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Abstract. In this paper we discuss open problems associated with the study of symmetry reductions and

exact solutions of differential equations.

1. Introduction

Nonlinear phenomena have many important applications in the natural and applied sciences. Essentially
all the fundamental equations of physics are nonlinear and, in general, are often difficult to solve explicitly.
Consequently perturbation, asymptotic and numerical methods are often used, with much success, to obtain
approximate solutions; however, there is also much current interest in obtaining exact analytical solutions.
These have many mathematical and physical applications, and are usually obtained either by seeking a
solution in a special form or, more generally, by exploiting symmetries of the equation. This last provides a
method for obtaining exact solutions of a given equation in terms of solutions of lower dimensional equations,
in particular, ordinary differential equations.

The classical method for finding symmetries and reductions of partial differential equations is due to Lie
(cf. [5, 69]). Suppose x, t are the independent variables, u the dependent variable, and u(`) denotes the set
of all the partial derivatives of order ` of u. To apply the classical method to the general Nth order partial
differential equation

(1.1) ∆ = ∆
(
x, t, u,u(1), . . . ,u(N)

)
= 0,

we consider the one-parameter Lie group of infinitesimal transformations in (x, t, u) given by

x̃ = x+ εξ(x, t, u) +O(ε2),

t̃ = t+ ετ(x, t, u) +O(ε2),(1.2)
ũ = u+ εφ(x, t, u) +O(ε2),

where ε is the group parameter. Requiring that (1.1) is invariant under this transformation yields an
overdetermined, linear system of equations for the infinitesimals ξ(x, t, u), τ(x, t, u) and φ(x, t, u). The
associated Lie algebra of infinitesimal symmetries is the set of vector fields of the form

(1.3) v = ξ(x, t, u)∂x + τ(x, t, u)∂t + φ(x, t, u)∂u,

where ∂x ≡ ∂/∂x etc. Though this method is largely algorithmic, it often involves a great deal of tedious
algebra and auxiliary calculations which can become virtually unmanageable if attempted manually, and so
symbolic manipulation programs have been developed to facilitate the calculations; an excellent survey of
the different packages presently available and a discussion of their strengths and applications is given by
Hereman [38].

Once a symmetry group is known, the reduction of the equation is obtained by first solving the invariant
surface condition

(1.4) ψ ≡ ξ(x, t, u)ux + τ(x, t, u)ut − φ(x, t, u) = 0,

using the method of characteristics. This typically yields u(x, t) = U(x, t, w(z(x, t))) where U and z are
known functions. Substituting this into (1.1) will then yield an ordinary differential equation for w as a
function of z, and this is the reduction of (1.1).
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There have been several generalizations of the classical Lie group method for symmetry reductions.
Bluman and Cole [4] proposed the so-called nonclassical method of group-invariant solutions. In this method,
the original partial differential equation (1.1) is augmented with the invariant surface condition (1.4). By
requiring that the set of simultaneous solutions of (1.1) and (1.4) are invariant under the transformation
(1.2), one obtains an overdetermined, nonlinear system of equations, as opposed to a linear system in the
classical case, for the infinitesimals ξ, τ and φ; note these appear in both the transformations (1.2) and the
supplementary condition (1.4). The number of determining equations arising in the nonclassical method is
smaller than for the classical method, since there are fewer linearly independent expressions in the derivatives
of u. Since all solutions of the classical determining equations necessarily satisfy the nonclassical determining
equations, the solution set may be larger in the nonclassical case. It should be emphasized that the vector
fields associated with the nonclassical method do not form a vector space, still less a Lie algebra, since
the invariant surface condition (1.4) depends upon the particular reduction. For example, the sum of two
nonclassical symmetry operators is not, in general, a symmetry operator at all; similarly the commutator
of two nonclassical symmetry operators, or the sum of a classical symmetry operator and a nonclassical
symmetry operator are not, in general, symmetry operators.

Subsequently, the nonclassical method was further generalized by Olver and Rosenau [71, 72] to include
“weak symmetries” and, even more generally, “side conditions” or “differential constraints”. However their
framework appears to be too general to be practical and they concluded that: “the unifying theme behind
finding special solutions of partial differential equations is not, as is commonly supposed, group theory, but
rather the more analytic subject of overdetermined systems of partial differential equations”.

Motivated by the fact that symmetry reductions of the Boussinesq equation

(1.5) utt + uuxx + u2
x + uxxxx = 0,

were known that are not obtainable using the classical Lie group method, Clarkson and Kruskal [21] devel-
oped a direct, algorithmic method for finding symmetry reductions (in the sequel referred to as the direct
method), which they used to obtain previously unknown reductions of the Boussinesq equation. The basic
idea of the direct method is to seek a solution of a partial differential equation such as (1.1) in the form

(1.6) u(x, t) = F (x, t, w(z)), z ≡ z(x, t),

and require that w(z) satisfy an ordinary differential equation. This imposes conditions upon F (x, t, w),
z(x, t) and their derivatives in the form of an overdetermined system of equations, whose solution yields
the desired reductions. Levi and Winternitz [51] subsequently gave a group theoretical explanation of
these results by showing that all the new reductions of the Boussinesq equation could be obtained using the
nonclassical method of Bluman and Cole [4]. The novel characteristic about the direct method, in comparison
to the others mentioned above, is that it involves no use of group theory. We remark that the direct method
has certain resemblances to the so-called “method of free parameter analysis” (cf. [37]); though in this latter
method, the boundary conditions are crucially used in the determination of the reduction whereas they are
not used in the direct method. Additionally ansatz based methods for determining reductions and exact
solutions of partial differential equations have been used by Fushchych and co-workers (cf. [35] and the
references therein).

The nonclassical method lay dormant for several years, essentially until the papers by Olver and Rosenau
[71, 72]. However, following the development of the direct method there has been renewed interest in
the nonclassical method and recently both these methods have been used to generate many new symmetry
reductions and exact solutions for several physically significant partial differential equations which represents
significant and important progress (cf. [19, 22, 29, 35] and the references therein).

2. Open Problems

2.1. When does the classical Lie group method need to be generalized? For some equations,
such as the Korteweg-de Vries (KdV) equation

(2.1) ut + 6uux + uxxx = 0,

the symmetry reductions arising from the classical, direct and nonclassical methods coincide [21]. The
classical method is usually the simplest to calculate, since all the equations to be solved are linear and a
variety of symbolic manipulation programs have been developed that implement the method.

Open Question 2.1. How does one determine a priori which partial differential equations possess
symmetry reductions that are not obtainable using the classical Lie group approach?
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2.2. Algorithms and symbolic manipulation programs. A major difficulty in the determination
of symmetry reductions by any method is the large quantity of routine calculations that are usually involved,
for which symbolic manipulation programs are ideally suited. In order to solve overdetermined systems of
partial differential equations (and in particular nonlinear systems) the development of efficient algorithms
is required. At present all the symbolic manipulation programs for the direct and nonclassical methods
are interactive. For example, the MACSYMA package symmgrp.max [20] can be adapted to generate the
determining equations for the nonclassical method [24], though one has to solve the resulting nonlinear
system of equations. The use of differential Gröbner bases (cf. [61]) or characteristic sets [8, 42] has
made the analysis of overdetermined systems of partial differential equations, such as those arising as the
determining equations for classical and nonclassical symmetries, more tractable. Whilst the diffgrob2
[55] package is best used interactively on large or complex systems, nevertheless it has proved effective
in solving such overdetermined systems (cf. [23, 24, 25, 26, 27, 55, 56, 59, 60, 62]). Other symbolic
manipulation packages which can handle nonlinear overdetermined systems of partial differential equations
are diffalg, distributed as part of the Maple Library, and the Maple package rif, [76], available from
http://www.cecm.sfu.ca/∼wittkopf/.

For example, Clarkson and Mansfield [23] applied the nonclassical method in conjunction with the
method of differential Gröbner bases to the nonlinear heat equation

(2.2) ut = uxx + f(u)

where f(u) is an arbitrary sufficiently differentiable function. Clarkson and Mansfield determined conditions
on f(u) under which symmetries other than the trivial spatial and temporal translational symmetries exist,
solved the determining equations for the infinitesimals and thus obtained a complete catalogue of symmetry
reductions for the nonlinear heat equation (2.2). In particular a classification of exact solutions of (2.2) for
f(u) = (u− a)(u− b)(u− c), with a, b and c constants, appears in [23].

The four nonclassical determining equations for the nonlinear heat equation (2.2) are

ξuu = 0,(2.3)
φuu − 2ξxu + 2ξξu = 0,(2.4)
2φxu − 2φξu + 3ξuf + ξt − ξxx + 2ξξx = 0,(2.5)
φt − φxx + φuf − fuφ+ 2φξx − 2ξxf = 0.(2.6)

In contrast, the four nonclassical determining equations for the nonlinear wave equation

(2.7) utt = uxx + f(u)

are

(ξ2 − 1)
[
(ξ2 − 1)ξuu − 2ξξ2

u

]
= 0,(2.8)

(ξ2 − 1)
[
2φξξuu + 2ξxu − 2ξφuξu + 2ξξtu + (ξ2 − 1)φuu

]
(2.9)

−4φξ2ξ2
u − 4ξ2ξtξu − 4ξξuξx = 0,

72φxξξx − 2φφuξx − 2φtξx + 2f(u)ξx − 2φ2φuξξu − 2φφtξξu + 2f(u)φξξu(2.10)
+2φφxξu − 2φφuξξt − 2φtξξt + 2f(u)ξξt + 2φxξt + 2φφtuξ

2

+(ξ2 − 1)
[
φ2φuu + f(u)φu + φtt − φxx − φf ′(u)

]
= 0,

(ξ2 − 1)
[
ξxx − φ2ξuu + 2φtξu − 3f(u)ξu − ξtt − 2φξtu − 2φφuuξ − 2φtuξ(2.11)

−2φxu]− 2ξ2
x + 4φuξξx + 2φ2ξξ2

u + 4φφtξξu

+4φφuξ
2ξu + 2ξξ2

t + 2φu(ξ2 + 1)ξt = 0.

Whilst the system (2.3–2.6) is relatively straightforward to solve, the system (2.8–2.11) is significantly more
difficult, indeed still unsolved. For equations such as the nonlinear wave (2.7) equation and equations
involving the Laplace operator, the analysis of the associated overdetermined systems is currently intractable.
This is conjectured to be due to symmetries of the systems of determining equations themselves, arising from
the fact that the independent variables appear on an equal footing in the original equation. An idea for
overcoming this difficulty is to rewrite the overdetermined system in terms of the invariants of the symmetry,
effectively dividing the symmetries out before the processes that analyze the system begin.

In particular, one can use the new formulation of the method of moving frames due to Fels and Olver
[33, 34], with which one can rewrite a system which is invariant under a group action, in terms of the
differential invariants. The kinds of calculations involved and the issues that arise are discussed in [58].
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Open Question 2.2. To develop algorithms to solve overdetermined systems associated with partial
differential equations which have a high degree of symmetry.

2.3. Boundary Value Problems. Consider the second-order partial differential equation

(2.12) ∆(x, t, u, ux, ut, uxx, uxt, utt) = 0,

and the boundary conditions

(2.13) Bj(x, t, u, ux, ut, ) = 0, j = 1, 2, . . . ,m

on

(2.14) Ωj(x, t) = 0, j = 1, 2, . . . ,m.

The standard procedure for applying the classical method (cf. [5]) to the boundary value problem (2.12–2.14)
is to require that both equation and boundary conditions are invariant under the one-parameter Lie group
of infinitesimal transformations (1.2), i.e. to require that

pr(2) v(∆)
∣∣∣
∆=0

= 0,(2.15)

v(Ωj)|Ωj=0 = 0, j = 1, 2, . . . ,m,(2.16)

pr(1) v(Bj)
∣∣∣
Bj=0

= 0, on Ωj = 0, j = 1, 2, . . . ,m,(2.17)

where v is given by (1.3). Equation (2.15) is the standard condition for the partial differential equation
(2.12) to be invariant under the infinitesimal transformations (1.2), so that (2.16–2.17) impose additional
conditions for a symmetry to exist. Thus this procedure necessarily yields a smaller set of symmetries for the
boundary value problem (2.12–2.14) than the partial differential equation (2.12). We believe that this is too
restrictive and instead one should only require that a subset of the solutions of (2.12), which is determined
from the boundary conditions (2.13–2.14), be invariant under the infinitesimal transformations (1.2). As we
remarked above, in the “method of free parameter analysis” the boundary conditions are crucially used in
the determination of the reduction (cf. [37]).

Open Question 2.3. Is there a general procedure, for applying symmetry methods to boundary value
problems?

2.4. Symmetry reductions for differential-difference equations. There is much current interest
in deriving symmetries of differential-difference equations such as the Toda lattice equation

(2.18)
∂2un

∂x∂t
= exp (un−1 − un)− exp (un − un+1) .

There have been two different approaches to the determination of classical Lie symmetry reductions of
differential-difference equations, one proposed by Levi and Winternitz [52, 53] and another by Quispel, Capel
and Sahadevan [75]. Levi and Winternitz [53] have also introduced the concept of conditional symmetries
for the Toda lattice equation (2.18).

Essentially, the difference between these two approaches concerns the interpretation of the discrete
variable n. Levi and Winternitz [52, 53] essentially treat un−1, un and un+1 as different dependent variables
and thus regard the differential-difference equation as a system of partial differential equations for the
functions un. On the other hand, Quispel, Capel and Sahadevan [75] treat n as an independent variable
(in addition to x and t) and thus, in effect, treat the differential-difference equation as a differential-delay
equation. Both the above methods are computationally complex, and their philosophical foundations open
to debate.

A more recent method for obtaining symmetries of difference equations is due to Hydon [43]. Hydon
shows that once the symmetries are cast into so-called “characteristic form”, there is a very natural trans-
lation of all the calculations for symmetries of differential equations, to difference equations. Other recent
developments in the study of symmetries of differential-difference equations include [32, 39, 48, 50].

Open Question 2.4. To clarify the relationship of these approaches (if possible) to each other, and to
produce a single standard definition of a symmetry of differential-difference (and difference) equations.

Open Question 2.5. The study of nonclassical symmetry reductions of differential-difference and dif-
ference equations.
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2.5. Potential symmetries. Potential symmetries (sometimes called nonlocal symmetries) are an-
other type of symmetry which have received some attention recently (cf. [3, 5, 47]). The existence of
potential symmetries has led to the construction of corresponding invariant solutions as well as to the lin-
earization of nonlinear partial differential equations through non-invertible mappings [5, 6]. In this approach,
a partial differential equation is written as a system of partial differential equations.

For example, consider the shallow water wave (SWW) equation

(2.19) vxxt + αvvt − βvx∂
−1
x vt − vt − vx = 0,

where (∂−1
x f)(x) =

∫∞
x
f(y) dy, and α and β are arbitrary nonzero constants. Since this equation contains a

nonlocal term then in order to undertake symmetry analysis we need to write (2.19) as an analytic equation
or system. Five possible ways of doing this are

uxxxt + αuxuxt + βutuxx − uxt − uxx = 0,(2.20) {
vxxt + αvvt + βwvx − vt − vx = 0,
wx = vt,

(2.21)  vxxt + αvvt + βwvx − vt − vx = 0,
v = ux,
w = ut,

(2.22)

{
ψx = uxxx + 1

2 (α− β)u2
x − ux,

ψt = ux − βutux,
(2.23) {

vxxt + αvvt + βutvx − vt − vx = 0,
v = ux.

(2.24)

Symmetry reductions using the classical and nonclassical methods and exact solutions of these five variants
(2.20–2.24) of SWW equation (2.19) are studied in [25, 28]. Both the classical and nonclassical methods give
the same reductions when applied to the system (2.21) as when applied to the scalar counterpart equation
(2.20). What is unusual about the calculation for the system (2.21) is the large increase in complexity in
moving from a scalar equation to this system. Whilst for both the system and the scalar equation the
determining equations for the classical method are of similar complexity (and are all linear) the complexity
of the nonclassical method differs wildly. Another difficulty observed was that the reductions obtained using
the nonclassical method for the systems (2.21) and (2.22) arise in a very unusual manner, since one has to
use a hodograph transformation to solve the equations. Clarkson and Priestley [28] also applied the direct
method to the five equations (2.20–2.24) and obtained the same results as using the nonclassical method. The
application of the direct method is not entirely straightforward either especially for the systems (2.21–2.24),
though it seems to be much easier to implement than the nonclassical method.

Open Question 2.6. How does one determine a priori the most suitable representation, from the point
of view of symmetry calculations, of a nonlocal equation such as (2.19)?

2.6. Generalized symmetries. There are a number of exact solutions of partial differential equations
that are not obtained using either the direct or nonclassical methods. The two-soliton solutions, and more
generally N -soliton solutions, of completely integrable equations such as the Boussinesq equation (1.5) are
examples. These are standardly obtainable using generalized symmetries (cf. [2]), which are sometimes
known incorrectly as Lie-Bäcklund symmetries. Clarkson and Mansfield [24, 25] have shown that some
special “two-soliton” solutions arise from nonclassical symmetries.

A genuine nonclassical symmetry (i.e., one that is not purely a classical symmetry) has the property
that the associated infinitesimal transformation leaves invariant only a subset of solutions of the original
partial differential equation whereas the infinitesimal transformation for a classical symmetry maps the set
of all solutions of the partial differential equation into itself. What is the analogous property (if any) for
nonclassical generalized symmetries?

Open Question 2.7. Do nonclassical, generalized symmetries exist and if so what kind of solutions do
they generate?

Since the Boussinesq equation (1.5) possesses such a rich family of nonclassical symmetry reduction
solutions, then we believe that this would be a good example to consider.

2.7. Symmetry in Numerical Analysis. Budd and Collins [10] discuss numerical methods which
make use of the symmetry in partial differential equations (see also [14, 15, 16]). Such numerical methods
have the following advantages:
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• If a numerical method reflects the underlying symmetry of the partial differential equation then it
will generally admit self-similar solutions as possible solutions. A well-designed method of this type
should also inherit many of the stability properties of such solutions. Thus for problems where self-
similarity reflects the underlying asymptotic behaviour such methods will have good asymptotic
behaviour.

• If symmetry governs singularity formation then these methods should perform well.
• Symmetry is associated with conservation laws through Noether’s theorem (cf. [69]), in particular

if there is an associated Lagrangian. The numerical method may inherit some of the conservation
laws.

• Symmetry can play a useful role in the error analysis of numerical methods.
Numerical methods for ordinary differential equations on Lie groups, e.g. those have a time-stepping

strategy that ensure that the solution stays on the group, are of much current interest and are classified
as so-called geometric integrators (cf. [14, 45, 63, 64, 65]). Recently symmetry has been included in the
design of numerical methods for partial differential equations (see, for example, [9, 11, 12, 13, 31, 41]).
Methods for including symmetry into numerical integrators for ordinary differential equations are discussed
in [45] and include:

• Luck: some Runge Kutta methods preserve the group structure (cf. [77]).
• Iterated commutator methods which are constructed using the commutator of the group (cf. [45,

46, 54, 78]).
• Tangent space and related methods which are constructed to stay in the tangent bundle of the Lie

group (cf. [30, 67]).

Open Question 2.8. The design and further development of numerical algorithms for ordinary and,
in particular, partial differential equations which inherit symmetries of the differential equations including
nonclassical symmetries.

2.8. More general methods. As illustrated above, the direct and nonclassical methods have generated
many reductions and exact solutions for a number of physically important partial differential equations.
What further generalizations are possible? Galaktionov’s method of “nonlinear separation” [36] and Olver
and Rosenau’s method of differential constraints [71, 72] are very general methods. In fact, the method of
differential constraints can be viewed as the ultimate generalization since it includes (almost) all the known
methods for determining special solutions of partial differential equations such as classical group-invariant
solutions, nonclassical and weak symmetry reductions, partially invariant solutions, separation of variables
solutions etc. They do have a group theoretic interpretation as “generalized weak symmetries” although, as
Olver [68] admits, this does not appear to be an overly useful observation. The main difficulty with this
approach is that it appears to be too general to practical use.

Open Question 2.9. How does one determine a priori which differential constraints are useful and
which ansätze will yield computable solutions?

Generalizations of the direct method include those due to Burdé [17], Galaktionov [36] and Hood [40].
Generalizations of the nonclassical method are discussed by Bluman and Shtelan [7], Burdé [18] and Olver
and Vorob’ev [73].

We remark that a generalisation of the classical method of reduction without the transversality require-
ment is given by Anderson, Fels and Torre [1] (see also article this volume). Finally, the so-called “C∞
symmetries” of M.C. Muriel Patino [74], is in effect a generalised method of reduction for ordinary differ-
ential equations. The known examples of reduction not obtainable by the classical method can be obtained
this way.
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