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This paper focuses on the design of adaptive finite reaching time control for first and second order
dynamic systems with perturbation terms given in a regressive form. The uncertainties considered here
are assumed to be bounded with unknown bounds. The proposed adaptive finite reaching time
controllers not only retain robustness to these disturbances, but also are continuous. The proposed finite
reaching time adaptive control algorithms are interpreted as continuous second order sliding mode
control laws. Simulation results demonstrate the efficacy of the proposed algorithms.

Keywords: adaptive control, finite reaching time, second order sliding modes.
1. Introduction

Control in the presence of uncertainty is one of the main topics of modern control theory. The design of high
performance controllers often requires knowledge of the plant dynamics. The most desirable control systems
are those that perform well amidst modeling inaccuracies, parametric uncertainties and external disturbances.
Sliding mode control (SMC) (Edwards et al., 1998; Utkin et al., 1999; Utkin & Lee, 2007) and robust
adaptive control (Sastry & Bodson, 1989; Astolfi et al., 2008) remain, probably, the most popular methods
for handling bounded uncertainties/disturbances and unmodeled dynamics with known (SMC) and unknown
(adaptive control) bounds. Classical sliding mode control (that is applicable to systems of relative degree 1)
drives the state variables to the sliding surface in finite time and keep it there thereafter in the presence of
bounded (with known bounds) matched uncertainties and disturbances. Thus, the system’s dynamics,
compensated by SMC, are invariant to matched bounded disturbances/uncertainties at the price of high
frequency switching control. Adaptive classical and second order sliding mode control (that is applicable to
systems of relative degree 2 with dynamically varying gains, achieve finite time stabilization of the sliding
variable in the presence of bounded disturbances/uncertainties with unknown bounds. However, the control
function still involves high frequency switching (see, for instance, Plestan et al, 2010) or the high frequency
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switching control action is hidden behind an integral term (see, for instance, Bartolini et al, 1999; Shtessel et
al, 2010c). Classical adaptive control algorithms are robust to disturbances/uncertainties presented in a
regressive format with unknown bounds (Sastry & Bodson, 1989; Astolfi et al., 2008). Note that classical
adaptive control is continuous and usually does not contain discontinuous control terms and provides
asymptotic convergence only. The distinctive feature of second order sliding mode control (2-SMC) is its
ability to provide finite time convergence to zero not only to the sliding variable, but also to its derivative in
the presence of bounded disturbances/uncertainties. The main advantage of 2-SMC becomes clear when it is
implemented in discrete time: the accuracy of the sliding variable stabilization is enhanced and is

proportional to 12, where 7 is the time increment. It is worth noting that 2-SMC, including twisting and
prescribed convergence law control algorithms (Levant, 2003)), generates high frequency switching control
or continuous control with high frequency terms hidden behind the integral as in the super-twisting control
algorithm (Levant, 2003; Bartolini et al, 1999). Thus, 2-SMC super-twisting control alleviates chattering.

In this paper, we consider the problem of designing continuous adaptive control for first and second order
systems that drives the state variable and its derivative to zero in finite time in the presence of bounded
disturbances presented in a regressive form with unknown bounds (the preliminary results are presented in
the conference proceedings: (Shtessel et al, 2009, Shtessel et al, 2010a, 2010b)) in order to enhance the
stabilization accuracy. The control action is not supposed to contain any discontinuous terms and eliminates
chattering. The designed control law can be interpreted as continuous second order sliding mode control.

The paper is organized as follows. In Section 2, we define the problem statement. Then in Section 3, we
discuss a theorem for generating continuous control and its modified version and application with adaptation
to an arbitrary order system. In Section 4, we present the main results for a class of first order systems. In
Section 5, we present the results for finite time convergence for a variety of second order systems. In Section
6, we illustrate the design methodology for all cases via numerical examples, and finally in Section 7, some
concluding remarks are outlined.

2. Problem statement

Consider a single-input-single-output (SISO) uncertain n™ order nonlinear system

XM = f(X,t)+u (2.1)
where xeR is the output, ueR is the control function, X =[X,%,,..,X,] is a state vector with
X=X, szz,...,x(”'l) =X,, and f(X,t)eR is a differentiable, partially known drift function. The
partially known function f(X,t) is assumed to be presented in a regressive form

fF(%,) =0" p(X,1) 2.2)
where @ <R™ is an unknown bounded constant vector of parameters with unknown bounds, and

o(x,t) e R™ is a known vector-function.
Consider an augmented system defined as

XM = 9T (X, t) +u

A (2.3)
0=w
The problem is to design an adaptive continuous state feedback control law
u=u(x,o), o=aX0) (2.4)
that drives X(t), X(t), ........, X" () > 0 or X;(t), X (t),........, X, (t) = O in finite time.

3. Finite reaching time continuous control



In the work of (Bhat & Bernstein, 2005), a continuous finite convergence time nonlinear control was
developed for non-perturbed arbitrary order systems. This result is formulated in the following theorem:

THEOREM 1: Letky,ky...kn >0 be such that the polynomial A(S) = s+ knsn_1 +..KyS +ky is Hurwitz,
and consider the system

X=X
Xo = X
273 (3.1)
Xn =Uu

then there exists a constant & < (0,1) such that for every ¢; € (1-¢&,,1), the origin is a globally finite time
stable equilibrium for the system (3.1) under the feedback law
(04
u =—k1|x1|a,/l sgnxg —.....—Kn [Xn| " sgn xp (3.2)

where the coefficients ay,ay...ap satisfy

a; oG
gg=- L j=2 n (3.3)
20441 —

with A =land ap =a.
COROLLARY 1: Let Ky,ky....kn >0 and y1,75...,yn >0 be such that the polynomial

~ 1 . (g,

AG) ="+ puns" Tk s+, p =K%Y 4y (3.4)
where |%|> & >0, i=12,...,n, is Hurwitz, then the control law

(04
u=—k |x1|a1 SgN X| — ...~k [Xn | 1 59N xq —1X 9% ==Xy (3.5)
provides finite time stabilization to the origin of system (3.1).

Sketch of the proof. The rational behind replacing the finite time convergent control law (3.2), (3.3) by the
the control law (3.3), (3.5) is that the control law (3.5) is more receptive to the large initial conditions of the
system’s (3.1) states. The advantage of the proposed control format is that the linear control terms 7% will

dominate over the corresponding nonlinear control terms —k; |xi|0(i sgnx; for |xi|>1 that yields faster
asymptotic convergence of the states X; driven by the control law (3.5) rather then by the control law (3.2).
On the other hand, the nonlinear control terms —k; |xi |0’i sgn x; will dominate over the linear ones y;x; for

|xi| <1 that yields finite time convergence in accordance with Theorem 1. Analyzing system’s (3.1), (3.3),

(3.5) dynamics the 2 cases are considered.
Case 1. Assume |Xi|35i <<1, & >0, i=12,..,n. The control law (3.5) can be presented in a form

n
u:—Z(ki|xi|ai_1 +7;)%;. Then, the choice of the gains ki >> yigil_a‘ (these conditions are not
i=1

conservative and are easy to fulfill, since &; are small positive numbers) provides the domination of the

nonlinear  terms —ki|xi|0"sgnxi that yields finite time convergence in the domain

|%|<& <<1, & >0, i=12,..,n inaccordance with Theorem 1.



Case 2. Assume |x;| > ¢; . Linearizing system (3.1) in the points X; = %j, |%|>& we obtain a characteristic
polynomial of compensated system (3.1) as

X n n-1 5 ¢

AS)=s" +uns" "+t s+, =K K[+
Let the gains of this polynomial 4 (Kj,7j)>0 be such that the polynomial is Hurwitz. Then the

corresponding gains K;,y; are to be selected accordingly. The conditions kj >> gil_“i also must be taken

into account. It was stated before that these conditions are easy to fulfill, since &; are small positive
numbers. Then X; — O as time increases. As soon as |xi|s & the nonlinear terms start dominating and the
finite time convergence is provided (see Case 1). It is worth noting that for ¢j =1, i=12,...,n the
polynomial (3.4) becomes A(s) =s" +(k, +7/n)sn_l+...+(k2 +79)s+k; + 7 . Then the control law (3.5)

provides only asymptotic convergence. The detailed study of the control law (3.5) for n=1 using the
Lyapunov function technique is provided in the proof of Theorem 2 that is presented in Section 4.

3.1 The known-parameter finite reaching time controller design

Assuming that the parameter vector @ is initially known, and then the control law can be designed for system
(2.3) in the form

. (24 —
U =—Ky [%,| "L sgn x; —...— Ky X, 77 89N X, =733 = 75X == 70X, —0T p(x,1) (3.6)

It is easy to see that the compensated dynamics of system (2.3) in an n™ order differential equation format

becomes
o
XM — Ky |x|a1 sgn X —.....—kp ‘x(n_l)‘ " sgn x("D) — 7 X=X ==V x("-D) (3.7)

and the origin is a globally finite time stable equilibrium in accordance with Corollary 1 of Theorem 1 if the
coefficients ky,ko....,kn >0 and y;,7,..,yn >0are selected in such a way that the polynomial (3.4) is

Hurwitz.

3.2 Adaptive nonlinear control law with finite time convergence

Assume that the known function ¢(X,t) € R™M does not depend explicitly on time, i.e. ¢(X,t) = ¢(X) and can
be factorized as ¢(X) :|xn |1/2 w(Xn), where w(xy)e R™M is a known vector-function. Introduce an

estimated parameter é, and the adaptation vector function S(xp) e R™M | such that the adaptive control law
is constructed as

Introduce an auxiliary variable ze R™ according to
2=0-0+B(Xy) (3.9)

where £ = B(x,) is a vector-function to be determined. Its dynamics are given by



s b dﬁi:n) i =6+ 2200 T ) o2 (04 0| O
—ky |xq|* sgn % —.....— Ky |xn| " SN Xy — 71X — Y2 X9 == VnXn] (3.10)
—0+ d’g)((:”) [—le//(xn)|xn|1/2 —ky [% | sgn % —....— Ky x| " sgn x, -
7%= 72Xz == Vn¥nl
Define the following adaptation law for the parameter 6
0= dﬁ(xn) [k1|x1|a1 SON X +.ecct- K [ X |1 SO X0 + 7750 +79X0 +.t ] (3.11)
dxn

Then the compensated dynamics of the auxiliary variable z are

7= dﬂ(x”) wT o) } (3.12)

Stability of the auxiliary variable compensated dynamics (3.12) can be achieved by selecting g = £(x,) so
that
d
2E00) 0T (9= >0 (3.13)
Xn

Rmxm

where Q(X) € is a positive semi-definite matrix. For instance, if the vector-function £(xn) is defined

as

dB(xn) _ 1 (%) (3.14)
dxp 450 [¥n|

then the semi-definite matrix Q e R™™ in eq. (3.13) has the form
1 T
Q(Xn):4—'l//(xn)‘l// (Xn) (3.15)
70

Finally, the dynamics of the adaptive system in (2.3), governed by the adaptive control law in (3.8), (3.11),
(3.14) can be written as

n 1/2
xl()z—sz//(xn)|xn| —k1|x1|a15gnx1— ..... —kn|xn| SON X — 71X — 72X — .= nXn] (3.16)
2 =-Q(xn)z

4. Adaptive control law with finite time convergence for first order system

In this subsection we study system (2.3) in the special case when n=1. The adaptive control law in (3.8),
(3.11), (3.15) can be written in the form



- A T 1/2
u(x,0) = —[0+ﬂ(x1)} W (X)) %y —k1|x1|“l sgn X — 7%
A d B(x
0 = —p()j(x 1) [k1|x1|a1 sgn X + 7% (4.1)
dp(x)  _ 1 y(x) —
dx 4y, |X1|1/2

Therefore, the dynamics of the adaptive system in (3.16), with n=1 and with the adaptive control law in
(4.1) becomes

¥ = —ZTW(X1)|X1|1/2 — 71—k x| “Lsgnxg

2=-Q(x)z
THEOREM 2: For the system given in (4.2) x(t), Xx(t) — 0 in finite time, while z(t) — 0 as time increases.

4.2)

Proof. The proof is split into two steps. In the first step we will show that zT«//(x) —0, x>0 as time
increases. In order to do this the following Lyapunov function candidate is introduced.
Vp =V, +%sz, Vy = x| (4.3)
Its derivative is calculated on the trajectory of eq. (4.2) as
T

V) =% -sign(x)+2' 2

. 1
= 2Ty () a2 sign(x) — 71 x| kg x4 o 2y O (%)2

: 1 2 4.4
:_ZTW(X1)|X1|1/2 s|gn(x1)—71|X1|—4—)/1(ZT,/,(X1)) —k1|x1|0!1 (4.4)

2
1(1 i
- _7_1(5 21 y(x) +y1|X1|1/2 Slgﬂ(Xl)j —kq |1

Based on (4.3) and (4.4), it can be observed that zTy/(xl) — 0, % — 0 astime increases. Furthermore, z(t)
remains bounded due to (3.12) and (4.2). Also, it is not imperative that y(x) — 0 as x; —> 0 . However if

we assume the entries of the vector-function y(x) are linearly independent, then zTy/(xl) -0, ;>0
yields V; <0 , and hence z — 0 as time increases.

Next, we will prove that x; — 0 in finite time. Indeed, since sz//(xl) — 0 asymptotically, there
exists a time instant t; such that ‘ZT(//‘S ki—n Vt>t; where 7 is a positive scalar satisfying 7 <k,.
Consider V, =|x1| as a candidate Lyapunov function to demonstrate finite time convergence of x, in eg.
(4.2) to the origin.

o =% -sign(x) =—2" y(x) x|~ sign(x) -1 x|, — kg x| 45)
1/2 1/2 '
<2y o) i =l -kl < 2T vl -kl
Since it is proven that x — 0 as time increases, then there exists a time t =7z such that |x1| <1l vter.
Therefore, bearing in mind that 0 < o < 0.5, it follows that —ky |x |1 < —k1|x1|1/2 Vx| <1
Now inequality (4.5) yields Vt>t > ¢



1/2 1/2 1/2 1/2

< ( 7T l//(xl)‘ _ k1)|x1| <12 (4.6)

It follows that x; (t) converges to the origin in finite time t, that is estimated as:

i, <2vi2(g) (4.7)
n

Vy < ZT‘//(Xl)“X1| —ky | <-n|x|

From eq. (4.2), as soon as X (t) reaches zero, X,(t) = % (t) reaches zero as well. Consequently Theorem 2 is
proven.

5. Adaptive control law with finite time convergence for second order system: Case 1

In this subsection, system (2.3) is studied with n = 2. For such a system, the target finite convergent
time compensated dynamics are obtained from eq. (3.7) as
o o a
% =715~ 72%2 — ke [x|™ sgn X —kz| x| sgn %o (5.1)
X = Xl

The adaptive control law in (3.8), (3.11), (3.14) can be written in the form

. . T
u(xq, Xp,6) =—[9+ﬂ(xz)} ',1/(X2)|X2|1/2 —kq x| sgn % —ko [ x| 2 sgn X5 = 11% — 72%

A dB(x
0 = %[kﬂxﬂ“1 sgN X + ko [Xo| 2 SAN Xy +71% + 72% ] (5.2)
2

da(x) _ 1 w(x)
do 40 |x['?

and the dynamics of the adaptive system becomes

Xl = X2

; 1/2 a

%o =-2" w(x)|x[ "~k |x1|0ﬁ sgn g —Kp [Xo| 2 sgn xp — 14 — 2% (5.3)
1=-Q(x)z

THEOREM 3: For the system given in (5.3) x(t), X, (t) > 0 in finite time, while z(t) >0 as time

increases.
Sketch of the proof. The proof largely follows the steps of the proof for Theorem 2. In the first step we can

show that sz//(xz)—>0, X >0, x, >0 as time increases using the Lyapunov function
1T . .
Vlzol|x1|+c2|x2|+§z z, ¢,¢p>0. In the second step, it can be proven that x; —0, xp —0 in

finite time by using another Lyapunov function candidatev2 = ‘Xl‘ +‘x2‘ :

Remark 1. Note that the adaptive control law (5.2) can be interpreted as adaptive continuous second order
sliding mode control since Xq (t), % (t) — 0 in finite time in the presence unknown bounded disturbance term

HT q)(XZ) with unknown bound.

5.1 Adaptive non linear control law for a second order system: Case 2



In this subsection, we study a special class of second order systems, where the single control u is split into
two controls u;andu, , each appearing separately in the equations governing the system.

Consider the following second order system

X =Xy +Uy
T (5.4)
Xo = o ¢(x2)+u2
where X =[x, %, ]T is the state vector, U= [ul,uz]T is the control vector, # € R™ is a bounded unknown
vector of parameters with unknown bounds, and @(x,) € R™ is a known vector-function. Assume @(x,) can
be factorized as ¢(x,)=|x, |1/2 w(Xy) , where y(x,) e R™ is a known vector-function.
5.1.1 The known-parameter nonlinear controller design.
Consider the cascade dynamics
. a
%, =X, — o |%|" sgn(x,)
a
" SgN(x,) = 7%,
where o,a, >0, a €(0,1), a, €(0,0.5].

(5.5)
X, =—a, |x2

It is easy to see that equation Xo = -0y ‘xz‘az sgn(x2) — 7%y is finite time convergent, i.e. Xp,%X>» —0 in

finite time t . Then equation ¥ = X, —al‘xl‘al sgn(x;) becomes % = —al‘xl‘al sgn(x;) vt=t which
is also finite time convergent, i.e. X;,% — 0 in finite timet; =t; +t,. Therefore, x;,%,,%,%,— 0 and
system (5.5) can be considered as a finite time convergent compensated target system for (5.4).
If the parameter & is known, the corresponding control law u =u(xq,X,,8) can be designed as

_ &
u{ up (%) }: o [xg |1 sgn(x) g0 (56)

Us (%, %p,6 a

2( 172 ) —¢9Tgo(x2)—)/x2—a2|x2| 2 Sgﬂ(Xz)
5.1.2 Adaptive nonlinear control law with finite time convergence.
Now suppose the parameter & is unknown. Introduce the estimated parameter é, and the adaptation vector-
function B(x,) € R™ so that the control law u, = u,(x, X,,6) in eq. (5.6) is constructed as

- A T a,
us (Xl,Xz,e) =—[9+ﬂ(X2):| (D(Xz)—)/XZ —ay |X2| sgn(xz) (5.7)
As before, introduce an auxiliary variable ze R™, where
z :é—0+ﬁ(x2) (5.8)

and thus

=0+
dX2 2 d2

Introduce the following adaptation law for the parameter &

04202 5y = SPOD T o)y - o2 swn0) | 69



a
(a2|x2| 2 sgn(x2)+7x2) (5.10)

The compensated dynamics of the auxiliary variable z are given by

Z.:_{dﬂ(xz)

)
s (XZ)} (5.11)

The stability of the auxiliary variable compensated dynamics in (5.11) can be achieved by selecting

B = f(x) so that W@T (X2) =Q(x2) >0, where Q(x,) e R™™ is a positive semi-definite matrix. For
X
example, if
dp(x) _ 1 (%)
dX2 4}/ |X2|
then

Q== wx) ¥ ().
4

Finally, the dynamics of the adaptive system in (5.4) becomes

% = —al‘xl‘al sgn(xy) + %, (5.12)
1/2

Ky =2 Wil gy ‘XZ‘az san(x;) (513)

;=002 (5.14)

It is easy to see that the adaptive system dynamics in (5.13), (5.14) coincide with the dynamics of adaptive
system (4.2). Therefore, the following theorem is formulated by analogy to Theorem 1:

THEOREM 4:  For the system given in (5.12), (5.13) and (5.14) xq(t), X5 (t), X, (t), X, (t) = O in finite time
while z(t) — 0 as time increases.

Proof. The finite time convergence X, (t), %o (t) — 0 and the convergence z(t) — 0 as time increases, can
be proven by analogy with the proof of Theorem 1. As soon as X,(t)=0 Vvt>t, , (5.12) becomes

xl =-a ‘xl‘al sgn(xl) and xq (t), % (t) = 0 in finite time. Theorem 4 is proven.

It is worth noting that the cascade dynamics in (5.5) are not the only possible smooth second order dynamics
with finite convergence time. Different smooth 2nd order finite time convergent dynamics are used next as
the target system and this yields another adaptive finite time convergent control algorithm.

Remark 2. Note that the adaptive control law (5.7) can be interpreted as adaptive continuous second order
sliding mode control since xq (t), % (t) — 0 in finite time in the presence unknown bounded disturbance term

0" o(x ) with unknown bound.

5.2 Finite reaching time adaptive nonlinear control for the second order system: case 3
The dynamics in system (5.4) is modified using a relative degree approach while introducing a scalar control

function u instead of the vector control function [ul, uz] . A presentation of the system’s dynamics in this
way makes sense, since it can be easily generalized for uncertain input-output dynamics with an arbitrary



relative degree. The following uncertain second order input-output dynamics are obtained by differentiating
first equation in eq. (5.4):

% =07 p(xq, %)+ (5.15)

where x e R is the state, u=1U; +U, € R is the control function, # € R™ is a bounded unknown vector of
parameters with unknown bounds, and @(x;,%) € R™ is a known vector-function. Assume @(x;,%) € R"

can be factorized as ¢)(x1,>'<1):|>'<1|1/2 w(%) , where y(%)eR™ is a known vector-function.

5.2.1 Known-parameter nonlinear controller design.

Equation (5.5) represents the finite time-convergent compensated target system for eq. (5.4). Therefore, we
use eg. (5.5) to obtain the target system for eq. (5.15) by differentiating first equation in eq (5.4). Finally, the
cascade finite time-convergent dynamics (5.5) is transformed to a finite time-convergent x;,% — 0 second

order differential equation

B a
] +(a1a1|x1|a1 1sgn(x1)j % +a2‘>'<1+a1|x1|al sgn(xl)‘ 2 sgn (% +a1|x1|a1 sgn(xl))

(5.16)

+7[ 3 +an g Sgn(xl))zo

where oy, @, >0, 3 €(0,1), a, €(0,0.5].

Given that the parameter & is known, the corresponding control law u =u(xy, %,#) can be designed for
system (5.15) as

u=-6"p(x, %) —(051'011|X1|arl Sgn(xl))xl
(5.17)

. 8 . a . a
—az‘xl +ag ||t sgn(xl)‘ sgn(x1+al|x1| ! sgn(xl))—y(x1+al|x1| ! sgn(xl))
Additional constraints needs to be imposed on the coefficients & and a,, otherwise the term

(alal |x1|a1_1 sgn (xl)j X can become discontinuous at x=0. Thus, as soon as
Xo (1) =% +oq |x1|a1 sgn (% ) — 0 in finite time, the variable x, satisfies equation % =-e; |x1|ai sgn (%)
and hence (0‘131 |x1|a1_1 sgn (xl)j ¥ = —a12a1 |x1|26‘1_1 sgn (%) (5.18)

Ensuring the following inequality
o, ay >0, y e(0.5,1), a, e(0,0.5] (5.19)

retains the continuity of the control function (5.17) at x; =0 while preserving the finite time convergence.

5.2.2 Adaptive nonlinear control law with finite time convergence

As before, introduce the estimate parameter 6 and the adaptation vector-function B(%)eR™ so

that the control law u = u(xq, %, é) in (5.15) is constructed as

10



., 8=~ 6+ o) | m)—[alal\xl\al_l sgn(xl))xl

sgn

| 2
gt e son(og) s i +en o Lo )|

Next, introduce an auxiliary variable z € R™
2=0-60+p(%)
It can be observed that its dynamics satisfy

x dA(x d
1= 2005 <5 LT )y () g

—yXo —atg |x2| 2 sgn(xo)l; X =% +a1|x1|a1 son (% )

0+

Let
A dp(x)
0= Xml (061611|><1|al Sgn(xl)jxl+a2|xz|259”("2)”)(2]
and hence
| dB(x) o
P (}) |z
X
Select

B = B(x) so that

il (11) T (%) = Q(ig) 20

where Q(%) e R™™ is a positive semi-definite matrix.. For instance,
dBGy) _ 1 p(%)
dg 4y |x

and Q =4—1y-w(>'<1)-wT (%)

—y >'<1+a1‘x1‘al sgn(xl))

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

Finally, the dynamics of the adaptive system (5.15), (5.19), (5.20), (5.23), (5.25) can be presented as

5(1 = —ZT Q(Xl) —(061&1 |X1|a1_1 sign(xl)) Xl

— X —ap |x2|a12 sign(Xp);  Xo =¥ + a1|x1|a1 sign (%)
7= —Q(Xl)Z

The adaptive system dynamics in (5.26) are equivalent to the dynamics of the adaptive system (5.12), (5.13),

(5.26)

(5.14) presented in a different basis. Hence, the following theorem is formulated by analogy to Theorem 4.

THEOREM 5: For the system given in (5.26) x(t), % (t) >0 in finite time while z(t) >0 as time

increases.
Proof. This can be shown by analogy to the proofs of Theorems 1 and 4.

Remark 3. Note that the adaptive control law (5.20) can be interpreted as adaptive continuous second order
sliding mode control since xq (t), %, (t) — 0 in finite time in the presence unknown bounded disturbance term

0T (p(Xz) with unknown bound.
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6. Simulation examples

The first and second order systems using adaptive control are simulated using a numerical example. The
parameter € remains unknown. However a value of 8 =10 is taken for simulation purposes for every case.
6.1 Finite convergence time adaptive SOSM control for the first order system
The first order control system (2.3) with n=1becomes

=07 p(x,t) +u 6.1)

The system is simulated using (3.12), (3.16) with n=1and the function @(x,t)= x> The function B is
selected as the solution of the differential equation d—'b7:ixsgn X , which is p’:ix2 ,while the
dx 4y 811
other parameters are selected as aq =1/2,7; =1, k; =1,x(0) =3, 6 0)=0
30 I I I I
| | | |—x
3 3 L dx/dt
20 T P-’Z‘(”’T””ﬁ ***** T 7
| oS |
: 02
10— o ST T N A S 7
| -0.44””4””\’4 ””” = |
\ } 4 16 8 !
0 2 4 6 8 10

Time(secs)
FIG.1. Time history of the state variable and its derivative in the first order system

4 6 8 10
Time(secs)
FIG.2. Time history of the ASOSM control in the first order system
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15

i i i :2stimated parameter
10 3 3 3 1
B[ f--anenen- oo s b oo .
% 2 4 6 8 10

Time(secs)
FIG.3. Time history of the parameter adaptation in the first order system

6.2 Finite convergence time adaptive SOSM control for the second order system, Casel
The second order control system (2.3) is studied with n =2 where
5(1 = X2

T (6.2)
Xg =6 ¢(X,%,t)+u

and the function @(xq,Xo,t) = xg .The adaptation function is selected as £ :8ix22 , while the value of
70
the parameters are aq =1/3, ap =1/2,y9 =1 =9 =1,k =10, ky =10, X1 (0) =5, X2 (0) = -2, 6 (0)=0 .
15

10

-5

0 2 4 6 8 10
Time(secs)

FI1G.4. Time history of the state variable, its first and second derivative in the second order system
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O R, R — 3
5 S ST e booeos -
ol P F I — .
1% 2 4 6 8 10

Time(secs)
FIG.5. Time history of the ASOSM control in the second order system

It is clear from Figs. 4-5 that x;, x,, %X, — 0 in finite time and stay at the origin thereafter in the presence of

the bounded disturbance with the unknown bound, while the finite convergent-time adaptive control law is
continuous/smooth.

6.3 Finite convergence time adaptive SOSM control for the second order system, Case?

Figs.6-8. show the response of the second order control system given by (5.4), (5.6), (5.7), (5.10) and

simulated with the function @(x,) = x%. The adaptation function S = £(x,) is selected as ﬂ=%x22,

Y
while the parameter values are & =2/3,a» =1/3,y =1, o1 =3, ap =3, ¥ (0) =5, x5 (0) =1,¢§(O) =0.
10 ! !
i 1 1 1 ! —X
O I i I 1
o L R T R
5 B 07! | | | ; 77737 7777777777 N
020
2 4 6 8 i
0 1 1 1
-5 1 1 1
0 4 6 8 10

Time(secs)
FIG.6. Time history of the state variables in the second order system, Case 2
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30y

| | | i —d(x,)/dt
200 T -
| | R d(x,)/dt

10

0]

10
-20

'300 2 4 6 8 10

Time(secs)
FIG.7. Time history of the derivatives of the state variables in the second order system, Case 2

40

200 SRR

A
o

T T
I I
| |
| |
| |
| |
o +

| |
| |
| |
| |
| |
.

| |
| |
| |
| |
| |

,,,,,,,,,,, a4 - - - - - - - - - _ - _________
| |
| |
| |
| |
| |
1 L

| |
| |
1 1

o 2 a 6 8 10
Time(secs)

FI1G.8. Time history of the adaptive controls in the second order system, Case 2

It is clear from Figs. 6-8 that x;, %, X,, %, — 0 in finite time and stay at the origin thereafter in the presence
of the bounded disturbance with the unknown bound, while the finite convergent-time adaptive control laws

are continuous. This means that the proposed adaptive nonlinear control law u e R? is a continuous vector
SOSM control.

6.4 Finite time adaptive SOSM control for the second order system, Case 3.
The second order control system given by (5.15), (5.20), (5.23) is taken with the function ¢(xq, %)= x12 .

While g :8iX12 , the other parameters are & =2/3,ap =1/3,y =1, 01 =6,a9 =8, % (0) =1, xp(0) = 4.
/4

The simulation of the second order system is shown in Figures 9-10. As can be seen from Fig.9,
X1, %, % — 0 in finite time and the system stays at the origin thereafter in the presence of the bounded
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disturbance. The corresponding continuous control law ueR (Fig. 10) can be interpreted as continuous
SOSM control.

10y : : : ‘
| : : : —X,
| | SR d(x it
§ § ? **************** d2(x /dt?| |
10, 2 4 6 8 10

Time(secs)
FIG.9. Time history of the state variable and its first and second order derivatives in the second order
system, Case 3

20

10

0

10 S |

0 2 4 6 8 10
Time(secs)
FI1G.10. Time history of the adaptive control in the second order system, Case 3

7. Conclusion

Adaptive continuous finite convergent-time second order sliding mode control laws have been proposed for
first and second order dynamic systems. These control algorithms completely eliminate chattering, since they
do not contain any discontinuous terms, while providing robustness to bounded disturbances with unknown
bounds.
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