University of

"1l Kent Academic Repository

Hone, Andrew N.W., Kouloukas, Theodoros E. and Ward, Chloe (2017) On
Reductions of the Hirota-Miwa Equation. Symmetry, Integrability and Geometry:
Methods and Applications, 13 . ISSN 1815-0659.

Downloaded from
https://kar.kent.ac.uk/63626/ The University of Kent's Academic Repository KAR

The version of record is available from
https://doi.org/10.3842/SIGMA.2017.057

This document version
Publisher pdf

DOI for this version

Licence for this version
UNSPECIFIED

Additional information

Versions of research works

Versions of Record
If this version is the version of record, it is the same as the published version available on the publisher's web site.
Cite as the published version.

Author Accepted Manuscripts

If this document is identified as the Author Accepted Manuscript it is the version after peer review but before type
setting, copy editing or publisher branding. Cite as Surname, Initial. (Year) 'Title of article'. To be published in Title

of Journal , Volume and issue numbers [peer-reviewed accepted version]. Available at: DOI or URL (Accessed: date).

Enquiries

If you have questions about this document contact ResearchSupport@kent.ac.uk. Please include the URL of the record
in KAR. If you believe that your, or a third party's rights have been compromised through this document please see

our Take Down policy (available from https://www.kent.ac.uk/quides/kar-the-kent-academic-repository#policies).



https://kar.kent.ac.uk/63626/
https://doi.org/10.3842/SIGMA.2017.057
mailto:ResearchSupport@kent.ac.uk
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies
https://www.kent.ac.uk/guides/kar-the-kent-academic-repository#policies

Symmetry, Integrability and Geometry: Methods and Applications SIGMA 13 (2017), 057, 17 pages

On Reductions of the Hirota—Miwa Equation

Andrew N.W. HONE, Theodoros E. KOULOUKAS and Chloe WARD

School of Mathematics, Statistics and Actuarial Science, University of Kent,
Canterbury CT2 TNF, UK
E-mail: A.N.W.Hone@kent.ac.uk, T.E.Kouloukas@kent.ac.uk, chloe_ward@live.co.uk

URL: https://www.kent.ac.uk/smsas/our-people/profiles/hone_andrew.html

Received May 02, 2017, in final form July 17, 2017; Published online July 23, 2017
https://doi.org/10.3842/SIGMA.2017.057

Abstract. The Hirota-Miwa equation (also known as the discrete KP equation, or the oc-
tahedron recurrence) is a bilinear partial difference equation in three independent variables.
It is integrable in the sense that it arises as the compatibility condition of a linear system
(Lax pair). The Hirota—Miwa equation has infinitely many reductions of plane wave type
(including a quadratic exponential gauge transformation), defined by a triple of integers or
half-integers, which produce bilinear ordinary difference equations of Somos/Gale-Robinson
type. Here it is explained how to obtain Lax pairs and presymplectic structures for these
reductions, in order to demonstrate Liouville integrability of some associated maps, certain
of which are related to reductions of discrete Toda and discrete KdV equations.

Key words: Hirota—Miwa equation; Liouville integrable maps; Somos sequences; cluster
algebras
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1 Introduction

The Hirota—Miwa equation, or discrete Kadomtsev—Petviashvili equation (discrete KP), is the
bilinear partial difference equation

NT =TT o+ 13T 3, (1.1)

which serves as a generating equation for the full KP hierarchy of partial differential equa-
tions [11, 21]. In the above, the tau function T is a function of three independent variables,
T = T(mi,ma2,ms3), and subscripts denote shifts, i.e. Th; = T|m,—m,;+1, for i = 1,2,3. The
equation (1.1) is integrable in the sense that it arises as the compatibility condition of the
following linear system (Lax pair) [17]:

T 13V +TVy3="T53V,
TV 190+T 13V 3=T 1oV (1.2)

(for a comparison of alternative Lax pairs see [29]). From another viewpoint of discrete integra-
bility, the equation (1.1) can be extended to a system with an arbitrary number of independent
variables, in which case it satisfies the multidimensional consistency property, and it can be
further extended to a system with self-consistent sources (see [3] and references).

In this paper we consider reductions of (1.1) to bilinear ordinary difference equations, in
order to show that they can be interpreted as discrete integrable systems in an appropriate
sense, namely that Liouville’s theorem for symplectic maps can be applied [18, 27]. Certainly
it should be no surprise that reductions of a discrete integrable system to a lower number of
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independent variables produce integrable maps. Indeed, from a different point of view, one can
consider the algebraic entropy of such reductions, and show that all one-dimensional reductions
of (1.1) have quadratic degree growth [20, Theorem 6.8], so their algebraic entropy is zero.
However, in general the connections between algebraic entropy, Lax integrability and Liouville
integrability are rather subtle, and the bilinear ordinary difference equations that arise as plane
wave reductions of (1.1) are not symplectic as they stand. In order to interpret them correctly,
we make use of the properties of recurrences derived from cluster algebras [7], which provide
an appropriate presymplectic structure for bilinear difference equations [6] (see also [4, 8, 15]
and references), and a further reduction procedure leads to symplectic maps of a certain kind,
referred to in [12] as U-systems. By applying the reduction process to the linear equations (1.2),
we find a Lax pair for the corresponding bilinear ordinary difference equations, leading to the
construction of conserved quantities, and then in each case the problem remains to check that
this provides a sufficient number of first integrals in involution for the associated U-system.

General properties of plane wave reductions of the Hirota—Miwa equation are described in
Section 2, and one particular example is considered in full detail. This example turns out to be
a member of a two-parameter family of bilinear equations that arise from reductions of a lattice
equation of discrete Toda type, considered in Section 3. In Section 4 we consider another two-
parameter family, consisting of pairs of bilinear equations related to discrete KdV reductions,
and we consider another example in detail, before making some conclusions in Section 5.

2 Plane wave reductions

The Hirota—Miwa equation (1.1) admits the plane wave reduction

mi

T(m17m27m3) == a1 o'

2CL2 2&?327'"“ m = mg + d1mq + domsg + d3msg, (2.1)
where my is arbitrary and the distinct values of the parameters §1, o, d3 are all chosen to be
integers or half-integers (the case when any of the J; coincide is not interesting). The above
expression includes a quadratic exponential gauge transformation, which allows the insertion of
coefficients into the right-hand side of the parameter-free equation (1.1). By substituting (2.1)
into (1.1), it follows that 7, satisfies the autonomous bilinear ordinary difference equation

Tm+§1 Tm—§1 = aTm+5ng—62 + ﬁTm+6ng—§37

where the ratios of the arbitrary parameters a; in (2.1) yield the coefficients

2 2

a a
_ Y2 _ 3
a——a2, ﬂ——az
1 1

We can shift the last equation by §; and rewrite it as

TmANTm = OTmt6y+6;,Tmt81 -0 + BTm+61+65Tmto—65  With N = 24y, (2.2)
and without loss of generality we can assume that

91 > max(dg, d3),

so that the overall order of the recurrence (2.2) is N.
The iteration of the recurrence (2.2) is equivalent to iteration of the birational map ¢:
CN — CV, given by

QT 46,T51 85 + BT61 4657616
1+02701—02 1+03 701 3>7 (2_3>

O(T0, Tty .o, TN=2, TN=1) = <7'1;7'27~--77'N—17 —
0
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which is an example of a cluster map: it arises from a sequence of mutations in a cluster
algebra, constructed from a quiver that is cluster mutation-periodic with period 1, with the
coefficients «, B corresponding to frozen variables [7]. By making gauge transformations one
can also consider the original equation (1.1) with non-autonomous coefficients, and the same
is true for its reductions (see [20]). In due course we will also find it useful to allow the
coefficients «, 8 to depend on the index m.

2.1 Reduction of Lax pairs

We can apply the plane wave reduction (2.1) at the level of the Lax pair. However, before
doing so it is important to note that the compatibility condition of the linear system (1.2) is not
exactly (1.1), but rather

- NTy —T5T 3

Ri_3=R R
1,-3 3 TQT_Q

(2.4)

In order to get precisely (1.1), corresponding to R = 1, it is necessary to augment the pair (1.2)
with a third equation, to get a Lax triad. However, for our purposes it will be convenient to
leave this slight ambiguity.

To make the reduction, we require that the tau function 7" is given by (2.1), and take the
wave function V¥ in the form

\I/(ml,mQ,mg) = /\TlA?Q)\gn3T(m1,m2,m3)¢m, (2.5)
where \; correspond to spectral parameters, and upon setting
_ -1
¢ =X\, ¢ = (afhira) A3 = a3\
we can derive a corresponding linear system for the reductions (2.2) of (1.1).

Proposition 2.1. The plane wave reduction of the linear system (1.2) is

Ym¢m+61+52 + /8C¢m+62+53 = £¢m7

¢m+61—52 - Xm¢m+61—63 = C¢m7 (26)
where
Tm+2(51—2(537—m+51—52 Tm+251+62—637—m
X,, = Y, = .
Tm+261—52—637-m+51—53 Tm+51+527-m+51—63

The compatibility condition of (2.6) is a Somos-N recurrence with a periodic coefficient, given
by

Tm+NTm = ame+51+52Tm+61—(52 + BTm+51+537_m+(51—637 am+51—63 = Qyn, (27)
with N = 287.

Proof. This follows by substituting (2.1) and (2.5) into (1.2): the first linear equation pro-
duces the top equation in (2.6), and the second equation in (1.2) almost immediately yields
the bottom equation in (2.6) after shifting the indices on each ¢; to ¢;is,—s,, except that we
have also made an overall shift m — m + d; — 3 in the dependent variables which appear in the
combinations X,,, Y, (which we are free to do, since the compatibility of the linear system gives
autonomous relations between these quantities). Now observe that the parameter « in (2.2) does
not appear anywhere in the linear system (2.6), and the compatibility condition of the latter is
obtained by substituting (2.1) into (2.4), which implies that 7, satisfies the non-autonomous
bilinear recurrence (2.7) with the coefficient a,, of period §; — Js. [
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Each iteration of (2.7) is equivalent to an iteration of a map ,,,: CN — C, which is of the
same form as (2.3), except that the coefficient « is replaced by «,,, depending on m mod &1 — d3.
The iterates of this map have a matrix Lax representation, and the dynamics preserves an
associated spectral curve.

Corollary 2.2. The scalar Lax pair (2.6) is equivalent to a matriz linear system of size K =
max(d; — 2,01 — 03), of the form

L, (Q)®, = £Py, D11 =M, ()P, (2.8)
The compatibility condition of the latter system is the discrete Lax equation

L,+1M,, =M,,L,, (2.9)
which preserves the spectral curve in the ((,€) plane given by

P(C,€) = det(Lin(¢) — 1) = 0. (2.10)

Proof. Upon introducing the vector ®,, = (¢m, dmst,-- - dmik—1)’, the top equation in (2.6)
becomes an eigenvalue equation for a matrix L,,, while the bottom equation can be rewritten in
matrix form with another matrix M,,,, where L,,, M,,, in (2.8) are K x K matrix functions of ¢
and the dynamical variables. The compatibility condition (2.9) shows that this is an isospectral
evolution, preserving the coefficients of the polynomial P((,&). [

Example 2.3. Choosing (41, d2,03) = (4,3,0) in (2.7) gives rise to the recurrence
Tm+8Tm = AmTm+7Tm+1 T 57},214-47 Am44 = Oy (211)

As we shall see below, the latter recurrence also arises as a reduction of a 5-point lattice equation
of discrete Toda type appearing in [9]. In this case, the scalar linear system (2.6) consists of two
equations, of orders 7 and 4 respectively, with coefficients

Tm+8Tm+1 Tm+11Tm
X, = mA8Tmtl -y Tmd1lTm
Tm+5Tm+4 Tm+7Tm+4

After using the equation of fourth order to eliminate higher shifts of ¢,, from the equation of
order 7, this gives the system

1
Gmta = X, (¢m+1 - C¢m)a
Ym m
§dm = ¢ (ﬁ - Xm+3> Gm+3 + m(¢m+1 — (Pm)-

The matrix entries in the Lax pair of Corollary 2.2 can then be written in a fairly compact form
in terms of the quantities X,,;; for 0 < j <6, Yy, for 0 < k < 3 and 3, ¢, in which case the
compatibility conditions are

XmYm+4 - Xm+7Ym+1; XmYm+4 - Xm+7Y = BXm+7(Xm - m+3)- (212>

When these equations are rewritten in terms of the tau function 7,,, the first of them is just
a tautology, while the second one says that

2 2
Tm+12Tm+4 — BTinis _ Tm+8Tm — B4

Tm+11Tm+5 Tm+7Tm+1
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which is equivalent to (2.11). We can further use the equation (2.11) to rewrite the entries
of Ly, M, in terms of the tau function and a,,, as well as 3, ¢, but rather than doing this here
we follow [28] and introduce the quantity

2y = AT (2.13)

Tm+4Tm+1

so that Xy, = 2m+12m+22m+3, Ym = 2mXmXm+3, to find (setting m — 0 for convenience)

—C20 20 0 C(B — z0212223)
. ¢? (2’4— zlfm) C(zlfm —21—2’4) 21 0
B 0 ¢? <25 - ﬁ) ¢ <% — 29— Z5> 22 ’
—i Clx-52%) (Ghs =)
0 1 0 0
wo| 0 0 1) -
= L0 0

212223 212273

with L = Lo, M = My, in which case the second equation in (2.12) becomes a recurrence of
order 7 for z,,, namely

Zmt7 — Zm = B (zm+4zyj+5zm+e — zm+1zml+zzm+3> : (2.15)
The corresponding spectral curve (2.10) is of genus 9, and takes the form
I: ¢t HiCE® + HaC?E? + (Hs¢® — 1)€ + Hy(™ + B¢t =0, (2.16)
where

Yaoay b

Zk+12’k+22k+3
6
Hy = E Zk2k+1 t 2242
k=0
1 1 1 1 1 20 + 21 20+ 26 25+ 26
- + + + + + + +
Z123 Z923 zZ9zZ4 Z324 Z325 Z324%5 Z923%24 Z129%3

1 1 1
2
+ﬁ ( 2,2 + 2 + 2,2 ’
21222324 21Z223Z4Z5 ZQZ3Z4Z5

6
1 20 26 20721 2026 2526
H3 = E ZkRk+1”k+2 — ﬂ — 4+ + + + +
=0 z3 Z324 Z9223 Z324%5 Z923%24 Z1292%23

1 1 3
+/32< + + ) o

2122232’4 2223242’5 ZQZ%ZZZE, 21252’%24 212%,25’2225’
3
1 B
Hy=— H Zpthssy — —— |, (2.17)
#3120 Zk+12k+2

with indices read mod 6 where necessary. These coefficients of the spectral curve provide 4
functionally independent integrals for the map in 7 dimensions defined by (2.15). We shall
consider the question of Liouville integrability when we return to this example in Section 2.3
below.



6 A.N.W. Hone, T.E. Kouloukas and C. Ward

Remark 2.4. The replacement (01, d2,03) — (61,03, d2) leads to a recurrence with the same
terms as (2.7), but with the roles of the coefficients «, 8 reversed. For instance, in the previous
example, choosing the parameters (01, d2,03) = (4,0, 3) gives 6; — d3 = 1, so with both « and /3
as constant coefficients, the recurrence is just

2
Tm+8Tm = QATm4+7Tm+1 + IBTm+4'

Another method for finding first integrals of discrete KP reductions was given in [19], based
on reduction of conservation laws.

2.2 Somos recurrences and cluster maps

The plane wave reductions of the discrete KP equation (1.1) are recurrence relations of Somos
type. They are also particular examples of cluster maps, which arise from cluster mutations
of quivers which are periodic with period 1 [7], and this provides an appropriate presymplectic
structure (i.e. a closed 2-form of constant rank) that is preserved by the dynamics.

The general Somos-N recurrence is a quadratic recurrence relation of the form

13 ]
Tt NTm = Z AT N—jTmjs (2.18)
j=1

where a; are coefficients. The case when there are only two non-zero coefficients a;, a; on the
right-hand side corresponds to the reductions (2.2) of the discrete KP equation (1.1), while the
case of three non-zero coefficients a;, ay, ay with j 4+ k+ ¢ =0 (mod N) arises from reductions
of the discrete BKP equation. These particular cases are also sometimes referred to as 3-term
or 4-term Gale-Robinson recurrences [16], respectively (where the total number of terms in the
equation is counted), and are the only cases which display the Laurent phenomenon [5]. In
general, if there are more than three terms on the right-hand side of (2.18) then the recurrence
does not appear to be integrable: the growth of degrees of the terms, or the growth of logarithmic
heights of generic iterates in Q, is exponential. However, for certain choices of coefficients and
initial data such recurrences with more terms can still be produced by identities for abelian
functions [1].

On the other hand, (with the inclusion of coefficients «, 8) the reductions (2.2) of the discrete
KP equation are particular cases of recurrences of the form

N-1 [ ] N—-1 [ ]
b1j+1]+ —b1,j4+1]+
Tm+NTm = | | fL'erJj + | I l‘erj] s (219)
j=1 j=1

which arise from sequences of mutations in a coefficient-free cluster algebra. In the above,
[b]+ = max(b,0), and the exponents appearing on the right-hand side belong to the first row of
the exchange matrix B = (b;;j), an N x N skew-symmetric integer matrix which defines a quiver
(directed graph) consisting of N nodes without 1- or 2-cycles: the rule is that [b;;]+ is the
number of arrows from node i to node j. It was shown by Fordy and Marsh [7] that the quiver
has cluster mutation-periodicity with period 1, meaning that a single mutation of the quiver is
equivalent to a cyclic permutation of the nodes, iff the matrix entries of B satisfy

bj7N=b17j+1, j:1,...,N—1,
bit1ht1 = bjk +b1j41[=bi k1] —brpr[~brj]y,  1<jE<N-L (2.20)

In this case, the above conditions mean that matrix B is completely determined by the elements
of its first row, which are the exponents appearing in (2.19). The cluster map defined by (2.19)
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is the birational map
P: cN - CV,
(T1,.. ., ZN_1,TN) +> (xg, ..., TN, xfl (H xg-b_sl_’f“]* + H J:g:_bll’j+1]+> ) (2.21)
J J

Furthermore, the conditions (2.20) are also necessary and sufficient for the 2-form

bij
w= Z J -dz; A dzj, (2.22)

to be an invariant presymplectic form for the map, i.e. p*w = w [6]. The form (2.22) is log-
canonical, i.e. it is constant in the coordinates log ;.

For the conditions (2.20) to hold, the non-zero entries in the first row of B must be palin-
dromic. Hence, in the case of the discrete KP reductions, with a sum of two quadratic terms
on the right-hand side, the pattern of non-zero terms is either of the form 1,...,—2,...,1 or
1,...,—=1,...,=1,...,1 (up to an overall choice of sign), and the other entries of B are com-
pletely fixed by this pattern.

Example 2.5. Up to sending B — —B, the exchange matrix for the recurrence in Example 2.3
is

o 1 0 0 -2 0 0 1
-1 0 1 0 2 -2 0 0
0O -1 0 1 0 2 -2 0
|0 0 -1 0 1 2 -2
2 -2 0 -1 0 1 0 0
0 2 -2 0 -1 0 1 0
0 0 2 -2 0 -1 1
-1 0 0 2 0 0 -1 0

2.3 Reduction to symplectic maps

In order to investigate Liouville integrability in the context of cluster maps, it is convenient to
make a reduction to a symplectic map on a space of even dimension r = rank B, that is the
space of leaves of the null foliation for w. This is achieved by choosing a Z-basis vy, ..., v, for
im BN ZY, and then mapping to a corresponding set of Laurent monomials u = (u1,...,u,) in
the coordinates x = (x;), via

. CN — C,

X u:(x"l,...,xvr). (2.23)

Theorem 2.6 in [6] says that this produces a symplectic birational map ¢ in the reduced coor-
dinates u. By a further refinement of this result [12, Proposition 3.9] one can choose a special
Z-basis consisting of palindromic vectors, such that ¢ is equivalent to iteration of a single re-
currence relation called the U-system.

Theorem 2.6. For any cluster map ¢ given by (2.21) with associated exchange matriz B sat-
isfying (2.20), there is a palindromic Z-basis for im BNZYN (unique up to an overall sign), such
that under the reduction (2.23), the map ¢ with ¢ om™ = 7o ¢ is equivalent to the iteration of
the corresponding U-system, of the form

Um+4rUm = ]:(uerly cee 7um+r71)a

for a certain rational function F. Moreover, ¢ preserves the symplectic form @ such that
T*W = w, which is log-canonical in the coordinates u = (uy,...,u,).
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The above theorem immediately applies to the plane wave reductions (2.2) of discrete KP,
with coordinates x; — 7;, and the symplectic structure obtained by reduction is unaltered even
when non-autonomous coefficients are included, in particular when « and/or § are allowed to
be periodic.

Example 2.7. For the matrix B in Example 2.5, rank B = 6, and the vector vi = (1,-2,1,0,0,
0,0, O)T, together with va, ..., vg obtained by shifting the non-zero block to the right, provides
a palindromic basis for im B, so the reduction (2.23) gives
Uy = TE2 (2.24)
7-m—l—l

Then the U-system corresponding to (2.11) is the non-autonomous recurrence

2 3 2
O Um 45Uy, 4 4 Uy 3Upy - 2Um+1 + /6

U +-6Um = , Qmad = Q. (2.25)

2 3 4 3 2
um+5um+4um+3um+2um+1

Upon applying Theorem 2.6, we see that (2.25) preserves the symplectic form

-2 —4 -4 -2
-1 -2 -3 -2 -1

0 1 2 3 2 1

R -1 2 4 4 2

. bi; - “ -2 -2 0 3 4 3
w= ‘ Uiujdu,/\duj, B = (b,]) =3 _4 _3 o 5 9
0 1

0

Equivalently, each iteration of the corresponding six-dimensional map ¢,,, which depends on
m mod 4, preserves the nondegenerate log-canonical Poisson bracket (obtained by inverting the
matrix B) given by

{ui,uj} = Cj—iUilUy, 0< <j < 5, (2.26)

with Ccl = 1, Co = Cy = 0’ cg = —cy4 = —2.
Upon comparing (2.24) with (2.13), we obtain the formula

Zm = UmUm+1Wm+2Um+3 (2.27)

for all m. We can use this to write z; for 0 < j7 < 2 in terms of a set of initial coordinates
ug, U1, . . ., us for the U-system (2.25). However, for higher shifts of z; we note the identity

p

Zm+3%m = QpmUm43 + >
Zm4+12m4-2

which follows from (2.27) and (2.25), so after substituting for z3, z4, 25, 26 in (2.14) it is clear
that, in addition to u; for 0 < j <5, the parameters ag, a1, a2, a3 will also appear in L = Lg and
M = My (and similarly for L,,, M,,, replacing the index j on each variable in L, M by m + 7).
In this way we obtain the Lax representation for the U-system itself, while from the spectral
curve (2.16), the coefficients Hy, Ha, Hs in (2.17) can be pulled back by the formula (2.27),
to provide 3 independent functions of u;, in involution with respect to the bracket (2.26) in
6 dimensions (see [28] for explicit formulae in the case a,, = o = const). Pulling back the fourth
coefficient we find

Hy = agojanas, (2.28)
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which (like any cyclically symmetric function of ag, a1, ae, ag) is a trivial first integral of the
U-system. (By an abuse of notation, in (2.28) and elsewhere we use the same symbol to denote
a function and its pullback.) Thus we see that in the autonomous case we have a 6-dimensional
symplectic map ¢ given by

) B+ auiuduiuius
@(ug, ut, uz, uz, ug, us) = <U17u2,u3,u47u57 3 A3 9 ) ;
UOUT USUSUFUE
obtained from (2.25) by fixing a,,, = o = const, with 3 commuting first integrals, so this is an
integrable system in the Liouville sense. In the non-autonomous case, we have instead a family
of symplectic maps ¢, cycling with m mod 4, but we can interpret the fourfold composition
P30 Y9 0 P1 0 Py as an autonomous system with the three commuting invariants Hy, Ho, Hj
described above, so again this is a Liouville integrable system.
These results also lead to an interpretation of the 7-dimensional map defined by (2.15) as an

integrable system. Indeed, the expression (2.27) means that the bracket (2.26) can be lifted to
the coordinates z;, 0 < j < 6, to give a Poisson bracket of rank 6 specified by

{z0, 21} = 0 = {20, 22}, {20, 23} = —2023 + B(z122) 1,

-1
{20, 24} = zo2a — B*(21%323) ",

~1 -1

{20,275} = =B (s1252520) " + B (4234340)
—1 —1 -1
{20, 26} = — > (212223%2425) + 33 (z%z%zg’zzzg) (21 + 25) — B2 (z%zgzgzi’zg) ;

all other brackets follow by shifting indices. The preceding results imply that, as functions of z;,
the quantities Hy, Ho, Hs in (2.17) are in involution with respect to the above bracket, while
from the expression (2.28) it follows that Hy is a Casimir for this bracket; this can also be
verified directly from (2.17).

Remark 2.8. In the previous example, the formula (2.14) is a “big Lax pair” for the system:
the spectral curve I' in (2.16) has genus 9, while the Liouville tori (level sets of first integrals)
are only 3-dimensional. One way to understand this is by noting that I" is invariant under the
action of C3 (the cyclic group of order 3), generated by (C,€) — (e27/3¢,e2™/3¢), so that T
is a threefold cover of the curve I' = I'/C3, ramified at (0,0) and (00, 00), and T' has genus 3.
A more direct way to obtain the curve I is to note that the system is one of a family of reductions
of a lattice equation of discrete Toda type, considered in the next section (see (3.1) below). This
reduction procedure yields 2 x 2 Lax pairs, which will be described in future work [13].

3 Reductions of discrete Toda type

In this section we briefly consider the two-parameter family of plane wave reductions of discrete
KP with (41, d2,03) = (P, P—Q,0), for integers P > (@, which includes Example 2.3 when P = 4,
@ = 1. These examples arise from travelling wave solutions of the five-point lattice equation

Vi Vi_ Vi _ Vi
sl Vi 1,l+a< 1,01 el ):0,

Vi1, Vi Vi Vi—1,41

(3.1)
which for a = pq appears in [9], and can be considered as a discrete time Toda equation [2]. If
we impose the periodicity

Virgi—p = Viy,
which is called the (Q, —P) periodic reduction of equation (3.1), then we may write

Vil = Um, where m = kP +1Q

)
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is a travelling wave variable, and v,,, satisfies the ordinary difference equation

Um _Im=P (”m“"Q U ) —0. (3.2)
Um+P Um Um, Um+Q—P

Proposition 3.1. Suppose that
Tm

Tm+Q

VUm =

is a solution of (3.2). Then T, is a solution of

Tm+2PTm = QTm+4+2P—QTm+Q + /BmTr?l+P7 Bm = /8m+Q7 (33)

and the converse is also true.

Proof. By setting v,, = TTTZQ in (3.2), up to an overall shift we find that

Tm+2PTm — ATm+4+2P—-QTm+Q _ Tm+2P+QTm+Q — ATm+2PTm+2Q

72 72 )
m+P m+P+Q

and denoting the left-hand side above by [, we see that this quantity is periodic with period @,
which yields the bilinear equation in (3.3). Conversely, any solution of (3.3) with a @-periodic
coefficient 3, provides a solution of (3.2). |

Example 3.2. In the running example above, with (d1,d2,d3) = (4, 3,0), we have

T, . T T2 v
Uy = —=—| with v, = m2m+ =
Tm+1 Tm+1 Um+1

being a solution of the autonomous version of the U-system (2.25), where o, = a = const.
After shifting once to eliminate § from the U-system, an equation of order 7 for u,, arises, and
this is equivalent to a relation of order 8 for v,,, namely

Unmtd  Um +a (Um—i—? . Um+4) -0
!
Um—+8 Um-+4 Um-+4 Um+1

which is the (1, —4) periodic reduction of the discrete Toda equation (3.1).

In the general (@, —P) periodic reduction of (3.1), one can consider a Poisson structure for
the variables v, in (3.2), and a “small” (2 x 2) Lax representation for this reduction and the
associated U-system. We propose to treat these details elsewhere [13].

4 Reductions of discrete KdV type

In this section, for a pair of integers L > M, we consider two different plane wave reductions of
discrete KP, corresponding to the choices

(51752763)_<L+]g,]g,lz—]2w> or <M+L £ ‘M_§‘>

It turns out that these two different reductions are very closely related to each other: they both
correspond to the (L, M) periodic reduction of the lattice KdV equation [10]

1 1
) » (1 1y 4.1
k+1,1 k41 <Vk;,l Vk+1,l+1> v
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This connection leads to an alternative 2 x 2 Lax pair for these discrete KP reductions and their
associated U-systems, as well as linking the Liouville integrability of the latter with that of the
corresponding discrete KdV reduction.

Observe that if the (L, M) reduction is imposed on (4.1), then we have

Vivrri+m = Veg = Vi = vm, m =1L — kM,

and we can write the following ordinary difference equation in terms of the travelling wave
variable m:

1 1
Ut L+ M — Um = QU < — > . (4.2)
Um+L Um+M

Remark 4.1. Up to sending v, — 1/v, and redefining «, the (L, M) reduction and the
(L, —M) reduction of (4.1) are equivalent. The parameter o can be removed by scaling.

Proposition 4.2. Suppose that

Tm T, L+M
vy = LM (4.3)
Tm+MTm+L

is a solution of (4.2). Then T, satisfies the following two bilinear equations

Tm+2L+MTm = 6m7—m+L+M7_m+L — OTm4-2LTm+M » 5m+M = 5777.7 (44>

Tm+2M+LTm = 5;n7—m+L+M7_m+M + AT oM Tm4 L, B;n—i-L = B;n 4.5
Conversely, if Tr, is a solution of either (4.4) or (4.5), then vy, given by (4.3) satisfies (4.2).
Proof. With (4.3), (4.2) is equivalent to either of the two equalities

Tm4+2L+MTm + QT4 2L Tm+ M Tm—+2L+2M Tm+M + QT2+ M Tm+2M

)

Tm+LTm+L+M Tm+L+MTm+L+2M
Tm+2M+LTm — %Tm+2MTm+L _ Tm4+2M+2LTm+L — ¥Tm+2M+LTm+2L
- 9
Tm+MTm+M~+L Tm+M+LTm+M~+2L
from which the result follows. [ |

Remark 4.3. In [14, Proposition 8], it was proved that the solutions of (d—1, —1) reductions of
the lattice KAV equation (4.1) are Liouville integrable, using the observation that (with o = —1)
these reductions are given in terms of a tau function that satisfies the bilinear recurrence relation

Tm4d+1Tm = Bme—l—dTm—i—l + Tmtd—1Tm+2;

with the coefficient (5, having period d — 1. The above result extends this observation to the
general (L, M) reduction, and shows that in each case there are actually two different bilinear
equations involved.

4.1 2 X 2 Lax pairs

Without loss of generality, we can assume from now on that L, M are coprime (since otherwise
the equations split into copies of systems in lower dimension). According to Corollary 2.2, the
reductions (4.4) and (4.5) of discrete KP each admit a Lax representation, with L x L and
min (L,2M) x min (L,2M) Lax matrices respectively. However, in these cases there is also
a 2 x 2 Lax representation, derived from the Lax representation of the lattice KAV equation.
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The lattice KAV equation (4.1) admits a zero curvature representation with a 2 x 2 Lax pair.
Specifically, equation (4.1) is equivalent to

L(Vijs1, Vi 1,001, AM Vi, A) = M(Vier 1,6, AL (Viets Vg1, A)s (4.6)

where A is a spectral parameter and

L(v,vm):(V‘ﬁ A>7 M(vw:(v §>. (4.7)

0 1@

It is well known that the Lax representation of quadrilateral lattice equations gives rise to
Lax representations of their periodic reductions (see, e.g., [25] and references). Hence, a 2 x 2
Lax representation can be obtained for the (L, M) periodic reduction (4.2) and consequently for
the corresponding discrete KP reductions, as well as their associated U-systems. First integrals
of these systems are derived from the spectrum of their corresponding monodromy matrix.

4.2 Example: a discrete KdV reduction of order 5

The Liouville integrability of (4.2) in the case L =4, M = 1 follows from the results of [14], so
here we consider a different example of order 5, namely the case L = 3, M = 2. In the latter
case, the recurrences (4.4) and (4.5) become

Tm+8Tm = —OTm46Tm+2 + BmTm+3Tm+5, Bm+2 = Bm, (4'8)
/ / /
Tm+7Tm = QTm4Tm+3 + By Tm+2Tm+5, Bm+s = Bms
respectively.

In each case, the associated exchange matrix B has rank 4. The corresponding U-systems
are obtained by setting

TmTm+4 / T Tm~+3

Uy = ———————, Uy, = ——————, (4.10)
Tm+1Tm+3 Tm+1Tm+2
to get
UmUm+1Um+2Um4-3Um+4 = Bm — AUM+-2, (411)
o / 2.1 / ol 1
Uy U1 (U 42) Ui 43Uy 4 = B Upngo + @, (4.12)

respectively. By Theorem [6], the latter are equivalent to iteration of 4-dimensional birational
symplectic maps g&% , j =1,2, where

Bo —au2>

A (1)
Gy (uo, ur, ug, uz) = | ur, ug, us,
Uouiu2U3

/o

N Y Y AN I 04'"50“2

®o (u07u17u27u3)— Uy, Ug, U, u’u’(u’)Qu/ ’
0%1\™%2 3

respectively (we have just written the case m = 0), with the nondegenerate Poisson bracket
being specified by

{ujujrtr =0, {ujujpahr = wjujee,  {uj,u43h = —ujujps (4.13)
for the first one and
{u;-, u;»_H}g =0, {u;, u;-+2}2 = u;u;_i_Q, {u;, u;-+3}2 = —u;-u;+3 (4.14)

for the second. Observe that the two brackets (4.13) and (4.14) are identical.
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On the other hand, from Proposition 4.2, by setting

TiTivs
vj = It (4.15)
Tj+2Tj+3

the discrete KP reductions (4.8) and (4.9) both yield the (3,2) periodic reduction of the lattice

KdV equation, which is equivalent to the 5-dimensional birational map

1 1
(U05U1a02503av4) = | V1,V2,VU3,V4,00 T X | — — — . (416)
V3 V9

Lax representation and first integrals. Corollary 2.2 produces a 3 x 3 Lax representation
for both (4.8) and (4.9), and for their corresponding U-systems (4.11) and (4.12), with a trigonal
spectral curve. However, it is more straightforward to apply the (3,2) periodic reduction to the
discrete KdV Lax pair (4.6), directly giving a Lax pair for (4.16) in terms of the coordinates v;,
which can then be rewritten in terms of the u; or u; as desired.

The monodromy matrix of the (3,2) KdV periodic reduction, obtained by the staircase
method [25], is

M(vo, v1,v2,v3,v4; A) = M(v3)L(v1, v3) M (vs)L(v2, v4)L(v0, va),
where the 2 x 2 matrices M and L are given in (4.7). The map (4.16) satisfies the equation
M(”Oa v1, V2, U3, 1)4)[' — EM(Ul, V2, V3, V4, U5),

where
L= L(Uo,UQ)_IM(U5)L(’()3,U5)L(U1,Ug) and V5 = Vg + « < - > .

The associated hyperelliptic spectral curve in the (A, ) plane is of genus 2, being given by
det(M(A) — u) = p> =TT\ — A*(A —a)® = 0,

where the trace of the monodromy matrix M(\) = M (vg, v1, v, v3,v4; A) has the form
TI(\) = Ha\? + Hi\ + Ho.

From the trace of the monodromy matrix we find three functionally independent first integrals
for the map (4.16), which are conveniently chosen as

I =T1(0) = Hy, Iy=Hy, I3=T(a)= Hya*+ Hia+ Hy,

so that they have the explicit form

1
L= _U—Q(a — vov2) (o — v1v3) (@ — v2vy),
«

V2
I3 = UQ(OZ + 1101)3)(04 + ’U1'U4).

In order to obtain the corresponding first integrals in terms of the variables for the two
different U-systems, we compare (4.10) with (4.15) to see that we can write the variables
for (4.16) in two different ways, as

o /
Um = UmUm+1 = UpyUpy 11Uy 9-
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Now to pull back Iy, I, I3 to the first U-system, we must iterate the recurrence (4.11) to get

Bo — aus p1 — aus
=" "= vy = ——.

, (4.17)
UGUL U2 Uru2u3

Vo = upu1, U1 = uru2, V2 = U2u3, v3

In that case, we find that Iy, I are two independent functions of the u;, while pulling back the
third integral yields

I3 = Poph, (4.18)
which is a trivial first integral for the symplectic map @&P. Similarly, by iterating the second
U-system (4.11), we obtain

/!
o+ Blu
Y Y _ oUg
Vg = UgU7Us, U] = U UYUS, V2= (4.19)

0t U

!, / !l !0 I\2,,/

vy = & + Bruy vy = afy + ByPauy + auguy (up) uy
ujuguy ausus + fy(up)?u

The quantities I, I3 pull back to two independent functions of the u;, while for the first quantity
we find a trivial first integral of the symplectic map @,(ﬁ), namely

I = ByB153- (4.20)
Bi-Hamiltonian structure and Liouville integrability. From (the pullbacks of) the
formulae for I, I> one can verify directly that, as functions of u;, they are in involution with

respect to the bracket (4.13), which implies that the symplectic map cﬁ%) is Liouville integrable.

Similarly, one can check that the same conclusion holds for @52’, by using (4.14) to verify that
{I,I3}2 = 0. However, there is another way to obtain this result, by lifting the brackets for
both U-systems to obtain two different Poisson structures for (4.16).

From the first U-system, using the formulae (4.17) we find that the Poisson bracket {, };

in (4.13) pushes forward to a bracket in 5 dimensions (denoted here by the same symbol):

{vo,v1}1 = vovr, {vo, v2}1 = vov2,

{Uo, 123}1 = —UV3 — Q, {1)(),7)4}1 = —UoV4. (4.21)
The quantities I, I, I3 found from the trace of the monodromy matrix are in involution with
respect to the bracket (4.21). This Poisson bracket has rank 4, with I3 as a Casimir (this follows
from the expression (4.18): a constant function of the u; must lift to a Casimir).

Similarly, pushing forward the second U-system, using the formulae (4.19) we find that the
Poisson bracket in (4.14) lifts to

{Uo, U1}2 = Vo1, {Uo, U2}2 = VoU2 — &, (4.22)
2
«

{Uo, U3}2 = —YgV3, {Uo, ’U4}2 = —VoV4 + ﬁ (4.23)
2

Once again, this is a bracket of rank 4, with I; as a Casimir (as follows from (4.20) above). One
can show directly that I, I3 provide two more independent commuting functions of v; with
respect to the bracket {, }o given by (4.23).

It turns out that these two brackets for (4.16) are compatible, in the sense that their sum
(and hence any linear combination) also satisfies the Jacobi identity, so is also a Poisson bracket.
In fact, we observe that the difference of the Poisson brackets

{ds={h—-{ (4.24)
coincides (under the transformation v; — v% and by inserting the parameter «) with the one
that is derived from the Lagrangian structure of the lattice KdV equation, recently presented

n [24]. Thus we see that the map (4.16) has a bi-Hamiltonian structure, and the sequence of
first integrals Iy, Is, I3 gives a finite Lenard—Magri chain.
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4.3 Comments on the integrability of the general case

In the case M = 1, the Liouville integrability of (L, 1) periodic reductions of discrete KdV
was proved in [14]. However, the Liouville integrability for the case of general (L, M) will
be the subject of a future publication, and we only comment on it briefly here. The Liouville
integrability of the corresponding U-systems follows from the Liouville integrability of the (L, M)
periodic reduction of the lattice KdV equation (and vice-versa). For all (L, M) we find that
the two U-systems are of the same dimension and preserve the same log-canonical symplectic
structure.

For L + M odd, we can always find two compatible Poisson structures {, }; 2 for the variab-
les v,,, whose difference (4.24) coincides with the bracket obtained from a discrete Lagrangian
in [24]. Here we just state the corresponding theorem.

Theorem 4.4. Let L, M be coprime with L > M > 1 and L+M odd. For0<i<j < L+M-1,
the brackets

Cj—iVivj, J—i# L,
{vi,vih = .
cj—iVivj +cyo, j—i =1L,
Cj—iU;Vj, j —1 75 k‘M,
) - k -2 . .
cj—ivivj + cp(—a) Hvi—s-lM’ j—i=kM,
=1
where

k
= (-1, with h = i mod (N + M),

fork=1,...,L+M —1, define two compatible Poisson structures on CFtM of rank L+ M — 1
preserved by the map

1 1
(Uo,Ul,...,vL+M_1>'—> V1,V2,...,00 +t | — — — ,

V1, VM
corresponding to the (L, M) periodic reduction of the lattice KdV equation.

The proof of this theorem, as well as the detailed description of the U-systems in the general
case, will be presented elsewhere.

In the case where L 4+ M is even the situation is slightly different. In this case the U-systems
are (L + M — 2)-dimensional maps but can be lifted to a space of one dimension higher. In this
(L + M — 1)-dimensional space there is an invariant bi-Poisson structure that ensures Liouville
integrability. The integrability of the lifted maps implies the integrability of the initial U-systems
as well as that of the corresponding (L, M) reductions of the discrete KdV equation.

5 Conclusions

We have described the general properties of plane wave reductions of the Hirota—Miwa (discrete
KP) equation (1.1), and have considered two special families of such reductions that correspond
to travelling waves of certain lattice equations, of discrete Toda and discrete KAV type, respec-
tively. Both of these families admit a 2 x 2 Lax representation that gives rise to hyperelliptic
spectral curves, whose coefficients are first integrals of the corresponding maps. This is in
addition to the Lax pairs obtained in Corollary 2.2, which are generally of larger size.
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The plane wave reductions of the discrete KP equation yield finite genus solutions, and in
that case the equation (1.1) itself corresponds to the Fay trisecant identity for the theta function
of the spectral curve [26]. The Fay identity can also be used to derive corresponding solutions
of continuous soliton equations via a limiting process [22, 23], so in a sense the discrete Hirota
equation (1.1) is more fundamental than its continuous counterparts.

It is interesting to note that the discrete Toda and discrete KdV families exhaust all the
discrete KP reductions up to order 7, i.e. all the three-term Somos recurrences up to Somos-7.
If we proceed to higher order discrete KP reductions, then new families appear. For example,
the three-term Somos-8 recurrence

Tm+8Tm = OTm+7Tm+1 + BTm+5Tm+3

is neither of Toda nor of KAV type: it belongs to a different family of recurrences associated with
periodic reductions of a Boussinesq type lattice equation. Concerning three-term Somos-9 and
Somos-10 recurrences, all cases except one are included in the Toda, KdV or Boussinesq families.
Further details of the Liouville integrable maps arising from these and the other families will be
the subject of future work.

Acknowledgements

Some of these results first appeared in the Ph.D. Thesis [28], which was supported by EPSRC
studentship EP/P50421X /1. ANWH is supported by EPSRC fellowship EP/M004333/1.

References
[1] Braden H.W., Enolskii V.Z., Hone A.N.W., Bilinear recurrences and addition formulae for hyperelliptic
sigma functions, J. Nonlinear Math. Phys. 12 (2005), suppl. 2, 46-62, math.NT/0501162.

[2] Date E., Jimbo M., Miwa T., Method for generating discrete soliton equations. III, J. Phys. Soc. Japan 52
(1983), 388-393.

[3] Doliwa A., Lin R., Discrete KP equation with self-consistent sources, Phys. Lett. A 378 (2014), 1925-1931,
arXiv:1310.4636.

[4] Fock V.V., Goncharov A.B., Cluster ensembles, quantization and the dilogarithm, Ann. Sci. Ec. Norm.
Supér. (4) 42 (2009), 865-930, math.AG/0311245.

[6] Fomin S., Zelevinsky A., The Laurent phenomenon, Adv. in Appl. Math. 28 (2002), 119-144,
math.CO/0104241.

[6] Fordy A.P., Hone A.N.W., Discrete integrable systems and Poisson algebras from cluster maps, Comm.
Math. Phys. 325 (2014), 527-584, arXiv:1207.6072.

[7] Fordy A.P., Marsh R.J., Cluster mutation-periodic quivers and associated Laurent sequences, J. Algebraic
Combin. 34 (2011), 19-66, arXiv:0904.0200.

[8] Gekhtman M., Shapiro M., Vainshtein A., Cluster algebras and Weil-Petersson forms, Duke Math. J. 127
(2005), 291-311, math.QA /0309138.

[9] Hietarinta J., Joshi N., Nijhoff F.W., Discrete systems and integrability, Cambridge Texts in Applied Mathe-
matics, Cambridge University Press, Cambridge, 2016.

[10] Hirota R., Nonlinear partial difference equations. I. A difference analogue of the Korteweg—de Vries equation,
J. Phys. Soc. Japan 43 (1977), 1424-1433.

[11] Hirota R., Discrete analogue of a generalized Toda equation, J. Phys. Soc. Japan 50 (1981), 3785-3791.

[12] Hone A.N.W., Inoue R., Discrete Painlevé equations from Y-systems, J. Phys. A: Math. Theor. 47 (2014),
474007, 26 pages, arXiv:1405.5379.

[13] Hone A.N.W., Kouloukas T.E., Quispel G.R.W., Some integrable maps and their Hirota bilinear forms, in
preparation.


https://doi.org/10.2991/jnmp.2005.12.s2.5
https://arxiv.org/abs/math.NT/0501162
https://doi.org/10.1143/JPSJ.52.388
https://doi.org/10.1016/j.physleta.2014.04.021
https://arxiv.org/abs/1310.4636
https://doi.org/10.1007/978-0-8176-4745-2_15
https://doi.org/10.1007/978-0-8176-4745-2_15
https://arxiv.org/abs/math.AG/0311245
https://doi.org/10.1006/aama.2001.0770
https://arxiv.org/abs/math.CO/0104241
https://doi.org/10.1007/s00220-013-1867-y
https://doi.org/10.1007/s00220-013-1867-y
https://arxiv.org/abs/1207.6072
https://doi.org/10.1007/s10801-010-0262-4
https://doi.org/10.1007/s10801-010-0262-4
https://arxiv.org/abs/0904.0200
https://doi.org/10.1215/S0012-7094-04-12723-X
https://arxiv.org/abs/math.QA/0309138
https://doi.org/10.1017/CBO9781107337411
https://doi.org/10.1017/CBO9781107337411
https://doi.org/10.1143/JPSJ.43.1424
https://doi.org/10.1143/JPSJ.50.3785
https://doi.org/10.1088/1751-8113/47/47/474007
https://arxiv.org/abs/1405.5379

On Reductions of the Hirota—Miwa Equation 17

(14]

(15]

(16]

(17]

=

Hone A.N.W., van der Kamp P.H., Quispel G.R.W., Tran D.T., Integrability of reductions of the discrete
Korteweg—de Vries and potential Korteweg—de Vries equations, Proc. R. Soc. Lond. Ser. A Math. Phys.
Eng. Sci. 469 (2013), 20120747, 23 pages, arXiv:1211.6958.

Inoue R., Nakanishi T., Difference equations and cluster algebras I: Poisson bracket for integrable difference
equations, in Infinite Analysis 2010 — Developments in Quantum Integrable Systems, RIMS Kokyiroku
Bessatsu, Vol. B28, Res. Inst. Math. Sci. (RIMS), Kyoto, 2011, 63-88, arXiv:1012.5574.

Jeong 1.-J., Musiker G., Zhang S., Gale-Robinson sequences and brane tilings, in 25th International Confer-
ence on Formal Power Series and Algebraic Combinatorics (FPSAC 2013), Discrete Math. Theor. Comput.
Sci. Proc., AS, Assoc. Discrete Math. Theor. Comput. Sci., Nancy, 2013, 707-718.

Krichever 1., Lipan O., Wiegmann P., Zabrodin A., Quantum integrable models and discrete classical Hirota
equations, Comm. Math. Phys. 188 (1997), 267-304.

Maeda S., Completely integrable symplectic mapping, Proc. Japan Acad. Ser. A Math. Sci. 63 (1987),
198-200.

Maruno K., Quispel G.R.W., Construction of integrals of higher-order mappings, J. Phys. Soc. Japan 75
(2006), 123001, 5 pages, nlin.SI/0611020.

Mase T., Investigation into the role of the Laurent property in integrability, J. Math. Phys. 57 (2016),
022703, 21 pages, arXiv:1505.01722.

Miwa T., On Hirota’s difference equations, Proc. Japan Acad. Ser. A Math. Sci. 58 (1982), 9-12.

Mumford D., Tata lectures on theta. II. Jacobian theta functions and differential equations, Progress in
Mathematics, Vol. 43, Birkh&user Boston, Inc., Boston, MA, 1984.

Taimanov I.A., Secants of abelian varieties, theta functions and soliton equations, Russian Math. Surveys
52 (1997), 147218, alg-geom/9609019.

Tran D.T., van der Kamp P.H., Quispel G.R.W., Poisson brackets of mappings obtained as (¢, —p) reductions
of lattice equations, Regul. Chaotic Dyn. 21 (2016), 682-696, arXiv:1608.08010.

van der Kamp P.H., Quispel G.R.W., The staircase method: integrals for periodic reductions of integrable
lattice equations, J. Phys. A: Math. Theor. 43 (2010), 465207, 34 pages, arXiv:1005.2071.

Vekslerchik V.E., Finite-genus solutions for the Hirota’s bilinear difference equation, nlin.S1/0002005.
Veselov A.P., Integrable mappings, Russian Math. Surveys 46 (1991), no. 5, 1-51.

Ward C., Discrete integrability and nonlinear recurrences with the Laurent property, Ph.D. Thesis, Univer-
sity of Kent, 2013.

Zabrodin A.V., Hirota difference equations, Theoret. and Math. Phys. 113 (1997), 1347-1392, solv-
int/9704001.


https://doi.org/10.1098/rspa.2012.0747
https://doi.org/10.1098/rspa.2012.0747
https://arxiv.org/abs/1211.6958
https://arxiv.org/abs/1012.5574
https://doi.org/10.1007/s002200050165
https://doi.org/10.3792/pjaa.63.198
http://doi.org/10.1143/jpsj.75.123001
https://arxiv.org/abs/nlin.SI/0611020
https://doi.org/10.1063/1.4941370
https://arxiv.org/abs/1505.01722
https://doi.org/10.3792/pjaa.58.9
https://doi.org/10.1007/978-0-8176-4578-6
https://doi.org/10.1007/978-0-8176-4578-6
https://doi.org/10.1070/RM1997v052n01ABEH001743
https://arxiv.org/abs/alg-geom/9609019
https://doi.org/10.1134/S1560354716060083
https://arxiv.org/abs/1608.08010
https://doi.org/10.1088/1751-8113/43/46/465207
https://arxiv.org/abs/1005.2071
https://arxiv.org/abs/nlin.SI/0002005
https://doi.org/10.1070/RM1991v046n05ABEH002856
https://doi.org/10.1007/BF02634165
https://arxiv.org/abs/solv-int/9704001
https://arxiv.org/abs/solv-int/9704001

