for a; > 0 form
a basis of A. Then A® is a q-deformation of P(A) via the klg™']-form A’.

Proof. Corollary [3| says that P(A) has a PBW basis consisting of the elements

Yty Qyn) - Q)

for a;,b; > 0, where y; is the generator of P(A) corresponding to X;. Our assump-
tions on A mean that A has a PBW basis consisting of

x@D)" - (x, @1)"(1® xl)b1 (I xn)b"
for a;, b; > 0, therefore the hypothesis of Corollary [I3] holds. O

2.1. Example: the quantum plane.

Definition 15. The coordinate ring of the quantum plane is the k(q)-algebra A
generated by x,y subject to the relation xy = qyx.

A is graded with |x| = |y| = 1; it is a quadratic algebra with basis consisting of all
elements x?y® with a,b > 0. The k[g*']-form A generated by x,y has semiclassical
limit A which is polynomial on the images x,y of x,y and has Poisson structure
determined by {z,y} = zy. By Lemma [2| the Poisson enveloping algebra P(A) is
generated by z,y and Q(z), Q(y) subject to

wy = ya, Az)y — yQz) = 2y, Ay)z — 2Q(y) = —zy
Qz)Uy) — 2y)Qz) = 2Q(y) + y<2(z)
Theorem shows A° is a ¢g-deformation of P(A) via the k[¢™!]-form generated
by x,y and Q(x), Q(y) By Lemma@ the following relations hold in A¢:
xy = qyx, Q(x)y — yQ(x) = xy, Ay)x — xQ(y) = —xy
gQ)Q(y) — Qx)Qy) = x2y) +yQ2(x).

In fact by counting the dimension of the relation space they are sufficient to give a
presentation of A€.

2.2. Example: 2 x 2 quantum matrices.

Definition 16. The algebra of 2 x 2 quantum matrices M is the k(q)-algebra gen-
erated by a,b,c,d subject to the relations

(11) ab=g¢gba ac=¢gca bc=cb bd=¢gdb cd=qdc
ad —da= (¢ —q )bc.

M is graded with a,b,c,d in degree 1; it is a quadratic algebra which admits a
basis consisting of all elements a’b?c¥d! for 4, j, k,1 > 0.

The k[g*!]-subalgebra M generated by a, b, c,d has semiclassical limit M which
is polynomial on the images a, b, ¢, d of a, b, c,d with Poisson structure determined
by
(12)

{a,b} =ab {a,c} =ac {a,d} =2bc {b,c} =0 {b,d} =0bd {c,d} = cd.
By Lemmal2]the Poisson enveloping algebra P(M) is generated by a, b, ¢, d, Q(a), (b), Q(c), Q(d)
subject to relations saying that a, b, ¢, d commute, and
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Qa)a — aa) =0 Q(a)b — bQ(a) = ab
Qa)e — eQ(a) = ac Qa)d — d2(a) = 2be
Qb)a —aQ(b) = —ab  Q(b)b—b2(b) =0
Q(b)e —cQb) =0 Q(b)d — dQ(b) = bd
Qc)a —aQ(c) = —ac  Qc)b—bQ(c) =0
Qc)e —e) =0 Qc)d — d¥(c) = —cd
O(d)a — aQ(d) = —2bc  Q(d)b — bQU(d) = —bd
Qd)e — Q(d) = —ed  Q(d)d — dQ(d) =0
Q(a)2(b) — Q0)Q(a) = aQ(b) + bQ(a)
Q(a)Q(c) — 2(c)Q(a) = aQ(c) + cQ(a)
Q(a)(d) — Q(d)Q(a) = 2b9(c) + 2¢02(b)
Q)2(e) — Q2e)2(d) =
Q(b)Qd) — Qd)Q(b) = bQ(d) + dQ(b)
Q>c)Q(d) — Ud)2(c) = Q(d) + dQ(c)
Theorem [14] shows M€ is a g-deformation of P(M) via the k[g™!]-form generated

by a,b,c,d and Q(a), Q(b), Q(c), Q(d).
By Lemma [9] the following relations hold in M¢:

Q(a)a —af(a) = Q(a)b — bQ(a) = ab

Q(a)c — cQ(a) = ac Q(a)d — d(a) = (1 + ¢ ")bc

(Q(b)a — af2(b) = —ab Q(b)b — bQ(b) =0

Q(b)c — cQ(b) =0 Q(b)d — dQ(b) = bd

(Q(c)a — aQ(c) = —ac Q(c)b — bQ(c) =0

Q(c)c —cQ(c) =0 Q(c)d — dQ(c) = —cd

Q(d)a —aQ(d) = —(1+ ¢ )bc  Q(d)b — bQ(d) = —bd

Q(d)c — cQ(d) = —cd Q(d)d — d(d) =0

4Q(2)2(b) — O(b){2(a) = afd(b) + b2(a)

q2(a)Q2(c) — Q(c)Q(a) = afd(c) + cf2(a) ) o

Ga)d) — D)D) = (1 +4~H)bRA(<) + (1 + g~ )efd(b) — (g — ¢~ b))
(b)2(c) = Q(c)2(b) =0 )

qQ(b)Q2(d) — 2(d)Q2(b) = bQ2(d) + dQ2(b)

¢Q(c)Q(d) — Q(d)Q(c) = cQ(d) + d(c)

3. KOSZUL ALGEBRAS AND MODULES

We refer to [PP05] for general background on quadratic and Koszul algebras. Re-
call that a graded k-algebra A is called quadratic if it there is a finite-dimensional
vector space V and a subspace R < V ®;, V such that A =2 T(V)/(R) where T(V)
denotes the tensor algebra. The quadratic dual A' of A is T(V*)/(R*) where
V* = Homy(V, k) and R+ is the image of the annihilator of R under the canonical
isomorphism of (V ®; V)* with V* ®; V*.

Example 17. Let M be the algebra of 2 X 2 quantum matrices defined in Section
2.9 The quadratic dual M' of M is generated by a*,b*,c*,d* subject to

3*2, b*2,c*2’d*2, b*c* _|_ C*b* _|_ (q _ q—l)a*d*
qa*b* 4+ b*a*, ga*c* + c*a*,a*d* +d*a*, gb*d* + d*b*, gc*d* + d*c".

A graded left A-module M is called quadratic if it is isomorphic as a graded
module to one of the form (A ®y My)/AH where My is a finite-dimensional vector
space, H < A1 ® My, and M is homogeneous with respect to the grading. The
quadratic dual M" of M is the left A'-module (A'®y Mg)/(A'HY) where H+ denotes

the image of the annihilator of H under the canonical isomorphism between (A ®
Mp) and A} @, M§ = (A'); ®, M. If M and N are graded left A-modules,
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Ext) (M, N) is bigraded, by homological degree and by internal degree. We write
Extf\j(M ,N) for the part with homological degree i and internal degree j. Write
k for the trivial A-module A/, A:. A quadratic algebra A is called Koszul if
Ext? (k, k) is zero whenever i # 7, in which case Ext} (k, k) = A' as algebras. A
graded module M over a Koszul algebra A is called Koszul if Ext% (M, k) is zero if
i # 7, or equivalently if M admits a linear projective resolution, that is, a projective
resolution P, — M such that P; is generated by its component of degree i.

3.1. Hochschild cohomology of Koszul algebras. If A is Koszul then A€ is
Koszul: A°P is Koszul by [PP05, remark on p.20], and tensor products of Koszul
algebras are Koszul by [PP05, Corollary 3.1.2]. Furthermore A is a Koszul A°-
module by [GHMS05], Corollary 2.2].

Lemma 18. The quadratic dual (z<A)' of the A®-module A is isomorphic as a
vector space to the dual quadratic algebra A'.

Proof. Let A = T(V)/(R) so that A = T(Vae V')/(R® R @ C) where V' is
isomorphic to V' via a map that sends v € V to v/, R’ is the image of R under the
twist map 7 : v @ w — w’ ® v' and C has basis x; ®x9 —x;- ® x; where z1,...,x,
is some fixed basis of V.

Thus (A®)' is isomorphic to T(V* @ V"*)/(R*+ @ R'* @ D) where D has a basis
consisting of all tensors of the form z} ® 2/ + 27 @ x; where the x} are the basis of
V* dual to x1,...,2,. It follows (A®)' = A'®,(A')°P where &, denotes the graded
commutative tensor product: (A;®pu1) - (Aa®pu2) = (—=1)"" A\ Aa®puy o for Ag, g
homogeneous of degrees m and n respectively.

Asa A =T(VeaV)/(R®R &C)module, A = A°/(x; —x} : i =1,...,n).
Therefore the quadratic dual of scA is (A)'/(x} + 2/ 14 = 1,...,n). This ideal
corresponds to the ideal (zf ® 1 + 1 ® x*) under the isomorphism between T'(V &
VN /(ROR' ©C) and A'@(A")°P. There is an exact sequence of A'@(A')°P-modules

0= (zf@1+1@a)) = AN&r(A)P = A =0

where A is the A'@y(A')°P-module which is A' as a vector space, and with action
A& -z = (=1)IllelHelAu+D/2 Xgy for X, 2, € A', homogeneous, and the map
A'&p(A)°P — A'is determined by 1 ® 1+ 1. This completes the proof. d

Definition 19. Let M be a Koszul left-module for the Koszul k-algebra T' =
T(V)/(R) and let er € T @5 T' be Y, v; ® vf where v; Tuns over a basis of V
and v} is the corresponding dual basis element of V* = T'y. Then the Koszul
resolution Kr(M) is T @ (M")* with differential given by right-multiplication by
er, and the Koszul cocomplex Kr(M) is M @, M' with differential given by
left-multiplication by er

[PP0O5, §2.3] shows that Kp(M) is a minimal free resolution of M, so that
Ext}.(M, M) is computed by cohomology of the cocomplexes
Homp(I' @y, (M')*, M) = Homy ((M')*, M) = M @, M' = Kp(M).
Consider the special case when I' = A€ for some Koszul algebra A and M = zcA.

By Lemma (aeA)' is A so Kpe(A) is isomorphic to A ®j A' as a vector space.
The corresponding differential is

(13) )\®u'—>Z(:ci)\@)xfu—i—(—1)‘“‘+1)\xi®uw;‘)

for 1 homogeneous of degree || — see [VAB94, p.5]. This differential makes A @ A',
with its natural multiplication, into a differential graded algebra.
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This means that the Hochschild cohomology ring HH(A) = Ext}. (A, A) has two
multiplications: one it inherits as the cohomology of the differential graded algebra
A ®; A' and one from the Yoneda product on Ext. We want to show that they
agree.

Lemma 20. The cohomology of the differential graded algebra A ®; A' equipped
with the differential is isomorphic as an algebra to HH*(A).

Proof. We already know that the cohomology of A®yA' with this differential agrees
with HH*(A) as a vector space. To show that the two products are the same we
need to examine the Koszul resolution more closely. If A = T'(V)/(R) then A!, is
equal to
(e
Z:r;—OQ(V*)(gi ® RL ® (V*)@(m—2—i)

(the denominator is to be interpreted as zero if m = 0 or 1). For m > 2 the
denominator is the annihilator of

m—2

Np= [ V®®Re VM2

i=0
so we can identify (A},)* with N,,, and the Koszul resolution Ky-(A) of A over A®
can be written as

where N1 = V and Ny = k. As before let z1,...,x, be a basis of V', and given a
sequence i = (i1, ...,4y) write z; for z;, ® - @ x; € VO™, The differential on

.
1® (Z ail‘i) ®1— Z (T @ T(iy, i) @1 = 1R Ty, iy 1) ® Tiy,)

where o; € k.
Write B, for the standard (bar) complex of A [CE99, IX.6], whose mth term is
B,, = A®(m+2) The inclusion V < A induces a map

L KA&(A)* —>IB*

which is a morphism of chain complexes [VdB94l, Proposition 3.3]. The bar complex
of A admits a comultiplication A : B, — B ®4 B defined by

ANy @ p) = Z()\ D Y(iyynyin) @ 1) @ (L@ Yiprironsivg) @ 1)

where y; = y;, @ - Q@ y;, € A®™. We will show that
(15) A(ime) C (ime) ®4 (ime)
so that A induces a comultiplication on Kae(A). This is equivalent to proving that

if Zi ajri € N, then
D iy i) ® iy i) € Ne ® Ny
i

for any r < m. Corollary 3.3 of [Pri70] says that for any sequence j of length m —r,

Z T4y, 0,) € Ny

L:(ipg1,ensim)=r

Thus

Zaix(il,...,ir)®x(ir+1,...,im) = Z Z MZ(iy .0 | ®5 € Ny@VETT

i 3 \E(irg1semim)=r
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Similarly it lies in V&" ® N,,_,, so in
(Nr & V®mir) N (V®T & Nmfr) =Ny @ Nyp—yr

completing the proof of .

If we identify A ® A with A then B, ®, B is a free resolution of A and A is a
chain map lifting the identity map on A. Because of the same holds for Kxe(A).
[BGSS08, p.4] point out that the Yoneda product on HH(A) can be computed as
follows: if f: Kpe(A), = A and g : Kpe(A)s — A are cocycles, the product of the
cohomology elements they represent is represented by f x g = (f @4 g) o A where
forg: Kpe(A)r @4 Kpe(A)s = Ais k@ K — f(k)g(K).

There is a linear isomorphism ¢ : A®@ A' — Hompe (Kpe(A),, A) that sends A®
to

l1en®1l— (u,n)A

where 1 € A, n € N,, and (—, —) is the pairing between A! and N,,. We will
show this is is a homomorphism of algebras when Hompe (Kpe(A)+, A) is equipped
with the product *.

Since the product in A' is induced by tensor multiplication in T'(V*), if u =
i + Ann(N,) € AL and i/ = g/ + Ann(N,) € AL then

PN @ pp') (1 ® (Z ai$i> ®1)= Z Oéiﬂ(l’(il,...,i,,.))lz’(x(i,,,ﬂ,...7i,,+5))/\>\/~

On the other hand

(A @ p) x (N @ pu')(1® <Z am) ®1)

= oA @mesN eu)d @z, @)@ 10 x6,,. i) ®1)

1

= Z QU iy i) (T iy i) ) AN

This completes the proof. O

3.2. Quadratic Poisson enveloping algebras are Koszul. A polynomial Pois-
son algebra A = k[z1,...,x,] is a left Poisson module over itself in the obvious
way. A is therefore a P(A)-module, isomorphic to the quotient of P(A) by the left
ideal generated by the Q(y;).

Lemma 21. Let A = k[x1,...,x,] be a polynomial algebra, graded with each x; in
degree one, equipped with a Poisson bracket {—, —} such that {z;,x;} € Ay for all
i and j. Then P(A) is a Koszul algebra and A is a Koszul P(A)-module.

A Poisson algebra or bracket with this property will be called quadratic.

Proof. If we place all y; and Q(y;) in degree one, the defining relations , and
of P(A) are homogeneous of degree two. Applying Corollary [3|shows that P(A)
is a quadratic algebra with a PBW basis, and such algebras are Koszul by a result
of Priddy [PP05, Theorem 4.3.1].

When Q(A) is a projective A-module, which holds when A is polynomial, Hueb-
schmann [Hue90, p.66] points out that P(A)®4A% (Q(A)) with the Cartan-Chevalley-
Eilenberg differential is a projective resolution of A over P(A). Since this is clearly
a linear resolution, A is a Koszul P(A)-module by [PP05, p.20]. O
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Corollary 22. P(A)' is generated by y; and Q(y}) subject to
Qyi) ;)" + Qy)"Qys)” 1<i<j<n

- Nz, x
QYym) Y + ynQym) +Za{x aaj} (yi)"y;)"

* ok * a ‘rl?‘r * * ok
Ynln + YUni — Z ai 8;} () "y} — Qi) vy)-

The subalgebra O = (Qy1)*, ..., Qyn)*) of P(A) is exterior of rank n.

Proof. The given presentation for P(A)' follows from the presentation of P(A) given
by relations , and .

[PP05, Corollary 2.2] says that if M is a Koszul module over a Koszul alge-
bra A and M', A' are their Koszul duals then ha(t)hy(—t) = 1 and hyp(t) =
hor (£)har(—t) where haf(t), ha(t), has (1), har are the Hilbert series of M, A, M*, A'
respectively. Applying this with M = A whose Hilbert series is (1 — ¢)™" and
A = P(A) whose Hilbert series is (1 — )" shows that hp(4y = (14 ¢)*" and the
Koszul dual of the P(A)-module A has Hilbert series (1 + ¢)™.

By definition, A' = P(A)'/P(A)'(y},...,y’) and repeatedly using the second
relation shows this quotient is spanned by O+ P(A)'(y?,...,y%). But dim A' = 27,
so dim O > 2™. Since O is certainly a quotient of an exterior algebra of rank n we
in fact have dim O = 2™. The last statement follows. O

At the moment A' could mean two different things: the Koszul dual of the
algebra A and the quadratic dual of the P(A)-module A. In what follows A' always
refers to the algebra O with P(A)-module structure induced by the vector space
isomorphism between O and P(A)'/P(A)' (v}, ...,y:) from the proof of the previous
corollary.

Remark 23. The quadratic dual of P(A) can be described as follows. A Poisson
superalgebra (or graded Poisson algebra) B is a graded-commutative algebra, that
is ab = (71)‘“”b‘ba for homogeneous elements a,b of B, equipped with a bilinear
bracket {—,—} such that

{a,b} = (=) (b, a}
(=) a, {b,e}} + (=D)1PHb, {e,a}}y + (~1)1M e, {a, b}} = 0
{a,bc} = {a,b}c + (—1)1*1b{a, c}

for all homogeneous a,b,c € B.

A quadratic Poisson bracket on the polynomial algebra A is determined by a map
b: A2(Ay) — S?2(Ay), where A? and S? are the exterior and symmetric squares
and A is the vector space spanned by the x;. The dual map b* : S%(A}) — A%(A})
allows us to define a quadratic Poisson superalgebra structure on the exterior algebra
generated by the x; by

{‘rzv j} —b(“ ])

The quadratic dual of P(A) is isomorphic to the Poisson enveloping algebra of the
exterior algebra generated by the x} with graded Poisson bracket determined by b*.

Corollary 24. Let A be a polynomial algebra with a quadratic Poisson bracket.
Then the Koszul cocompler K p(4y(A) = A®y A" with its natural multiplication and
differential ep(ay is a differential graded algebra whose cohomology is isomorphic
as an algebra to HP*(A).
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Proof. We will show that K p(4)(A) with differential e p4) is isomorphic as a differ-
ential graded algebra to Alt’ (Q(A), A). As in Subsection [1.2| we identify this with
A®A*(V*) where V* is the span of the Q(z;)*, and map A®; A*(V*) — Kp(a)(A)
by ¢ : a®Q(z;)* — a®Q(y;)*. This is clearly an isomorphism of algebras; we only
have to show that it respects the differential. Since A @ A*(V*) is generated as
an algebra by the x; ® 1 and 1 ® Q(z;)* it is enough to check that ¢(d(z; ® 1)) =
epay(r1 ®1) and ¢(6(1 ® Q(x;)*)) = epray(1 @ Q(y;)*), where J is the differential
corresponding to the Cartan-Chevalley-Eilenberg differential d on Alt% (Q2(A), A).
The element z; ® 1 € A® A*(V*) corresponds to f; : 1®1+— x; € Alt (Q(A), A),
and

d(fi)(1 @ Qz;)) = Qa;) f(1 1) = {x;, 2}
so that 0(z;®1) = > {z;, 2;}®Q(z;)*, and the image of this under ¢ is 3 {z;, z;}®
Q(y;)*. Applying
er) = ) (1 @ 4] + Qy) © Q)

J

to z; ® 1 gives 32, Qy;) - 2 @ Qy;)* = > {zj,zi} @ Qy;)*, so ¢(d(z; ® 1)) =
ep(a)(z1 ® 1) holds.

1® Q(z;)* corresponds to the element f; of Alt4(Q(A), A) that sends 1 ® Q(x;)
to 1if 4 = j and 0 otherwise. Therefore

dfi(1 @ Q(x;) A Uaw)) = —dfi(1 @4 Q{5 71 })
which is equal to minus the coefficient of Q(z;) in Q({z;,zx}). Therefore
(l® Q({L‘Z)*) = — Zcijk ® Q(Q?J)* A Q(xg)*
Jj<k
where ¢;;;, is the coefficient of Q(x;) in Q({x;,zx}). On the other hand, applying
ep(a) to 1® Q(y;)* gives

Sy 0y = -3 (Z yW) © Q)" QUp)"

i<k r
using the second relation from Corollary which completes the proof. O
The polynomial algebra A = k[x1, ..., z,] admits derivations 9; = % defined in

the usual way. Similarly its quadratic dual A' = k(Q(y1)*, -+, Q(y,)*) has graded
derivations 0] defined by

a:(Q(Y)*b) = (—1)2.7‘« bjbiQ(y)*b_ei

where e; is the vector with a 1 in position i and zeroes elsewhere and Q(y)*P
denotes Q(y1)* - -+ Q(y,)**». We can use these to build a derivation on the Koszul
cocomplex:

Lemma 25. Let A = k[x1,...,2,] be a quadratic Poisson algebra and let A ®j, Al
be the Poisson cocomplex computing HP*(A) with differential e = epay- Let h =
>, 0i®0;. Then

(16) he+eh=> 0;H;®1+1®0;H}

where H;(z) = {z;,z} and Hf (X) = {Qy:)*, X} =y} - X.

Proof. Since h and e are (graded) derivations, so is he 4+ eh. We first show that the
right hand side of is a derivation.
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Since {—, —} and its dual are (graded) derivations when one argument is fixed,

17 Az} = Z&-(x)Hi(y) = Zai(y)Hi(x)
{z,w} = (=) 07 (2) HY (w) = (—=1)FIHTN " (w) HY (2)

for z,w € A" and x,y € A. Furthermore
0iH;(zy) = 0;(x)H;(y) + x0; Hi(y) + 0; Hi(x)y + H;(x)0;(y)

so summing over ¢ and applying shows ), 0;H; is a derivation. Similarly so is
>, 0rHY, and thus ), 0;H; ® 1 +1® 0 H is a derivation.

It is easy to see that he +eh and ), 0;H; ® 1 +1® 0 H; agree on z, ® 1 and
1®Q(y,)* for any r. Since these elements generate A ® A', the two derivations are
equal. O

The utility of this result is that in some cases, including that of the semiclassical
limits we are interested in, he + eh acts diagonally on the PBW basis. Therefore
some multiple of h will be a contracting homotopy for certain parts of the Koszul
cocomplex.

3.3. g-deformations of the Koszul cocomplex. Let A be a Koszul k(g)-algebra
which has a semiclassical limit A such that A¢ is a g-deformation of P(A) Then
HH*(A) is computed by the differential graded algebra A ® A' with the differential
eac and HP*(A) is computed by A ® A' with differential ep(4). We want to show
that the first of these DGAs is a ¢g-deformation of the second.

Proposition 26. Let A be a Koszul k(q)-algebra minimally generated by xq, . . ., Xy
and let A be the k[g™]-form of A generated by the x; and admitting a semiclassical
limit A which is polynomial on the images of the x;. Suppose the map P(A) —»
A'/(q—1)A" of LemmalId] is an isomorphism. Then the differential graded algebra
Kae(A) is a g-deformation of Kp(a)(A).

Proof. We split the proof into sections.

Hilbert series. Under our hypotheses,
dim A, = rank A, = dimA,.

for any r. The first equality holds because A, is free as a k[¢T']-module, be-
ing finitely-generated torsion-free. For the second, if by,... is a basis of A, then
by multiplying by an appropriate scalar we may assume the b; lie in A,. Thus
rank A, > dimA,. Any k[¢T']-linearly independent set in A, is k(q)-linearly in-
dependent in A,, so the opposite inequality holds. We get that A has the same
Hilbert series as the polynomial algebra A. The Hilbert series of a Koszul algebra
determines that of its Koszul dual by [PP05, Corollary 2.2.2], so A' has the same
Hilbert series as the exterior algebra A'.

Relations in A'. Write A = T'(V)/(R) as a quadratic algebra where V' has a basis
v1,...,V, whose images in A are xi,...,X,. Existence of the semiclassical limit
implies that for each ¢ < j there is an element r;; of R of the form

0 ®v; —v; ®v; — (¢ — 1)By;

where Bij lies in the k[g™']-span of the v, ® v;. By substituting r,; into the sz we
obtain elements 77; of R of the form

v QU; —v; QU — (q — 1)32/»]» + (q — 1)2'71’3’
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/

where only tensors of the form vs; ® vy for s < ¢t appear in 5!., and the image of

YR
i in Ais {x;, 2} These rgj are k(q)-linearly independent since they are even
linearly independent modulo ¢ — 1. They form a k(q)-basis of R, for if R had larger

dimension dim Ay would be smaller than n(n + 1)/2.

Let v, ..., v, be the basis of V* dual to vy,...,v,. For r < s define
* * {xk’xl} *
pro =Vp BV + 01 @V = (9= 1) ) Hg ] @0

k<l

where x; is the image of x; in A. Furthermore define

o 1 {ay, zi}
pw:vr@)vr—(q—l)zi 922
k<l r

v @ vy,

Then for any r < s and any i < j we have p,s(ri;) € (¢ — 1)%k[gF!]. As before, the
prs are linearly independent and there are some elements ¢ in the k[g*!]-span of
the v] ® v} such that

(18) Prs (q - 1)287'8 r<s

is a basis of R*. Recall that A' = T(V*)/(R*) and write x} for the image of v} in
A'. Let B be the k[g*!]-subalgebra of A' generated by the elements (1 — ¢)x}. The
relations show that

x;x; +x;x; =0 mod (¢ —1)
Since A' and hence B has the same Hilbert series as A', the quotient B/(q — 1)B is
isomorphic to the exterior algebra A'.

Let B’ be the subalgebra of A' ®Pk(q) (A")°P generated by xf ® 1 + 1 ® x¢ and
(I-¢q¢)@xf forl<i<n.

A is an A’-module, B is a B’-module. A is a A®-module, and we claim that

the action of A’ C A° preserves A. Certainly elements x; ® 1 preserve A, and

(% ®1—-1®x;)-AC (¢q—1)A because of the existence of the semiclassical limit.
Recall that the action of A' ®jy) (A')°P on A' is

@ ) -z = (— 1)l 0/2) 0,

Clearly the action of (1 — ¢q) ® x} preserves B. The relations show that the
elements x! ® 1+ 1®x} send generators of B to B; the general result follows because
X ®14+1®x; acts by graded derivations on B.

Let C = A®y[q+1) B, and ec : C — C be the map induced by left-action of

xi®1—-1®x;

Z((Xi®1)®(xf®1+1®xf)+ i

®((1-q) ®xf)) eA B
This makes it clear that C with differential ec is a DGA which is a k[g*!]-form of
Kae(A). Therefore all we need to complete the proof is:

C/(q—1)C is isomorphic as a DGA to Kp(4)(A). We consider Kp(4)(A) as the
complex A ®;, A as in the proof of Corollary

K p(a)(A) is isomorphic as an algebra to C/(¢—1)C = (A/(g—1)A)@(B/(¢—1)B).
Write ¢ : Kp(ay(A) = (A/(q —1)A) ® (B/(q — 1)B) for the algebra isomorphism
that sends x; ® 1 to the image of x; ® 1 and 1 ® Q(y;)* to the image of (1 —¢) ® x}
in C/(¢ —1)C. We claim ¢ respects the differentials on these DGAs, and since
Kp(a)(A) is generated by the z; ® 1 and 1 ® Q(y;)* it is enough to check these
elements.
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epy (i ®1) Z{%v zi} @ Qy;)"
clx;®1) = ZB xj,%i) @ (1 — q)x]

s0 ¢(epa)(z; ®1)) equals ec(d(r; @ 1)) (¢ —1)C.

ep(a) (1@ Q(y:)" ZZ a{wﬁxk} zr @ Qy;) " 2yx)"

Ox;0
j<k T i

ec(1® (1= g)x) =D % ® (1= q) (g} +x7%7)

a{x]’ .’L’k} 2 % %
N Zr: Z Ox;0x, ® (1= )
modulo (¢ — 1)C. O

If a € k[g™!] and M is a k[gT']-module we say M has a-torsion if there is a
non-zero element of M annihilated by a.

Corollary 27. If H*(C) has no (q— 1)-torsion then HH*(A) is a g-deformation of
HP*(A).

Pi?”OOf. C Ok[qr1] k= RP(A) (A) so H*(C Okt k) 2 HP*(A), and C Ok[qr1] k(q) =
Kae(A) so HH*(A) =2 H*(C Oklqt1] k(q)) = H*(C) Oklqt1] k(q).

We first show that HP"(A) and HH"(A) have the same Hilbert series for any r.
The universal coefficient theorem gives an exact sequence of graded modules

(19) 0 — H(C) @ppgery k — H'I(C @ppgen) k) — Tortl VHTH19(C) k) = 0

for any j. Because k[¢T!] is a principal ideal domain,

+1
Tor*le*") (k[q ]J{:) — ker(k L k)
(f)
and the Tor group in (19) vanishes under our hypothesis. So HP™ (A) = H"J (C)@k[q:&l]
k for any r, j, and thls has the same dimension as H'7 (C ®[q+1) k(q)) = HH™ (A).
Consider the k[g*!]-form H*(C) @211 of H*(C)@pq21) k( ). This is isomorphic
as a k[gT']-algebra to the quotient of H*(C) by its torsion ideal T (the ideal of all
elements annihilated by some a € k[g*!]\ {0}). Under our hypothesis — ®y4+1] k
kills all torsion summands of H*(C), so H*(C) ®q+1) k = (H*(C)/T) Qp[qx1) k-
Thus HH*(A) = H*(C) ®p[q+1) k(q) is a g-deformation of HP*(A) = H*(C) @yq+1) k
via the k[g*!]-form H*(C) ® 1 = H*(C)/T. O

In practise the hypothesis of Corollary 27] can be checked using the following
lemma.

Corollary 28. If every element of ker(ec ®pqx1) k) lifts to an element of kerec,
then H*(C) has no (q — 1)-torsion.

Proof. Tt is enough to show that C/im e¢ has no (¢—1)-torsion under these hypothe-
ses. Since k[g*!] is a principal ideal domain, maps between free k[¢*']-modules can
be written in Smith Normal Form. Consequently C/im e¢ has (¢ — 1)-torsion if and
only if rank(ec ® k) < rankec on some graded piece, if and only if the kernel of
ec ® k has rank larger than that of ec on that graded piece. If every element of
ker(ec ® k) lifts, this cannot happen. O
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4. THE QUANTUM PLANE

In this section we illustrate some of the results of the previous sections in the case
of the quantum plane. The Hochschild cohomology of quantum affine space was
described in [Sit05) §3.3] (though it appears difficult to obtain an explicit expression
for the nth cohomology group), and it is known ([LROT7, Corollary 3.5.2], [Mon02])
that it agrees with the Poisson cohomology of the semiclassical limit.

The coordinate ring A of the quantum plane as defined in Section [2.1] is Koszul
since it is a quadratic algebra with a PBW basis of polynomial type. Therefore by
Theorem (14 and Proposition Kac(A) is a g-deformation of Kp(4)(A), where A
is the semiclassical limit of A.

The Koszul dual of A is the quantum exterior algebra A', generated by x*,y*
subject to x* =0 and gx*y* +y*x* =0 .

Using this and we can compute the Koszul cocomplex Kac(A). For m € Z

write [m] for the g¢- 1nteger . The maps in the Koszul cocomplex are
o)~ By 5 — oy 6
ey’ " @x") = [a — Ix"y"* @ xy*
e1(y’x* ®@y") = [b— Ix* Ty’ @ xy*
so, noting that ged([a], [b]) = [gcd(a,b)] in k[gT1],

By’ @ x* — [n — b — 1)yt +Hixn—1=b @ y*

kereo = klg™']-1, (kerer)ns1 = klg™'] < [gcd(b,n — b — 1)]

Therefore H°(C) = k[g*™] - 1,

k
C) = k(¢ @ x*y* @ k[gTyx @ xX*y* @ Ty

where T} and Ty are direct sums of k[g*']-modules of the form k[¢*']/([a]) for a € Z.
Therefore there is no (¢ — 1)-torsion in H*(C), and HH(A) is a g-deformation of
HP(A). Furthermore HH(A) is one-dimensional in homological degree zero and
two-dimensional in degrees 1 and 2.

In fact, for any quantum affine space the two Koszul cocomplexes are actually
isomorphic after a change of base field: Kac(A) = K p(4)(A)®ik(q) as cocomplexes.

5. 2 X 2 QUANTUM MATRICES

In this section we will compute the Poisson cohomology of M, showing that it
agrees with the Hochschild cohomology of M. In describing elements of K oy (M)
we write Q77 for Q(a)**Q(b)*Q(c)**Q(d)* and we omit the ® symbol. Similarly in
Kme (M) we write f}) for d'c*b7a’ and Q) for Q(a)**Q(b)*Q(c)**Q(d)* and omit
the ® symbol.

We begin by summarizing the results.

Theorem 29. HH"(M) is a g-deformation of HP*(M). The Poisson centre of M
is polynomial in A = ad — be, and for i < 3, HP*(M) is a free k[A]-module freely
generated by the images of the following elements:

Representatives of generators of HP'(A)

1

aQds + dQOl, aﬂég + 099, 6088 + dQ?

VY, ckQ(a)ly for gk £ 2, ch —ale §+acil, b(aQdl +dt), c(aQdl +
409, b(a2l) + d0RY), c(a2lh + dg?)

3| VO QL BEOLY IOLY for j # 3 and bk (e — dQ§Y) for j+ k = 2.

O~ D

)
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As a k[A]-module, HP*(M) is the direct sum of a trivial module generated by Q11
and free summands generated by beQQl, ¥ O and cFQY for j k> 0.

The theorem is proved as follows. Firstly, M has a PBW basis of polynomial
type, so we may apply Theorem and Proposition to get that Kye(M) is
a g-deformation of Kp(yr)(M). We compute HP*(M) directly using the Koszul
cocomplex and show that each cocycle lifts to one for Ky (M), so that Corollary
applies and HH*(M) is a g-deformation of HP*(M). This is simplified by two
observations: first, the boundary of d'c*d’ aiQZ%’/ lifts to that of d'c*b? a’QZ,]ll, SO
we only need to lift non-bounding cocycles, and second A = ad — bc lifts to A, =
da —q~teb so we only need lift a k[A]-generating set for the non-bounding cocycles.
In practise the lifting is always the most straightforward one possible: a$2}3 + b3
lifts to aQ2y3 + by and so on.

We need to know the differentials on both Koszul cocomplexes explicitly to check
the lifting condition. Since the differential on K p(ps) (M) is the ‘reduction mod g—1’
of that for Kye(M), we give the latter in the tables that follow.

eo(fid) = ([ + kIfer 7 + ¢ [20F715 D080 + ([0 — [ (5571008 + £7,,,099)
— ([ + KR+ 2006500
z | e (F79(x)*)
g Nl - [l }Hu')(f;f“ml +f1,?+1 10 + (U + M+ a 240R5 078
G k=10 RO )98 + ([ = [0)fi 1,995 — ¢ 2R, 00 +
j+k =106 +q2200f LI

([
([J i k11 N N
o | ([G+k—1f N +q220f7 1)+ (1 - [DF Q% — ¢! H2)f Q8 +
(l7
([

o]

ij _ i—1,5+1
J+k— ]fkj,l+1 +q 2[21]fk+1jl+ )QOO

d | (=1 = [ETQ8 + 67,99 + (G + KIf Y + ¢ 207775288

2,y | ea(fUx) " Qy)*)

a,b | ¢ [+ 1] = D, 6 — (G + k=R +a 2[2z]f21111%,“)526%

a,c q‘l([] [l+1])f”“9“ (J+&— ]km+q‘2[2z]f2111’3“)0%?

a,d | ¢ ([i] — M)+ 67,019

b, c ([]+k 2f 7 + *ﬂQl]fiiﬂ DS — ¢ 22608 + ¢ 2267, Q10 -
(7 + Q]flchlJrl +q_3[21]f;+11’]l+ )Q(H

b,d | ([j +k— ]f’“’]+q*2[2l]fi’iﬁ DO+ ([ — [0 = 1)F7, Q%

cd | (G +k = F 4 g2 R067TT ) + (11— 1) - [ 0%

i, KU | ea(Fi05)

LLLO [ [+k =26, 08 + ¢ RifT O

171a051 qil([l] H)fllc{rllQH

LOL1 | g (i) - )y ol

0.LL1 | [j+k—2f 7 + ¢ P 20617), 01

The formulas are obtained by computing directly using the definition of the

Koszul cocomplex and the presentations of M and M' given in and Example
!

We want to find a contracting homotopy to show that certain portions of K vy (M)
are exact. To this end we define another grading on KP(M)(M):

Definition 30. The grade of aibjckdlﬂg/,; € Kpouy(M) isi—i' —1+1.

The differential ep ) preserves grade, as is easily seen from the tables above.
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Lemma 31. (he + eh)(fI007,) = 2(1 — ! — i+ ') [0 7,

Proof. This is an application of Lemma Computing using the bracket formulas

shows

(8uHo + OpHy + O-He + 0aHy) f = 2(1— i) £
Next, the second relation of Corollary gives the following description of the
action of P(M)' on M" (with a slight abuse of notation):

a* - QO) = b - Q)" = —Qa)* Qb)*

Q) =" Qa) = —Qa) Q)"
a* - Qd) =d*-Qa)" =0

b* - Q)" =" - Qb)" = —2Q(a)* Q(d)*
b - Q(d) =d* - Q)" =
Q) =d" - Q)" = —-Q(c)"Qad)*

and that z* - Q(z)* = 0 for x = a,b,¢,d. From these, a tedious calculation shows
that e e

(O H; + 05 Hy + 03 H; + 03H}) QL) = 2(' — 1)Qi.
Putting these together gives the formula claimed. O

This means that a suitable scalar multiple of h is a contracting homotopy on
any summand of K p(y) (M) with nonzero grade. Write Ko(M) for the subcomplex
of KP(M)(M) consisting of all elements of grade zero, and let E,, be the induced
differential in homological degree n. Then HP* (M) = H*(Ky(M), E), so we work
only with the cocomplex K(M).

5.1. Computations.
Lemma 32. HP"(M) = k[A], and A lifts to A, = da — g~ cb.

Proof. Ko(M)o consists of elements of the form > A;jx(ad)’b’cF, and such an ele-
ment is in ker Ey if and only if it has trivial bracket with a, if and only if

2iNij 1 k1= —(F+ k) Nic1jk
for all 4,7, k, where A;;; should be interpreted as zero if any of its indices are
negative. If A;j; is a solution of this recurrence and j > k then A;;, = 0: if £
is minimal such that there exists j > k with A;ji # 0 then (j + k)A\ijju = —2(¢ +
D)Aig1,j—1,6—1 = 0 contradicting A;jx # 0. By symmetry A;;r = 01if j # k.
Writing A;; for Asj; gives
iXij—1 = —JNi—1,;

For fixed i+, any solution is a scalar multiple of A;; = (—1)*("#7), thus 3" s (ad)* (bc)’
is a polynomial in A. The claim about lifting is easily verified. O

Therefore Ep is a k[A]-map with kernel equal to k[A]. As a k[A]-module,
Ko(M) = ((ad)’bc* : i,§,k > 0) is free on the generators b/c*, so im Fy is free
on the image of b’c* for 7, k not both zero. Using the description of the differential
above, we get:

Lemma 33. im Ey is freely generated by b c* (a8 — dQ89) for j, k not both zero.

In the above Lemma and from now on, the terms ‘free generators’ and ‘freely
generated’ refer to the k[A]-module structure.

Lemma 34. ker E is freely generated by bQJs+aQs, aQid+cQ9) and all v (a2 —
dQYY) with j,k > 0.
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Proof. Ko(M); is spanned by elements of the form (ad)'ab’c*Q8), (ad)ib’cFQYS,
(ad)bi k08, (ad)idb’ QY and is therefore freely generated by the elements ab’c*Q}J,
b FO0L, bIckQ98. dbicFOYY. The images under Ey of these free generators are

Erab/ FQYS = Erdb/ cFQ8Y = (4 k + 20 1T 4 (5 + k) AV F)QLY
BP0 = (4 k — )6 P (aQdl + db1) — 207 QL0
Eb cFQY = (5 + k — 1B F (a4 dQb9) — 2071k QLY
Therefore if pjx, gjk, 7k, 5j5 are polynomials, the image of
(20) ijk(A)abjckQég + @k (D)W FQ + 71 (A QO 4 55 (A)db F QY
is
> (+k—=1)gjr(A)(ab FQus+db FQO D (j+k—1)rjk(A)(abl F QI +dbi F Q)
+ 3 (D) + 55 (D)) (G + k + 20T 4 (4 k) AV )
= (A T 4 2 (A K )Y
The terms ab’cFQ1Y are free generators of the Q19 component of Ko(M)s, and
so the only way for the Q1) component of this expression to vanish is if r;, = 0 for
j+k # 1. Similarly we must have gj, = 0 for j + k # 1.
The coefficient of ¢2Q}Y in this sum is 2qo; (A)c?QYY, therefore g1 = 0, and

similarly 719 = 0. The condition for to be in ker E is therefore that r;, =
qjk = qo1 = 1o for j +k # 1 and

—q10 — 701 + Poo + So0 =0
Djk + s =0
for j, k not both zero. This is equivalent to our claim about the kernel generators.
O
We say an element » az;j;lk/l,f,gQ%i of ker E, lifts trivially if az;j,;lk/l/f,ig Qz,jll/
is a cocycle for Ky (M).
Corollary 35. HP'(M) is freely generated by the images of bQYS + aQ2ys, aQd +

Q9 and aQ}) — dQYY.  Each of these elements lifts trivially to an element of
HH'(M).

Proof. The first part follows immediately from the previous two lemmas. The
second follows from the description of the differential in Kpye(M) given earlier. O

Lemma 36. im E; is freely generated by c2Q5, b?Q40, (bj'*'lck“—&-ji:iz AW QL
for j,k >0 and for j+k # 1,

2

. 2

Proof. From our description of ker F; it follows that im E; is freely generated by
the images of ab’c*QY for any j,k, b/cFQJ and v/ cFQY9 for j + k # 1 and Q%
and bQ9). These images are non-zero scalar multiples of the given elements. ]

Lemma 37. ker Es is freely generated by bFc*(aQ0yS + dQ31), vck (a1 + d099),
b kO for j, k>0 and beQ — abQis + aciy.
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Proof. Es kills b/ c*Q0 and acts on the other free generators of Ko(M )2 as follows:
Eaabl/ QL = —Epd? PO = ((5 + k + DWF T 4+ (5 + & — 1)AY M)
Eaab? FQLS = —Eodb? QY = ((5 + k + DWF T 4 (5 + & — 1) AV F)01Y

Exb? FQU = (5 + k — 2)b F (a4 s — dQO1) + 267 F (e19 — bt )
As in the calculation of ker E; we see by considering the Q1) term that a kernel
element of the form

> pie(A)ab! FOG+qn(A)ab? F QLG+ (A F QG+ 55 (A)dbT P Q4+t (A)db FOYY
must have 7;;, = 0 unless j + k = 2, and since the v*Q}{ and 3Q}? coefficients

must vanish 7;; = 0 unless j = k = 1. The condition for an element obeying these
restrictions on rj; to lie in the kernel is that

ri1+qgo1 —tor =0 —ri1+pro—s10=0
Pjk — Sjk =0 Qim = Tim =0
for (4,k) # (1,0) and (I,m) # (0,1). Therefore the kernel is as claimed. O

Corollary 38. HP?(M) is freely generated by the images of
b(aQlgy + dAy), b(aQig + dY), e(aQgp + dAy), ¢(aQip + dAY),
beQ08 — abQpd + acQil, b Q) QLY
for r # 2. Each of these elements lifts trivially to an element of HHQ(M).

Proof. The first statement follows from our calculation of ker Fy and im Fy, the
second by computing using the description of the differential on Kye(M) given
earlier. (]
Lemma 39. im E; is freely generated by (b7 114 %Alﬂck)ﬁ(ﬂ, (CARYCAaR S
;izﬁAb]ck)Q}? for any j,k > 0, b/cF(aQlf — dQ9) + 267cF (1) — bQLY) for
J+k#2, 030 and 301,

Proof. The computation of ker E5 shows that im E is free on the images of b’ cFaQ},
bckaQil, b1k for j+ k # 2, b2Q%1 + abQ}) and Q9% — acQyS which are, up to
a scalar multiple, the given generators. O
Lemma 40. ker Ej3 is freely generated by b/ cFQ1 07 cFQLL, and b7 cF (a1 — dQ9Y)
for all 3,k > 0.
Proof. F3 kills b/ c*Q10 and 57¢8Q41 and sends b/ c*aQi} and b7cFdQ9% to ((j +
YWkt 4 (5 + k — 2)Ab cF)Q1L. The result follows immediately. O
) J 11 y
Again we can read off the cohomology group:
Corollary 41. HP?(M) is freely generated by the images of
v Qg1 g1, 05017, 7 Q1Y
for j # 3 together with axQly — dzQ91 for x = b2 be,c®. Each of these elements
lifts trivially to an element of HH*(M).

Lemma 42. im Ej3 is freely generated by AQL and (b7 1+ + %b]ck)ﬁﬂ for
7,k not both zero.

Proof. Our computation of ker E3 shows that im Ej is free on the images of b’ cFaQ1},
which up to a nonzero scalar multiple are the generators given. 0

Corollary 43. HP*(M) is generated as a k[A]-module by QI1, b/Q1 and ¢7Q1}
for j,k > 0. k[A] acts trivially on Q11 and freely on the other generators.
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Since Fy = 0, all kernel elements lift trivially.
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