COHOMOLOGY OF PRODUCTS AND COPRODUCTS OF
AUGMENTED ALGEBRAS

MATTHEW TOWERS

ABSTRACT. We show that the ordinary cohomology functor A — Ext} (k, k)
from the category of augmented k-algebras to itself exchanges coproducts and
products, then that Hochschild cohomology is close to sending coproducts
to products if the factors are self-injective. We identify the multiplicative
structure of the Hochschild cohomology of a product, modulo a certain ideal,
in terms of the cohomology of the factors.

1. INTRODUCTION

An augmented k-algebra is a k-algebra A equipped with a homomorphism A — k.
The aim of this paper is to study how the ordinary cohomology Extj (k, k) and
the Hochschild cohomology HH(A) of such algebras interact with products and
coproducts.

The product in the category of augmented algebras is a pullback, like the fiber
product of local rings from commutative algebra | ]. Products can also occur
naturally in a non-commutative setting, for example as endomorphism rings of
certain permutation modules for group algebras (Example 2.4). The coproduct
construction is similar to the free product of groups, for which some cohomological
results are known [ , VI.14] which bear a similarity to our results on Hochschild
cohomology of coproducts.

Results on the cohomology of coproducts and products for certain classes of
algebras have already appeared in the literature, for example for graded algebras A
with Ag = k in | , Proposition 1.1], for local Noetherian commutative algebras
over a field in | |, and for coproducts of groups in [ , VI.14].

This paper begins with a brief overview of the category A of augmented k-
algebras in Section 2, including its product and coproduct. We collect some useful
information on Hochschild cohomology in Section 3. In Sections 4 and 5 we look at
cohomology of coproducts, showing in Theorem 4.1 that the contravariant functor
E from A to itself sending A to Ext} (k, k) maps coproducts to products, and in
Theorem 5.2 that Hochschild cohomology very nearly does the same thing if the
factors are self-injective. These results are obtained easily using dimension shifting.
Finally in Section 6 we look at the cohomology of products of augmented algebras.
Given two augmented algebras A and I" we construct a ‘small’ bimodule resolution
of the product AxI" from small bimodule resolutions of the factors. Here a resolution
P being small means that the image of the differential is contained in I - P where
I is the augmentation ideal — if A is a finite-dimensional local algebra then this
is equivalent to the resolution being minimal in the usual sense. Our resolution
can be used to study ordinary cohomology, and we use it in Theorem 6.9 to prove
that the functor E given above sends products to coproducts. We then use a long
exact sequence to investigate the Hochschild cohomology of A x T". This is a long
way from being the coproduct of the Hochschild cohomology algebras of its factors:
there is no hope of this since Hochschild cohomology is graded commutative. In
Theorem 6.15 we show that, modulo a certain ideal, HH(A xT") is the direct sum of
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the product of certain subalgebras of HH(A) and HH(T') with terms related to E(A)
and E(T"). We also show in Proposition 6.14 that if I(A) and I(T) are nilpotent
then every element of positive degree in the Hochschild cohomology of the product
A x T" is nilpotent with nilpotency degree at most the maximum of the nilpotency
degrees of the augmentation ideals of the two factors.

2. THE CATEGORY OF AUGMENTED ALGEBRAS

Let k be a field. We define the category A of augmented k-algebras as follows:
an object of A is a pair (A,e5) where A is a unital k-algebra and £, is an algebra
homomorphism A — k. We write I(A) for kerey. A morphism in A between
(A,ep) and (T',er) is a k-algebra homomorphism f : A — TI' that preserves the
augmentations, that is ey = er o f (so that A is a comma category in the sense
of | , I1.6]). An augmented algebra is an algebra that appears as the first
coordinate of an object of A.

Example 2.1. Any group algebra kG is augmented with augmentation given by
g— 1 forallge G. If Q is a quiver and I is an admissible ideal of kQ then for
each vertex e of Q there is an augmentation €. of kQ/I sending (the image of)
each arrow to zero, e to 1, and every other vertex to zero.

2.1. Products. In a comma category, the product can be defined using the pull-
back in the parent category. Given any two augmented algebras A and I' we have

a diagram
A
|
k

(1)
Definition 2.2. A x T is defined to be the pullback of (1) in the category of k-
algebras.

I ——

in the category of k-algebras.

Explicitly, AxT'is {(A,v) € ADT : ea\ = epy}, with the multiplication inherited
from the direct sum A @ I'. The pullback has projection maps pp : A xI' — A and
r: AxI' — I'. We can define an augmentation on A*I" by epxsr = €p0pa = eropr.

Lemma 2.3. (A x T, epsr) with canonical projections pay and pr is a product in A
of (A,en) and (T, er).

For example, the product of k[x]/x? with itself is isomorphic to k[z, y]/ (2, y?, 2y).
Example 2.4. Let k have characteristic 3 and let
D = (z,y,2[a%,y% 2%, [2,y] = 2 € Z(D))

be the extra-special group of order 27 and exponent 3. Then the endomorphism
algebra of the transitive permutation module k<x>TD is

kla]/a® * k[b] /b * k[c] /¢

For further examples of this type see | ]
This product satisfies the following Chinese Remainder-type result:

Lemma 2.5. Let A be an augmented k-algebra with ideals I1,J such that I + J =
I(A) and INJ =1J. Then AJTJ = AN/T*A/J.
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2.2. Coproducts. The coproduct in A is a free product construction like that in
the category of groups. Given augmented k-algebras A and I' let Ry = k and
R, =A@ IT)®g...)® I(T) ® I(A) ® ...) where both summands have
length n > 0.

Definition 2.6. AUT is defined to be @nzo R, equipped with the multiplication
(U@ Qup) (@ @V =u @ ® (Upv) V2 @ - R Y,
if up and vy are both in A or both in I, and
U X QU QU VU2 QY

otherwise.

A UT has an augmentation exr which quotients out all R,, with n > 0. There
are injective algebra homomorphisms iy : A = AUT and ir : I' =& A UT which
send elements of A and I' to their images in Ry & Ry C AUT.

Lemma 2.7. (AUT,epur) with canonical injections ip and ir is a coproduct in A
of (Ayep) and (T, er)

For example, k[x] U k[y] is the free associative algebra on two variables.

Remark 2.8. A k-algebra A is said to be local if it has a unique mazximal left ideal m
such that A/m = k (any such ideal is automatically two-sided). Let L be the category
of local algebras, where the morphisms are homomorphisms of algebras. Then the
obvious inclusion is a fully faithful embedding L — A (fullness follows because
any map of local algebras automatically preserves the mazximal ideals). * induces a
product on L, but AUT may fail to be local even if A and T" are local: for example the
coproduct in A of the local algebras k[z]/z* and kly|/y? is k{z,y)/(x?,y?), which
is not local as neither xy nor 1 — xy has a left-inverse. Equipping * with injections
A A — AxT defined by ja(l) = (1,1) and ja(A) = (A,0) for A € Ip and jr
defined similarly does not make it induce a coproduct on L: in the diagram

[/x*>k 1/2% x K[y /y<—k
\ 'f/

any f making the triangles commute must send jA(x) to x and jr(y) toy, but such

an [ is not a map of algebras as f(ja(x) - jr(y)) = f(0) while f(ja(x))- f(jr(y)) =
xy # 0. We conjecture that in general L does not have a coproduct of k[x]/z? and

klyl/y?.

The one-dimensional algebra k is both an initial object (empty product) and
terminal object (empty coproduct) in A.

2.3. The ordinary cohomology functor E. Write E(A) for the ordinary co-
homology ring Ext} (k, k), augmented by the map killing all elements of positive
degree, and write E™(A) for Ext} (k, k). Change of rings [ , VIII, §3] can be
used to make F into a contravariant functor on A. Let f be an augmentation
preserving map A — T', so that E(f) should be a map E(I') — E(A). The defini-
tion of E(f) is particularly straightforward when we regard Extr(k, k) as the set
of equivalence classes of exact sequences of I'-modules of the form

0—=+k—=>Ny1—--—=>No—=k—=0.

E(f) simply maps the class of this sequence to the class of the same sequence re-
garded as a sequence of A-modules via f. More commonly we will define E(f) as
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follows: take projective resolutions P, and Q. of k as a A- and I'-module respec-
tively. The @,, become A-modules via f, so there is a chain map H, lifting the
identity k — k:

(2) P.——Fk

|-

Q*Hk/’

To define E(f) on an element a of Exty(k,k) we pick a representative cocycle

a: @, — k and let E(f)(a) be the cohomology class of a0 H,, : P,, — k.
Theorem 4.1 and Theorem 6.9 amount to saying that the functor E preserves

certain (co)limits. This would be immediate if a left (right) adjoint to E existed.

Lemma 2.9. E has no right or left adjoint.

Proof. Recall that E(k[z]/x?) = k[a] with a in degree one, and for 7 > 2, E(k[z]/xz")
K[a,b]/a® with a in degree one and b in degree two.

If a contravariant functor has a left adjoint, it sends monomorphisms to epimor-
phisms. Apply E to the monomorphism f : k[z]/2? — k[x]/z* that sends z to
22. The resulting map E(f) : k[a,b]/a® — k[a] is zero in degree one, and is not an
epimorphism (although epimorphisms in .4 need not be onto, composing with the
zero and quotient maps k[a] — k[a]/a? gives the same result).

If F had a right adjoint it would have to send epimorphisms to monomorphisms.
This time let f be the epimorphism k[z]/z3 — k[z]/2? given by x + z. Then E(f)
is zero in degree one, therefore not a monomorphism (the monomorphisms in A are
exactly the one-to-one homomorphisms). O

3. HOCHSCHILD COHOMOLOGY

In this section we review some standard definitions and results about Hochschild
cohomology.

Let A be a k-algebra, and A€ be the enveloping algebra A ®; A°P. Then A is a
left A®-module via (A ® ¥) - x = Axy. The categories of left A®-modules and A-A-
bimodules are isomorphic, and we will often work with bimodules for convenience.

The Hochschild cohomology ring HH(A) is defined to be @B, -, Extic (A, A)
equipped with the Yoneda product. HH(A) is a graded commutative k-algebra
under the Yoneda product, and HH"(A) is the centre Z(A). We write HH"(A) for
Ext}y. (A, A).

Hochschild cohomology as we have defined it is not functorial in A. Functoriality
can be recovered by working instead with Ext}.(A, Homy (A, k)) (this is done for
example in [ , ]), the disadvantage of doing this is that there is no
obvious ring structure. The two definitions coincide for symmetric algebras.

If A is augmented then there is an exact sequence of A-A-bimodules

0—I(A)—-ASEk—0.

Applying Homp. (A, —) gives a long exact sequence

(3) - — Ext7. (A, I(A) — HH"(A) & E"(A) 3 Ext7H (A, I(A)) — ---

where we have made the identification Ext}. (A, k) = E™(A) using | , X, The-
orem 2.1]. Here ¢y, is the map in the long exact sequence arising from e, composed
with this identification, and wy is the connecting homomorphism.

If A is a graded ring then the graded centre of A is defined to be the span of all
homogeneous elements z of A such that zg = (—1)dg(z) d2(9) gz for all homogeneous
g € A. The map ¢y, is a homomorphism of graded rings, and [ , Theorem 1.1]
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shows its image lies in the graded centre of E(A) (in their notation, take M = N = A
and I' = k). If I(A)" = 0, then the kernel of ¢;, is nilpotent with each element
having nilpotency index at most n by [ , Proposition 4.4] — the result stated
there is for the radical rather than the augmentation ideal, but if I(A)™ = 0 they
coincide.

4. ORDINARY COHOMOLOGY OF COPRODUCTS

Theorem 4.1. Let A and T' be augmented k-algebras. Then there is an isomor-
phism of algebras

Ext}, (k, k) =2 Ext} (k, k) * Ext(k, k).
Proof. Notice that there is an isomorphism of A LI I'-bimodules
(4) I(AUT) = T(AYHAYT GI(T)Ar

and also that A UT' is free on restriction to A and T, regarded as subalgebras via
the canonical injections iy and ir. We can now compute the vector space structure
of E(AUT) using dimension shifting and the Eckmann-Shapiro lemma: for n > 0,

Exty, (k. k) = Ext}h(I(AUT), k)
~ Ext} b (L(A)TYT, k) @ Extob (IO, k)
~ Ext}}(I(A), k) © Extp (I(T), k)

=~ Ext’y (k, k) @ Exti(k, k).

It follows that Ext}, (k, k) and Ext} (k, k) x Extf(k, k) agree as vector spaces for
all n. To show they have the same algebra structure we will prove that the algebra
homomorphism E(ip) * E(ir) : E(AUT) — E(A) % E(T") provided by the universal
property of the product is an isomorphism.

By (4) there exist projective resolutions (Py,d”) and (Q,,d?) of k over A and
T" respectively with Py = A and Q¢ = I" such that

(5) = BT @@t 5 PN @@ttt S AUT Mk — 0

is a projective resolution ((P * @), dx) of k over AUT. The differential ¢, in this
complex is df4AUT ®d? AU except at degree one where this is regarded as a
map to I(A)TAYT @I(T)1*" and composed with the isomorphism of (4) and the
inclusion of I(AUT) into AUT.

The universal property of induction gives a map of chain complexes of A-modules
ja : Po — PAMT |4 There is also an inclusion of complexes hy : leTA'-’F% PxQ.

The chain map needed to compute E(ip) as in (2) is i5 in degree zero and hp o ja
in positive degrees.

We now take a chain map «, on P * ) representing an element of E"(A UT)
with n > 0 and follow its cohomology class through the isomorphisms of (5). The
first simply restricts a. to a chain map on the resolution of I(A UT') obtained by
truncating P x (). Abusing notation we continue to refer to this map as «,. The
second sends this to the class of (ax o ha, . o hp). The third is the Eckmann-
Shapiro isomorphism: it takes us to the class of (« o hp 0 ja, s o hr o jr). The
final isomorphism, like the first, is just a shift of degrees.

It follows that the isomorphism Ext} (k, k) = Ext) (k, k) & Extp(k, k) of (5) is
equal to E(ip) ® E(ir). The universal property of the product E(A) x E(T') means
that E(ip) * E(ir) : E(AUT) — E(A) * E(T') satisfies

(PE(A) @ PEM)) © E(ia) * E(ir) = E(in) © E(ir)

Since (pg(a), PE(r)) is an isomorphism in positive degrees, so is E(iy) * E(ir). O
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5. HOCHSCHILD COHOMOLOGY OF COPRODUCTS

To investigate Hochschild cohomology of a coproduct using similar methods to
the ones above, we need an analogue of (4) for bimodules.

Given an augmented algebra A write Q4 for the kernel of the bimodule map
dy : A® — A defined by a1 ® as — ajas. If A is an augmented algebra then 24
is generated as an A-A bimodule by elements of the form a ® 1 — 1 ® a for a € A,
by [ , IX, Proposition 3.1]. In fact if S is a generating set for A as an algebra
then the elements s ® 1 —1® s for s € S generate 24 as a bimodule.

Lemma 5.1. There is an isomorphism of (A UT)¢-modules
Qaurye = Qact@HD” @QpetAHD”
Proof. Consider the following diagram of A U I'-bimodules.

0 0

0= Qppun I g 0
ir
A TA

00— QppAD" —— (AUT)® —= ApAD) ——

YA T

0 K AU > AT —>0

0 0 0

The middle row arises from applying the exact functor TE{EUF)E to

0— Qpe = A *—A—=0

and identifying A+AUD" with (A LUT)® (the functor is exact because (A LIT)® is
free, hence flat, as a A®-module). The middle column arises similarly. We identify
AU with (AUT) @4 (AUT), so that the map mp : (AUT)® — ATAUDT g
z®@y+— z®py. The map ATAD" 5 AUT is 2 ®4 y — a2y, and Ky is defined to
be its kernel. K, mp, and the map Tt A UT are defined similarly. K is
generated by the set {1®@r A —A®rl:AeI(A)}.

Note that K, is free as a I'>~module. To see this, restrict the bottom row of the
diagram to I'°: we get

O—)KA

re > I'®oF—>T®&G—0

where F' and G are free I'>-modules. The last non-zero map induces an isomorphism
between the two I'-summands, so if we delete these we get a short exact sequence
in which the last two terms are free. Such a sequence must split, hence Kp|re is
free.

Let M be a A®-module. The universal property of the induced module M1
is that there is a map of A®-modules tp; : M — M1TAUD" gsuch that given any
(AUT)%module N and a map « of A®-modules M — N|je there is a unique map

ALD)e
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of (A LIT)-modules & : MTAYT)* 5 N making the following diagram commute:

M LM MT(AHF)Q

G

There is a map of A®-modules 8 : Qpe — K which takes an element of Qpe C ARQA,
regards it as an element of (A LUT)¢ using the canonical injection, then applies the
natural surjection (AUT) @, (AUT) — (AUT) ®p (AUT). Then ¢, is the map
B provided by the universal property of Qx1AUD" . Alternatively, 1 is the map
induced by the natural surjection (AUT) ®; (AUT) —» (AUT)®@r (AUT).

We claim that the diagram is exact and commutative. Commutativity is easy
to verify, and the only exactness that remains is showing that ¥, and ¢r are
isomorphisms.

Note that g is injective: the extra relations created by replacing ®; with ®p are
spanned by tensors at least one of whose factors contains a term in I(I'). These
cannot cause any extra linear dependences amongst tensors that only involve ele-
ments of A. Therefore 8(Qxe) is a A®-submodule of K isomorphic to Q.. The
I'“-submodule generated by () is free on 5(Qxe) — if not, some element of
B(Qac) would lie in I(T'¢) - Oy, which clearly does not happen.

This means that K is freely generated as a I'>~module by the set of all elements
of the form

wy - B(n) - wsy
where n is an element of some fixed basis of (pe and w; and wy are words in some
fixed bases of I(A) and I(T') such that w; is empty or ends with an element of
I(T"), and ws is empty or begins with an element of I(I"). Since Qa1 AD" is free
as a ['module on all such elements of the form w; - n - wsy, it follows 1, is an
isomorphism.

imip +imir is equal to Qe since it is a submodule containing all elements
of the form 1@ A —A®1for A € I(A) and 1 @y —~y® 1 for v € I(I'). Also
imip Nimipr = {0}, for if ip(y) lies in the intersection then it is killed by ma, so
by commutativity of the diagram ¢r(y) = 0 and therefore y = 0. The result of the
lemma follows. O

5.1. First Hochschild cohomology of a coproduct. First Hochschild cohomol-
ogy has to be dealt with separately, because the dimension shifting isomorphism in
degree one is slightly different to that in higher degrees:

Homzurye (2(aurye, AUT)
F

where I is the space of homomorphisms factoring through Qs rye < (AUT)®.
Using Lemma 5.1 and the Eckmann-Shapiro lemma we have

Ext{y,rye (AUT,AUT) =

HH'(A UT) = Homprye (Qac @ @QpepAUD A UT) /F
_ Hompurye (et AYD A UT) & Homaprye (Qret A0 A UT)
- {(fo LQAeT(A‘-’F)e>f o LQFEﬂAuF)e) 1 feF}
, Hompe(Qpe, A ® X) & Hompe (Qpe, T @ Y)
N {(Fotan. fotan): [ €F}

where X and Y are free A°- and I"®-modules respectively, ¢q, Aer(aure S the inclusion

of QpetAUD into Q(aur)e that comes from Lemma 5.1, and ¢q,. is the composition
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of this inclusion with the inclusion Qe <> Qpe AU Write py and px for the

projections of A@® X onto A and X respectively. Then HH' (A UT) is isomorphic to
HOmAe (QA&, A) D HOmAe (QA&, X) D Homr‘e (QF&, F) &) Homl“e (Ql“e, Y)
{(p/\ OfOLQAé?)pX OfOLQAﬂapF OfOLQreapY OfOLQFE) : f € F}

(6)

F' is spanned by maps f, : Qaurye —+ AUT for w € AUT given by
folz®l-1®z) =2w—wz

for z € I(AUT). If w € I(A), the element of the denominator of (6) corresponding
to fu is

(7) (pAof’wOLQA67070>pYOwaLQFe)-
For w € I(T") we get

(0,px © fu ©tase, Pr o fu © tap.,0)
and for w ¢ I(A) UI(T') we get
(0,px © fw ©taye,0,py © fu © Lo ).

The maps in the first coordinate of (7) are exactly what must be quotiented out
of Hompe (Qp¢, A) to get HH'(A). Therefore there is an exact sequence

(8) 0— K(A,T)—HH (AUT) 5 HH'(A) @ HH'(T) — 0

of vector spaces, where 7 kills the second and fourth summands of (6), and K(A,T")
is defined to be the kernel of .

HH'(AUT) is a HH°(AUT) = Z(A UT)-module. The module structure comes
from the action of the centre on homomorphisms: if z € Z(AUT) and f is a (AUT)e-
homomorphism with image in AUT then z- f is defined by (z- f)(x) = za. We assume
from now on that A and T" are non-trivial, so that Z(AUT) contains no elements of
the copies of I(A) or I(T") in AUT. It follows that (8) is an exact sequence of Z(AUT)-
modules, with Z(A UT) acting trivially on the quotient HH'(A UT)/K (A, T).

5.2. The main theorem on Hochschild cohomology of coproducts. Let A
and T' be augmented algebras. Write sHH(A) for the augmented subalgebra of
HH(A) generated by 1 € HH(A) and all HH(A) with i > 0. Let K be the
augmented algebra such that I(K) = K(A,T') with trivial multiplication.

Theorem 5.2. Suppose A and T' are augmented algebras such that A¢ and I'° are
self-injective and Z(AUT) = k. Then there is an isomorphism of algebras

HH(AUT) = sHH(A) x sHH(T) * K.

This is reminiscent of the results of | , VI.14] on ordinary cohomology of
coproducts of groups: from degree two onwards the cohomology groups are the
products of the cohomology groups of the factors.

Lemma 6.16 will show that the only cases in which Z(A UT') can be larger than
k are covered by Example 5.3.

Proof of Theorem 5.2. We begin by using dimension shifting and the Eckmann-
Shapiro lemma to get a vector space isomorphism between HH(AUT') and s HH(A) *
sHH(T) x K. They agree in degree zero by hypothesis and in degree one by the
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results of Section 5.1. For n > 1,

(9)

~ EXt?mjr) (QA"T(AUF)G AUD) @ EXt(AuI‘)e (QFCT(AUF)67 ALT)

=~ Exth. ' (Qae, AUT) @ ExtPrH (Qre, AUT)
=~ Exthe (A, AUT) @ Extp.(T,AUT)
> Extie (A, A) @ Extre (T',T)

showing that HH(AUT') and s HH(A) « s HH(T') « K agree as vector spaces in degree
n. The third isomorphism uses the Eckmann-Shapiro lemma, which applies because
(AUT)® is free on restriction to A® and I'®. The fifth isomorphism is because AUT
is isomorphic as a A®-module to A & X where X is free, hence injective under our
hypothesis of self-injectivity.

We now need to find an isomorphism of algebras. Choose bimodule resolutions
(P,,dr) of A and (Q.,d ) of I' such that Py = A® and Q¢ = I'*. We can then form

a bimodule resolution P x Q of AUT":

c = Py fAU T @ @y 1D 5 py 4V g ) $AYT)T 5 (AUT) - AUT =0

The differential of this resolution is df + AU @ g2 4+AUD* in degrees at least
two. At degree one it is df’ +AUD" @ deT(A“F)E regarded as a map to Qe (A"
QAL Qaur)e, composed with the inclusion of this into (ALT")®. At degree
zero it is x ® y — xy.

Tracing through the isomorphisms of (9) as in the proof of Theorem 4.1 we
find that they provide an injection jy : HH=*(A) < HH(A UT) that sends the
cohomology class of a chain map «, on P, to the class of a*T(A'-’F)e regarded as a
map on P x Q killing the Q,1*“")" summands. This is multiplicative, because

(s 0 B )TAHD = o 4AUD)" 3 A(ALD)®

There is a similar injection jp : HHZ!(I") < HH(ALT), and the product of elements
of im j, and im jr is zero because of the direct sum decomposition of P*() in degrees
at least one.

It only remains to show that an element of K (A,T") has product zero with any
other element x of positive degree. Because Hochschild cohomology is graded com-
mutative it suffices to show k- x = 0. The product k - x is represented by a cocycle
of degree at least two with image contained in @, R;, but these are exactly the
cocycles shown to be zero in cohomology by the last isomorphism of (9). O

Example 5.3. Let A = k[z]/2? and T = k[y]/y?, where k has characteristic not
two. HH(A) is the graded commutative ring k[xo, x1, z2]/ (23, 23, z071, ToT2), where
degrees are given by subscripts. We have Z(AUT) = klxy + yz|, and computing as
in the proof of Theorem 5.2 the algebra structure of HH(AUT) is given by

sHH(A) « sHH(T) x Z(AUT) * K

where the augmentations on s HH(A) and sHH(T) kill elements of positive degree,
and K 1is the augmented algebra with trivial multiplication whose augmentation ideal
is the subquotient of (AUT) @ (AUT) given by

((ryx,0), (ryzyz,0), (zyzyzyz,0)...) + ((0,yzy), (0, yryry), (0, yryryry) .. .)
(wyz - - yx, —yzy - - - zY)) '

Z(AUT) lies in degree zero and I(K) lies in degree one.
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6. COHOMOLOGY OF PRODUCTS

We begin our investigation of the cohomology of a product in Section 6.1 using
bimodule resolutions for algebras A and I' to build a bimodule resolution of A * I'.
In Section 6.2 we use this resolution to study the ordinary cohomology E(A % I')
by applying the functor — ®a.r k, and prove in Theorem 6.9 that E(A «T) =
E(A)U E(T), so long as A and T are either finite-dimensional or finitely generated
and graded connected, that is, positively graded with zero degree part equal
to k. Finally in Section 6.3 we return to our bimodule resolution to investigate
Hochschild cohomology of products, showing that HH(A % I') decomposes, modulo
a certain ideal, into a direct sum of terms coming from the cohomology of A and T'.

The reason for the restriction to finite-dimensional or finitely generated graded
connected algebras is that we require the existence of a bimodule resolution (Px,d.)
of A with the property that

(10) imd, C I(A)- P, + P, - I(A)

(and a similar resolution for I'). Such resolutions exist given our restriction on
A and T: if they are finite dimensional then a minimal projective resolution exists
which certainly has this property. If A is graded with Ag = k and and M is a finitely
generated graded A-module with {mj...m,} a minimal homogeneous generating
set then the kernel of the map @ Ae; — M given by e; — m; is concentrated in
positive degree. To see this, let > A;m; = 0 and suppose that \; has a non-zero
degree zero component, which we may take to be 1. Let the degree of m; be N
and project onto the degree N component of > A\;m; = 0. We get

my + Z[)‘i]N—deg(mi)mi =0
i>1
where [A],, denotes the degree m component of A € A. It follows that m; was
not essential in the generating set. Using this repeatedly for A¢ we can build a
bimodule resolution with the property (10). In general however, no such resolution
exists.

Example 6.1. Let A = k[z,y]/(x? + y? — z), augmented by ex(z) = ex(y) = 0.
Then I(A) = (x,y) is a principal ideal if and only if k contains a square root i of
—1, in which case I(A) = (y + ix) and there is a projective resolution

0 A" AS k0.
If k has no square root of —1, any projective resolution

-~-—>Q12>A—>k—>0

has at least two summands at degree one (A is indecomposable as a left module
over itself as it is an integral domain, so the only finitely generated projectives
are free). There is no projective resolution (Q,ds) in which kerd; C I(A) - Q1:
if there were dim Ext} (k, k) would be equal both to dim Homy (Q1,k) > 1 and to
dim Homy (I(A), k) = 1. It follows that there is no bimodule resolution (Py,d.) of
A satisfying (10), for if there were we could obtain a projective resolution (Qy,04)
of k in which ker 61 C I(A) - Q1 by applying — @4 k.

A projective resolution of k in the case where the field has no square root of —1
is given by letting every term after the zeroth be A @ A with differentials alternating

between
< ’ y > and ( PO )
l—2 vy x Y
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6.1. Bimodule resolutions of products. Let A and I' be augmented algebras
such that there exist bimodule resolutions (P, d?) and (Qs, d%) of A and " with the
‘smallness’ property (10). Furthermore, assume Py = A®, Qo = I'*, and d}' (z®y) =
xy with d(? defined in the same way. Our goal in this section is to produce a
bimodule resolution ((P U Q)x,ds) for A xT' with the same smallness property.

We use a bar to denote an induction functor 1A*1)°  and will write d instead of d
or d9 — which subalgebra we induce from, and which differential we are applying,
should be clear by the context. Given bimodules A and B for an augmented algebra
A we write A®B for A®a k®a B. If A and B are projective then so is A®B; this
follows because A°®A® 22 A€,

We will need the following technical lemma when we build the resolution P LI Q.

Lemma 6.2. Let A and T’ be augmented algebras, M a A-bimodule, N be a T'-
bimodule and V' be a A x I'-bimodule. Let f be a A-bimodule map M — A° with
image contained in I(A) @ A+ A I(A). Then

E(f) : MTA*F ®N AxT" ®V S N AxI" ®V
(@A (YR A+ N @ y) @ 2)(w Rr n @ u)@v = (epr(Azw)ry 1 N Qr U)X

where x,z,w,u € AxT, y,y € I(A), \ XN € A, n € N, v €V, is a well-defined
A x T-bimodule map.

Proof. The N ®4 term can be ignored since we can move 3’ through ®, then move
y'z through & to get zero. Checking well-definedness is routine except at the first
®r. For v € I' we have

(x @ (y Dk A) @ 2)@(w R 1 @ u)@v = (ear(Azw)zy @ YN r ©) Qv
(@A (¥ @k N) ®p 2)@(wy r 1 @ u)@v = (epsr(Azwy)zy Or n @r u)Qu.
The two images are equal because for y € I(A) we have yy = epsr(7)y. O

There is a right-handed version of this lemma giving a map
R(f) : VEONTMT @Ml — VN
under the same hypotheses.
Definition 6.3. (P UQ), is defined to be (A+T)¢ if n =0, and
D 6P, 6Q.EP,,6
if n > 0, where the direct sum is over all tuples (i1, 42, . ..) of strictly positive integers
such that 3_ i = n.

We now need to define the differential 6,, on (P U @),, which is spanned by
elements of the form

(11) a1®a9® - - Qayn

where the a; alternate between elements of P, and Q,, and the sum of the degrees
of the a; is n (we say a; has degree m if a; € P, U@,,). Roughly, § will be a sum
of two terms, one using d” or d9 to drop the degree of a; by one, the other doing
the same to ay.

Definition 6.4. Let a be an element of the form (11) with N > 1. If a; has degree
greater than one we define

l(a) = d(a1)®as - - Day.
If aq lies in Py or Q1 then we define
l(a) = L(d1)(a1®as - - - @ay).
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Here we used the hypothesis that d and d? satisfy (10), at least at degree one:
without this £(d); would not be defined.

Definition 6.5. Let a be an element of the form (11) with N > 1. If ay has degree
greater than one we define

r(a) = a;®ay - Rd(ay).

If ay lies in Py or Q, then we define
r(a) = R(dy)(a1®az - - - @ay).

Definition 6.6. The differential 6 on P U Q is defined as follows. 0o : (A +T')¢ —
AxT isz®@y v xy. On an element a of the form (11) with N = 1 we define
d«(a) = di(a). On an element a of the form (11) with N > 1, lying in (P U Q)n,
we define

on(a) = l(a) + (=1)"r(a)

This means that if r, s > 1 then § maps
p7®®©é _>p7‘—1®"'®QS EBP7'®"'®QS—1-

Note also that (P, d.) and (Q.,d,) are subcomplexes of P LI Q.

Example 6.7. Suppose p € P, and q € Qy are such that d¥ (p) =1\ - A®1 for
A€ I(A) and d?(q) =1®y—v®1 forv € I(T'). The first few terms of P Q are
o P a PRI Q1OPL® Q= PLO Q) = (AxD)° — AxD — 0.

Identifying Pi&Q1 with
(AxT) @5 Pr@p k@r Q1 @r (A+T)
we have
H(1l@Aap@A1®rq®rl)=—-AQ@rq@rl+1®rp®7.
Lemma 6.8. ((PUQ)s,0) is a bimodule resolution of A+ T satisfying (10).

Proof. Checking that 62 = 0 is straightforward, using the property (10). That
((PUQ)x, ) satisfies (10) itself is immediate from the definition of J,.. To show
the complex is exact we write down a contracting homotopy o. Choose contracting
homotopies s, t. for (Pi,ds) and (Q.,d.) which are homomorphisms of left A-
and TI'-modules respectively. Then s, consists of a family of left A-module maps
$;: Py — Piyq fori>0and s_;: A — Py = A° such that

Srdr+1 + dr+257~+1 = idprJrl T Z -1

and dgs_1 = idy. We insist that s_1(A\) = A® 1 and t_1(y) = v ® 1. We use s.
and t, to build a contracting homotopy o, for P L @ which is a homomorphism of
left A x [-modules.

Firstly, define o_1(z) = 2 ® 1 for z € A« T', and let o¢ be the map of left
A« T-modules (A *I')* — (P U Q)1 such that:

00(1®1):0
00(1®@N) =1®s(\)®@1€ P
o0(1®7) =1®t(y)®1eQ

for A € I(A) and v € I(T).
Now suppose that

a=a1® - @any_10(1®x p®p (a+7)) € (- ®Pp) C (PUQ),
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where p € P, « € k and v € I(T"). Noting that to(1 ®v) € @1 and $,,(p) € Py,
define

on(a) = (=1)""a1&- - ©an_10(1 @7 sm(p) @4 )
+(=D"Ma1& - (1 @p p@a 1)O(1 @r to(1 ®7) @r 1).
in (- ®Ppny1) @ (- ®P,@Q1). A similar definition is made on summands of

(PUQ), ending in a term from Q. The reader may verify that o, is a contracting
homotopy for ((P U Q)x«,0x). O

6.2. Ordinary cohomology of products. We now use this bimodule resolution
to study the ordinary cohomology of a product A % I' with the aim of proving the
following theorem.

Theorem 6.9. Let A and I' be augmented k-algebras which are either finite-
dimensional or graded connected and finitely generated. Then there is an isomor-
phism of algebras

Exth,r(k, k) = Exty (k, k) U Exty(k, k).

This result generalises the one for local k-algebras appears in [ ], and for
finitely generated graded connected algebras in [ , Proposition 1.1].
Define

(R*, a*) = ((P u Q)* QAT k‘, 6* QAT k)

Then H,(R,,d.) computes Tor®* (A % T, k) which is zero for n > 0 as A % I' is
projective, hence flat, as a right module over itself. It follows that (R.,d.) is a
projective resolution of k as a left A x I'-module. Because

imd, C I(A*T) - (PUQ), + (PLUQ), - I(A+T)

we have im 9, C I(A«T) - R,.
A resolution like R, appears in [ ]

Lemma 6.10. Let (R.,0,) be a projective resolution of the trivial module over an
augmented algebra A such that im 0, C I(A) - R.. Then

Ext} (k, k) = Homa (R, k).
Proof. The differential induced by 0, on the cocomplex
Homa (Ro, k) — Homa (R1, k) — Homa (Ra, k) — - -

is zero, because any A-homomorphism R,, — k kills I(A)- R,,. The nth cohomology
of this cocomplex computes ExtR (k, k), so the result follows. O

Similarly, (P,,0L) = (P, @a k,dl @4 k) and (Q.,0%) = (Q, @4 k,d? @4 k) are
projective resolutions of k such that
Ext} (k, k) = Homp (P, k)
Homy (P, @4 k, k)
Homk(k QA Pp R4 k, k)

Il

Il

with an analogous result for the cohomology of T'.

Lemma 6.11. Ext)},(k, k) is isomorphic as a k-vector space to the degree n part
of E(AN) U E().
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Proof. Our restrictions on A and I' are enough to guarantee that P, is finitely-
generated, so Homy (k ®p P, @ k, k) = k®p P, @4 k as a vector space. Writing D
for Homy (—, k), a typical summand of the dual of the nth degree part of E(A)UE(T)
looks like
- ®k DE'"*(A\) @, DE" (T') @ DE"+*(A) ®, - - -
= Qrk®s P, , @ k®r Qi, ®rk®x Pi,,, @y k®r -

The k-dual of E™(A*T) is k@pxr (PUQ)» @asr k = k@4 Ry, a typical summand
of which is

(12) o @par Pi_, @asr k @Onsr Qi @asr k @pur Py, @asr k @pur -+
2 Qrkea P, _, Ok ®r Qi, @rk®x P, @n k®r - -
The result follows. O

We now look at how E(pp) and E(pr) behave on the level of chain maps. Con-
sider a chain map f, : P. — P, of degree n > 0, consisting of a family of maps
fi i Piyn — P; for ¢ > 0, with Py = A ®, k identified with A so that fy: P, — A.
We claim that E(py) applied to the cohomology element represented by f, can be
represented by a chain map F(f). looking like id ® f. where this makes sense, and
zero elsewhere.

In defining F(f). we will identify a summand of R, ending with a term from P,
with:

(13) QA kOr Qr r k ®@p Py @4 k.
Definition 6.12. F(f). is the chain map on R, defined as follows.

o F(f). acts as zero on any summand of R;y,, not ending with P, form > n.
e On a summand of R;yy, of the form (13) with m > n, F(f); maps

A 1l®rg@rloap@sl = - @a1®rqerle f(peal).

e On a summand of Ry, of the form (13) with m =n, F(f); maps
@A 1@rqer1@ap@sl = - @A 1Qrq®rea(folp®al))
in - @) k@ Qr ®rk CR;.

Lemma 6.13. F(f). is a chain map representing the image of the cohomology
class of fr under E(pp).

Proof. Tt is straightforward to check that F'(f). is a chain map. The cocycle cor-
responding to F(f). is a map R, — k that kills every summand except P, ® k.
Identifying such a summand with (A *T') @4 P, ® k, the cocycle sends

r@p®1— exsr(x)en(folp®1)).

To compute E(py) we need a chain map
R, ——k
|
P,——k

as in (2). We take H to be py ® k in degree zero, and in positive degrees to kill
every summand not of the form P, ® k. On these summands, identified with
(A*T) ®@p P, @4 k, H should map

TRARPR1—=pa(x) pRALE P, Q4 k.
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Therefore the cocycle representing E(py) applied to the cohomology element
represented by f, is zero except on the summand P, @ k = (A*T) @5 P, @4 k of
R,,. There it maps

r@p®1— ex(pal)- folp @4 1))

Since py is augmentation-preserving, this agrees with the cocycle for F(f). above.
O

We now complete the proof of Theorem 6.9. Using Lemma 6.11, it is enough to
prove that the morphism of augmented algebras E(pa) U E(pr) : E(A) U E(T) —
E(A +T) arising from E(pp) and E(pr) is onto.

Pick a word ly1g1l2g2--- in E(A) U E(T"), where I; € E(A),g; € E(I), let I; be
represented by a chain map f! and g; by a chain map f/%, and let F’ and F* be the
chain maps representing E(pa)(l;) and E(pr)(g;) manufactured as above. Then
E(pp) U E(pr) sends l1g1lags - -+ to the element of E(A xT') represented by the
composition Fl o F/' o F20 F2 0. ...

(12) shows that E™(A«I") is spanned by elements that can be written as a tensor
products a1 ®j 81 ®f ag ® - -- where each «; lies in Homg (k ®p Pr®g, k) =2 E"(A)
and each 3; lies in Homy (k ®p Qs®y, k) =2 E*(T") for some r, s depending on i. Let
l; be the element of E"(A) corresponding to «;, and g; be the element of E*(T)
corresponding to ;. Lifting each «; to a chain map a; on P, and each §; to a
chain map b; on Q, then taking chain maps A% and B! representing F(ps)(l;) and
E(pr)(gi), we have that ALoBloAZo. . is a chain map that lifts a; @ 31 Qe ®- - -.
We have realised a1 ®f, £1 @ aa ® - -+ as an element of im F(pa) U E(pr), finishing
the proof.

6.3. Hochschild cohomology of products. We prove two main results on the
structure of the Hochschild cohomology of a product. Firstly:

Proposition 6.14. Let A and T" be non-trivial augmented algebras which are either
finite-dimensional or finitely generated graded connected. Suppose that not both
E(A) and E(T') are isomorphic to k[z]/x? as ungraded rings. Then ¢y, : HH(AxL) —
E(A xT) is zero in positive degrees, and if [(A)N = I(T)N = 0 then every element
of positive degree in HH(A « ') has Nth power zero.

By Koszul duality, if F(A) = k[z]/2? then A = k[x].

Our second result determines the structure of a certain quotient of HH(A * I')
in terms of the cohomology of A and T'. Let iHH(A) be the unital subalgebra
generated by the ideal ker ¢ : HH(A) — E(A). This is naturally an augmented
algebra, so we can form iHH(A) = iHH(I"). Let A(T') be the annihilating ideal

{vel:4I(T) =I(T)y =0}

Theorem 6.15. Let A and T’ be finite-dimensional or finitely generated graded
connected algebras. Then there is an ideal J of HH(A x I), equal to the image of
the map 7 appearing in (14), such that

HH(A+T)/J = (iHH(A) « iHH(T)) @ (E(A) @, A(D)) & (E(T') @, A(A))
as algebras. The product of any two elements of the copy of E(A) ®y A(T) is zero
in this quotient, as is the product of any two elements of E(T') @ A(A).

To prove the first of these results we need a lemma on the graded centre.

Lemma 6.16. Let R and S be finitely generated graded connected k-algebras. Then
the graded centre of R 1S is concentrated in degree 0 unless both R and S are
isomorphic as ungraded rings to k[x]/x?.
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Proof. If we fix bases {r; : i € J1} of I(R) and {s; : i € J2} of I(S) then RU S has
a basis consisting of the identity together with all words of the form r;, s;,7i, ... 74, ,
8iyTiySig - - - Siyy» Tiy SioTis - - - Si,, and 8;, 74,84, ... 75, . We refer to these words as being
of types RR, SS, RS, and SR respectively.

Let z be a homogeneous element of the graded centre of RU.S. No word of type
RR may appear in z, for given non-zero s € I(.S) the product sz would be non-zero
and spanned by words beginning with an element of s and therefore could not be
equal to +zs. Similarly no words of type SS may appear in z.

If r € I(R) is non-zero then rz is spanned by words of type RR and type RS,
whereas zr is spanned by words of type RR and type SR. Therefore only the type
RR words may be non-zero. It follows that any type RS word in z begins with an
element of A(R). By symmetry every word in z of type RS begins with an element
of A(R) and ends with an element of A(S), and every word of type SR in z begins
with an element of A(S) and ends with an element of A(R).

Again let r € I(R) be non-zero. rz consists only of words beginning with r. The
only elements of I(R) beginning elements of zr are in A(R), and so every r € I(R)
belongs to A(R). It follows I(R)? = 0, and similarly 1(S)? = 0. Comparing rz
and zr for different choices of r we see that I'(R) must be one-dimensional, and
similarly I(S5). O

If R = k[z]/2? and S = k[y]/y? then the graded centre of R LI S may be non-
trivial, for example with x and y in degree 1 the element xy + yz lies in the graded
centre.

Proposition 6.14 can now be deduced: under its hypotheses the above lemma
implies the graded centre is zero in positive degrees, but the image of ¢ lies in
the graded centre of F(A xT') = E(A) U E(I"). This gives the first part of the
proposition, and the last statement follows from | , Proposition 4.4].

When E(A) 2 E(T') 2 k[z]/2?, the map ¢; can be non-zero in positive degrees.

Example 6.17. Let k have characteristic not two and A = k[z] so that

E(MA) = k[X]/X? E(AxA) =2 k(X)Y)/(X?Y?)

HHY(A) = k[z] HH'(A) = k[z]
and HH"(A) is zero in higher degrees. Write k{S} for the free graded commutative
ring on a set of generators S with specified degrees. Then the Hochschild cohomology
ring of A« A = kl[x,y]/xy is

k{iCOv Yo, T1,r,Y1,r, 627 53 T 2 1}

Z0Y0, TOT1,r = T1,r+1,Y0T1,r> YoY1,r = Y1r+1, Y0Z1,r, T0&is Yo&i, 2211 = &3 = E2u11

where the first subscripts denote degrees. The map ¢y is the augmentation in degree

zero, zero in odd degrees, and ¢ (&2) = XY + YV X.

Remark 6.18. There does not seem to be a natural way to find iHH(A) as a
subalgebra of HH(A*T'). The inclusion ¢ : I(A) <= AxT is a map of AxT'-bimodules,
and the canonical projection pa induces p§ : (A*I')* — A°, so functoriality of Ext
gives a map

Extye (pa, ) : Extie (A, I(A)) = Ext{y,rye (AT, A= T).
We could try to define a map iHH(A) — HH(A«T) by lifting an element of ker ¢y, C
iHH(A) to an element of Extae (A, I(A)) using (3), then mapping this to HH(A +T")
with Extgi (pa, ). In order for this to be well defined we would require the latter map

to kill elements of Extae(A,I(A)) in the image of the connecting homomorphism
wa. This does not happen in general: it can be shown that

Extye (A, t) o wa = wasr 0 Extye (pa, idy)
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where wp,r s the connecting homomorphism in the long exact sequence arising
from applying Hom,rye (A ', —) to the exact sequence of A * T'-bimodules

0 —-A*xT - AT —-k—0

where A and T' are A * T'-modules via px and pr, and the map AxT' - A DT is
1+ (1,1).

6.4. Proving Theorem 6.15. We begin by constructing the ideal J referred to
in the statement of Theorem 6.15. Let ((P U @)s, d,) be a bimodule resolution for
A % T constructed as in Section 6.1. Write P * @) for the subcomplex of P LI Q
consisting of (A *T)¢ in degree zero and P, @ Q,, in degree n > 0, with the induced
differentials. In positive degrees this complex is equal to P @ Q. There is a short
exact sequence

05P+QLPUQSE =D
where E is the quotient complex. Because (P * Q),, is a summand of (P Q),, the
following sequence is also exact:

0— Hom(A*p)e (E,A*F) — HOI’Il(A*F)e(PUQ, A*F) — Hom(A*F)e (P*Q,A*F) — 0.

Applying Homa.rye (—, A * I') gives a long exact sequence

(14) -4 H™(Hom(x,ry (B, A % T)) 5 HH"(A  T)
% H”(Hom(A*p)e(P *Q,AxT)) 3 H7L+1(H0m(A*F)e(E, A xT)) LN

where w is the connecting homomorphism. We now define J to be im 7*. Elements
of im7* can be represented by cocycles on P LI Q that kill P Q. As PxQ is a
subcomplex, such cocycles can be lifted to chain maps that kill P x Q. Hochschild
cohomology is graded commutative so J is an ideal of HH(A « T).

We now examine the connecting homomorphism w more carefully. Let a be an
element of H"(Homarye (P*Q,A*T)) represented by a cocycle a: P, — A% T.

Identify T+ with (A*T')¢ and (A*I') ® k with A% so that (1®ep,r)od;
and (ep.r ® 1) o d; are maps Q1 — A x I'. Then w(a) is represented by the map
E,+1 — AT sending

(15) f&p € Q1®P, = (1® epur) 0 di(f) - au(p)
pRf € Pa@Q1 — a(p) - (easr © 1) 0 dy(f)

and killing all other summands (we have abused notation here: f&p should be
replaced by its image in E,11).

Lemma 6.19. A cocycle a : P, — AT represents an element of the kernel of the
connecting homomorphism if and only if it has image contained in I(A) & A(T).

Proof. (15) shows that the element represented by such a cocycle has its image
under the connecting homomorphism represented by the zero map. Conversely,
suppose o : P, — A T is a cocycle and that the map (15) above is a coboundary.
The image of this map is contained in I(T"), but in E the differentials of the images of
f&pand p&f € E, arein E,_1-1(A) and I(A)-E,,_; respectively, by our hypothesis
on the differential on P,. It follows that any coboundary maps the images of
Q1®P,_1 and P,_1®Q; in E into I(A), hence (15) cannot be a coboundary unless
it is zero. U

The homology of (P,,d,) computes
Tor ((A+T)¢, A) = Tor (A® @ I(T) @, I(T'), A)
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where the action of A® on I(I') ® I(T') is trivial. Since A® is flat as a module over
itself this is isomorphic to I(I)®yI(I)® Tor™ (k, k) as a vector space, where we have
used | , X, Theorem 2.1] to identify Tor" (k, A) with Tor®(k, k). Furthermore

(16) H"™(Homprye (P, A *T)) = H"(Homy. (P,A & I(I)))
= Extj. (A, A) ® Ext)i. (A, I(T))
= HH"(A) ® Ext}y (k, k) @ I(T).

The isomorphism is an application of the Eckmann-Shapiro lemma. The first
summand on the last line comes from homomorphisms with image contained in
A C AxT, and the second from those with image contained in I(T') C A% T.

We now have enough information for an additive decomposition of the Hochschild
cohomology groups of HH(A % T).

Proposition 6.20. HH(A «T') = Z(A) x Z(T), and for n > 0 there is an isomor-
phism of vector spaces

HH"(A ) = iHH"(A) @ iHH™(D) @ E™(A) @5, A(T) & E™(T) @5 A(A) ® (im 7).

Proof. The statement about HH® (A *T) is clear. In higher degrees, the long exact
sequence (14) gives short exact sequences

0— (im7*), - HH"(A «T) — (kerw),, — 0.

Using Lemma 6.19 and (16) we can write (kerw), as a direct sum of iHH"(A) @
E™(A) ® A(T") and the corresponding object for I'. This completes the proof. O

The isomorphism in this proposition is realised as follows: elements of iHH(A)
correspond to cocycles mapping P, C P LI Q to I(A) C A+ T (and killing other
summands). Elements of E™(A)®y A(T) correspond to cocycles mapping P, C PLIQ
to A(T') € A« T (and killing other summands). Elements of im 7* are represented
by cocycles on P U Q that kill P * Q.

Returning to Example 6.17 where A = k[z], we have A(A) = 0 so only the iHH
and im 7* terms appear in HH(A * A). The two copies of iHH(A) are generated by
xo, 1, and Yo, y1,- for 7 > 0. The image of 7* is the ideal (&2, &3).

The last proposition means that there is a k-linear isomorphism between the
groups in Theorem 6.15, so we only need to show that it can be made multiplicative.
A careful reading of the proof of | , Proposition 4.4] shows that it implies the
following result.

Proposition 6.21. Let A be an augmented algebra and (Py,d) be a bimodule res-
olution of A with the property that imd C I(A)- P+ P -I(A). Let J C I(A) be
an ideal of A. If £,m € HH(A) can be represented by cocycles P, — A with images
contained in I(A) and J respectively, then &n can be represented by a cocycle with
image contained in I(A)-J+ J-T(A).

It follows immediately that elements of HH(A * I') which are identified with
elements of F(A) ®; A(T") under the isomorphism in Proposition 6.20 have product
zero with any element of ker ¢y, : HH(A*T') — A *I. In particular, this verifies the
last sentence of Theorem 6.15. The only thing left to prove is that the elements
of HH(A % I') identified with elements of iHH(A) and iHH(I") in Proposition 6.20
multiply, modulo R, like iHH(A)*iHH(T"). That elements of the copies of I(iHH(A))
and I(iHH(T")) have product zero is clear. Given an element of iHH(A) we now show
how to associate an element of HH(A *I") in a manner that induces a multiplicative
map iHH(A) — HH(A = I')/R whose image modulo R is the copy of iHH(A) in
HH(A % I') identified in Proposition 6.20.

Let f : P, — A be a cocycle representing an element of iHH(A), so that the
image of f is contained in I(A). Lift f to a chain map f, on P,. We now build a
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chain map F. : PUQ — PLUQ using . that lifts the cocycle f: (PUQ), — A*T
sending x @5 p®a y € P, to zf(p)y € A T, and killing all other summands. The
map F is defined as follows:

Fi(p) = fm(p) for p € P,, and m > n.
F.(p®---®q) = fm(p)®---®q for p& -+ ®q € Pp®---®Q, and m > n.
F.(q®---®p) = q® - & fm(p) for ¢& - ®p € Q,®---®P,, and m > n.
F.(p 18- ®p2) m(ﬁl)@ - ®po +p1®"'®fm(l72)

for p1® -+ ®pa € pm1® e ®]5m2 and mq,my > n.
F(pRqi® -+ ®g2) = (1 @ epsr) © fo)(p) - 1% - - - Do
for pRAI® - - ©gy € Pa®Qr& - -
Fuqi® - @g28p) = (1& - @g2 - ((easr @ 1) © fo)(p)
for 1@ Rgdp € Qr® -+ RQ:RP,.

®>
(Ql

Fu(p1®q1® -+ - ©ga®ps) =
(1 ®epsr) o fo)(p) SR RGPy + P1ROE - Qs - ((easr®1)0 fo)(p)
for p1OAE® -+ RG®p2 € PaR®Qr® -+ ®QQP,.
As before, we regard (1®ep.r)o fo and (ep.r ®1) o fo as maps P, — AT Finally,

F, is zero on all other summands of P LU Q. The reader may verify that F, is a
chain map lifting f. Write ¢(f.) for the chain map F, built from f..

Lemma 6.22. ¢ induces a well-defined multiplicative map iHH(A) — HH(A=T)/R.

Proof. For well-definedness, we must show that if f is a coboundary then c¢(fy) is
zero in HH(A xI")/R. Suppose f = god, : P, — A is a coboundary. Then § and
fod agree on P*Q, so their difference is a cocycle that is zero on P * Q and which
therefore represents an element of R. The map is multiplicative because if f, and
g are two chain maps on P, then c(f. 0 g«) — c(f+) o ¢(gs) is zero on P * Q. O

This completes the proof of Theorem 6.15.
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