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Symmetry structure of integrable non-evolutionary equations *

V.S. Novikov and Jing Ping Wang
Institute of Mathematics and Statistics, University of Kent, UK

November 10, 2006

Abstract

We study a class of evolutionary partial differential systems with two components related to second order (in
time) non-evolutionary equations of odd order in spatial variable. We develop the formal diagonalisation method
in symbolic representation, which enables us to derive an explicit set of necessary conditions of existence of higher
symmetries. Using these conditions we globally classify all such homogeneous integrable systems, i.e. systems which
possess a hierarchy of infinitely many higher symmetries.
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1 Introduction.

Classification of integrable equations of a given family of nonlinear equations is an important topic in the field of
soliton theory. There are many approaches to this problem, among which the symmetry approach has proved to
be very efficient and powerful method. The symmetry approach has been used to classify large classes of integrable
nonlinear partial differential equations and difference-differential equations such as scalar evolutionary equations,
Volterra and Toda type equations, hyperbolic equations etc. We refer the reader to the recent review paper [I] and
the references therein for details.

This paper is devoted to a problem of classification of systems of integrable evolutionary equations with two compo-
nents. The first work in this direction had been carried out by Mikhailov, Shabat and Yamilov [2, B, [4]. They classified
integrable second order systems of the form

w = A(W)ug, + F(u,u,), det(A(u)) #0, u=(u, v)¥,
where the 2 x 2 matrix A(u) can be reduced to
A(u) = diag(a, b), a=-1, b=1,

if the system possesses higher order conservation laws. Later, Svinolupov [5] studied the Burgers type equations, i.e.
the case a = b = 1 (see also the review paper [6]). After these two special cases, attention was turned to the more
general case: a # +b and ab # 0 [7] and to the systems of higher order. In principle, the symmetry approach can be
applied to classification of higher order systems. Although the method is algorithmic, the computation involved grows
very rapidly with the order of the system, so further achievement in this direction had to wait for the development of
the appropriate computer algebra.

Recently, several research groups have developed the computer programmes to carry out the task of classification of
polynomial integrable evolutionary systems with two components. Foursov and Olver considered the symmetrically-
coupled evolutionary equations of lower order [8]. After linear transformation, the leading linear part of the systems
can always be diagonalised. Tsuchida and Wolf studied polynomial homogeneous integrable evolutionary systems of
mixed scalar and vector dependent variables [9] of order 2 and 3, where the authors compared their comprehensive
results with the existing ones. The linear parts of systems they considered are diagonal including zero eigenvalues.
Their classification methods have led to interesting new integrable equations, but they could not claim that their lists
are complete in the sense that there are no other integrable systems of the fixed order in certain classes since the
methods they used were based on searching symmetries of specific orders and forms. The symbolic representation
combined with applications of number theory [I0] is the solution to this problem at least for subclass of homogeneous
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polynomial evolutionary systems. It enables us to translate the question of integrability into the problem of divisibility
of certain symmetric polynomials, which can be solved by using number theoretical methods. A series papers have
been published on it including the complete classification of second order two components evolutionary systems [11]
and Bakirov-type systems [12] [13].

The ultimate goal of classification of integrable equations is to obtain the classification result for integrable equations
of any order, i.e. the global classification result. So far the only global result has been obtained for scalar homogeneous
evolutionary equations [I4] [I5]. In this paper, based on the symbolic representation in [16], we develop the formal
diagonalisation method so that we can globally classify homogeneous two-component evolutionary systems whose
leading linear terms are not explicitly diagonal. We demonstrate our method classifying integrable systems of the
form

— 87‘
uty = 0,0, (1)
vp = O+ F (U, Uy Uy ooy 027 T UL 0, Vg, Vs oo, 0277 T0), m=1,2,3,..., r€{0,1,...,n},

of arbitrary order (i.e. for any integer n > 0). Here F is a homogeneous differential polynomial in u,v and their
x-derivatives. If function F does not depend on v,v,,...,d% tv then we can exclude v from system () and obtain
non-evolutionary equations of odd order

utt:8£"+1u—|—K(u,ur,um,...,8§”U,ut,um,utm,...,85”%), K = D.(F), n=1,23,... (2)

The even-order non-evolutionary equations of form (2]) have been studied using the perturbative symmetry approach
in symbolic representation in [I6]. The famous Boussinesq equation [17]

Ut = Uggre T (uz)ww

belongs to this class. As a result, integrable equations of orders 4 and 6 were classified as well as three new integrable
equations of order 10 were found. The approach developed in [I6] is also suitable for odd order equations. However,
there is a difficulty to formulate the explicit necessary conditions for this case. Besides, it can not be used for global
classification. The special subclass of non-evolutionary equations was also considered in [20], where a family of partially
integrable equations with only one higher symmetry was constructed.

In this paper in the framework of the perturbative symmetry approach in the symbolic representation we derive an
explicit set of necessary conditions of existence of a hierarchy of higher symmetries for systems (Il). These conditions
are obtained after diagonalisation of the linear part of system (Il) via a non-local linear transformation of dependent
variables u,v. We prove the ultimate classification result: If a homogeneous system (Il) with positive weight of u
possesses a hierarchy of infinitely many higher symmetries, then up to re-scaling it one of the following two equations:

Ut = Vg,
UVt = Ugg + Uy + vuy — Julug,

Ut = Vg,
v = (0 +u)?"(u) — 0%, n=1,23,....
These systems can be rewritten in the form of non-evolutionary equations if we introduce a new variable u = w,:
= +3 + — 3w’
Wt = Waaa WaWt, Weqa Wt W, Wy

Wit = (8w + ww)gn(ww) - w?

The first equation is known to be integrable [I8]. The second equation can be brought into linear f;; = 92"+ f by the
Cole-Hopf transformation w = log(f).

The paper is organized as follows: in section 2] we remind basic definitions and notations of the symbolic representation
[16]; in section Bl we develop the formal diagonalisation formalism for systems (II); using the formal diagonalisation
method we obtain explicit formulae for the (approximate) symmetries of system ([II) and derive necessary conditions for
the existence of an infinite hierarchy of higher symmetries; in section [l we apply these conditions to classify integrable
homogeneous systems () for all orders n = 1,2,3, ... and for all possible representations r = 0,1, ..., n.

2 Symbolic representation over the ring of differential polynomials.

In this section we remind basic definitions and notations of the ring of differential polynomials and symbolic represen-
tation (for more details see e.g. [IT, [I6], [19]).



Throughout the whole paper we assume that all functions, such as F and K in equation () and (@), are dif-
ferential polynomials in variables u, v, us, Vg, Uz, ... . We introduce an infinite sequence of dynamical variables
{ug, vo, u1,v1, Uz, V2, - - } by the identification

Uy = U, Vg =0, Up = Opu, vy = Opv. (3)

We often omit the zero index and write u and v instead of ug and vy.

We denote R the ring of polynomials over C of infinite number of dynamical variables. We also assume that 1 ¢ R.
Elements of the ring R are finite sums of monomials with complex coefficients and therefore each element depends on
a finite number of the dynamical variables. The degree of a monomial is defined as a total power, i.e. the sum of all
powers of dynamical variables that contribute to the monomial. Let R™ denote the set of polynomials in R of degree
n. The ring R has a natural gradation

R=E rR", R"-R™CR"™.

n€Zly

Elements of R! are linear functions of the dynamical variables, R? quadratic, etc. We suppose that 1 ¢ R. It is
convenient to define a “little-oh” order symbol o(R"). We say that f = o(R") if f € @,.,, R, i.e. the degree of
every monomial of f is bigger than n.

Let p, v be two positive rational number&@, which we call the weights of u and v respectively and denote W (u) =
w, W(v) = v. We define the weights of dynamical variables [@B]) as W(w;) = g+ ¢ and W(v;) = v+ j. The weight of a
monomial is the sum of the weights of dynamical variables that contribute to the monomial. We say that a polynomial
f € R is a homogeneous polynomial of weight A (and write W (f) = \) if every its monomial is of weight A. The
weighted gradation of R is defined as

R = @ Rm,u+nu+s ’ Rp ' Rq - Rp+q )

m,n,s€ZL>q

where R, is the set of polynomials in R of weight p. In fact, we can define a degree-weighted gradation of the ring R

_ Is n m n+m
R = @ mu+nv+s o Rp ' Rq C Rp+q ’

n,m,8€L>0, r€L+

where R} is the set of polynomials in R of degree r and weight p. Note that the condition y, v > 0 makes each such
subspace to be finitely generated. For example, if y =1, v = 2 then

R2 = span{uus, u?, uyv, uvy, v>}

The ring R is a differential ring with a derivation defined as
0 0
D, = . 4
];J(UkJrla + k+18k> (4)

Since 1 ¢ R, the kernel of the linear map D, : R + Im D, C R is empty and therefore D! is defined uniquely on
Im D,. It is easy to verify that
Dy Ry — Ry

To any element g € R we associate differential operators g. ,, and g« , called Fréchet derivatives with respect to u and

v and defined as 9
g k
Gow =Y 2Dk Z
k>0 Oup k>0 (%k

Now we define the symbolic representation R of the ring R. A symbolic representation of a monomial

ugou?l . Unp'UO ”1 _._,U;’qu’ n0+n1+...+np:n7 m0+m1+...+mq:m
is defined as:
ugou?l .. ugpvsnovi'”l .. .U;nq N
1
— u"o™ <§1€2 ng n0+1 £n0+n1 £p> <<1 <2 mo moJrl <m0+m1 e ern>< ) (5)

1In principle, the weights could be any rational numbers including zero, but in this paper we consider only positive weights.



where triangular brackets ()¢ and ()¢ denote the averaging over group X, of permutations of n elements &i,...,&,, ,
ie.

<c(§17'"7§n7<17"'7<-m)>§ :% Z 0(0(51)7"'70(571)74-17'"7C'm)

" oex,
and group X, of m elements (y, ..., (, respectively. Later we refer to this as symmetrisation operation. For example,
linear monomials u,,, v, are represented by
Up — UL, U — V(" (6)

and quadratic monomials Up U, UpVm, VyUy, have the following symbols

2

2
U nem m ¢en n ~m v n ~m m ~n
UnUm — 7( 165" +&1"85),  unvm — wo(§7 ("), vpvm — 7((1 GGG - (7)

To the sum of two elements of the ring corresponds the sum of their symbols. To the product of two elements f,g € R
with symbols f — u™v™a(&, ..., &, C1, .-, Gn) and g — wPv9b(&r, ..., &p, C1s - - -, (q) corresponds:

fg— u"+pvm+q<<a(§1, ces&n e G )b (s - - vE&ntp> Cmtts .- a<m+q)>£>Cv (8)

where the symmetrisation operation is taken with respect to permutations of all arguments £ and (. It is easy to see
that the symbolic representations of quadratic (@) and general (B) monomials immediately follows from (@) and (8).

If f € R has a symbol f — u"v™a(&1,...,&n,C1,y- -+, Gm), then the symbolic representation for its N-th derivative
DY (f) is:

DY(f) mu ™G+ &+ A+ G+ Gt Gn)Valén 6 G )
We will assign a symbol 1 to the operator D, in the symbolic representation with obvious action rule

nN(unU’ma‘(gla' "757174-17"'74771)) = unvm(é-l +§2 + - +§n +<l +C2 + - "Cm)NCL(é-l,. "757174-17' 7C’m)

Note that N in the above formula can be not only positive integer but in principal any rational number (or even a
complex number) as long as such calculation has any sense apart from formal . In the next section we will need N to
be half-integer numbers which correspond to fractional derivation in xz-space.

Ifge Rand g — v v"anm(&1,- ., &n, C1y- -, Gn) then for the symbol of its Fréchet derivatives g. , and g. . we have

Gxu — nun_lvman7m(§la cee 7571717 n, Cla B Cm)a Gx,0 — munv7n_lan,m(§17 cee 75717 Cla L) Cmfla n)

Thus we obtained the symbolic representation R of the differential ring R.

3 Structure of symmetries and approximate symmetries.

Consider a family of homogeneous polynomial systems (), i.e.

ur = 00, )
v = O 4+ Fuyug, .. uop—r, 0,01, -« V2n—r), n=1,23,..., r€{0,1,...,n}

Definition 1. A pair of differential polynomials G and Mis called a symmetry of an evolution systemuy = f, v = g,
where f, g, G and M are oll in ring R, if system u, = G, v, = M is compatible with the given system.

This definition is equivalent to the Lie bracket between a = (f, ¢)'* and b = (G, M) vanishing, where the bracket is

defined as
PG+ funM) = Ga(f) — Guno)
[2,b] = ( Gen(G) + Gun(M) — M. o(F) — M. (g) ) : (10)

The compatibility condition for system (@) can be written as
Di(G) = Dlv; = D, M, Dy(M)= D;(ugnt1—r + F), (11)
where evolutionary derivations D; and D. are
D, = E <vj+r% + D) (ugni1—r + F)%) , D= g (Dg;(a)a% + Dg—TDt(G)a%> :
Eliminating M from these equations, we obtain
D;"D}(G) = D (uzns1—r + F),
Thus the symmetry of system () is completely determined by its first component G € R.



Definition 2. We say that a differential polynomial G € R generates an approximate symmetry of degree p of system
(@) if G satisfies the equation:
D" DX(G) - Dr(uznii—r + F) = o(RP).

Notice that any system (@) has an infinite hierarchy of approximate symmetries of degree 1. These are simply the
symmetries of its linear part u; = v,, v4 = ugp4+1—r. The requirement of the existence of approximate symmetries of
degree 2 is very restrictive. Integrable equations by definition possess infinite hierarchies of approximate symmetries
of any degree. We will prove later in this paper that the existence of infinite hierarchy of approximate symmetries of
degree 2 and the existence of at least one exact symmetry for systems (@) implies integrability just as in the case of
scalar evolutionary equations [I1].

We now derive the necessary and sufficient conditions of the existence of approximate symmetries of degree 2. It is
convenient to do this in the symbolic representation.

System (@) in the symbolic representation takes the form

{ Ut = UC’lra

1 —p k i ki 12
(%7 :ué-f + +Zk22 Zi:O’U,Uk ai,k*i(glw"751'7C17"'7Ck7i)' ( )

Let us assume that the weight of variable u, denoted by w, is positive, i.e. W(u) = w > 0. Since the system is
homogeneous, we have

w+W(Dy) =W(w)+r
W)+ W(Dy) =2n+1—-7r+ w,
which leads to W (D) =n+ 3 and W(v) =w +n+ 35 —r.

Homogeneous polynomials a; ;(&1,...,&;,C1,...,(;) are symmetric with respect to variables &1,...,& and (i, ..., (.
The degrees of a; ; are given by

deg(a;j)=2n+1—-r+w—iWu)— W) =2—-jin—(>G(i+j—-Dw+(j—-1)r+ 2%] (13)

The degree of a; ; determined above must be a non-negative integer, otherwise, we put a;; = 0. The sum in (2]
terminates due to the assumption W(u) =w > 0.

The symmetry of system (@) always starts with linear terms. A homogeneous symmetry of (@) in the symbolic
representation starts either with u&l™ or with v¢]"*". Without loss of generality we have

uT:Gzuﬂn—|—ZZujvsfjAj,s,j(&,...,fj,Cl,...,Cs,j), m>1 (14)
5>2 j=0
or s
ur = G = o]t +ZZujvS_jAj,s_j(§1,...,fj,Cl,...,Cs_j), m>0 (15)
5>2 j—0

We call the symmetries of the form ([4]) as type I symmetries and those of the form ([l — type II symmetries.
Without causing confusion, we call integer m in ([I4) or (I5]) the order of the corresponding symmetry. Functions
A&, 6,C, ..., ¢) in (Id) and (IH) are homogeneous polynomials in their variables, symmetric with respect to
arguments &1, ...,& and (i, ...,¢;. These functions can be explicitly determined in the terms of system (I2)) from the
compatibility conditions.

3.1 Formal diagonalisation.

Let us first concentrate on how to compute the Lie bracket defined as (I0) between the linear part of system (I2))

denoted by Kl, i.e.
K'- St —r(“ L= 0 " (16)
- uf%nJrl T v ) ,'7211+1 T 0

and any pair of differential polynomials. We know its symbolic representation takes simple and elegant form if matrix
L is diagonal [I1]. Inspired by this, we shall formally diagonalise matrix L, produce the required formula in new
variables and then transform back to the original variables.



Notice that matrix L has two eigenvalues :l:n"*é. Therefore, there exists a linear transformation

1 1
T= ( nnJr%*T _nnJr%fr >

1

T'LT = diag(n"Jr%, —n"tz),
Let us introduce new variables & and 0

(2)-r(8)= (g igmr )
(B)=r ()= ( ).

The new variables 4 and ¢ have the same weights, i.e. W(4) = W(0) = W (u). Without causing confusion we assign
the same symbols £ and ( for the symbolic representation of the ring generated by #, © and their derivatives. The
exponents of symbols can be half-integer, which corresponds to half-differentiation in x-space.

such that

S S

Equally, we have

[STN =

Before we work out the exact form of system (2] in variables @& and ¢, we prove two useful propositions.

Proposition 1. Under the transformation T, an arbitrary polynomial u'vib; ;(&1,. .., &, (1, ..., ;) takes the form
i J
wolby g (€nye i ey ) = ) Y APTIRHITPICPC (—1) 7 (17)
p=0 gq=0
1
<<bi;j (517 e 751)7 Cla L) Ci*pa €p+17 e 7§p+q7 Ci*ZH*la L) Ci+j*p*q)(§p+1 e €P+infp+l e <i+j7p7q)n+2 T>§>C7

where C’ij are binomial coefficients defined by C’ij = WLJ),

Proof. We prove the statement by induction on both i and j. It is easy to see that linear terms u&?, v({ transform as

. . 1_ 1_ 1 i 1y
UC{::7ﬂ(A nts—r o n+3 T)—-ﬁ ?+2 T+J__6C?+2 r+{

ugi = n'(4+0) =g + o}, g -G

The procedure is: we first substitute & and (3 by 7, the symbol of the total x-derivative D, u and v by @ + © and
1 1 1_ 1

@f;H_Q - ?+2 ". and then we compute the action of non 4+ v and ﬁ§?+2 - IL+2 ". For the higher degree

terms, we apply this procedure for every element in the arguments. Assume formula () without symmetrisation is

true for arbitrary ¢ and j. We have

ui+1vjbi+l7j(€1a ce 767;7 €i+17 Cla e 74])

i J

~ A d —p— i 1_
= Z Zup+qu+g PACPCY(—1)T N (Epr1 + EprgCimpt *+ Citjmpg)™ T2

p=0 q=0
bi+1,j(€17 s afpa Cla o aCi—pvlr]afp-i-la o 7§p+qa Ci—p-‘rla e Ci—i—j—p—q)(ﬁ' + ’0)

7

1

i
N 1 midj—p— i 1_
= ) ) et P CP O (=1 " €y - EprgraGioprt - Cigopg)" 2T

p=0¢=0
bi+17j(§17 cee 751)7 Cla e 747;7}77 €p+l7 cee »§p+q+17 Ci7p+17 v 7Ci+jfpfq)
i J
e i —p— a1 i 1_
+ Y AP P O (1) (G - GprgCiopra e Citjpgr1)" T
p=0¢=0
bi+17j (517 cee 751)7 Cla e 7Cifp7 Ci+17p7 €p+17 B £p+q7 Cifp+27 ) Ci+j*p*Q+l)
i+l j
g il i . 1_
= ZZUPHUH FITPmaCP O (1) (Gprr - prgGimprz i rp—g)" T
p=0¢=0
bi+1,j(€17 s afpa Cla o aCi-‘rl—pv §p+17 s 7€p+q7 Ci—p+2; s a<i+1+j—P—q)

and similarly we can prove the formula is valid for j + 1. Finally, we need to symmetrise the expression with respect
to permutations of arguments £ and (. o

In the same manner, we can work out how a polynomial in @, v and their derivatives changes under the transformation
T—!. Here we only give the formula.



Proposition 2. Under the transformation T, an arbitrary polynomial ﬁi@ji)i’j (&1,...,&,C1,. .., ¢) takes the form

1 I o ,
WoTbi (€, i G ) = gy D D uP T HITPTICCY (1) (18)

p=0 gq=0
<<Z;i7j(€l7 cee 75}77 417 cee 7Ci7p7€p+17 cee 7fp+qa Ci7p+17 cee 7Ci+j*P*Q)(C1 e Ci+j7p7q)7n7%+r>€>C7

where C’f are binomial coefficients.

These two propositions immediately lead to the following result.

Proposition 3. For any integer s > 1, if

S

Z uivs_ibiﬁ—i(fl? s 7§i7 Cla e 7<S—i) = alﬁs_ll;lﬁ—l(fl? ce. 7517 Clv ceey CS—l)v
=0

1=0
then
X s min{i,l} ‘
brs—i1(&1s- 0 60,C, - Comt) = Z Z CPOlP(—1)simp (19)
=0 p=maz{0,l—s+i}
(Biys—i (€1 o3 Epr oo vs Gimp Epits e+ 3 &0 Gimprits -+ s Gomt) (Ept ++ E5Cimpit -+ Comt)™ T2 "))
and
1 s min{i,j} . o
bisi(€t &Gl Cog) = 55> D, CROITR(=1) I (20)

=0 p=max{0,j—s+i}
<<Z)i,5—i(€1a s 7€pa Gy 7<i—;l77§;l7+1a s 7€ja Ci—;l?—i-lv SRR CS—j)(Cl o 'CS—j)in7%+T>§><v

where C’ij are binomial coefficients defined in Proposition [

Proof. Applying formulae (I7) in Proposition [Il to every term in the sum and collecting the coeflicients at every
monomial 497, we obtain

s s i s5—1
> v T i€y G G Gei) = Y Y Y AT TPTICP O (—1)
=0 i=0 p=0 q=0

<<bi,s—i(§1a s 7§pv Cla ceey Ci—pa €p+1a s 7§p+qa Ci—P-i-lv ceey Cs—p—q)(§p+1 e ‘§p+q<i—p+1 e 'Cs—p—q)n+%_r>£><

S S min{@ l}

= ZZ Z ﬁl'[)S—lClpcé:Z;(_l)s—i—l-i-p

i=0 1=0 p=max{0,l—s+i}
n+i—r
<<bi,5—i(£1a o 7§p7 Cla ceey Ci—pafp-i—la o 7&) Ci—p-i-lv ceey CS—l)(€p+1 o 'glcl'—p-i-l T Cs—l) ta >E>Ca
which leads to formula (I9). Similarly, using formulae (I8) in Proposition 2] we can prove formula (20). o

Formula ([I3)) in Proposition [3 tells us how a polynomial of degree s changes under transformation 7. The following
result is an immediate corollary.

Corollary 1. In variables i and v, system (I3) takes the form

- . onty 1 s sims—i Gis—i(€1,58i5,C1,05Cs i)
U = U + 5 AUV :

S T 2is22 izo (€14 +EACAFCo i) T2 T (21)
N A n+§ _ l S ~GAg—17 diysfi(gl7...,§i,<17...74371)
o =00 3 22 20 010 (€1t it Gt Cam) "

where ;. s—;(§1,...,&,C1,y- ., Cs—i) are defined in terms of a; s—;(&1,...,&5,Ci,-..,Co—j5), 5 = 0,...,5 as in formula
{I3) in Proposition [3

Proof. We perform transformation T to system ([2)): the linear part becomes diagonal and we simply write the
system as

N ~on+i L

Ut = ufl 2+ 2777“}%77‘ (2522 Zf:o u'v® 10/1',5_1'(61, s 761) Clv R 7<S—i))
1

b= —0¢ T - L

e (22)
1 2nn+%—r (2522 Zi:O ulvs_zaiﬁ—i(gl? s 7§i7 Cla sy Cs—i))




Applying Proposition [, we obtain system (ZI]) as stated. o

For the future references we explicitly write down the relation between the quadratic terms of (I2)) and of (2I)):

dn0(€1,62) = a20(E1,&2) + aoa(6r, &) (E162)" T2 T+;a11(§1,€2) ;e T+;a11(€2,§1) R (23)
a11(&1,&2) = 2a20(&1,&) — 2a02(§1,§2)(§1§2)”+2 4 a1,1(82,6)8 es T_al 1(61,62)&, nts - (24)

do2(€1,6) = as0(f1,62) + aoa(1, &) (E16) T — %all(flafz) P —a1 1(&2,61)8; S (25)

We now express the symmetries (I4)) and (3] of system (I2) in variables 4, ©.
Let us start with type I symmetries (I4)):
S
ur=ut+g,  with g=> > w4 (G, &G Geni)-
5>2 =0

Due to the compatibility condition (IIJ), its second component is of the form
1
vr = o()" + s (De(9))
where the action of the operator D; is defined in the symbolic representation as

Dt(g) - g*,u(’UCI) + 9x,v ug%n—i—l—r + Z Z uivs_iai,s—i(€17 ce. 7€i7 Clv R CS—i)

§>2 i=0

In variables @ and 0, a type I symmetry takes the form

i, =o€ + —Lr [t + i) (9)

n+l
2n- T2
A A 1 +1 - ~
b = i + oy [ = D1 @)
Here ¢ stands for the transformed g under transformation 7', whose exact expression can be obtained by applying

Proposition Bl Notation D, denotes the operator of total derivation with respect to ¢ due to diagonal system (Z21).
Hence

(26)

Di(9) = gw,a(le) + Gu,o (1)

For type IT symmetries (I3)):

s
Ur _U<m+r_|_g, with g = ZZUiUS?iAi,s—i(fla---761';(1;---7(5—1’);

§>2 i=0

its second component is of the form

UT:ué-%nerJrl " m ZZUU azs i 617~'~7£i7<l7'~'7<-87i) +77_TDt(g)

s>2 1=0

Using the same notations as described for type I symmetries, in variables 4 and ¢ a type IT symmetry takes the form
n+m+3% 1A 1 s g—in
= 51 T + F |:,'7n+; + Dt:| g + %n'rnrk’r " é (Zs>2 foo u'v® lai,sfi(é-la e 757;7 4-17 e 74-871;))

Jrerz n+1 _D ~ 1. m+r—n—23 ~EANS—1 . ) ’ (27)
Cl +77Ti+2‘ n 2 t| g 577 2 ZS>QZZ ()UU A, 5— 1(517 o 75174-17"' 74-871)

3.2 Approximate symmetries and integrability conditions.

We derive the compatibility conditions of (I4]) or (I3) and (IZ) via the compatibility conditions of their transformed
forms (26]) or 7)) and ZI)). For simplicity, we rewrite them in the following compact forms correspondingly:

{ UTZUQ(€I)+61 ej:ZSZQZfZOUUS ‘ gs 1(517'"751:74-17"'74-871;)7 ]:172 (28)
vy = vQ(¢) + €2
{ u, = u2(&1) + et (29)

vy = —vQ((1) + €2
{ up =uw(&y) +p

P =20 im0 WV T Pisi€rs e &0 Gy ey Comi)-
UVt = —vw(Cl) —p (30)



Now we introduce a useful notation
Gy ilen e, &Gy Gomi) =aw(Dd G+ ) —a Y w&) —c2 Y w(Gr). (31)
1=1 k=1 1=1 k=1

Proposition 4. System (28) or system (29) is compatible with (30) of degree 2 if and only if the quadratic terms in
(28) or system (29) are related to the quadratic terms in (30) as follows:

ggo(l,c; £1,&2) 2 _ g82(c, 1;61,&2)
Gso(L, _1,51,52)1?270(51752)7 e30(61,82) = G5 L1616

gl 1(1 G 617C1) 2 _ g%l(@h(hfl)
e11(&,G) = ENTIT 51,(1) P1,1(61,C1)s e11(&1,¢1) = PNENS

902(1 ¢ C1,C2) G50(c, 15C1, C2)
gO 2( 1;C17<2) gé",o(_Ll?ClaCz)

where ¢ =1 for the terms in (28) and ¢ = —1 for the terms in (29).

e30(&1,6) = p2,0(&1,&2),

p1,1(61,C1),

€0,2(C1,G2) = Po2(C,Ga)s  ega(CisCe) = — po,2(¢1,¢2),

Proof. Recall that for any polynomial pair
P:uiv87iai,87i(€17'7€iagla"' 74871;) and Q = ujvrijbj,’rfj(é-la'7€j7<17'" 7<7‘7j)7

where s > 2, r >2,0<i<sand 0<j<r are integers, we have [I1]
[< Cluw(gl) > ( P >] _ < ggsfi(clacQ;gla' t 751‘74-17' o 7CS*1J)P ) ) (32)
szw(cl) ’ Q gf—jJ(Cchl;Clv"' 7<T’—j7§15"' 7§j)Q
The compatibility conditions of 28)) and [B0) up to degree 2 read as
2 12— z 1 X .
[( uw(gl) > , ( Z — U 12 1(517"' 75“(1;"' aCQ—l) >]

—’Uw(C:L) 212 0 U’lUQ 161,2—1(517 T 7&) Cla tee aCQ—i)

[< uf(&1) ) < S U g i(Ery e &y Coi) )]
UQ(C]-) , _Z?:()u U2 sz? 1(517"' 751‘7417"' 7C277ﬁ)

Using formula (32]) and collecting the terms at every monomial u‘v?>~* for i € {0, 1,2}, we obtain the formula for the
quadratic terms in ([28) with ¢ = 1. Similarly, we can derive the quadratic terms in (29) as in the statement. o

In fact, the results of Proposition ] can be generated to the terms of higher degree ¢ + j > 2, namely, one can derive
that

glfl ]- XS PRREES PES PR Y]
gwj(( cli‘l 5542‘1 Cz‘?)pi,j(él,-.-,&,Cl,-" )+ L (33)
2,] ! ’ oY ’ Y

gj,i(cal;clv"' aijglv"' 751)
gfz(_la]-vgla 7Cj7€17"' 767;

ezl,j(flv"wfivch'“ 7<J)

ezg,j(flv"wéivCla"'7<j):_ )pi,j(glv--wfivClv"'7<J)+L1235 (34)

where ¢ = 1 for the terms in [28) and ¢ = —1 for the terms in @29). Expressions L} ; and L7 ; depend only on the

terms of degree lower than ¢ + j in system ([B0). We will not write out them explicitly.

Now we are ready to derive the compatibility conditions of (I4]) or (I&) and (2. Let us introduce the following
notations:

NM(e,. .. &) = (Z&)’”—Za’” (35)
=1 =1
2
S, &) = (Gt &) - <Z€”+2 Zf”*2> : (36)
l=i+1

MIP(Er,06) = (G4 &)™ (ZS"“ — Z rf"“) Z£7+m+2 + Z gt (37)

l=i+1 l=i+1



Theorem 1. Expression (I7]) and expression (1) are approzimate symmetries of degree 2 of system (I2) if and only
if functions As o, A1,1, Ao2 given by formulae

Azo(&1,62) = é [2/1270(517 €2) + 2402(61,&) + A11(61, &) + Ay 1 (&, 51)} , (38)
A1, &) = ﬁ {2[12,0(51,52) = 240,5(61,62) — Ar1(61,62) + A171(§27€1)} ; (39)
Ag2(&1,6) = W {21212,0(51,52) +2402(61,&) — A11(&1, &) — Al,l(g%gl)} : (40)

are polynomials in &1,&2, where AQ’O,Al,l, 1210,2 are determined as follows:
1. For the quadratic terms in ({I),

<a+@>N¥%&fa (&+&VNf%a@g

Aso(61,€ 15§ Aya(&1,€ SHS
2,0(61,62) = (51752) 2,0(61,&2), 1,1(&1,&) = 52,1 61.6) 1,1(61,62),
(&1 +€2) N(m (51752)
A ; , 41
0,2(61,82) = S &) 0,2(61,82). (41)
2. For the quadratic terms in ({13),
- (&1 +&)" Mé?(&;&) . (&1 +&)" Mz 1 (51,52)
Az.0(&1,¢& §1,82), A11(61,82) = ISHS
2,0(61,&2) = 22(51752) 2,0(61,62), A1,1(&1,&2) Sénl 6.6 1,1(&1,&2),
hoalern g = ST @&, (12)
2,2 ") (61, 6)

Here a2, 01,1, Go,2 are given in terms of as,, 61,1, ao,2 by (23), (Z4) and (23).

Proof. Expression (I4) and (I3 are approximate symmetries of degree 2 of (I2)) if and only if they are compatible
with (I2) up to degree 2. Therefore the diagonal forms of these symmetries ([26) and (7)) must be compatible with
the diagonal form of our system @I). The latter is of the form of @0) with w(x) = 2"+, while (28) and (@7 are of
the form (28) with Q(x) = 2™ and 29) with Q(z) = 2"+ +3 respectively. From Proposition Bl we know the relation
of Ag 05 A11,Ap2 and AQ 0,A1 1,A0 2 as well as the relation of a2, a1,1, @02 and as,0,a1,1,a0,2. Now we need to show
that Ag,o, A171, Ao,g are determined as stated.

Consider first the case of type I symmetries (I4). Applying Proposition @l in the case of system B0) and (28) with
w(z) = 2"2 and Q(z) = 2™, we obtain (for the coefficient at u2v°):

(m)
N (flvff) n+lp270(§1’€2)'
(61 +€2)’I’L+_ —f 2 _52 :

Comparing system (28)) to system (26]) and system (B0) to system (2I)), we have

ey o(&1,&) =

(64 &)tE +eTE p et i d __ a20(81,62)
26 1 &) 2,0(§1,&2) and  p20(&1,&2) 26 + 6y

Substituting these into the previous formula, we get

@+@Wﬁ%@g
2,2 TGRS

the first formula of ([@I]). The other two relations can be obtained in the same way.

620(5 &) =

Ay o(&1,6) =

2,0(£1,&2),

Consider now the case of type II symmetries (I5l). Using Proposition M in the case of systems B0) and ([29) with
w(z) = 2""2 and Q(z) = 2"+ we find (for the coefficient at u2v0):

(fl + 62)m+n+% _ £m+n+% mtn+3

- —2 p2,0(61,&2).
(1 +&)"2—§

e30(61,6) =

n+1

—&

n+2

10



Comparing system (29) to system (27)) , we know

(€14 &)"HE + & nts + §n+2 A (&1 + &)

eso(61,&) = Az0(&1,62) + ra2,0(&1,&2)-
20 2(&1 + &)tz ’ 2(& + &)t
This leads to (m)
; (&1 + 52) M (51,52)
Az0(&1,62) = 22 2,0(61,&2),
2,2 (1, )
the first formula of (@2)). The other two formula can be obtained similarly. o

The study of symmetries of (I2)) is the study of the divisibility of certain special functions. If we introduce variables
1, T2 instead of &1, & by relations

= ol

1
x1=§, x2:€22
2

then functions ag o(2%, 23), a1,1(2%,23), ag2(2?,23), Sg;) (22,23) and Mz(f?)(ml, x3) become polynomials in 1, s (see

formulae 23), @4)), 23), B4) and @1) ).

Corollary 2. If (T7) and (I3) are approzimate symmetries of {I2) of degree 2 then functions A o(x3,23), Ay (23, 23),
and Ag o(x3,23) defined by [{1) and ([F3) are polynomials in x1,s.

Proof. From Theorem [ if ({[4) and ([@3) are approximate symmetries of ([I2) of degree 2 then
Ag o(23, mz) Ay (23, mz) and Ay 2(331, x3) are polynomials in z1, 22 (in fact these functions are polynomials in 2%, ¥3).
We know Ay (22, 23), Ay 1 (22, 23), A2 (22, 22) can be expressed as polynomials in Az, A1 1, Ao2 with coefficients be-
ing polynomials in 1, 2 according to Proposition[3l Therefore As 0, A .1, and AO o are polynomials in 1, zo. o

We are able to obtain explicit recursive relations for determining the higher degree terms in (I4) and ([IH). Similar
as formula B3) and (B4]), we present the strictures of these expressions without the full details. From the proof of
Theorem [Il we only need to show how functions fli,s_i are related to functions a;,—;, where r < s and these can be
obtained by using formula (33]) and ([B4) and comparing the notations in (28), (29) and (B0) with the ones in (20),

&7) and @1).
Suppose that ([[4) or (3] is an approximate symmetry of (I2)) of degree p > 3. Then for any 3 < s < p and any
i =0,...,5 we have

(Ch &N 6), £ 13
ST, E) Gisi(E, .. &) + LYY, ”

(X ke &) M m)(flw--vfs)A = (s)
1,8—1 5 7"'758 +Lz ) 44
Sg; (517"'765) ‘ ( ' ) ( )

Type I: Ai,s—i(gla e afs) =

Type IT:  A;,_i(&,....&) =

where functions Ai7s,i and a; s—; are given in terms of A;s—; and a;s—; according to Proposition [3 LES) and ﬂgs)

depend only on lower degree terms a; ;, i + j < s, and N{™, SS;) and MS(T) are defined as (35)), (36) and (B7).
Again if we introduce variables

1 1
1 =&0, ., = &5,

functions a; s—; (2%, ..., 22), A; s—i(2%,...,22), SEZ) (22,...,2%), and MS(T) (22,...,22%) all become polynomials in vari-
ables x1,...,x;.

4 Global classification result.

In this section, we state and prove the global classification result of system (@) in the sense that we list out all the
integrable equations of arbitrary order. We begin with an crucial theorem leading to global classification. In order to
prove the theorem, we prove the irreducibility of a family of special polynomials.

Proposition 5. For any i =0,...,s, polynomials
2 2 2 2\2n+1 2n+1 2n+1 2n+1 2n+1)2
Sg;)(mla"'vxs): ($1+"'+ZIJS) - (manr +"'+m1’n+ _xzzir _“._xsn+ )
are irreducible polynomials in x1,...,xs over C when s > 3 and n > 1.
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Proof. It suffices to prove that the polynomial ngls) (22,...,22), cf. ([B6), is irreducible over C since all the rest can

be obtained from it by taking negation of s — i arguments x;41,...Zs.

Let us first suppose that s > 4. If ngls) is reducible then the projective hyperspace given by ngls) = 0 consists of two
components. These components intersect in infinite number of points, which should be singularities of the hyperspace.

These singular points can be computed by setting the derivatives of ng? with respect to z;, j =1,...,s equal to zero.
We obtain:

as"
(%cj

=202n+ Dy [2" @ 4+ 2T — (@ + - +22)?] =0, j=1,...,s

So the singular points are either the solutions

22422 =0, 22442t = (45)
or the solutions of
T R . f T ) (46)

The singular points from (@) are kink points, which do not contribute to factorization. From (@), it follows that

(B3l = (@) = = (@22 = (ad a2 (47)

Hence the coordinates differ by (4n — 2)-th root of unity. Thus we get finitely many singular points. Thus the
assumption that ngls) is reducible is false.

When s = 3, system ({7 writes as
@) = @) = (03 = (o a3+ 4

By taking w3 = 1, we have that 22, 22 and w are 2n — 1-st roots of unity such that w = 2?2 + 2% + 1. Note that four
complex numbers of the same absolute value can only add up to zero if they form the sides of a parallelogram with

equal sides. Therefore either w =1 or 27 = —1, i = 1,2. If w = 1, then 2% = —2 leading to (z%)*"~1 = —(23)*"~ 1},
contradicting to (z3)?"~1 = (23)?"~1. If 22 = —1, we have (z2)?"~! = —1, contradicting to (23)?"~! = (23)?"~! = 1.
Hence, Séna) is irreducible. o

The irreducibility of this family of polynomials leads to the following useful result in testing integrability.

Corollary 3. If there are no quadratic terms in homogeneous system (I2) with W (u) > 0, i.e.

az,0(81,82) = a1,1(&1,C1) = ao2(C1,¢2) = 0,

and a; j # 0 for some 4, j, i + j > 2, then system [IZ) does not possess higher symmetries of any order.

Proof. Without loss of generality, we assume that some of the terms in (I2) of degree s > 3 are not equal zero and
all terms of degree less then s are equal zero. Suppose that such system possesses a type I symmetry (I4]) of order
m > 1. Then it is easy to see from formulae (I and @3)) that A4, ;(&1,...,&,G,....¢) =0,i4+j < s and

(34 + xi)TNgm)(x%, )

Ao i(x?,. . 22 =1 ™, 3 . (23, 02), i=0,...,8.
Sei (@, .., 22)
The left hand side of the above formula must be polynomial in z1, . . ., zs. From Proposition[fwe know that polynomials
ng) (x2,...,2%), i =0,...,s are irreducible polynomials over C and these polynomials do not divide

(CC% + "'+x§)TNs(m)(x%7"'7x2)

S

for any m > 1 and r > 0. Therefore Sgﬁ-) must divide a; s—; (2%, ..., 2%), what is impossible since

deg(a;s—i(23,...,22)) =dn+2—2(s — )W (u) < deg(SéZ) (x3,...,2%)) =4n+2, i=0,...,5.

Thus system ([[2) does not possess any type I symmetry. The consideration in the case of type II symmetries is similar.
o

We are now ready to prove the following important theorem in classification of integrable homogeneous systems of the

form (I2)).

12



Theorem 2. Consider homogeneous system (I2) with W (u) > 0. Assume that it possesses an m-th order type I or
type II symmetry of the form (I3)) or (I3). Suppose there is another system of the same weight and of the same form

{ Uy = 'UC{,
2n+1— k i k—i
VUt = u§1n+ " + ZkZZ Zi:() ulvk lb@k*i(éla v 76[@7 Cla e 74]@77;)7

whose quadratic terms equal to those of (I2), that is, b;o—i(z,y) = aia—i(x,y), ¢ = 0,1,2. Then if system (48)
possesses an m-th order type I or type II symmetry, then equation [48) and (I2) are equal and sharing the same type
I or type II symmetry of order m.

(48)

Proof. We will prove the statement by induction. Consider the case of symmetries of type I. Let us suppose that
equation (48] possesses a type I symmetry of the form

ur = u" + > Y W TIB (&6 G e Ceny) (49)

$>2 j=0

The quadratic terms of this symmetry coincide with those of (I4) B;2—i(z,y) = Ai2—i(x,y), ¢ = 0,1,2 because the
quadratic terms of (A8) and ([I2)) coincide. Let us prove that the terms of degree 3 in (I2) and (@8] coincide. According
to formula ([@3]) we have

2 2 2rN(m) 2 .2 .2
(x1+x2;£z)2 > (gl’x"”%)ai,s_i(x?,x%,x%)+L§3), i=0,1,23
3,4 X1, L2, T3

41,3—1'(%%7 $§7 $§) =

for the coefficients of the symmetry (Id]) of (I2)) and

- (€3 + 23 + 23" N (3, 23, 23)

Bis_i(x7,23,23) = S(")( 242 2) Bi,g_i(m%,mg,x§)+i§3), 1=0,1,2,3
3,i \T1,La, X3

for the coefficients of the symmetry [@9) of (4]).

Notice that LEB) = ﬂgs), 1=0,1,2,3 since they only depend on the linear and quadratic terms of equations (I2)), (&S]
and their symmetries (I4]) and ([@9), which are equal by the assumption. Therefore

Bis—i(23,23,23) — Aj3_i(af,23,23) =

2 2 Nra(m) 2 2 2
2?42?22 22,23, 23) /- .
o 2S(n)?)2 32 (2)1’ 2 25) (b¢,3—¢(m%,m§,m§)—ai,g_i(mf,mg,xQ)).
oy (43,23, 23

Its left hand side must be a polynomial in x1,z, 3. In proposition [l we proved that polynomials ng? (22,23, 22%)

are irreducible polynomials over C. It is easy to see that it does not divide (22 + 2% + 22)"N{™ (22, 23, 22) for any

n>1,m>1andi=0,1,2,3. Therefore Séz) (22,23, 22) must divide b; 5_; (22, 23, #2) — 4; 5_; (22, 23, 22). But this is
impossible since, for ¢ € {0, 1,2, 3},

deg(bis_i(a?, 22, 22) — a3 s (x?,22,22)) =220+ 1 — 2W(u) — 1) < deg(SéZ) (x3,23,23)) = 4n + 2
due to the assumption W(u) > 0 and r > 0. Hence

61,3_¢($%,$g, Z‘%) - &1}3—1(1‘%) Z‘%, Z‘g) =0, Bi,3—i(m%a Z‘%,Jig) - Ai,3—i(m%a Z‘%,Jig) =0,

that is, b 3—i(£1,82,83) = aiz—i(€1,62,83), Biz—i(61,62,83) = Aiz—i(&1,62,83).

Suppose we have proved that the terms of degree s — 1 coincide. For terms of degree s, we have, according to formula

(@)a

(22 4 ---+x§)TNS(m)(§1,...,§S)&
Sg??(é.la "765)

for the coefficients of the symmetry (Id]) of (I2)) and

Ai’s_i(x%, o) = isi(@?, )+ LES), 1=0,...,8

S

B; si(@?,. . 1) = ls,i(x%,...,x§)+L(s), 1=0,...,8
| ST (&6 7
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for the coefficients of the symmetry ([@9) of [8]). Terms LES) and ﬂgs) depend only on coefficients of degree less than
s and therefore they are equal LES) = zgs)’ 1=20,...,s. Hence

A ) 2y 2N )
Bi7s,i(x%,...,x§) —Ai7s,i(x%,...,xz) = (33‘1—|— —’(—7’:8) (61, 75 ) (bi’S,i(x%,...,{Ez) —di7s,i(x%,...,x§)) .
Ss,i (515 o 755)
Again the left hand side of the last formula must be a polynomial in 21, ..., x5 and therefore ng) (2%,...,22) must
divide b; s (22,...,22) — @;s_i(22,...,22). This is impossible since

deg(bi s i(2?,...,2%) — s i(22,...,2%) =dn+2—2(s — )W (u) < deg(Siz)(x%, L xd))=4n+2,i=0,...,s
using the assumption W(u) > 0. Hence b; s—; = a;5—; and B; s—; = A;s—; for i = 0,...,s. Thus we proved the
statement for type I symmetries. The proof in the case of symmetries of type II is analogous. o

Finally, we state and prove the global classification result of homogeneous system ().

Theorem 3. If a homogeneous system (4) with W(u) = w > 0 possesses a hierarchy of infinitely many higher
symmetries, then it is one of the systems in the following list up to re-scaling u — au,v — pv,t — yt,z — dx, where
a, 3,7,8 are constant:

{ e = oL (50)

v = ug + 3uv; + vuy — 3uug,
Ut = i,
{ v = (Dy +u)®(u) —v?, n=1,2,3,.... (51)

Proof. We prove the theorem in symbolic representation. We know that system (@) in symbolic representation takes
the form of (I2)). In CorollaryBlwe have proved that if (@) possesses higher symmetries then the differential polynomial
F in (@) must contain quadratic terms and therefore w = W (u) > 0 is either integer or half-integer. Indeed,

Rinitoriw = span{uiuj|i—|—j=2n+1—7“—w,i,jENO}@
1
span{u;v;li +j =n+ 3w 1,j € NO}@span{Uivjﬁ—i—j =r—uw,i,j € Ny},

where Ng = N{J{0}. Therefore if differential polynomial F' in (@) contains quadratic terms then the weight of variable
u is either integer or half-integer, i.e. either w € N or w = s — %, s € N. Furthermore, from the Theorem [2] it follows
that it suffice to classify integrable systems (@) up to quadratic terms. If system (@) or rather say (I2) possesses a
hierarchy of infinitely many higher symmetries, it possesses infinitely many approximate symmetries of degree 2 of
type I or type II. We first assume that these are of type I of the form

Ur, = ub +uP AV (€1, €2) +uwvAY) (€1,¢) +02ATY (G, G) +o(R?), j=1,2,3,...

where 1 <mj <mgp <--- <mj <mjy1 < ---. From Theorem [l and Corollary 2] it follows that
(ms) (.2 .2 (mj) 2 .2
Al N. x2,73) . - » V. x1,03)
Ayt ad) = (o3 + oy D2 UL 02 02y AV (02, 0) = (0 + o) 2 UL, (42,0
52 2 (xlﬂ 3) Say (21, 23)
(my) 2
< (5 » Ny (2
AG)ah8) = (a? + a2 DT 5 02 o)
Sy,3 (x1,23)
must be polynomials in x1, 22 for any m;, j = 1,2,.... Notice that polynomials 5’52) (22, 23) and Ng(mj)(x%,xg) can

be factorized as () )
Sé 2(331,332) = $1$23(n (mlamg)a NQmJ (x%amg) = a:leN " ($17$2)

which leads to
AG) 2 2 2 2 rNQ(mJ)($1a$g) 2 2 A] 2 2 2\r
Azlo(a1, 23) = (21 + 23) ﬁ@ o(@%,23), AYi(at,23) = (2] + 23) )
52 2 (xlﬂ r3) 52 1 (xlﬂ xz)

(m;) 2
N 7z, 25) .

(n) ( ! 22)a072(x%7x§)'
522(331a$2)

N{mi) (g2 2 R
2 ( 1> 2)@1’1(33%7333)

AG) (@3, 23) = (a? + ) 2
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We can easily check ged((2? + x%)T,Sé Z)(xl,x%)) = ged((z? + 23)", S; Z)(xl,x%)) = 1. Moreover, from Lemma [I]

in Appendix A it follows that if there exist infinitely many m; such that Ai’Q,i, 1t = 0,1,2 are polynomial, then
m; =2,3,4,... and

S8 (@3, ) lan(23,28), S5 (af, d)|ar 1 (23, 28),  SUY (aF, 23)|a0 2 (23, 23). (52)
Counting the degrees of these polynomials we obtain that the division is possible only if

deg(d;2—;) =4n+2 —2r — 2w > deg(S’é? (x3,23) =4n—2, i=0,1,2
implying r + w < 2. Since w > 0 is either integer or half-integer, there are only four possible cases as follows:

l.w=2, r=0;

o

g

|
N

o =0
3. w=1 r=0,1;

_1 _
4 w=3, r=0L

Let us compute the degrees of quadratic terms in the system we are considering. Applying formula ([I3]), we have
deg(aq,1(&1,&)) =n—w+ %, deg(ap2(£1,&2)) = r —w, deg(az,0(£1,&)) = 2n+ 1 —w —r. We know that all these
numbers should be positive integers, which enable us to determine the possible quadratic terms.

Case [Il The only possible quadratic term in equation (I2)) is az,0. This leads to
az,0(z7,23) = do2(2i,23) = azo(ei,23), ava(ef,23) = 2a0(af, 23).
From formula (52)) we see that both 5‘; (22, 23) must divide ag o(2?,23). It is easy to check that
ged (853 (eF,23), 537 (a1, 43)) = 1.
So we have 5‘5“2) (22, x%)gé (22, 23)]az,0(z3, 23). But this is impossible since

deg(ago(z3,23)) =4n — 2 < deg(gég) (z3, m%)Sé 1) (22, 22)) = 8n —4, foralln > 0.

Case [2l The only possible quadratic term in equation (IZ) is aq,;. Notice that polynomial S’é"l) (22, 23), a2.0(2%, 23)
and do 2(z%,23) are symmetric and polynomial a; (2%, 23) is antisymmetric with respect to z1,xs. Due to (52), we
have

do,0(2%,03) = —o2(2?,23) = c1(wy +22)S5Y (23,23), 11 = ca(a1 — 22) 857 (a2, 43), (53)

where ¢, co are arbitrary constants. Inverting formulae (23)), (24) and (25)) or using directly (20) for a;.1, we find that
1 . . . .
ar1(z,a3) = 12T (2a0,0(23,23) — 2a0,2(x7, 23) + a1,1 (23, 27) — 411 (a7, 23)) , (54)
2

which must be a polynomial in x1, 5. Substituting (B3]) into (G4]), we see that this can only happen when ¢; = ¢2 =0
implying a;1,; = 0. Hence our equation does not contain quadratic terms and therefore does not possess higher
symmetries.

Case [3l If r = 0, the only possible quadratic term in equation (IZ) is ag . This leads to
dn,0(21,23) = do2(2i,23) = aso(af,23), a1(ai,23) = 2az0(a¥, 23).

Similar to Case[Il we obtain that 52 3 (xl, xQ)S‘ (xl, x3) must divide ag,o(z?, 23), which can only happen if

deg(az,0(23,23)) = 4n > deg(SL} (23,23) 857 (23, 23)) = 8n — 4,
that is, 4n < 4 implying n = 1. Therefore, there exists a constant ¢ such that

azo(22,02) = ¢S5 (22,23)S{Y (a3, 23) = ¢ (921 + 923 + 14a2a?) .
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This leads to

Aéjg(xl,xg) A o(22,23) = (323 + 323 + Zmlmz)Nz( j), Agji(x%,xg) = (327 4 325 — Zmlxg)Ng(mj).

)

From formulae (B8), (39) and (0) we find that

(m;) 2
r(mg N ! (ZIJ ,33 )
AGyatad) = 3efa? + N had), A Ehad =0 APaTad) = 2ot

It is casy to see that 2222 does not divide N3 (22, 22) for any integer m; > 1, so Ag2(2%,23) is not a polynomial
unless ¢ = 0 what implies ag,0 = 0. So system (I2)) has no quadratic terms and therefore is not integrable.
If r = 1, then we have a;,; = 0 and therefore

a2,0(27,23) = Go2(a3,23) = azo(2],23) + ao2(27, #3) (w122)>"

an1(21, 23) = 2a2,0(27,23) — 2a0,2(27, 23) (w122)*" !
It is easy to see that deg(a; 2—i(2?,23)) = deg(S’ (xl,xg)) =4n—2, i =0,1,2. It follows from (52)) that

do,0(2%,03) = a0 (a3, 23) = 1859 (23, 43), a1 (a?,23) = 28" (a2, 43), (55)

where ¢y, ¢o are constant. Inverting formulae 23)), ([24) and (28) or using directly formula (20) for the quadratic terms,
we find

1, R R
aso(z?,23) = 3 (4a2,0(a3, 23) + a1,1(af, 23) + ay1 (23, 27))
1 R R R
ag (a3, 23) = P e T (4d2,0(a7,23) — a1,1 (23, 23) — ar (23, 27))
1 2

Substituting (GH) into the above formulae we find that ag (2%, 23) is a polynomial in z%, 22 if and only if c2 = 2¢;.

Hence ag 2(2%,23) = —2c;. Without loss of generality we can put ¢; = %, SO
(z7,23) = -1 (z7 CJ 177 (a3)> (56)
CLO,Q Ty, Ty y CLQ() $1,ZE2 4 2n+1 $1 Ty .
Therefore
4 () 4 () 2 1 5 2y xr(my) 2 A(9) 2 2 2y xr(my) 2
As O(xlva) Ay, oz, 23) = §($1 + mz)N (1,23), Aj (mp r3) = (71 + mz)N (21, 23)

and leads to

1 ~ (s
5@ +a)N @), AV, a3) = Ayt a3) = 0.

Thus system ([[2)) with quadratic terms (B6) and r = 1 possesses infinitely many type I approximate symmetries of
degree 2 of any order m; > 1.

AY) (a3, 23) =

Case M The only possible quadratic term in equation (I2) is aj 1. If r = 0, then deg(a;2—i(2%,23)) = 4n+1, i =
0,1,2. Notice that polynomials S’é"l) (22, 23), a2,0(23,23) and ag (23, 23) are symmetric while polynomial a; 1 (2%, z3)
is antisymmetric with respect to z1,x2. Due to (52)), we have

a2,0(7,23) = —ao2(a7,23) = (c1(2f + 23) + comrwa (21 + 22)) 55"2) (21, 23), (57)
a1,1(22,23) = (di (2} — 23) + dawrwa (21 — 22)) 5% (a2, 23), (58)

where ¢1,c¢q,d;,dy are arbitrary constants. Substituting these expressions into (B4) as in Case 2] we find that
al,l(x%, x%) is a non-vanishing polynomial in even powers of x1, z2 only whenn = 1 and dy = 2¢;, do = —%cl, Cy = %cl.
Without loss of generality we can choose ¢; = % It follows that

ar1 (23, 29) = 1127 + 923
Therefore for Al"gfi we obtain

(i e 3
AFp (e}, 23) = ~Af) (et 23) = (5@? +a3) + 212a(ar + x2>) Ng™ (a3, 23)

AP)(23,23) = (3(a3 — a3) — 210 (21 — 32)) N (a2, 23)
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and hence )
N, (22, 22)
2 21 ? (3 "'2351) Ag%(%v%) A((f%(xl,x%) 0.

L3

It is clear that Agj %(xl, 23) is not polynomial since 2 does not divide N. (mj)(xl, x3) for any m; > 1. Thus equation

(@) does not possess an infinite many type I approximate symmetries of degree 2.

If r = 1, then deg(a; a—;(z3,23)) = 4n — 1, i = 0,1,2. Similar as Case 2] we obtain the formula (53). Inverting (Z3),
(221) and 28) we find that

1 . . . .
ar (a7, 23) = Z;aﬁrf(2a2ﬁ($%a$§)—-2aoz($%a$§)+-alJ($§a$%)—-alJ(xfaxg))a (59)
2

Substituting (53) into (B9), we find that a1 1(z%,23) is a non-zero polynomial in even powers of z1,xs if and only
co = 2c¢1 and n = 1. Without loss of generality we choose ¢; = %, ¢ = 1 and hence

a171(x%, x%) = x% + 3{E%. (60)

For A (22, 23) we therefore obtain

1 ~ (s
A5y (a},03) = ~AF) (a1, 23) = F (o1 + 22)(a] +a3) N} (ad a3),
AD) (a3, 23) = (21 — w2) (a3 + 23N (22, 23)

and hence 0 )
A1J,1(9C%7x§) = (x% + x%)NQ ! (x%,x%), Ao o(x%,xz) Ao 2(x1ax2) =0.

Thus we proved that system ([2)) with the quadratic terms (60) and n = 1, = 1 possesses infinitely many type I
approximate symmetries of degree 2 of any order m; > 1.

Summarizing the results in the above four cases, we proved that if system (@) possesses infinitely many type I ap-
proximate symmetries of degree 2 of any order m; > 1, then it is up re-scaling one of the systems in the following
list:

te = (61)
vy = up +uv + 3uvy +h, h=o0(R?)
Ut = U1

{ Ut = Uy — V2 + %25:1 Chpi1tlj—1Uzn—j +h, h=0(R?) (62)

Let us now assume that system (I2]) possesses infinitely many approximate symmetries of degree 2 of type II of the
form
ur, = oG] u? AFY (6, )+ wrAT) (€1,C) + 07 A02(Cy ) +o(RY), j=1,2,3,..

J

and 1 <mq <mg < --- <mj <mjt1 < ---. From Theorem [I] and Corollary 2] it follows that

(my) 2 (mj) .2 2
A M22 (xlﬂxZ) A (5 TM21 (z1,23)
Ay}, 23) = (2} + ) 25—z (0}, 23), AP (ad,03) = (@} + 23) T (ad, 03)
522(x1ax2) 521(5517952)
. My (a3, 23)
A] 2(af,23) = —(xf‘f'%g)r(n)i?%ﬂ(%iﬂ?g)
522(3317332)

must be polynomials in 21, x> for every m;. Notice that polynomials M2(TJ ) (22, 22) can be factorized as

M) (@}, 23) = 233N (a3, 23),
which leads to

or(mi) 2 2 r(mi) 2 2

M, 5’ ($1ax2)A (4 er 1 (mbmz)A
Wazo(m%v%%)v Agﬁ(ﬁ@%) = (2] +a3) ——
522(3317332)

or(m;) 2
A (5 2,2 (5517552)
A((J{%(x%axg) = —(af +a3)" A 3 o
5272 (331@“2)

AY) (a2, 23) = (a2 +ad)
ao,2 (23, 23)
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from Lemma [ in Appendix A, if there exist infinitely many m; such that the above expressions are polynomials in
21,%2, then m; =1,2,3,4,... and

A(")( 2 2

) (22, 22) a0 (23, 02), S5 (a2, 3

- 2,2 & 2, 2\4 2 2
2}, 23)laoa(ad a3) 557 (af,a3)lar (aF, 03). (63)
We then repeat what we did for the case of type I symmetries and we obtain the similar conclusion: If system (I2])
possesses infinitely many type II approximate symmetries of degree 2 of any order m; > 1, then it is up re-scaling

either (€1 or (62I).

By now we have classified all systems ([[2)) possessing infinite many approximate symmetries of degree 2. We know
that system (B0) possesses infinitely many higher symmetries of any order of form (I4)) and (IH). Notice that the
quadratic terms of (B0]) and of the system (61]) coincide. By Theorem 2] if system (61]) possesses an exact symmetry of
some order m for some h in its right hand side , it must coincide with the system (G0), that is, h = —3u?u;. Similarly,
quadratic terms of (BIl) and of the system (62]) coincide and system (GBI possesses higher symmetries of any order.
Therefore, if system (62) possesses an exact symmetry of some order for some h then it coincides with (&I). o

System (B1)) is equivalent to a linear equation wy = 92"+ w under the Cole-Hopf transformation u = (logw),. This
system possesses infinitely many type I symmetries

Ury, = Dw(D$ + u)milua m=2,3,...

and type II symmetries
Uy, = Dy(v+ Dy)(Dy +u)™ .

These symmetries correspond to the symmetries w.,, = wy, and w,,, = Wim of Wy = Wany1.

5 Conclusion and Discussion

This is the first paper dealing with the global classification of the systems with two components. The success of global
classification relies on so-called implicit function theorem in [IT]. The theorem implies that the existence of infinitely
many approximate symmetries of low degree together with one symmetry leads to integrability. The proof of the
theorem is straightforward and purely algebraic. However, to check the conditions of the theorem requires to prove
the irreducibility of a family of polynomials. In this paper, Theorem [2] can be viewed as another version of it. The
required irreducibility of polynomials ng) (x2,...,22%) defined by (B8) is proved by algebraic geometrical arguments in
Proposition Gl

The formal diagonalisation approach proposed in this paper can be applied to large classes of systems with the
diagonalisable linear part. This type of equations is generic and it has not been treated by other classification
methods. Our approach enables us to explicitly write down the necessary conditions for integrability. We are able to
prove that these conditions are indeed sufficient. Resolution of these conditions leads us to the ultimate classification
result.

We have not applied this approach to the systems with nilpotent linear part yet. However, we do not expect any
difficulties in this case. The final goal will be to combine these two classes and to obtain the global classification
of homogeneous polynomial evolutionary systems of two components as it has been done for the scalar evolutionary
equations [IT].

Appendix A
Here we prove the lemmas required in the proof of Theorem [Bl which is based on the theorem of Lech-Mahler and its
straightforward corollary.

Theorem 4 (Lech, Mahler). Let Ay, As,..., A, € C and a1, as,...,a, be non-zero complex numbers. Suppose that
none of the ratios A;/A; with i # j is a root of unity. Then the equation

AT + a0 AT 4+ -+ a, A =0
in the unknown integer m has finitely many solutions.
Corollary 4. Let A, B,C € C and a,b, c be non-zero complexr numbers. Suppose that the equation
aA™ +bB™ + cC™ =0

has infinitely many integers m as solution. Then A/B and A/C are both roots of unity.
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We simplify our notations by writing St = Ség), S = Séﬁ), My = Mg(gj) and M, = Mg(ﬁlj).

Lemma 1. Consider an infinite sequence of polynomials
i . 2m, 2m,
Nz(mf)(m%,mg) = (@] +23)™ —a" =", 1<mi<me <o <my<mjp < (64)

If there exist infinite many m; such that each Ng(mj)(x%,xg) has nontrivial common divisor with the polynomial
S*(22,23) defined by (36), Then m; = 2,3,4,... and ged{S* (23}, 23), N2(2) (22, 23), 2(3)(96%,96%), o} = 2323

Proof. Since the polynomials S* (22, 23) and Nz(mj) (22, 23) are homogeneous polynomials in 1, 2z it is convenient to
consider them in affine coordinate i—; If they have nontrivial common divisor, these exist g as a common root, that
is,

S:I:(q) _ (1 + q2)2n+1 _ (1 + q2n+1)2 -0

N{™(q) = (14 2™ — 1 - ¢*™ =0,

which is required to be satisfied for infinitely many integers m; > 1. Applying the Lech-Mahler theorem to it we find
that this is possible if one of the listed cases holds:

e ¢ =0 (double root), m; =2,3,4,.. .,
e g==i,m; =1 mod 2,

it} 2mi 4mi 5mi

e g—=¢3, -,mj:5 m0d6,

9]
w
9]
w
9]
w

i 2mi Ami 5mi
3

e g=es,es ,es,es (doubleroots), m; =1 mod 6.

The last three sets of roots do not satisfy the equation S*(g) = 0 for any n > 0, while ¢ = 0 is a double roots of
S*(q). Lemma is proved. ¢

Lemma 2. Consider an infinite sequence of polynomials

Mt (23,03) = (o + a3 (@3 H! ) — gt (gagntamtt), (65)

O<m1<m2<---<mj<mj+1<---

If there exist infinite many m; such that each M (22,23) (or My, ( 2.22)) has nontrivial common divisor with the

polynomial ST (x2,23) (or S™(x2,23) ) defined by , Then m; =1,2,3,4,... and
1,22 1,23 J
ged{S™ (a1, 23), M (a1, 23), My (2, 23), .. .} = afa3;
ged{S™ (z1,23), My (a1, 23), My (a1, 23),...} = xa3.

Proof. Similar as in the proof of Lemmal[ll we consider polynomials S* (%, 3) and MT%J, (22, 22) in affine coordinate

2L If S*(af,23) and M}, (27, 23) have nontrivial common divisor, these exist ¢ as a common root, that is,
S+(q) =(1+ q2)2n+1 —1— q4n+2 _ 2q2n+1 -0
M (q) = (1+¢)™ (1+¢") = ()™ —1=0,

which is required to hold for infinitely many positive integers m;. We apply the Lech-Mahler theorem to it and obtain:

e ¢ =0 (double root), m; € Z,

° q2n+1 — _1, q2m]~ — 1,

mi  Bmi
3

eg==¢3,e3 andn =1 mod3, mj = 0 mod3 orn =2 mod3, mj = 0 mod6,1 mod6 or n = 0
mod 3, m; =0 mod 6,5 mod 6,

it} 4mi

.q:ez3 ,e3 andn =1 mod3, mj =0 mod6 orn =2 mod3, mj =0 mod6,4 mod6 orn =0
mod 3, m; =0 mod 6, 2 mod 6.

It is easy to check that the roots from the last three cases are not the roots of S (q) for any integer n > 1, while ¢ = 0 is

a double root of ST (g). Therefore, we have m; = 1,2,3,... and ged{S™ (22, 22), M (22, 23), M (22,22),...} = 2322
Similarly, we can prove the second half of the lemma. ©
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