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Abstract
We develop a K-theoretic approach to multiparameter bifurcation theory of homoclinic
solutions of discrete non-autonomous dynamical systems from a branch of stationary solu-
tions. As a byproduct we obtain a family index theorem for asymptotically hyperbolic linear
dynamical systems which is of independent interest. In the special case of a single parame-
ter, our bifurcation theorem weakens the assumptions in previous work by Pejsachowicz and
the first author.

1 Introduction

The aim of this paper is to investigate the existence of non-trivial homoclinic trajectories of
discrete non-autonomous dynamical systems by topological bifurcation theory. For many years,
bifurcation theory for various types of bounded solutions of one-parameter families of discrete
non-autonomous dynamical systems has been studied by many authors using exponential di-
chotomies for linear operator equations, the Lyapunov-Schmidt method and the Melnikov in-
tegral. We refer the reader to [Hu09, Pa84, Pa88, Pol0, Polla, Pollb], for example, and the
extensive bibliography that can be found therein. Recently, following [Pe08a], the first author
proposed jointly with Pejsachowicz in [PS12] and [PS13] a new approach to this subject by
topological methods using the index bundle for closed paths of Fredholm operators and the KO-
theory of the unit circle. This paper provides a significant extension of the results from [PS13]
from systems depending on a single parameter to the multiparameter case, where we also weaken
the assumptions in the previous work.

To summarise the setting briefly, we fix some N € N and denote by co(RY) the Banach space
of all sequences in RY converging to 0 as n — 400 with respect to the sup norm. Let A be a
compact CW-complex and f = {f,: AxRY — RV}, <7 a sequence of continuous maps such that
each f, is differentiable with respect to the RY variable and the derivative (Df,)(),u) depends
continuously on (A, u) € A x RY. We assume that f,(\,0) = 0 for all n € Z and we consider the
family of discrete dynamical systems

Tp4+1 = fn()\yxn)a n € Z, (1)

parametrised by A. We refer to solutions of (1) which belong to co(RY) as homoclinic solutions.
Note that by assumption 0 = {0},en € co(RY) satisfies (1) for all A € A and in this article we
study bifurcation of homoclinic solutions of (1) from this given branch of solutions.

A central role is played by the discrete dynamical systems

Tnt1 = an(N)xp, n€Z, (2)
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where a, (\) = (Df,)(A,0) are the derivatives of f,(),-) : RY — RY at 0 € RY. Under suitable
assumptions on the sequence of maps f = {f,}nez in (1) and a = {a, }nez in (2), there are maps
F: A xco(RY) = ¢o(RY) and L: A x ¢o(RY) — ¢o(RY) such that F()\,z) = 0 if and only if
x € ¢o(RY) is a homoclinic solution of (1), and Lyz = 0 if and only if = is a homoclinic solution
of (2). Moreover, each F) is a Cl-map and DgF), the derivative of Fy : co(RY) — ¢o(RY) at
0, is given by L. In this way, we study the bifurcation problem for (1) by applying topological
methods to the family of nonlinear maps F' and its linearisation L.

Let us now briefly sketch our methods and our main results. We will see below that the operators
L) are Fredholm for all A € A. Using a construction due to Atiyah and J&nich from the sixties,
we obtain an element ind(L) in the KO-theory group of the parameter space A which is a
natural generalisation of the classical integral Fredholm index of a single operator. We will
recall below the definition of KO(A), which is a group made by equivalence classes of vector
bundles over A. This index bundle was used by Atiyah and Singer in the extension of their
famous index theorem to families in [AS71], and among many other applications, its relevance
for multiparameter bifurcation theory was discovered by Pejsachowicz in [Pe88] and since then
used in various generality in, e.g., [Ba91], [FP91], [Pe0l], [Pellal, [Pellb], [Pel5] and [Wal6].
Here, roughly speaking, after a rather technical finite dimensional reduction of the bifurcation
problem, it turns out that the non-existence of a bifurcation point for the nonlinear map F' would
imply that J(ind(L)) vanishes, where J : KO(A) — J(A) denotes the J-homomorphism, that was
introduced by Atiyah in [At61]. The J-homomorphism is notoriously hard to compute, however,
its non-triviality can be obtained from characteristic classes of vector bundles what makes it
substantially easier to work with it in our situation. Here we obtain a bifurcation theorem from
this idea by computing explicitly the index bundle ind(L) in KO(A) in terms of vector bundles
obtained from eigenvectors of the matrices a,, () in (2). This family index theorem for the linear
discrete dynamical systems (2) is of independent interest and it is the first main result of this
paper that we prove below. In combination with the above outlined method to study bifurcation
of solutions for the family of operators F; we then obtain our second main theorem which gives a
topological bifurcation invariant for the nonlinear discrete dynamical systems (1). Let us finally
point out that if A = S', i.e. our families are paths, then our invariant becomes Zs-valued and
coincides with the previously introduced one by the first author and Pejsachowicz in [PS13].
However, as we have already mentioned above, the assumptions in our bifurcation theorem are
weaker than in the previous approach.

The paper is organised as follows. In the next section we introduce our assumptions and state our
main theorems as well as some corollaries. In Section 3 we first recall the concept of the Atiyah-
Janich index bundle and its main properties. Afterwards, we prove our family index theorem
3.2 for asymptotically hyperbolic linear discrete dynamical systems. In the fourth section, we
prove our main Theorem 2.2 on bifurcation of homoclinic solutions for the nonlinear systems
(1). Section 5 contains the detailed proof of Theorem 2.7, which derives from Theorem 2.2 an
estimate of the covering dimension of all bifurcation points in A. The following sixth section
provides a nontrivial example illustrating our results about the existence of bifurcation points.
Afterwards, in Section 7 we discuss an example of a discrete dynamical system which explains
the role of the assumptions in our theorems. The final Section 8 is devoted to some comments
about possible extensions of our results.

Let us finally fix some common notations that we use throughout the paper. We denote by
L(X) the space of bounded linear operators on a Banach space X with the operator norm, and
by GL(X) the open subset of all invertible elements. The symbol Ix stands for the identity
operator on X. If X = KV for K = C or K = R and for some N € N, then we use instead the
common notation M (N,K), GL(N,K) and Iy, respectively. In what follows, we are going to
work with vector bundles E over topological spaces A, and we shall denote the product bundle



E = A x V for a linear space V by ©(V).

2 The Main Theorem and some Corollaries

As in the introduction, we let A be a connected compact CW complex, and we now fix a metric
d on A. We consider a sequence of continuous maps f,: A x RY — RN, n € Z, which are
differentiable with respect to the RY variable and satisfy the following assumptions:

(A1) fr(A\,0)=0forall n € Z and A € A,

(A2) for every compact set K C R and for every ¢ > 0 there exists § > 0 such that

sup [[fn (A, ) = fu(t y) | + sup [[(Dfn) (X, ) = (D f) (1 9) || < €
neZ nez

for all (A, z), (u,y) € A x K such that d(\, p) + ||z — y|| <.
Note that 0 € cg(RY) is a solution of all equations (1) by (A1).

Definition 2.1. A bifurcation point for the family of nonlinear difference equations (1) is a
parameter value \* € A such that in every neighbourhood of (\*,0) in A x co(RY) there is (A, x)
such that = # 0 satisfies (1).

In what follows, we set
a’n(>\) = (Dfﬂ)()\a 0)7 ne Za )\ € Aa (3)

and we note that this is a sequence of continuous families of matrices a,,: A — M (N,R). Let us
recall that an invertible matrix is called hyperbolic if it has no eigenvalue of modulus 1. Further
to the assumptions (A1)—(A2) above, we also require

(A3) the sequence a,(\) converges uniformly in A to families a(), £00) of hyperbolic matrices,

(A4) the matrices a(\, +o0) and a(A, —oo) have the same number of eigenvalues (counting with
multiplicities) inside the unit disc for some, and hence for any, A € A,

(A5) there is some A\g € A such that the linear difference equation
Tpny1l = an()\O)xna ne Na (4)
has only the trivial solution 0 € co(RY).

Let us recall that a continuous map a: Z x A — M(N,R) which satisfies Assumption (A3) is
called asymptotically hyperbolic.

As a hyperbolic matrix ¢ € GL(N,R) has no eigenvalues on the unit circle, the spectral
projection

1
P=_— [ (zIy —a)"'dz € M(N,C) (5)
2mi Jo1

is defined. We denote by Re: CV — R the real part of elements in CV and set

P*u=Re(Pu), P“w=u—P'u, ucRY, (6)



which are projections in RV as the matrix a is real. The image of P*® consists of the real parts
of all generalised eigenvectors with respect to eigenvalues inside S* and it is called the stable
subspace E*(a) of a. Analogously, the image of P* consists of the real parts of all generalised
eigenvectors having eigenvalues outside S! and it is called the unstable subspace E%(a) of a.
Note that

E*(a) ® E"(a) = RN (7)

and, moreover, it is not very difficult to see that

Es(a) = {zo € RN | a"xg — 0, n — o0},

E'(a) = {z0 € RY | a"xg — 0, n — —o0}.

Let us now consider the families of hyperbolic matrices a(\, £00), A € A, that we introduced
in (A4). As none of these matrices has an eigenvalue on S*, (5) defines two continuous families
of projections on C. By taking real parts and building complementary projections as in (6),
we obtain four families of projections on R parametrised by the space A. In what follows we
denote the images of these projections by E*(\, +o00) and E*(\, £00). Finally, as the images of
continuous families of projections are vector bundles over the parameter space (cf. e.g. [Pa08]),
we get four vector bundles over A

E*(£00) = {(M\u) € A xRN | uw € E¥(\, £00)},
E*(£00) = {(M\u) € A xRN | w € E%(\, £00)},

which are all subbundles of the product bundle O(RY) = A x R and which satisfy
E*(+00) ® E*(+00) = E*(—00) ® E*(—00) = O(R") (8)

by (7). Let us recall that two vector bundles E, F over A are called stably isomorphic if E®O(R™)
is isomorphic to F'® O(R"™) for some non-negative integer n. The KO-theory of A is the abelian
group KO(A) consisting of all formal differences [E] — [F] of isomorphism classes [E], [F] of
vector bundles E and F over A, with the equivalence relation [E] — [F]| ~ [E'] — [F'] if E & F’
is stably isomorphic to E’ @ F. The group operation on KO(A) is induced by the direct sum of
vector bundles, i.e.

(IE] — [F]) + (IE') — [F) = [E& E] - [F & F'].

Every continuous map g: A — A’ between compact topological spaces induces a group homo-
morphism g*: KO(A’) — KO(A) by the pullback construction for vector bundles, which makes
KO-theory a contravariant functor from the category of topological spaces to the category of
abelian groups. For A\g € A, there is a canonical inclusion map ¢: {A\g} < A. The reduced KO-
theory group of A, denoted by [f(\a(A), is defined as the kernel of the induced homomorphism
¥ KO(A) — KO({)\o})- As A is connected, this definition does not depend on the choice of
Ao, and moreover it is readily seen that KO(A) consists of all [E] — [F] € KO(A) such that E
and F' are of the same dimension.

The vector bundles E and F' over A are called fibrewise homotopy equivalent if there is a fibre
preserving homotopy equivalence between their sphere bundles S(E) and S(F). Moreover, E
and F are stably fibrewise homotopy equivalent if E ¢ O(R™) and F & O(R") are fibrewise ho-

motopy equivalent for some non-negative integers m,n. The quotient of KO(A) by the subgroup



generated by all [E] — [F] where E and F are stably fibrewise homotopy equivalent is denoted

by J(A) and the quotient map J: KO(A) — J(A) is called the generalised J-homomorphism (cf.
[At89]).
With all this said, we can now state the main theorem of this paper.

Theorem 2.2. If the system (1) satisfies the assumptions (A1)—(A5) and
J(E®(+00)) # J(E*(—00)) € J(A),
then there is a bifurcation point.

Remark 2.3. We will see in Remark 3.3 below that [E*(+00)] — [E*(—00)] € I/(\a(A), so that
the J-homomorphism can indeed be applied to this class.

Remark 2.4. It follows from (8) that

[B* (+00)] = [E*(~00)] = [E"(+00)] — [E"(~00)] € KO(A)
and so we could actually replace the stable bundles by the unstable ones in Theorem 2.2.

Let us point out that very little is known about J(A) as these groups are notoriously hard
to compute, and so one might guess that Theorem 2.2 is of limited use. However, in order to
check that J(E*®(400)) # J(E*(—00)) we not even need to know J(A) explicitly. Indeed, the i-th
Stiefel Whitney class w;(E) € H'(A;Z3), i € N, for vector bundles E over A descends to a map on

I?(/)(A) Moreover, w;(E) only depends on the stable fibrewise homotopy classes of the associated
sphere bundle S(E) and so w; factorises through J(A). Consequently, if w;(E) # w;(F'), then
J(E) # J(F) for any bundles E, F' over A. Denoting by

w(E)=1+wi(E)+wa(E)+...€ H(A;Zs)
the total Stiefel-Whitney class of F, we obtain the following corollary of Theorem 2.2.
Corollary 2.5. If the system (1) satisfies the assumptions (A1)—(A5) and

w(E*(+00)) # w(E*(—o00)) € H*(A; Zs),
then there is a bifurcation point.

Finally, we want to note the special case when the parameter space is the unit circle, as this
is the setting of [PS12]. Then w;(E*(+00)) is an element of H'(S';Zy) which is isomorphic to
Zs. Tt is readily seen that in this case our w;(E*(£00)) can be identified with the Zy-valued
invariant in [PS12] and so we obtain an alternative proof of the main theorem of [PS12]. Note,
however, that our assumptions in Theorem 2.2 are weaker as in [PS12].

Corollary 2.6. If A = S*, the family (1) satisfies the assumptions (A1)—(A5) and
w1 (E*(+00)) # w1 (E*(—00)) € H(SY; Zy) = Zo,
then there is a bifurcation point.

Fitzpatrick and Pejsachowicz introduced in [FP91] an argument to estimate the dimension of
the set of all bifurcation points in several parameter bifurcation theory. Since then their method
has been used plenty of times, e.g. in [Pe01], [Pellb], [SW15], [Pel5], and recently it has been
revisited by the second author in [Wal6]. Here we use it to derive from Theorem 2.2 the following
result, where B C A denotes the set of all bifurcation points of the family (1).



Theorem 2.7. If A is a compact connected topological manifold of dimension k > 2, the family
(1) satisfies the assumptions (A1)—(A5) and

wi(E*(+00)) # wi(E*(~00)) € H'(A; Zy)

for some 1 < i < k—1, then the covering dimension of B is at least k—i and B is not contractible
as a topological space.

3 The Index Bundle for Discrete Dynamical Systems

The aim of this section is to compute the index bundle of families of linear discrete dynamical
systems as (2). We will firstly recap the definition of the index bundle and discuss its properties
on the Banach space co(RY). Secondly, we prove an explicit family index theorem for (2) which
is of independent interest.

3.1 The Family Index Theorem

Let us recall that a bounded operator T: X — Y acting between Banach spaces X, Y is called
Fredholm if it has finite dimensional kernel and cokernel. The Fredholm indez of T is the integer

ind(T) = dimker(7T) — dim coker(T). (9)

We denote by ®(X,Y) the subspace of £(X,Y) consisting of all Fredholm operators, and by
D,(X,Y), k € Z, the subset of all operators in ®(X,Y’) having index k. Let us recall that the
sets @, (X,Y") are the path components of ®(X,Y).

Atiyah and Jénich introduced independently the index bundle for families L: A — ®(X,Y") of
Fredholm operators parametrised by a compact topological space A (cf. e.g. [At89], [Wall]),
which is a generalisation of the integral Fredholm index (9) to families. The construction can be
outlined as follows: By the compactness of A, there is a finite dimensional subspace V' C Y such
that

im(Ly) +V =Y, XeA. (10)

Hence if we let P be a projection onto V', then we obtain a family of surjective maps X —
im(Iy — P) by
Ly Iy—P_.
X =Y ——im(Ily — P),
and so a vector bundle F(L, V) consisting of the union of the kernels of the maps (Iy — P)o Ly,

A € A (cf. [La95, §IIL.3]). Note that the fibres of this bundle are given by the spaces Ly ' (V). If
now ©(V) stands for the product bundle A x V| then we obtain a KO-theory class

ind(L) := [E(L,V)] — [©(V)] € KO(A), (11)

which is called the index bundle of L.
It is readily seen that

dim E(L, V) = dim(V) + ind(Ly), A€ A, (12)

if A is connected, and so ind(L) € I?é(A) if and only if the operators L, are of Fredholm index
0. Moreover, if A = {Ao} is a singleton, then KO({\o}) = Z and



ind(L) = dim(E(L,V)) — dim(V) = ind(Ly,)

which shows that the definitions (11) and (9) coincide in this case.
Let us mention for later reference the following properties of the index bundle, which can all be
found in [Wall]:

(i) If Ly is invertible for all A € A, then ind(L) = 0.

(ii) If A’ is another compact topological space and f: A’ — A a continuous map, then f*L: A’ —
®(X,Y) defined by (f*L)x = Ly(y) is a family of Fredholm operators parametrised by A’
and

ind(f*L) = f* ind(L). (13)

(ii)) If K: A — L£(X,Y) is a family of compact operators, then

ind(L + K) = ind(L).

(iv) If Z is a Banach space and M: A — ®(Y, Z) a family of Fredholm operators, then

ind(ML) = ind(M) + ind(L). (14)

(v) If X, Y are Banach spaces and Li: A — ®(X,Y), Ly: A — ®(X,Y) are two families of
Fredholm operators, then

ind(L1 S¥) Lg) = ind(Ll) + ind(LQ) € KO(A)

Let us now denote by [A, ®(X,Y)] the homotopy classes of all maps L : A — ®(X,Y). By
the homotopy invariance of the index bundle, it follows that we actually obtain a well defined
map

ind : [A, (X,Y)] — KO(A).

Atiyah and Jénich showed independently that this map is a bijection if X = Y is a separable
Hilbert space H. Their argument is as follows: they prove that the sequence

0= [A, GL(H)] = [A, ®(H)] 2% KO(A) = 0
is exact, and then use Kuiper’s theorem, which states that GL(H) is contractible, to conclude
that ind must indeed be a bijection in this case.
The validity of the Atiyah-Jénich Theorem has been investigated e.g. in [ZKKP75] (cf. also
[Wal1]), however, the best possible result for general Banach spaces F is the exactness of the
sequence

ind

0= [A,GL(E)] = [A, ®(E)] 2% KO(A), (15)

which contains much less information on how much the homotopy classes [A, ®(E)] are classified
by KO(A). In particular, [A, GL(E)] is not trivial in general (cf. e.g. [ZKKP75]). We now want
to point out that for E = co(RY) the situation is as good as for separable Hilbert spaces.



Proposition 3.1. The index bundle induces a bijection

ind : [A, ®(co(RY))] — KO(A).

Proof. We only prove the assertion for N = 1 and leave it to the reader to show that co(R) is
isomorphic to co(RY) for any N € N, which shows the assertion in the general case.

We note at first that Arlt proved in [Ar66] that c¢o(R) is a Kuiper space, i.e. GL(co(R)) is
contractible as a topological space. Hence [A, GL(co(R))] is trivial and so it remains to show
that ind : [A, ®(co(R))] — KO(A) is surjective. To this aim, let us introduce a Schauder basis
{ex} of ¢o(R) by setting for k € N

€0 = {67170}71627 €2k = {6n,k:}n€Za €2k+1 = {6n,—k}nEZ~ (16)

Let us recall that every element in KO(A) can be written in the form [©F] — [E] for a bundle
E over A and some non-negative integer k, where we use ©F to abbreviate O(R¥). We now
claim that for a given bundle F' over A there are families L, M : A — ®(cy(R)) such that
ind(L) = [©*] — [0Y] and ind(M) = [©°] — [F]. Then by the logarithmic property (14)

ind(LM) = ind(L) + ind(M) = [0%] — [F]

showing the surjectivity of ind : [A, ®(co(R))] — KO(A).

For constructing the family L we let [, : ¢o(R) — ¢o(R) be the bounded linear operators given
by l(eg) = 0, l(em) = em_1 and r(e,,) = €my1, respectively. Then, if we set L = I¥, the k-fold
application of [, we obtain a constant family of surjective operators which have as kernel the
space span{e, ..., ex_1}, and consequently, ind(L) = [©F] — [@].

For constructing the family M, we let G be a vector bundle over A such that ' & G = O"
for some n € N, and we let P : A — M(n,R) be a family of idempotent matrices such that
im(Py) = F) and ker(Py) = G for A € A. We set for i € N

X :=span{e_1)n,---,Cin-1}

and define the family M by

M, = ’I“np)\ + (IXn — p)\)7

where P is the matrix family P applied to the elements in X,,. Clearly, each M) is injective and
moreover im(My )@ Fy\ = ¢o(R), where F), is considered as a subspace of X;. It is not very difficult
to see that M is a continuous family of bounded operators. Consequently, M) € ®(co(R)) and
ind(M) = [0Y] — [F] as we claimed. O

Let us now assume that a,: A — M(N,R), n € Z, is a sequence of continuous families of
N x N matrices such that Assumption (A3) from the previous section holds. We consider the
linear operators

Ly: co(RY) = ¢o(RY), (La%)n = Tpt1 — an(N)Tp, n € Z, (17)

which are easily seen to be bounded under Assumption (A3). Moreover, we obtain a continuous
map L: A — L(co(RY)) and the aims of this section are to show that L is a family of Fredholm
operators and to find a formula for its index bundle ind(L) € KO(A). Let us recall from the
previous section that the families of matrices a(\, £00) define vector bundles E*(+00) over the
parameter space A if Assumption (A3) is satisfied.



Theorem 3.2. Let a,: A — M(N,R) be a sequence of continuous maps satisfying Assumption
(A3). Then

(1) the operators Ly, A € A, in (17) are Fredholm,
(i1) the index bundle of L is
ind(L) = [E®*(400)] — [E*(—00)] € KO(A).

Remark 3.3. Let us finally point out that we obtain from the previous theorem immediately the
Fredholm index of the operators Ly. Indeed, if .: {\} — A denotes the canonical inclusion, then
Ly = "L, where we use the notation from the second property of the index bundle from above.
Hence

ind(Ly) = *(ind L) = *([E*(+00)] — [E®*(—0)]) = dim(E*(400)) — dim(E*(—0))
= dim(E* (A, +00)) — dim(E* (A, —00))

in KO({\}) = Z. In particular, ind(L) € KO(A) under Assumption (A4).

3.2 Proof of Theorem 3.2
We divide the proof of Theorem 3.2 into four steps.

Step 1: Approximation
We define a family of matrices a,: A — M(N,R), n € Z, by

- _Ja(\, +00), n>0
an(A) = {a()\, —00), n <0 (18)

and we let L: A — L(co(RN)) be the family of linear operators defined by
(z/\x)n = Tn+l — 6n()‘)xn7 n € Z.

We claim that Ky := Ly — Ly € L(co(RY)) is compact as it is the limit of the sequence of finite
rank operators { K"} men given by

07 |n| >m.

(KX"2)n = {

Indeed, as lim (an(A) —a@,(A)) = 0, there is for every € > 0 an mg € N such that

n—+oo

KX = KX < sup [lan(A) —an(V)]| <e.

[n|>mg
Moreover, it is readily seen from the definition that
1B — K > (| — Ky FY|, meN,

showing that ||K\ — K}*|| < ¢ for all m > my.

As K is compact, we see that L) is Fredholm if and only if L, is Fredholm. Moreover, ind(L) =
ind(L) € KO(A) by the property (iii) of the index bundle from Section 3.1. Hence we can assume
from now on without loss of generality that the maps a,,: A — M(N,R) in the definition of the

operator L are of the form (18).



Step 2: The families L*

We consider the closed subspaces of co(RY) given by

X ={zec@®)| z,=0,n<0},
Y ={z €coR")| z, =0,n>0},
Z ={x e co®Y)| 2, =0,n>0},

and the bounded linear operators

Tpt1 — a(A,00)x,, n >0

LT: X=X, (Lfz),=
A (Lx2) {07 n<0

and

0 >
Ly:Y =2, (Lyz)a=4 n=0
Tpy1 — a(A, —00) Ty, n <O0.

Note that the operators Lf are strictly related to L), and the aim of this second step of our
proof is to show that they are Fredholm. As we will see in the subsequent step, this implies the
Fredholm property of L) quite straightforwardly.

For proving that Lf are Fredholm, we need the following lemma.

Lemma 3.4. Let a € GL(N,R) be a hyperbolic matriz. Then the operator

Tpn+l —ATp, n >0

L: X > X, (Lx)n:{o 0
s n

s surjective and
ker(L) ={x € X | z,, = a"x9, n € N, 29 € E*(a)}.

Proof. We denote by P* the projection in R onto E%(a), by P*® the projection onto E*(a), and
we note that P* + P® = Iy as a is hyperbolic. We set

o0
_ Z a*l*kpuxk’ n=0
=0
_ ) n—1 )
(Ml')n = anilikpsl'k _ Z anflfkpuxkv n>0
k=0 k=n
07 n <0

and note that for n =0
(LMz)oy = PPz — Z a F Pz + Z a” P x), = Pxg + P'xzo = @,
k=1 k=0
and forn >0

n [e) n—1 o)
(LMzx), = Za”_szxk — Z a" kP, — Z a" PP, + Z a" Py
k=0 k=n-+1 k=0 k=n

= Pz, + Pz, = x,,

10



as well as (LMx),, = 0 for n < 0. Hence, LMz = z, and in order to obtain the surjectivity of L,
we only need to prove that M maps X into X. As (Mz), = 0 for n < 0 by definition, it remains
to show that (Mz), — 0 as n — oo.

For this purpose, we want to recall at first the definition of the convolution f * z for f €
01 (M(N,R)) C co(M(N,R)) and = € co(RY), where ¢;(M(N,R)) denotes the Banach space of
all summable sequences {M,,}nez C M(N,R) with respect to the usual norm on M(N,R). If
f €6 (M(N,R)) and z € co(RY), then f xx: Z — RY is defined by

(f*a)(n) = fln— k).

keZ

Young’s inequality implies that

1zl = SN @) ()] < <Z IIf(k)|> . (iggnxkn) £l - el

nez kEZ

and hence f xz € {1(RY) C ¢o(RY).
We now proceed with the proof that (Mz), — 0 as n — co. We define a map f: Z — M(N,R)
by

f(n) =a" Y(In(n)Iy — P“). (19)
Since the spectral radius theorem for a hyperbolic matrix a € M (N,R) implies that

lim ||(a|E*(a)™||"" = ay := max |o(a|E*(a))| < 1,
n—oo

i ([(al 2 (@)) "V = @y, = max o ((al E"(a)) )] < 1,

it follows that for any o € (max{as, a,}, 1) there exists ng > 0 such that for k > ng

||(a|ES(a))kH < af and H(a|E“(a))_kH < at.

Moreover,

a*P® = a*P°P° = (a|E*(a))*P® and a FPY =a FPYP" = (a|E*(a))"*PY,

and so

11



DoIr®I= Y0 IR+ DY k)=

kEZ ‘leTL() ‘k‘>7‘b0
= > I®I+ > e (Ank)Iv — PY)|
|k[<no |k[>no
< D0 F®I+ D] Na P+ Yl P
[k|<ng k<—ngo k>no
= > I®I+ D @B @) P+ Y (alE* (@) P <
[k|<no kE<—no E>ng
< DRI+ DD P+ Y oF P
\k|§n0 k=no+1 k=no+1
11 an0+2
= > FE+ (@ +a™ [Pl + (|P*] + [|P[]) T <%

|k|<no

which implies that f € ¢;(M(N,R)). Finally, we observe that for n € N, x € X and f from (19)

(fxx)(n) = Zf(n —k)z = Zf(n —k)x, = Za"_k_l(]lN(n —k)Iy — P")xy,

kEZ k>0 k>0

n—1 o)
= Z a"F 11 Iy — PY)ay, + Z a"*H0 - Iy — PY)ay,
0 k=n
1

it

o0
=) a" Pty — E a" kTPl = (Mx),.
k=0 k=n

As (f xx)(n) — 0 for n — oo since f € £1(M(N,R)), we see that indeed Mz € co(RY).
Finally, the assertion on the kernel is an immediate consequence of the definition of L. We only
need to note that {a™x¢} does not converge to 0 if Pz # 0. O

We obtain from Lemma 3.4 that L;\’ is surjective, and its kernel is given by

ker(LY) = {z € X | x, = a(\, +00)"z0, n € N, 79 € E*(\, +0)} (20)
which is isomorphic to the finite dimensional space F*(\, 400). Hence L is Fredholm.
Moreover, as Lj\r is surjective for all A € A, we see that the trivial subspace {0} C X is transversal

to the images of L} as in (10). Hence ind(L*) = [E(L*, {0})] — [©({0})], and as the fibres of
E(L*,{0}) are the kernels of L} given by (20), we see that the map

E(L+7 {0}) — ES(+OO)7 ()‘7 {xn}nEZ) = ()‘71'0)
is a bundle isomorphism. Consequently,
ind(L1) = [E°(+00)] — [©({0})] € KO(A). (21)

Our next aim is to show the Fredholm property for the operators L), where we need a lemma
that is similar to Lemma 3.4.

12



Lemma 3.5. Let a € M(N,R) be a hyperbolic matriz. Then the operator

0, n>0

L:Y—=Y, (Lz),= .
Tp-1—0 " Tp, n<0

is surjective and
ker(L) ={x €Y | &, = a"x0, n <0, 29 € E*(a)}.
Proof. Consider the following operators:

Tpg1 — ATy, N >0,

L: X = X, (Ex)n:{o o
) n )

I: XY, (Ix),=x_p,
where @ := a~!. Then L = Izl’l, and so the conclusion follows from Lemma 3.4. O
We now introduce a family of operators Ny: Z — Z by

0, n>0
—a(\, —o0)lz,, n<O0,

(N/\$>n = {

and we denote by S: Z — Y the shift operator (Sz),, = x,-1. Note that S and N, are
isomorphisms, and moreover it is readily seen that

0, n >0,

Tpo1 —a(\,—00) ta,, n<O0.

Consequently we infer from Lemma 3.5 that SN, L} is surjective and
ker(SNAL,) ={zx €Y | z, = a(A, —00)"x0,n <0, 9 € E"(\, —00)}. (22)

Clearly, this shows that L) is surjective as well. Moreover, as ker(SNy\Ly) = ker(L})), we
see that ker(L) ) is isomorphic to the finite dimensional space E"(\, —oo) showing that L} is
Fredholm.

Our previous discussion also yields the index bundle of the family L=: A — L(Y, Z). As L} is
surjective, we have as for Lt above that the trivial space {0} C Z is transversal to the image of

L~ and so
ind(L™) = [E(L™,{0})] — [©({0})],

where the fibres of F(L~,{0}) are the kernels of the operators L} given by (22). Hence we have
a bundle isomorphism

E(L™,{0}) = E*(=00), (AA{Zn}nez) = (X 20)
showing that

ind(L~) = [B%(~o0)] — [©({0})]. (23)

13



Step 3: Fredholm property of L
We define two bounded linear operators by

I:X®Z = coRY), I(z,y)=x+y (24)
and

(xo,209), n=0
J:icoRY) = XY, (Ja), =< (2,,0), n>0 (25)
(0,2,), n<0,

and we note that I is an isomorphism and J is injective. Moreover, the image of J is given by
{(z,y) € X®Y | 29 = yo}, which is of codimension N in X@Y. Indeed, if we let P: XY — RN
be the map P(x,y) = zo — yo, then we obtain an exact sequence

0= co®Y) L Xay LRY 50

showing that the cokernel of J is isomorphic to RY. Hence J is Fredholm of index —N.
Let us now consider the composition I(LY & L} )J: co(RY) — ¢o(RY). We find that for x €
co(RV) and n € Z

(ij)n, n>0

(L5 & Ly) Ja)y = (L{Tw)o + (L To) = {@X Z <0

) xng1 —a(A, +o0)z,, n >0
N ZTpg1 — a(A, —00) Ly, n < 0

which is just (Lyz),. Hence,

Ly=I(L{®Ly)J, X€A, (26)

and as I, J and Lf are Fredholm operators, we infer that L is Fredholm which shows Assertion
(i) of Theorem 3.2.
Step 4: The index bundle

We extend the operators I and J from the previous step of the proof to constant families 7 :
AX(X®Z) = co(RY) and J : A x ¢o(RY) — X @Y of Fredholm operators. Clearly, ind(Z) = 0
as I is an isomorphism, and ind(J) = —[©(R")] as we have seen in the previous step that the
operator J has an N-dimensional cokernel. As

L=T(L*Y®L)J
by (26), we obtain from the properties (i) and (iv) of the index bundle, (21) and (23)

ind(L) = ind(Z) 4 ind(L™) +ind(L") + ind(J) = [E"(—00)] + [E*(+00)] — [O(RN)]
= [E°(+00)] - [E*(—00)],

where we have used (8) in the last equality. This shows Assertion (ii) of Theorem 3.2.
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4 Proof of Theorem 2.2

Let f,: A x RN — RY be a sequence of continuous maps which are continuously differentiable
with respect to the RY variable and which satisfies the assumptions (A1) to (A5).

Lemma 4.1. Assumptions (A2) and (A3) imply that

sup [(Dfn) N y)|l < o0
(n,\,y)EZXAXB(0,R)

for any ball B(0, R) about 0 € co(RY) of finite radius R > 0.

Proof. We first note that by Assumption (A3)

Co:= sup [[(Dfn)(N0)| < oo. (27)
(n,\)EZXA

Now, fix R > 0 and € > 0. Let § > 0 be as in Assumption (A2), and let (n, \,y) € ZxAxB(0, R).
Then there exists ng > 0 such that ng < R/§ < ng + 1. Furthermore, there exist 0 < k < ng+1
and points yo = 0,91, ..., Yk—1,Yx = y € B(0, R) such that ||y; — yi1+1]] < 6, for i = 0, ...k — 1.
Thus

[(Dfa) A y)ll <

(D L)X, 0) + [[(Dfr) (A y1) = (D fn) (N O)[ + [[(Dfn) (A y2) = (Dfa) A yi) [ 4.+
(D L) (A yr—1) = (Dfa) (A, yr—2) | + (D) (A y) — (Dfa) (A, ye—1)|

< Co+ke <Co+ (no+ e,

where Cp is as in (27). O
We set for 2 € co(RY)
(FAZ)n = Tpt1 — fn(N 2n), n€EZ,
and we note that by (A1) and the mean value theorem

(FX2)nll < lzngall + [1fn (X zn) = fu(A 0)]]

(28)
< lznall + sup (D fn) (A szl | [lnll;
(n,s)€Zx[0,1]
which converges to 0 as n — oo by Lemma 4.1. Hence we have a map
F: A x co(RY) = ¢o(RY), (29)

and in the next section we investigate its continuity and differentiability.

4.1 Properties of F

The aim of this section is to prove that the map F in (29) is continuous, differentiable in the
second variable and (DFy)(x) € L(co(RY)) depends continuously on (A, z) € A x c¢o(RY). Our
argument mainly follows [Polla, Lemma 2.3] and [PS12, Lemma 6.1].

We note at first that given x € co(RY) and X € A, there is a closed ball B of finite radius about
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0 € RY such that z,, is in the interior of B for all n € Z. Hence by (A2), for every £ > 0 there
is 0 > 0 such that y, € B if |z, — yn|| <, and

if d(\, 1) +sup,ez |2n — ynl|l < . Hence F is continuous at any point (A, z) € A x co(RY).
We now introduce a map T : A x co(RY) — L(co(RY)) by

(Tx@)y)n = Yynt1 — (Dfa) A 2n)yn, 1 €Z,

and note that T is well defined by Lemma 4.1. Moreover, its continuity follows by (A2) as in
(30). Our aim is to show that (DF))(z) = Tx(z) for every fixed A € A and z € co(RY). As T
is continuous, this shows that F' is differentiable in the second variable and (DF))(z) depends
continuously on (A, z).

We obtain for h € ¢o(RY) and X € A

ra(z,h) = [[Fa(z + h) — Fx(z) — Tx(2)h| = sup [N @0 + ha) = fo(Ns @0) = (D fo) (A, 2n) b ||
1
= sup / (Dfn)N @y + shyp)hy ds — (D fr) (N z0) b
nez 0

1
< sup </ [(Dfn) (A @n + shy) — (D fr) (A, 20| d8> sup || A |
neZ 0 nez

1

< [nll ; ng(Dfn)(A,anrshn) — (Dfn) (A )| ds

< |[|pll sup sup [[(Dfn) (X, 2 + shn) = (D fa) (A 20| -
s€[0,1] n€Z

Now it follows from (A2) that

h
0< 2R o sup (D)2 + sha) = (D)) =0
[ 5€[0,1] nez

as h — 0 in ¢o(RY), and so indeed (DFy)(x) = Th(z), x € co(RN).

4.2 Finite dimensional reduction
We note at first that by the results of the previous section
((DF))(0)x)n = Zpt1 — an(N)zyn, n €Z,

where a,(A) = (D fn) (A, 0) as introduced in Section 2. By (A3) and Theorem 3.2, these operators
are Fredholm. Moreover, as dim E®(A, +00) = dim E°(\, —oc0) by (A4), we see from Remark 3.3
that the Fredholm index of (DF})(0) vanishes, i.e. (DF3)(0) € ®o(co(R™)) for all A € A.

In what follows, we set Ly := (DFy)(0) and so L = {Ly} is a family in ®(co(RY)). Let now
V C co(RY) be a subspace which is transversal to the image of L as in (10), i.e.

im(Ly) +V = co(RY), XeA, (31)

and so

ind(L) = [E(L, V)] — [6(V)] € KO(A).
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In the rest of the proof we simplify our notation by setting E := E(L, V).

Let Py be an arbitrary projection onto the finite dimensional space V' and set W = ker(Py)
as well as Py = (I @~y — Py). If we use that ¢o(RY) = V & W, then we can write F as
F = (F', F?), where

F'=PyF: Axco(RY) =V, F?=PyF:AxcRY)—=W.

As F is a finite dimensional subbundle of ©(co(RY)), there is a family P: A — L(co(RY)) of
projections such that im(Py) = E) for all A € A (cf. e.g. [Wall]). Considering P as a bundle
morphism between O(co(RY)) and E, we can define a fibre preserving map

6: 0(coRY)) = OW) D E, ¢\, z) = (N F?(\ z), Prxx)

which maps the zero section A x {0} of ©(co(RY)) to the zero section of O(W) @ E. The main
step of our finite dimensional reduction is the following technical lemma.

Lemma 4.2. There are open neighbourhoods Q1 C ©(co(RY)) and Qy C O(W) @ E of the zero
sections such that ¢ : Q1 — Qo is a homeomorphism.

Proof. We split the proof into three parts.

Step 1: From ¢ to qz
Let us note at first that each ¢y := ¢(A,-) : co(RY) — W @ E, is differentiable and

(D¢)(0) = ((DF$)(0), Py) € L(co(RY), W & Ey).

As the map (DF3)(0) = Py DF\(0) = Py L, is surjective by (31), P, is surjective as a projection
and ker((DF3)(0)) = im(Py), we see that (D¢,)(0) is an isomorphism.

If now (A\g,0) € O(co(RY)) is given, then there is a neighbourhood U of Ay and a trivialisation
7B jy— U x Ey,. As By, = E(L,V)y, and dim E(L,V)y, = ind Ly, + dimV = dim V' by
(12), we get a bundle isomorphism

p:OW)@E — O(W)a@0(V) = 0(cg(RY))
over U, which is the identity on ©(W). We compose the map po¢ on the right with (D¢, (O))_lpxol,
and obtain a a fibre preserving map ¢ between neighbourhoods in ©(co(RN)) of (Ao, 0) such that

(D(EAO)(O) = Ico(RN)' (32)

Step 2: (E is a local homeomorphism

Here and subsequently, we need the following folklore result which we recall for the reader’s
convenience.

Lemma 4.3. Let X be a complete metric space, A a topological space and f : A x X — X a
continuous map such that

[ix(@) = AWl < dglle—yll, 2yeX, Ael,

for some q € (0,1). Then the map
A= X, A= xy,

which assigns to A\ € A the unique fized-point x\ € X of fx, is continuous.
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Proof. For a given \g € A, it is readily seen from the contraction inequality that

k—1

17 @rg) = 2ol < { S0 | 173 (2a0) — @01,

Jj=0

where f)(\k) (x),) means the k-fold application of fx to z),. As f)(\k) (zx,) — T, k — o0, and
Fro(T,) = 75,, We obtain

1
[y — x| < qufA(%) = (@)l

showing that the fixed-points depend continuously on the parameter. O

Now we proceed with the construction of the neighbourhoods 2, and Q5. By (32) there is a
neighbourhood U C A of Ay and ¢ > 0 such that

- 1 -
HICO(RN) - (Dd))\)(x)H < 53 T € B(0a6)7 AeU. (33)
We now define for A € U and y € B(0, 36) a map

Cony) CO(RN) — CO(RN), c(/\7y)(x) =z — %,\(z) +y.
It follows from (33), ¢(0) = 0, and the mean value theorem that for all z in the closed ball

B(0,9)
~ 1
lea @ < llz = oa(@) | + llyll < S llzll + llyll <o

and so c(y,,) maps B(0,6) into itself. Moreover,
_ 1 _ _ =
legny) (@) = oy @I < Slle =z, .7 € B(0,9),

and consequently c(y,,) has for any (\,y) € U x B(0,36) a unique fixed point z(y ) which
depends continuously on (A,y) by Lemma 4.3. Hence O B(0,0) — B(0,36), A € U, is a
homeomorphism, where &5;1(11) = Z(ny)- As the fixed-point () ,) depends continuously on
(A, y) € U x B(0,8) we see that also the fibre-preserving map

~ ~ 1 ~ ~
¢71: U x B(Oa 55) — U x B(Oaé)v ¢71(>‘ay) = (Avx()\,y))
is continuous.

Step 3: ¢ is a homeomorphism

As 25 and ¢ only differ by bundle isomorphisms, we conclude from Step 1 and 2 that every point
(Ao, 0) € A xco(RY) has a neighbourhood in ©(c(RY)) which is mapped by ¢ homeomorphically
onto a neighbourhood of (A\g,0) in ©(W) @ E.

If we now cover A x {0} by such neighbourhoods and call their unions £2; and Qs, respectively,
then ¢ is a local homeomorphism on the obtained set ;. Moreover, as ¢ is fibre-preserving, it
is injective on 2y and so it is a homeomorphism onto Qs = ¢(24).

This finishes the proof of Lemma 4.2. O
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We now assume:
(A) There is no bifurcation point of the map F : A x ¢o(RY) — ¢o(RY).

By Lemma 4.2 there are open neighbourhoods Q; and Q5 of A x {0} in ©(co(RY)) and O(W) B E,
respectively, such that ¢ : Q; — Qs is a fibre preserving homeomorphism. Moreover, as F' has
no bifurcation point, we can assume that

F(\x)#0, (Mz)e, z#0. (34)
The intersection E N )y is an open neighbourhood of the zero section of £ and

Y BN = O(co(RY)),  $(v) =¢71(0,v)
is a homeomorphism onto ¥(E N Qs) C 3. Moreover, it follows from the definition of ¢ that

FR((#a(v) = FX (93 (0,0)) =0 for v € (EN Q). (35)

Let us now consider again the map F! = PyF: A x ¢o(RY) — V. As FZ(¢5(v)) = 0 by (35),
and Fy (¢ (v)) # 0 by (34), we see that

Fy(a(v)) #0 forall v e (ENQ)y, v#0cE). (36)

4.3 Sphere bundles and Dold’s Theorem

Let us recall that we assume in (A5) in Theorem 2.2 the existence of some \g € A such that
Ly, = (DF),)(0) is invertible. Hence, by the inverse function theorem, there is a neighbourhood
O of 0 in ¢y(RY) on which F), is a diffeomorphism onto its image. Using the compactness of A,
we now let r > 0 be such that

(i) the closed disc bundle D(E,r) in E is contained in E N Qg,
(ii) ¥, (D(Ex,,7)) C O, where D(E),, ) denotes the fibre of D(E,r) over Ao.

In what follows, we denote by S(E,r) the associated sphere bundle to D(E,r) in E.
We now let S™~! be the unit sphere in the n-dimensional space V', and we obtain a fibre bundle
map

D:S(E,r) = Ax §"7, T(v) = (r(v), |[F (¥ ()| 7" F' (1 (v)),

where 7: E — A denotes the bundle projection. It follows from (36), (i) and (ii) that the restric-
tion of F! to ¢y, (D(E),,)) is a diffeomorphism onto its image, which shows that 'y, : S(E,7)x, —
S"~1 is a homotopy equivalence.

Let us now recall the following classical theorem that was proved by Albrecht Dold in [Do55] (cf.
[CT98]):

Theorem 4.4. Let f: ( — n be a fibre preserving map between two fibre bundles over the
connected compact CW-complex A. Then f is a fibrewise homotopy equivalence if and only if
Fro: O = M, 1S @ homotopy equivalence for some Ao € A.
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As Ty, is a homotopy equivalence, we see by Dold’s Theorem that I': S(E,r) — S"~! is a
fibrewise homotopy equivalence. Hence we obtain from the definition of the J-homomorphism
that

J(ind L) = J(E) =0 € J(A).

However, by Theorem 3.2, ind(L) = [E®(+00)] — [E*(—00)| showing that
J(E*(+00)) = J(E®*(—00)) € J(A),

which contradicts our assumption of Theorem 2.2. Consequently, our assumption (A) that F
does not have a bifurcation point is wrong and so Theorem 2.2 is proved.

5 Proof of Theorem 2.7

As in the assertion of Theorem 2.7, we denote by B the set of all bifurcation points of (1). In
what follows, we use without further reference the fact that dim(B) > k if H*(B;G) # 0 for
some abelian coefficient group G (cf. [HW48, VIIL4.A]), where H*(B; @) denotes the k-th Cech
cohomology group. We now divide the proof into two steps depending on whether or not A \ B
is connected.

Step 1: Proof of Theorem 2.7 if A\ B is not connected

If A\ B is not connected, then the reduced singular homology group Ho(A \ B; Zs) is non-trivial.
As A is connected, the long exact sequence of reduced homology (cf. [Br93, §IV.6])

... = Hi(A, A\ B;Zy) — Ho(A\ B; Zy) — Ho(A; Zy) = 0,
shows that there is a surjective map
Hy(A, A\ B; Zy) — Ho(A\ B; Zs),
and so we see that Hy (A, A\ B;Zs) is non-trivial.

It is an immediate consequence of Definition 2.1 that the set B is closed. Hence we can apply
Poincaré-Lefschetz duality (cf. [Br93, Cor. VI.8.4]) to obtain an isomorphism

Hy(A A\ B; Zy) = H*Y(B;Zy),

which implies that H*~'(B;Zy) # 0. Consequently, as k > 2, B is not contractible to a point
and, moreover, we obtain dim B > k£ — 1 which is greater or equal to k — i.

Step 2: Proof of Theorem 2.7 if A\ B is connected
We denote by
(o)t H (A; Zo) X Hi(A; Zp) — Zy

the duality pairing which is non-degenerate as Z, is a field. As w;(E*(+00)) # w;(E*(—00)) by
assumption, there is some o € H;(A;Zs) such that

(wi(E®(400)), @) # (wi(E*(—00)), ). (37)
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Let now n € H*"%(A;Zy) be the Poincaré dual of o with respect to a fixed Zy-orientation of A.
According to [Br93, Cor. VI.8.4], there is a commutative diagram

HE=i(A; Zy) —“— HF1(B; Z5)

T |

Hi(A\ B; Zo) ——> Hy(A; Zo) —=—> H;(A, A\ B; Zy)

where the lower horizontal sequence is part of the long exact homology sequence of the pair
(A,A\ B) and the vertical arrows are isomorphisms given by Poincaré-Lefschetz duality. By
commutativity, the class +*n is dual to 7., and we now assume by contradiction that m.« is
trivial.

By exactness of the lower horizontal sequence, there is § € H;(A \ B;Zsy) such that a = j.5.
Moreover, as homology is compactly supported (cf. [Ma99, Sect. 20.4]), there is a compact
connected CW-complex P and a map g : P — A\ B such that 8 = g.v for some v € H;(P;Zs).
By (A5) there is some Ao € A such that the difference equation (4) has only the trivial solution
in co(RY). We now consider again the map F: A x co(RY) — ¢o(RY), which we introduced
in (29), and recall that Ly = (DF))(0) is Fredholm of index 0 and its kernel is given by all
solutions of (4) in co(RY). We see that Ly, is invertible, and so we obtain from the implicit
function theorem that the only solutions of F/(\, ) = 0 in a neighbourhood of (\g, 0) are of the
form (), 0). Consequently, Ay ¢ B.

As A\ B is connected, there is a path joining Ao to g(po) for a 0-cell pg of P. After attaching a
1-cell to pg, we can deform g such that Ag belongs to its image. This does not affect the property
that 8 = g.y and so we can assume without loss of generality that Ay € im(g).

We now set g = jog: P — A and consider the family of discrete dynamical systems

Tp+1 = fn(p7 sUn)a n e Za (38)

for x € co(RY) which is parametrised by P, where f: P xRYN — RN is defined by f,(p,u) =
fn(9(p);w). Clearly, @,(p) := (Df,)(p,0) = an(g(p)), n € Z, and as the stable subspaces
E (pa iOO) of {an<p)}n€Z are

E’(p,+00) ={u e RN : ue E(g(p),£0)}, pe P,

the corresponding stable bundles at +occ are given by the pullbacks

E’(+00) = 7" (E*(+0)), E"(—00) =7 (E*(—00)). (39)
Moreover, as Ag is in the image of g, there is some py € P such that
Tn4+1 = 6n(p0)$na nec Z7

has only the trivial solution. Of course, g sends bifurcation points of (38) to bifurcation points
of (1), and as g(P) N B = (), we see that the family (38) has no bifurcation points. Consequently,

J(E" (+00)) = J(E°(—0)) € J(P)
by Theorem 2.2 showing that

wi(E”(+00))) = wy(E"(~00))) € H(P; Ly).
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By (39), we obtain

0 = (wi(E" (+00)) = wi(E"(=00)),7) = (§"wi(E*(+00)) — g wi(E*(=00)),7)
= (g7 (wi(E®(+00)) — wi(E*(=00))),7) = (wi(E*(+00)) — wi(E*(=0)), g.7)
= (wi(E*(+00)) — wi(E*(=00)), jxgs7) = (wi(E*(+00)) — wi(E®(=00)), j« )
= (wi(E*(+00)) — wi(E*(=0)), @)

which is a contradiction to (37).
Consequently, 7.« and so t*n € H*~%(B;Zs,) is non-trivial. This shows that dim B > k — 4, and
moreover B is not contractible to a point as k — i > 1.

6 An Example for A = T*

The aim of this section is to give an example of our theory, where the dimension of the dynamical
systems is N = 2 and the parameter space is the k-dimensional torus T* for some k € N.

In what follows we denote coordinates of the k-torus by A = (A1,..., \x) and we will use without
further mentioning the identification \; = ¢%®i for ©; € (—m, 7] and j = 1,...,k.

Let now h,, : T% x R? — R?, n € Z, be a sequence of maps that satisfies (A1)-(A2) and

(B1) (Dhy,)(),0) — 0 as n — oo uniformly in A € T*.
Moreover, we set
S:={NeTF: 0+ +0,=Q-\)r,1€Z, -k<2-1<k}CTF
which is a set of measure 0, and we require
(B2) there is some Ao ¢ S such that sup,,cz ||(Dhy) (Mo, 0)|| is sufficiently small.

Of course, this assumption may sound a bit vague, but it holds in any case if (Dh,,)(X\p,0) =0
for all n € Z at some Ao ¢ S, and we will derive a bound on sup,,cz || (Dhy)(Xo,0)|| below in the
proof of Theorem 6.1.

We consider the family of discrete dynamical systems

Tny1 = an(N)Zn +ha(N20), n€Z, (40)
for A= (\1,...,\x) € T* and
a(M), n >0
a(l,..., 1), n <0,

where

1, 3..2(014+40
14 3in® (2EE8) _3gin(e, -+ Oy)
— (272 2
a(A)_<—isin(@1+~~+@k) % 3 cos? (@1+ +Ok) )

Note that 0 € co(R?) is a solution of (40) for all A € T*, as we require h to satisfy (A1). In what
follows we denote by B C T* the set of all bifurcation points of (40). The aim of this section is
to prove the following theorem.

Theorem 6.1. Let a,: T% — M(2,R) and h,: T* x R? = R?, n € Z, be sequences of maps as
above.
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o Ifk=1, e T is the unit circle, then B # (.
o If k > 2, then the covering dimension of B is at least k — 1 and B is not contractible.
Proof. We set
fo :TFXR2 5 R2 fu(M\u) = an(Nu+ ho(\u), n€Z,
and our first aim is to show that (A1)-(A5) are satisfied, which is clear for (A1)-(A2). Now
(Dfn)(A;0) = an(A) + (Dhn)(X,0),
and we see that by (B1)

lim (Df,)(A0) = a(l,...,1), lim (Df,)(\0) = a()\)

n——oo n—-+oo

uniformly in A. As the eigenvalues of a(A) are § and 2 for all A € T*, it follows that (A3) and
(A4) hold.
It remains to show (A5), for which we consider the parameter value g from (B2). We introduce

the operator B _
L:co(R?) = co(R?), (La)p = Tpi1 — an(Xo)Tn,

and we note that it is Fredholm of index 0 according to Theorem 3.2. Hence L is invertible if
and only if it has a trivial kernel. If now = € ker L, then

a(Xo)"xo, n>0
Tn = )
a(l,..., )"z, n<O0

which yields a non-trivial element in co(R?) if and only if zg € E*(a(Xo)) N E%(a(1,...,1)).
Clearly, E*(a(1,...,1)) = {0} ® R, and moreover by a straightforward computation we obtain

Ef(a(Xo)) = {u € R* | u = t(cos((01 + - - + O4)/2),sin((O1 + --- + 6O1)/2))}.

Hence L is invertible as Ao ¢ S. By the Neumann series, every sufficiently small perturbation of
an invertible operator is still invertible. Hence there is a constant C'(A\g) such that

Tpt1 = an(Ao)Zn + (Dhy)(X0,0)2,, nEZ

has only the trivial solution in co(R?) if sup,,cz [|(Dhn) (Ao, 0)]| < C(No).
Consequently, the family of discrete dynamical systems (40) satisfies all assumptions (A1)—(A5).
Let us now consider the stable bundles E*(+o00) and E*(—o00). Clearly,

E*(=o0) = {(\u) € TF x R | w = (t,0), ¢ € R},
and moreover it is readily seen that
E*(400) = {(\u) € TF x R? | u = t(cos((©1 + - -- 4+ O1)/2),sin((01 4 - - - + O4)/2)), t € R}.

As E*(—o0) is a trivial bundle, we get that w (E*(—00)) = 0 € H'(T*;Z,). Let us now consider
E*(+00). We have a canonical embedding ¢ : T* < T* given by A\; — (A1, 1,...,1). We pullback
E*(4+00) to T* by ¢« and obtain

V(B (400)) = {(A\1,u) € T' x R* | u =t (cos (©1/2),sin (01/2))},
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where as before \; = exp(i©1) for ©; € (—m, 7). Now *(E*(4+00)) is the M&bius bundle over S,
which is non-orientable. As a vector bundle is orientable if and only if its first Stiefel-Whitney
class vanishes (cf. [LM89, Thm. 11.1.2]), it follows that wy(:*(E*(+00))) # 0 € H(SY;Z3). We
obtain from the naturality of Stiefel-Whitney classes that

(wr (B (+00))) = wi (¥ (E°(+00))) # 0

which implies that wy(E*(+00)) # 0 € HY(T*;Z,). Now the assertion of Theorem 6.1 follows
from Corollary 2.6 for k¥ = 1 and from Theorem 2.7 for k > 2. O

Let us point out that, using the convention that the covering dimension of the empty set is —1,
we could write in Theorem 6.1 that dim B > k — 1 for all T*. However, the assertion that B is
not contractible is in general wrong for & = 1. Indeed, if we assume in the example above that
hy, =0 for all n € Z, then the family (40) is

Tp+1 = a'n(/\)xnv ne Za

and clearly the bifurcation points are those A € T for which these linear equations have a non-
trivial solution. Arguing as in the proof of Theorem 6.1, we see that the space of solutions is
isomorphic to E*(a(A)) N E*(a(1)). As E*(a(1)) = {0} ® R and

E®(a(N)) = {t(cos(0/2),sin (0©/2)) | t € R},

we see that this intersection is non-trivial only if A = —1, which shows that B = {-1} c T".

7 An Example concerning Assumption (A5)

The aim of this section is to show that Theorem 2.2 is wrong if we do not require Assumption
(A5).

Let us first introduce some notation and recapitulate basic facts from functional analysis. The
dual space co(RY) of co(RY) is canonically isomorphic to ¢;(RY) and the identification is given
by assigning to a linear functional f: co(RY) — R the unique u € £;(RY) such that

f(U) = Z <Umun>'

ne”Z

We now assume that a,: A - M(N,R), n € Z, is a sequence of continuous maps such that

sup ||an(N)|| < oo for all A € A.
nez

We obtain a family of bounded operators L: A x co(RY) — ¢o(RY) given by

(L/\-r)n = Tn+1 — an(A)mna (41)

and the dual operator L': A x £1(RY) — £, (RY) to L is given by

(LAZ)n = &y — al (N Tny1, nEZ, (42)

where we denote by a' the transpose of a matrix a € M(N,R). It is well known that L, is
Fredholm if and only if L/ is Fredholm, and
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ker(L}) = im(Ly)"* := {f € co(RY) : f(2) = Ofor all z € im(Ly)}

= {zeél(RN) : Z<van> = 0 for allveim(LA)}. (43)

neEZ

Let us now take once again as parameter space A = T as in Section 6, and let us consider the
family of discrete dynamical systems

Tpp1 = an(N2p + ho(Nzn)  for X=(\,...,\) €T", neZ, (44)
where
hn(N, ) = (0,0,0,||z||?) for 2 € R* n € Z,
A >0
anw{“( bz
a_, n <0
and
1+ 3sin? (SE540) 3in(O@14+---+0;) 0 0
: O14+0
a(\) = —35in(O1 + -+ Op) 14 3 cos? (A A (1) 0 ,
0 0 Lo
0 0 0 2
1000
lo 20 0
““Z 1o 0 2 0
000 3

Note that for any A € T* the linear system x, 1 = a, (\)z,, admits the non-trivial solution
z = (wn) = ((0,0,1/2I",0)) € co(RY).

Our aim is now to show that for any A\ € T* the discrete dynamical system x,,,; = an(N) 2y +
hn (A, x,) does not have a nontrivial solution, which implies that there are no bifurcation points.
For this purpose, let us consider the operators Ly : co(R*) — co(R*) given by

(Laz)n = Tpy1 — an(N)z, forz e CO(R4), Ae Tk,
and let us note that the corresponding dual operator L : £1(R*) — ¢;(R*) is given by

(LAY)n = Yn — @by (N yny1  fory € ((RY), X e T".

It is readily seen that
Yy = (yn) = ((0’ 0,0, 1/2|n\)) € gl(R‘l) (45)
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is in the kernel of L), for all A € T*. Let now u = (u,) be a solution of (44) and let us recall that
our aim is to show that u = 0. As v = (h, (A, u,)) € im Ly and y € ker L), we see from (43) that

(:0) =Y (Yn,vn) = 0.

neL
Consequently,
1 2
0= (U vn) = Y (W hn(Aun)) = D gy -,
nez neEZ neE”Z

and so ||u,|| = 0 for all n € Z. Hence we have shown that (44) has no bifurcation point.
However, it is readily seen that

ES(—o00) = {(\u) € TF x R* | u = (,0,0,5), t,s € R}
and
E*(+00) = {(\,u) € T"xR* | u = (tcos((O1+: - -+Oy)/2), tsin((O1+: - -+O)/2),5,0),t,5 € R}.
It can be shown as in Section 6 that
W(B* (+00)) # w(E*(~00)) € H* (T*; Zy).

Hence we have found an example of a discrete dynamical system satisfying Assumptions (Al)-
(A4) except of (A5) which does not satisfy the conclusion of Theorem 2.2.

8 Concluding remarks

There are several interesting points of further study which are not covered in this paper and of
which we just want to mention the following ones:

e Theorem 3.2 actually holds true under weaker assumptions (and hence also the Theorems
2.2 and 2.7). Namely, it suffices to assume that the linearised systems

Tpt1 = an(N)xy,
admit an exponential dichotomy on Z* (with corresponding projections P*: A x Z* —
M(N,R)), where Z* := Z N [0,00) and Z~ := Z N (—0o0,0]. Then the index bundle of L
given by (41) is of the form:

ind(L) = [im Py — [im Py ] € KO(A),

where im P := {(\,z) € AxRY | z € im P*(),0)} denotes the vector bundles induced by
the projections P*. The proof involves some additional techniques which are not contained
and discussed here and will be treated in a forthcoming paper.

The concept of an exponential dichotomy (ED for short) introduced by Perron [Per]| plays
a central role in the stability theory of differential equations, discrete dynamical systems,
delay evolution equations and many others fields of mathematics. The concept was taken
forward by Coppel [Co78|, Palmer [Pa84| and others. In particular, a significant contribu-
tion in this direction, in infinite dimensional spaces, was made by Henry in [He81], where
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he carried over this concept from the topic of differential equations to the case of discrete
dynamical systems. Note that an exponential dichotomy extends the idea of hyperbolicity
for autonomous discrete dynamical systems to explicitly non-autonomous discrete dynami-
cal systems. More precisely, an ED is a hyperbolic splitting of the extended state space for
linear non-autonomous difference equations into two vector bundles. The first one, called
stable vector bundle, consists of all solutions decaying exponentially in forward time, while
the complementary unstable vector bundle consists of all solutions which exist and decay in
backward time. Moreover, an ED allows to provide a necessary condition for bifurcations
of entire solutions (see for example [Po10]).

e Our methods can easily be adapted in order to study bifurcation of homoclinics on man-
ifolds. Following [AMO6], to each finite dimensional manifold M and discrete dynamical
system f:Z x M — M having x € M as a stationary trajectory, we can associate the
Banach manifold ¢, (M) which is a natural setting for the study of trajectories of the
dynamical system f homoclinic to x.

e In this paper we have not studied global bifurcation of homoclinic trajectories. It should
turn out that our methods can be applied to the study of the existence of connected
branches of solutions and their behavior, and the existence of large homoclinic trajectories
using bifurcation from infinity. Some partial results were obtained in [PS12]. However, this
subject requires more thorough investigations.

e Another interesting topic which will be considered in a forthcoming paper concerns bifurca-
tion of homoclinic trajectories of non-autonomous Hamiltonian vector fields parametrised
by a compact and connected space. This topic has been considered, e.g. in [Pe08b, SS03],
but it also shall be treated by our methods.
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