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Abstract

It is well known that the low-energy classical dynamics of solitons of Bogomol'nyi
type is well approximated by geodesic motion in M,,, the moduli space of static n-
solitons. There is an obvious quantization of this dynamics wherein the wavefunction
1+ M, — C evolves according to the Hamiltonian Hy = %A, where A is the Laplacian on
M,,. Born-Oppenheimer reduction of analogous mechanical systems suggests, however,
that this simple Hamiltonian should receive corrections including k, the scalar curvature
of M,,, and %, the n-soliton Casimir energy, which are usually difficult or impossible to
compute, and whose effect on the energy spectrum is unknown. This paper analyzes the
spectra of Hy and two corrections to it suggested by work of Moss and Shiiki, namely
Hy = Hy + %/1 and Hy = H; + %, in the simple but nontrivial case of a single CP!
lump moving on the two-sphere. Here M; = Raty, a noncompact kdhler 6-manifold
invariant under an SO(3) x SO(3) action, whose geometry is well understood. The
symmetry gives rise to two conserved angular momenta, spin and isospin. By exploiting
the diffeomorphism Rat; = T'SO(3), a hidden isometry of Rat; is found which implies
that all three energy spectra are symmetric under spin-isospin interchange. The Casimir
energy is found exactly on a SO(3) submanifold of Raty, using standard results from
harmonic map theory and zeta function regularization, and approximated numerically
on the rest of Rat;. The lowest 19 eigenvalues of H; are found, and their spin-isospin
and parity compared for ¢ = 0,1,2. It is found that the curvature corrections in H; lead
to a qualitatively unchanged low-level spectrum while the Casimir energy in Hs leads to
significant changes. The scaling behaviour of the spectra under changes in the radii of
the domain and target spheres is analyzed, and it is found that the disparity between
the spectra of H1 and Hs is reduced when the target sphere is made smaller.

*E-mail: S.Krusch@kent.ac.uk
"E-mail: speight@maths.leeds.ac.uk


http://lanl.arxiv.org/abs/1204.6203v1

1 Introduction

Many field theories arising naturally in theoretical high energy physics may be said to be
of Bogomol'nyi type. For such theories there is a topological lower bound on the energy
of field configurations, and this bound is attained only by solutions of a first order “self-
duality” equation, the so-called solitons of the theory. The solitons are stable by virtue of
their energy-minimizing property, and are generically spatially localized lumps of energy with
strongly particle-like characteristics. Examples are magnetic monopoles, abelian Higgs vortices
and sigma model lumps. There is a well-developed geometric framework for studying the
classical low-energy dynamics of such solitons, proposed originally for monopoles by Manton
[22], called the geodesic approximation. Here, n-soliton trajectories are approximated by
geodesics in the moduli space M,, of static n-solitons, with respect to the metric induced by the
kinetic energy functional of the field theory (usually called the L? metric). This approach has
been extremely fruitful, providing both important qualitative insight into topological soliton
dynamics and good agreement with numerical analysis of the full field theory. In the case of
vortices and monopoles, the geodesic approximation is backed by rigorous analysis [38, 39].
For a comprehensive review, see [23].

When one comes to quantize the low-energy dynamics of such solitons, two approaches
are possible. Since geodesic motion on M,, captures the classical soliton dynamics so well, it
is natural simply to quantize that [13]. Then the quantum n-soliton state is specified by a
wavefunction ¢ : M,, — C, evolving subject to the Hamiltonian

Hgeo = 35, (1.1)

where A is the Hodge Laplacian on M,,. This has the virtue of simplicity, but it ignores
the degrees of freedom normal to the moduli space completely. An alternative is to make
a low energy reduction of the full quantum field theory by means of the Born-Oppenheimer
approximation. This has been carried out for sigma model lumps by Moss and Shiiki [28].
Arguing by analogy with finite dimensional mechanical systems, they find that, once again,
the low energy quantum dynamics of n solitons can be described by a wavefunction on M,,
but that the Hamiltonian is

Hpo = 30+ = {IKIP+U + - (1.2)

where k is the scalar curvature of M,,, k is the mean curvature of the embedding of M,, into the
(infinite dimensional) field configuration space and U is a potential on M,, incorporating the
residual effects of the normal modes. This potential is rather complicated, but its dominant
term is the n-soliton Casimir energy, that is, the total zero-point energy of the normal modes
to the static n-soliton.

The aim of the current paper is to compare the spectra of H,., and Hpo, to determine to
what extent the extra terms in (1.2) change the quantum energy spectrum. Of course, one
expects the numerical values of the energy eigenvalues to change to some extent. In itself,
this is not particularly important. We will be more interested in the qualitative features of
the energy spectrum. For example, on a noncompact moduli space, one could easily imagine
that Hy., may have no bound states, while Hpo does. In the extreme case, one could find



that the spectrum of H, is continuous while that of Hpo is discrete. Clearly, H,e, would be
a disastrously bad approximation in this case. Other, more refined, qualitative features can
also be compared, for example, the dimension and symmetry properties of the eigenspaces of
Hy., and Hpp, ordered by energy.

We address this issue for a specific example, namely a single CP! lump moving on the
two sphere (spacetime S? x R). This choice has several mathematical advantages, making it
simple enough to be tractable, but not too simple to provide a nontrivial test of the truncation
Hge,. First, the static n-solitons are explicitly known — they are rational maps, so M,, = Rat,,.
Second, by choosing physical space to be compact (S? here) rather than R? (as for the model
on Minkowski space R?*™!), we ensure that the L? metric on Rat, is well defined (there are
no non-normalizable zero modes). Third, we may think of the L? metric (formally) as the
induced metric on Rat, as a complex submanifold of (CPl)SQ, the infinite dimensional space
of maps S? — CP!. This latter is (formally) an infinite product of kihler manifolds, so is
kéhler, so, as noted by Moss and Shiiki [28], the very awkward extrinsic curvature term is
absent, ||k||* = 0. Fourth, the L? metric on Rat; is highly symmetric, so the L? metric and its
scalar curvature can be computed explicitly. On the other hand, Rat; is not too symmetric:
the scalar curvature and Casimir energy are non-constant functions of a single variable, the
lump width, so that (in contrast to the case of monopoles and vortices) even the n = 1 sector
provides a nontrivial test.

To be precise, we will compute the spectra of three approximations to Hpp,

H():ngO:%A, leéﬁ—i—%lﬂl, HQZ%A—I—iK,—I—Cg, (13)
where % is the Casimir energy. We will find that the spectrum of Hy can be thought of as
a perturbed version of the spectrum of the Laplacian on CP? (equipped with the Fubini-
Study metric). Quantum lumps possess two integer conserved angular momentum quantum
numbers, which we call isospin k£ and spin t, associated with the rotational symmetries of
the target space CP! and the domain S? respectively. We will show that for each choice of
k,t, the spectral problem for H;, i« = 0,1, 2, reduces to a matrix Sturm-Liouville problem of
dimension 2min{k,t} + 1. We find that this problem is symmetric under interchange of k
and t, so the energy spectra of Hy, Hi, Hy all possess this symmetry. A careful analysis of
the boundary conditions for the Sturm-Liouville problem shows that the boundary conditions
appropriate for H; are the same as for Hy, but different from Hy: including scalar curvature
changes the boundary conditions. Nonetheless, the spectrum is discrete in all three cases.
We have computed (numerically) the first 19 energy eigenvalues for each Hamiltonian and
tabulated {k,t} for the eigenstates in order of increasing energy. The spectra of Hy and H,
are remarkably similar. The order of states is the same apart from two transpositions. The
Casimir energy leads to significant changes in the spectrum. However, the effect of the Casimir
energy becomes less important if the radius of the target space is decreased.

2 The one-lump moduli space

Identifying CP' = S? and using complex stereographic coordinates z = x + iy and W on
domain and codomain respectively, we may identify a map ¢ : S? — CP! = S? with a



complex function W(z). The kinetic and potential energy functionals of the CP! model on
S?% are then

dzdy (2.1)

1/4WP Adrdy _iﬁWWH%W
2 AHWPRRA+ P 2 (1+[W]?)?
respectively. Note that, in contrast with earlier work [3, 25, 36, 37] we have given both domain
and codomain spheres the round metric of radius 1. This will allow us to make direct use of
results in the harmonic maps literature when we come to compute the Casimir energy of a
lump. We will consider how our results change when the radii of the domain and target spheres
are altered in section 5.5.

A theorem of Lichnerowicz [20] shows that, if ¢ has topological degree n (assumed, without
loss of generality, to be non-negative), then V' > 47n, with equality if and only if ¢ is holomor-
phic. So degree n holomorphic maps ¢ : S? — S? minimize V within their homotopy class:
these are the solitons of the model, and the “self-duality” equation is the Cauchy-Riemann
equation. In terms of W and z, degree n holomorphic maps S? — S? are rational maps of
(algebraic) degree n, that is,
a1 2" 4 A

M
Upt22"™ + -+ -+ Aopyqo

W =

(2.2)

where a; are 2n+2 complex constants, a; and a,.- do not both vanish, and the numerator and
denominator have no common roots. One interprets this physically as a static superposition
of n lumps. So the moduli space of static n-lumps is Rat,,, the space of degree n rational maps.

The L? metric on Rat, is defined by restricting the kinetic energy functional T to fields
W (t, z) which at each fixed t are degree n rational maps. Explicitly, in the chart where a; # 0,
one can define local complex coordinates ¢; = a;/ay, i = 2,...,2n + 2 on Rat,. Then allowing
q2, - - -, Qanso to vary with time, one substitutes

2"+ QQ(t)Zn_l + -+ qn+1(t)

Wi(t, z) =
(t2) = o 7 + gs @7 T+ oD

(2.3)

into T', to obtain

1 L 4 OW oW  4dxdy
T = 5;7@'%%& Vi = / (1+ |W|2)2 an' aqj (1+ |Z‘2)2. (24)

The L? metric is v = ZZ ;7i3dg:idg;. See [37] for a coordinate free definition of 7. The metric
is manifestly Hermitian. In fact, it is kihler [32, 37]. It is known to be geodesically incomplete
[33], so the classical geodesic approximation predicts lumps may collapse to infinitely narrow
spikes in finite time. Numerical simulation and rigorous analysis (albeit on domain C) confirm
that lump collapse can occur, though the geodesic approximation gets the fine detail of the
singularity formation process wrong [7, 21, 31].

There is an isometric action of G = SO(3) x SO(3) on Rat,, induced by the natural SO(3)
actions on the domain and target spheres. On Rat; this action has cohomogeneity 1 (generic
G orbits have codimension 1), and, in fact, almost completely determines . Consequently, an
explicit formula for v is known in this case, and the geometry is particularly well understood.
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For n = 1, the no common roots condition on the rational map W(z) = (a1z + as)/(azz + a4)
is ajay — agaz # 0, so we may identify each map with a projective equivalence class [L] of

G L(2,C) matrices,
a12+a2 o |i ( a; asg ) :| ‘ (25)
asz + ay az Gy

Hence Rat; & PL(2,C). The action of G on Rat; corresponds, under this identification, with
the natural action of PU(2) x PU(2) on PL(2,C):

([tn], [U2]) « [L] = [ULLU5 '], (2.6)
Now every [L] € PL(2,C) has a unique polar decomposition

L] = [U(Aly + X - 7)), (2.7)
where ([U],A) € PU(2) xR}, A = +/1+ A2, A = |A|, and 7y, 73, 73 are the Pauli spin matrices.
Hence Rat; = PU(2 ) x R®. Having chosen a basis {7,} for su(2), we have a canonical
identification PU(2) = SO(3) under which [U] is identified with the orthogonal transformation

Ady : su(2) — su(2). Hence Rat; 22 SO(3) x R3 and the G action is
(Rl, Rg) : (R, >\) — (RlRRgl, RQ)\) (28)

From this we see that the G-orbits are level sets of A, generically diffeomorphic to SO(3) x S?
(when A > 0), the only exception being A = 0, which is diffeomorphic to SO(3). Physically,
the lump corresponding to (R, A) € SO(3) x R? has maximum energy density at —A/\ € S?,
sharpness proportional to A and internal orientation R. The A = 0 lumps have uniform energy
density.

The following explicit characterization of G invariant kédhler metrics on Rat; was established
in [37] (see [3] for an alternative viewpoint, exploiting more directly the covering SL(2,C) —
Rat1>2

Proposition 1 Let v be a SO(3) x SO(3) invariant kdhler metric on Raty. Then

y=ArdN A+ Ay (A -dAN)?2 + Aso -0+ AN o)+ AN (o0 x dN), (2.9)
where Ay, ..., Ay are smooth functions of A only, all determined from the single function
Ay = A(N) by the relations

_ AN LAWY _ 1 5 1 2y o7

Ay = e o Az = Z(l +2X)AN), A= 4)\(1 + XA (N). (2.10)

Here 01, 09, 03 are the left invariant one forms on SO(3) dual to the basis {57, : a = 1,2,3} for
su(2) 2 s0(3), x and - denote the vector and scalar product on R? respectively and juztaposition
of one-forms denotes symmetrized tensor product.

So symmetries and the kihler property determine the metric up to a single function A(\),
which we may think of as the squared length of the vector 9/0A; at the point (I3, (0,0,\)) €
SO(3) x R3, corresponding to the rational map

W(z) = pz, —. (2.11)



For the L? metric, one finds that

4= 32mplpt — Aplog p— 1]
(n* = 1) '

It follows from these formulae that (Raty,~) has finite diameter and volume (1637°/6 accord-
ing to Baptista [3]), is Ricci positive and has unbounded scalar and holomorphic sectional
curvatures. Examining the large A behaviour of 7, one finds that the boundary at infinity of
Rat; is 5% x S%2. Geodesic flow in (Raty, ) was studied in detail in [36, 14], and turns out to be
surprisingly complicated given the homogeneity and isotropy of physical space. In particular,
lumps generically do not travel along great circles in S

It is important to realize that any kiahler metric on Rat; invariant under the SO(3) x SO(3)
action must have the structure of Proposition 1 for some function A(A). There is one other
natural metric on Rat; which we will have reason to consider. By identifying a rational map
with the projective equivalence class of its coefficients, we may think of Rat; as an open subset
of CP3,

(2.12)

a1z + ag
asz + ay

Rat; — (Cps, — [CLl, Qs, as, a4]. (213)
We equip CP? with the Fubini-Study metric of constant holomorphic sectional curvature 4,
whence Rat; inherits a kahler metric, which we shall also call the Fubini-Study metric vygg.
It is not hard to show [37] that ypg is SO(3) x SO(3) invariant, and so has the structure of
Proposition 1. One finds that the coefficient function is

2u 1

Apg = = .
L IR ) Uy

(2.14)

Finally, given any SO(3) x SO(3) invariant kéhler metric on Raty, it is convenient to define
a second metric coefficient function, the squared length at ([Is], (0,0, A)) of 65, where 6,05, 03
are the left-invariant vector fields on SO(3) dual to oy, 09, 03. This turns out to be

1 1
B = Z(V + A A+ 1AA2A’. (2.15)
For the L? and Fubini-Study metrics one finds, respectively,

327 2
B [(6® + 1) log pp — pi® + 1],

(n*—1)
Bps = ! = ! (2.16)
ST A+ A2 T AN+ 1) ‘

3 The Laplacian on Rat;

We begin the computation of the Laplacian on functions on Rat; by proving a lemma which
generalizes the well-known expression for A in local coordinates.



Lemma 2 Let (M™, g) be a Riemannian manifold of dimension m, {X;} be a local frame on
M, {v;} be the associated coframe, and {u;} be the associated basis for A"~ M, that is,

1 =Va AVs AN ANUp, Ho=VIANVSN-ANUVp, -+, [y =VIANV2NAVp_q.

If all the (m — 1)-forms p; are closed, then the Laplacian on functions is
1 .
Af = —m ZXz[ 919 (v, v;) X[ 11],
2

where g is the inverse metric and |g| = det(g.).

Proof: We use the summation convention on repeated indices, and define ¢ = §(v;, v;). The

Laplacian on functions is /A = — % d % d, where * denotes the Hodge isomorphism, so
Vgl
Af = —=dX[fl*v) = —=* d(Xi[f]mg Y€ jigi-imViz N N\ Vi)
ii1 €jiniz-im
= — = X[ Xi[f]Vglg ]]ﬁ% AViyg N N Vi,

= —* X;[Xi[f1Vglg" I Ava A A,

where we have used d(v, A---Av;, ) = 0. Now the volume form is vol = /|glvy A -+ A vy,
and xvol = 1, so
i L
Af = =X;[Xi[f1Vglg"]—=

Vol

as claimed. O

Note that any local coordinate basis X; = 9/0x" satisfies the conditions automatically,
and that the formula for A reduces to the usual expression in this case. For our purposes it
is convenient to use the (global) frame {0,,60, : a = 1,2,3} on Rat;, where 0, = 9/9\, and
6, are the left-invariant vector fields on SO(3) dual to o,. We thus require an expression for
the inverse metric 7 relative to this frame.

Proposition 3 Let v be a SO(3) x SO(3) invariant kihler metric on Raty determined, as in
Proposition 1, by the function A(X). Then the inverse metric 7 is

F=C10-0+CoXN-0)*+C50-0+Cy(N-0)>+Cs\- (6 x0) (3.1)
where C1, ..., Cs are smooth functions of \ alone satisfying
A? 2 A2 4 1
S L O A CTo R SO Cy+NiCy= =, C3=Cy

A2A 4B AZA’

Here 8 = (0/0A\1,0/0\y,0/0)\3), @ = (01, 05,03), juxtaposition of vector fields denotes sym-
metrized tensor product, and B is determined by A as in equation (2.15).



Proof:  The same symmetry argument used to prove Proposition 1 (Proposition 3.1 of [37])
shows that every invariant symmetric (2,0) tensor is of the above form, with C1, ..., C5 some
functions of A only. The formulae for Cy,. .., Cs result from explicit computation of ||d\,||%,
|oa|l* and (d\,, 03) a,b = 1,2,3, at the point ([I], (0,0, \)) for general A, using the unitary
frame {e,, Je, : a =1,2,3} introduced in section 4.1 of [37]. For example, at ([I], (0,0, A)),

3
1
los)|* = C3 + N’Cy = Z(U3(ea)2 + 03(Je,)%) = 03(Je3)” = B

a=1

Proposition 4 Let v be a SO(3) x SO(3) invariant kidhler metric on Rat; determined as in
Proposition 1 by the function A(X\). Then the Laplacian on (Raty,~) is

4 A2A
Af = AQA{B 0f + - (8><0)f—$[1_ 43}0\ 0) f}
1 0 [ NA3A%2Of A2 4+ )2
e L e B ST HCST e

Proof:  We work with the frame {0,,6, : a =1,2,3}. Note that d(d\,) = 0 and
dO’le'g/\O'g, dO’QIO'g/\O'l, d0'3:0'1/\0'2,

so any wedge product of five of these one forms is closed. Hence this frame satisfies the
conditions of Lemma 2 which, with Proposition 3, immediately gives

1
YAN = ——— <0 C,0 CoA(\ - 3 )\ 9
/ ¢m{ (VII(CLOF + Cux( (VT2 x

(VRIZAx Bl «ﬂﬂmﬂﬂ+axxﬂmm}. (3.3)

Now the volume form on (Raty, ) is [37]

A
vol = §A2Bd)\1 /\d)\g/\d)\g/\(fl /\0'2/\0'3, (34)
whence one sees that /|y| = %AZB for this frame. Substituting this, and the formulae for
C4,...,C5 (Proposition 3) into equation (3.3) yields, after some straightforward manipulation,
the formula claimed. O

As a check on our formula, we should verify that it is consistent with the SO(3) x SO(3)
symmetry of ~. That is, the operator A must commute with all Killing vector fields on
(Raty, ). There are six independent Killing vector fields on (Raty, ), three generating the
left SO(3) action and three generating the right SO(3) action. Recall that the left action
on Rat; & SO(3) x R? acts by left translation on SO(3) and acts trivially on R?. Now left
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translations on a Lie group are generated by right invariant vector fields. So, let &,, a = 1,2, 3,
be the right invariant vector fields on SO(3) coinciding at T with 6,. Since the left and right
actions commute, [0,,&] = 0 for all a,b so we see immediately that A as in formula (3.2)
commutes with each &,. The right action of SO(3) on Rat; & SO(3) x R? acts by right
translation on SO(3) and by the fundamental representation on R3. Hence the Killing vector
fields generating this action are X, = 6, + ®, where ®, = €, \,0.. Note that {6,}, {®,} and
{X,} each satisfy the angular momentum algebra,

[eaa Hb] = _Eabcem [(I)aa (I)b] - _Eabcq)m [XaaXb] - _€ach07 (35)
and that [0,, ;] = 0, so
(X0, X - X] = [X,.0-6] = [X,, & ®] = 0. (3.6)

Clearly all these vector fields annihilate functions of A and commute with 0/0A. It follows
that X, commutes with the first, fourth and fifth terms of (3.2). To deal with the second
term, note that

[X. A+ (8 x 0)] =[X,,6 - D] :%[XG,X-X—0~0—<I>-<I>] = 0. (3.7)

Finally, X, commutes with the third term since

[Xa, A 0] = [9a + eabc)\bﬁc, )\dé’d] = )\d(—eadeée) + eabdAbé’d = 0. (38)

4 Casimir energy

The dominant term in Moss and Shiiki’s Hamiltonian arising from the degrees of freedom
orthogonal to the moduli space is the Casimir energy %', which is formally given by

€ = %Zw (4.1)

where w; are the frequencies of oscillation of the normal modes of the static solution. In the
field theory context, the above sum is infinite and divergent, so we must regularize it in some
way. We return to this issue below. First we set about computing the frequencies w; in the
case of interest, a single CP! lump on S?. To achieve this, we will make use of some standard
results in the stability theory of harmonic maps, which we begin by briefly reviewing. This
material is treated in detail in [40, ch. 5].

4.1 The spectrum of the Jacobi operator

Recall that given a map ¢ : (M,g) — (N,h) between Riemannian manifolds, its Dirichlet
energy is

1
- / ol (4.2)
M

9



and the map is harmonic if it is a critical point of £. This is directly relevant to us since, with
the choice (M, g) = (N, h) = the round sphere of radius 1, E coincides precisely with V', the
CP"' model’s potential energy functional. Hence, CP! lumps are harmonic maps S?* — S2.
Given a harmonic map ¢ : M — N, one defines its Hessian, a symmetric bilinear form on
(¢ !TN) (the space of smooth sections of the vector bundle over M whose fibre over p € M
is the tangent space T,,)N), as follows. Let p,, : M — N be a smooth two-parameter
variation of ¢ (50 o = @), With 05, ¢|s—i—0 = X, Ospsrt|smi—0 =Y € F(SO_lTN)- Then

92

Hess,(X,Y) = E(ps.t)

C OsOt (4.3)

s=t=0

One says that ¢ is stable if Hess,(X,X) > 0 for all X. Clearly, if ¢ minimizes E in its
homotopy class, as in our case, it is stable.

Associated with Hess,, there is a self-adjoint, elliptic, linear differential operator Z, :
(¢ 'TN) — T'(¢ T N), which is known as the Jacobi operator and is defined by

Hess,(X,Y) = (X, #,Y): = / WX, 7,Y). (4.4)

If M is compact, the harmonic map ¢ is stable if and only if the spectrum of ¢, is non-
negative, and this spectrum is discrete, each eigenvalue having finite multiplicity. Any map
¥ : M — N which is sufficiently close pointwise to a harmonic map ¢ can be uniquely written
Y = exp, X, where || X|| is pointwise small, and then

B($) = Blg) + 3Hess, (X, X) + O(X®) = Blg) + 3 (X, £,X)12 + O(X"),  (45)

whence it is clear that the eigenvalues of #, are precisely w?, the squared frequencies we
require to compute % .
There is an explicit formula for the Jacobi operator of a general harmonic map ¢ : (M, g) —
(N, h),
Fo =0y =Ry, (4.6)
where A, is the rough Laplacian on I'(¢™'TN), and %, is a certain section of End(¢ 'TN)

constructed from the curvature tensor R on N. Explicitly, given a choice of local orthonormal
frame Fq, Es, ..., E,, on M,

AY = —trVeVeY = - Y {VE(VEW - Vglg_EiY} ) (4.7)
i=1 !
RY = Y RY(Y,dpE;)deE; (4.8)

i=1

where VM V¥ are the Levi-Civita connexions of M, N respectively, and V¥ is the pullback
to ¢ 'T'N of V. In the case of interest to us, %, is somewhat easier to handle than A,
owing to the following proposition:

10



Proposition 5 Let ¢ : (M™, g) — (N™, h) be a weakly conformal mapping between Rieman-
nian manifolds of equal dimension, and (N™, h) be Einstein with scalar curvature k (necessarily
constant). Then

2K
'%SD - ﬁg Id,
where € = $||dg||* € C>(M) is the Dirichlet energy density of ¢.

Proof:  Recall that ¢ is weakly conformal if there exists a smooth function f : M — R such
that h(dpX,dpY) = f2g(X,Y) for all vector fields X,Y on M. Let Ey,...,E, be a local
orthonormal frame on M. At all points p € M where f(p) =0, dp = 0 so the desired equality
holds trivially (both %, and & vanish). At all other points, ||[dpE;||* = 2€ > 0 independent
of i and h(dpE;, dpE;) = 0 for i # j, so

Ei:,/%dwi, i=1,2,....n

form an orthonormal basis for T, N. Hence, for all X,Y € T, N,

WX, Z,Y) = > WX, RN(Y,dpE)dpE;) = % > (X, RN(Y, E)E;)
=1

i=1

26 =, ~ . 2E 2E
= =N WELRY(Y.E)X) = ZRie(Y, X) = ZER(X,Y)  (49)
n n nn
by a standard symmetry of RY [41, p. 58] and the Einstein property of (N, h). O

Note that every ¢ € Rat; is holomorphic, hence conformal, and the unit two-sphere is Einstein
with k = 2. Hence

A, =E1d (4.10)

in this case. Thinking of ¢#, as a quantum Hamiltonian acting on “wavefunctions” on the
two-sphere (sections of ¢ 'T'N | really), the effect of the curvature term is to add a potential
well equal to minus the classical energy density of the lump. What is this energy density? By
SO(3) x SO(3) invariance, the spectrum of _#Z, can depend only on ), so it suffices to consider
only the one-parameter family of rational maps

A+ )\z
D)
corresponding to the curve ([Io], (0,0, X)), A > 0, in PU(2)xR3. Tt is convenient to parametrize

these by p € [1,00) rather than A € [0,00). In terms of the usual polar coordinates on both
domain and codomain spheres; the map (4.11) is

iz W =pN)z (4.11)

©:(0,0) — (fu.(0),90), where  f,(0) = 2cot™" (u cot g) : (4.12)
The pair B, = 0/00, Ey = cosec0/0¢ is orthonormal on S?%, whence, by conformality, one
sees that 2 g
€ = |dpBy|? = 220 J;“< ) (4.13)
sin® 6
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We turn now to the explicit computation of the rough Laplacian A, for ¢ of the form
(4.11). Note that E, = E; o, E, = B, oy gives an orthonormal pair of sections of o 'T'N. Any
section Y of o 'T'N can be uniquely written Y = Y; (6, ¢)E; + Ya(6, ¢)E». We seek an expres-
sion for A, as a differential operator acting on the pair of smooth functions (Y7, Y3). In fact,
we can deduce all we need once we know how A, acts on sections of the form a(f) cos moE,
where m € N. A straightforward but lengthy computation, presented in the appendix, shows
that

A, (a(B) cos moE)) = (Zpa)cosmoE; + QuasinmoE, (4.14)
d? d m?+cos®f
h — _ —_ 4= K 4.1
where 77 e cot 9d9 + nZ0 (4.15)
Qm = 2mC(.)SQf £ (4.16)
sin® 6

Since N is kihler, VYV commutes with J?, the almost complex structure on N, namely
[V#, JN] = 0, and hence [A,, JV] = 0 also. So we conclude immediately that

A,(a(f) cos moE,) = A, (JNa(8) cos moE;) = IN N (a(8) cos moFE;)
= —Qnasin mngl + (Za) cos mqﬁﬁg. (4.17)
Consider now the SO(2) action on C*(S? S?) given by

cosa —sina 0
Y p,=R,opoR_, where R,=1| sinaa cosaa 0 |, acR. (4.18)
0 0 1

Note that F(¢,) = E(p) and each of the maps (4.11) is fixed under this SO(2) action. It
follows that _#,, and hence, by Proposition 5, A,, commute with the induced action on
L(¢™'TN),

Y= Ry(Y)=dR,oYoR_,, (4.19)
or, in terms of polar coordinates,
Ra(Y1(0, $)E1 + Ya(0, §)Es) = Yi(0, — ) Ey + Ya(6, 6 — ) Es. (4.20)

Hence
A, (a(f)sin mobs) = Ap(Rxa(f) cos moEs) = R Ag(a(f) cos moEs)
= Rs (=Qnasin mngl + (Zna) cos mngg)

2m

= QuacosmoE) + (Dma) smmoE,, (4.21)

and similarly B B B
Ay(a(f) sinmeEr) = (Dya) sinmoEy — QpacosmoEs. (4.22)

To summarize, _#, leaves each infinite dimensional subspace I,,, C I'(¢™'TN), m € N,

I, = {a1(0) cosmo By +as(8) sin mo By +as(0) cos me Es+ay(0) smmoE; : a € C((0,7), R}
(4.23)
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invariant, these spaces span I'(¢ 'T'N), and on 1,,,,

ay D — E Qm 0 0 ap
as . Qm -@m - & 0 0 a9

/90 as - 0 0 gm . 5 _Qm as . (424)
ay 0 0 —Qm -@m — 5 ay

This diagonalizes after a simple change of coordinates. Let a; = a; + ag, as = a3 + ay,
a3 = a; — ay and ay = a3 — ayq. Then

aq Qm + Qm - & 0 0 0 &3]
/ Q9 o 0 .@m + Qm - & 0 0 (65)
v Qs N 0 0 -@m — Qm - & 0 (0%
Qg 0 0 0 -@m — Qm - & Qg
(4.25)
Note that Z_,, = %, and Q_,, = —Q, so spec 7, is the union of the spectra of the
Sturm-Liouville operators
S = D + Q —5——£—00t91+U (0) m € 7 (4.26)
m m m - d02 de m Y ) *
where ) )
U,.(6) = m?* — 1+ 2cos fu(299) + 2m cos f,,(6) (4.97)
sin

and each eigenvalue occurs with double multiplicity. In terms of physics, we may think of this
as the energy spectrum for “spin 0” (i.e. ¢ independent) states of a point particle moving on
S?% in the SO(2) invariant potential well U,,(#). The spectrum of each S, may be computed
numerically using the shooting method described in [14].

There is one value of p for which spec ¢, may be computed exactly, namely p = 1.
Here things simplify considerably, because the corresponding rational map is the identity
map S? — S2. The Jacobi operator for the identity map on a general Riemannian manifold
(M™, g) was studied in detail by Smith [35]. The key simplification is that one has a canonical
identification Id"'TN = T*M, obtained by identifying the section Y of Id"'TN = T M with
the one form b Y = ¢(Y,-). This is useful because there is a Weitzenbock formula relating the
rough Laplacian Ay to the Hodge Laplacian A on one-forms [40, p. 161]

AY =8 (ADY —Ric(Y, ). (4.28)
In the case where M" is Einstein, with (constant) scalar curvature &,

¢Ric(Y, ) = Dy, (4.29)

SI=

which together with Proposition 5 and the observation that & = %, constant, for Id, gives the
following formula for #i4 on an Einstein manifold, originally due to Smith,

Ja=tAb— 2{ (4.30)
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In our case, n = Kk = 2, s0 _Z1qg = £ Ab — 2, that is, the spectrum of ¢, in the special case
i = 1 is the spectrum of the Hodge Laplacian on one-forms on S?, shifted down by 2. This,
in turn, can be related to the spectrum of the Laplacian on functions on S?, as follows.

Let Q, denote the space of smooth p-forms on S? and ¢ : Q, — ,,_; denote the coderiva-
tive, so that the Hodge Laplacian is A = dd + dd. Every one-form on S? has a unique Hodge
decomposition

Y =dYy +0Ys (4.31)

into exact and coexact components (the harmonic component vanishes as H'(S?) = 0). Now
dQy and 0§, are L? orthogonal subspaces of €; and [A,d] = [A,d] = 0, so the spectral
problem for Aq, decomposes into two sub-problems, for A|qq, and Alsq,. Since Y] is coexact
if and only if *Y; is exact, and * : Q; — Q; is a L? isometry, the spectra of Alqq, and Alsq,
coincide. Hence spec Ag, is spec Alqq, with double multiplicity. In fact,

spec A|aq, = spec Ao, \{0}. (4.32)
To see this, let v € spec Ag, and Yj be the corresponding eigenfunction. Then
AdYy = dAY,y = dvYy = vdY (4.33)

so if dYp # 0 (that is, v # 0), then v € spec Alqq,. Conversely, let v € spec Aqq, and dYj be
the corresponding eigenform. Then v # 0 (since there is no harmonic one-form on S?), so

0=AdYy —vdYy = d(AYy—rYy)
= AYy—vYy = ¢, constant
=  AY]—-vYy, = 0, where Yj = Yy + £ (4.34)

and hence v € spec Aq,. The spectrum of Aq is well known.
We conclude that, at g = 1 (equivalently A\ = 0),

spec £, = {{(l+1)—2:(eZ"}
multiplicity (¢(¢ + 1) —2) = 40+ 2. (4.35)

Since we know the eigenvalues (and eigensections) of Z,, at A = 0, we can use these as seed data
for the numerical shooting method, starting at A = 0 and increasing A in small steps. In this
way we can numerically construct curves w?()\) showing how the different eigenvalues vary with
lump sharpness A. Figure 1 shows such curves for the lowest 48 eigenvalues. Recall that the
eigenvalue 0 has multiplicity 6 (the dimension of the moduli space), and that other eigenvalues
always have multiplicity (at least) 2 due to the symmetry under JV (or, equivalently, due to
the block structure of #, on I,,,).

It is interesting to examine the A — oo behaviour of w?(\). The pointwise limit of ¢ :

S? — 5% as A — oo is 0.0.1) 2 (0.0,1)
s Uy p y Iy T
Yoo(p) = { (0,0,—1) p=(0,0,—1) (4.36)

that is, ¢4 is constant almost everywhere. A sensible guess for the limiting spectrum would,
therefore, be the spectrum of the Jacobi operator at a constant map, which is known to coincide
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Figure 1: The dependence of the eigenvalues of the Jacobi operator _#, on the lump sharpness
A. Note that the eigenvalues interpolate between ¢(¢ +1) —2, ¢ € Z*, at A =0 and ¢(¢ + 1),
¢ eNas \— oo.

with n copies of the spectrum of the Laplacian on functions, where n is the dimension of the
codomain [40, p160]. In this case

spec Zeonst = {(({+1): e N}
multiplicity (¢(¢ + 1)) = 40+ 2. (4.37)

The numerics suggest that this guess for the limiting spectrum is very nearly correct. Specif-
ically, the eigenvalues do tend, as A — oo to eigenvalues of Z.,n, and, apart from the
eigenvalues 0 and 2, those eigenvalues tending to ¢(¢ + 1) have total multiplicity 4¢ + 2. So
the guess is wrong only in that it predicts the multiplicity of the limiting eigenvalue 0 to be
2 rather than 6 (as it must be given the dimension of Rat;) and the multiplicity of 2 to be 6
rather than 4 (as found numerically).

4.2 The regularized Casimir energy

Having computed spec Z,,, we must now try to make sense of the Casimir energy ¢'(\) in (4.1)
which, as it stands, is divergent. It is conventional to reset the zero of potential energy so that
the total zero-point energy of the vacuum is 0. For our purposes, ¢ is (almost everywhere)
the vacuum, so it is convenient to define

G()) = % D (N) — (o)), (4.38)



where the eigenvalues w;(A\)? > 0 are arranged in such a way that w;(0)? is nondecreasing.
One option would be to renormalize the spectrum (4.38) numerically, using for example
the heat kernel approach. Here, we will employ a different semi-analytical approach. We first
discuss the finite sums %), for special values of k£ and then describe how we regularize the
diverging sum as k — 0o. We choose k = 10, k = 24 and k = 42, which include the lowest 1, 2
and 3 eigenvalues of _#14 respectively. Note that, since we have eigenvalue crossings in figure 1,
this amounts to the lowest & normal modes at A = 0, but not at large A (where the eigenvalue
ordering has changed). If we were to define () as the sum of the frequencies of the lowest
k normal modes at each A, the function %} would not be smooth (it would have corners where
eigenvalues cross). In effect, we are making a large but finite-dimensional approximation to
the quantum field theory, in which the wavefunction is a function on a vector bundle over
Rat;, whose fibre over ¢ is a union of low-lying eigenspaces of #,. We are choosing these
eigenspaces so that they vary smoothly over Rat;. The price for this is that they are, towards
the boundary of Rat;, not quite the lowest energy eigenspaces available up to dimension k.

o

1
o
3

Casmir energy

-1.0

Figure 2: The one-lump Casimir energy as a function of lump sharpness A for three different
cut-offs: solid curve €jo()\), dashed curve %%24()\), dotted curve %%42()\), where %, is defined in
(4.38). The values k = 10, k = 24 and k = 42 correspond to the lowest 1, 2, and 3 eivenvalues
of Jiq, respectively.

Plots of 619, 24 and %o are presented in figure 2. The curves for %34 and %) have been
rescaled vertically, by a factor of % and % respectively, to make comparison with %, easier.
Note that these three functions are qualitatively very similar. In fact, the Casimir curves %,
%54 and G4 are approximately self-similar up to a factor which diverges as k — oo. We have
opted to use the self-similarity and regularize the diverging factor (the depth of the well at
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A =0). So we define the approximate renormalized Casimir energy %'(\) to be

G
FO) = Corgator (4.39)

where C is the renormalized Casimir energy of the A = 0 lump. This can be computed exactly
using zeta function regularization, because, as we have seen the spectra of the Jacobi operator
for the identify map (A = 0 lump) and the constant map (the vacuum) are known exactly.

4.3 Zeta function regularization

For A = 0, the spectrum of the Jacobi operator is known explicitly, namely w3 = 0 with
multiplicity po = 6 and w? = (I + 3) with multiplicity g = 41 +6 for [ = 1,2,... This enables
us to calculate the Casimir energy using zeta function regularization. The key idea is to write
down the corresponding zeta function

C(s) =Y (W) (4.40)

leaving out the zero modes. The zeta function (4.40) is absolutely convergent as long as the
real part of s is sufficiently large. In this region, ((s) can be viewed as an analytic function
of s. We are interested in the Casimir energy which corresponds to the value s = —%. In this
case, the formal sum in (4.40) is divergent, however, ((s) defined as analytic continuation is
well-defined. It is convenient to rewrite ((s) as the following sum:

C(s) = i?l(l(l +3))7" + iz(z +3)(1(1+3))" (4.41)
=1 =1

then we can use formula (5.8) in [9, p. 122] to obtain
¢(—3%) = —2.373.

The corresponding calculation for the vacuum, whose spectrum is w? = [(I+1) with multiplicity
i = 4l + 2, leads to the zeta function

((s) = izl(l(H1))‘5+i2(l+1)(l(1+1))‘5 (4.42)

and yields
Cvac(—%) = —0.530.

See also equation (5.34) in [9, p. 126]. Hence, the Casimir energy of the A = 0 lump on the
unit two-sphere can be evaluated using

5 (C(-8) ~ Gae(~3)) = ~0.921.
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Hence
C, =1%(0)| = 0.921.

This is the energy scale we used to set the renormalized energy scale for our numerically
generated Casimir energy function €(\) in (4.39).

Our approximation to the Casimir energy % () is now given by the rescaled and shifted
curve %o(A) in figure 2. It is non-singular and appears to be smooth. It is worth summarizing
the approximations involved. Our calculation relies on a conjectured self-similarity of the
curves in figure 2. We also assume that we can neglect the effects of crossing modes. In
particular, we assume that the zeta-function regularization can be performed pointwise when
we regularize the Casimir energy at A = 0 and A = oo. Furthermore, we assume that the
% (A\) — 0 as A — 0 because the lumps converge almost everywhere to the vacuum in that
limit.

The obvious alternative to our approach, namely a numerical evaluation using heat kernel
or zeta function regularization as in [29, 27], is beyond the scope of this paper.

5 The energy spectra

In the following, we describe how to calculate the spectrum of the Laplacian (3.2). In order
to make use of the physics literature on this topic we rewrite the Laplacian using angular
momentum operators. Note that the operators J = —i@, L = —iA x 9, T = J + L and
K = —i€ all satisfy the canonical commutation relations for angular momenta, namely,

[Xl,XQ] :ng, X:J,K,L,T

and cyclic permutations. Recall that /K generates the left SO(3) action, on the target S2,
and iT generates the right SO(3) action, on the physical S?, so we refer to these operators
as isospin and spin respectively. Making use of these operators, one sees that the Laplacian
(3.2) is

- 10 [A2AA2 00 T
Ay = _AA2A235< 1 ﬁ)+A2A2AL¢
2 [y 2y 2 [, A4 2
+A2A{J¢+T¢ N [1 VL VRS (5.1)

Here, we replaced the L - J term using the convenient operator identity
2L-J =T - L* - J% (5.2)

We have already shown that A commutes with T and K, as it must, by SO(3) x SO(3)
invariance. In fact, the operators A, |T|? T, |K|? K3, P, where P : A — —\ is the parity
operator, all mutually commute, so we can seek simultaneous eigenstates of these six operators.
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5.1 Spin-isospin interchange symmetry

Let t(t+1) and k(k + 1) be the eigenvalues of | T|> and |K|?. It is a somewhat surprising fact
that the spectrum of A is invariant under interchange of t and k. Even more surprising is
that this remains true even if we give the physical and target spheres different radii. The key
to seeing this is the following isometry of any SO(3) x SO(3) invariant kdhler metric on Rat;.

Proposition 6 Identify Rat; & SO(3) x R® with TSO(3) via (R, X) = (A-0)(R) € TrSO(3).
The mapping f : SO(3) — SO(3), f(R) = R™" induces a mapping df : TSO(3) — TSO(3).
Then df is an isometry of any SO(3) x SO(3) invariant kihler metric on TSO(3).

Proof:  The identification Rat; = T7'SO(3) amounts to thinking of A as a vector in the Lie
algebra s0(3) (skew 3 x 3 real matrices) and identifying TrSO(3) with so(3) = T.SO(3) by
left translation. Hence, the map in question is

df : (R,A) = (R™, —Adg)).

Let q(t) = (R(t), A(t)) be a curve in Rat; with ¢(0) = (R(0)Q,v), Q,v € s0(3). Then, with
respect to the SO(3) x SO(3) invariant kéhler metric determined by the functions A;()\), as
in Proposition 1,

1G(0)[|2 = Ai]vf* + As(X - v)? + A3Q2 + Ay(N - Q)2 + Ajv - (A x Q).

The image of this curve under df is ¢(t) = (R™'(t), =R(t)A(t)R~'(t)), which has 7(0) =
(R71(0)Q2, v), where

(.9) = —(AdpQ, Adp(v — (X, Qse)))-
Recalling that the Lie bracket on s0(3) coincides with minus the vector product on R? under

the natural identification so(3) = R?, and the adjoint action of SO(3) on s0(3) coincides with
the fundamental action on R?, we find that

[GO0)* = Ao+ A x Q>+ As(X-v)* + A QP + Ay(X- Q)2 — A (v + A x Q) - (A x Q).
= [4(0)]*

Hence df is an isometry, as claimed. O

Proposition 7 Given E € R and k,t € N, denote by Xg .+ the simultaneous eigenspace of

H=30+V, [KP [T

2
with eigenvalues E, k(k+1) and t(t+1), where V : Rat; — R is any SO(3) x SO(3) invariant

potential. Then X, and Xg 4y have equal dimension.

Proof:  Under the identification Rat; = T'SO(3), the left and right actions of SO(3) on Rat;
coincide with the natural left and right actions of SO(3) on T'SO(3). Denote by df* the induced
map on L*(T'SO(3),C), df*y) = ¢podf. Then, since df is an isometry and preserves the length
of \, Hdf* = df*H. Furthermore, df interchanges the left and right SO(3) actions on T'SO(3),
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so Kdf* = —df*T and Tdf* = —df*K. Hence, df* : Xgp = Xpip and df* : Xpip — Xpgy
for all E,k,t. Now df? = 1Id, so (df*)?> = Id, and hence df* is invertible, so the eigenspaces
Xp ke and Xp,p are isomorphic. O

Note that this k,¢ interchange symmetry holds for any invariant kahler metric on Raty,
so is not special to the case where the domain and target two-spheres have equal radius.
Also note that it relies heavily on the kdahler property of the metric, and does not follow from
SO(3)xSO(3) invariance alone (or, indeed, just invariance and hermiticity). Thisis a “hidden”
symmetry which one cannot see directly from the field theory. It is an interesting question
whether a direct physical argument can be given to explain this symmetry. A construction
involving a supersymmetric extension of the model would be a natural candidate.

5.2 Reduction to a Sturm-Liouville problem

The wavefunction is a function ¢ : SO(3) x R* — C. According to the Peter-Weyl theo-
rem [16], the matrix elements of all irreducible unitary representations of the group SO(3)
form an orthonormal basis for L*(SO(3),C). Recall that such representations are labelled
by k € {0,1,2,...}, and that the matrix elements of the k representation are functions

A SO(3) — C where —k < j3,k3 < k. We have chosen the symbol k to label the

Ja:k3
representations because

k k k
KL, = [P, = k(b + D, (53)
Further, we may choose the basis for C**! so that
k k k . (k
K?’WJ('S,)RS - kgﬂj('s?ks’ J37TJ('37)/€3 = ‘737-(]('3,)/63’ (5'4)

which is why we have labelled the matrix elements with js, k3. For the R? dependence of 1) we
use spherical polar coordinates and expand the angular dependence in spherical harmonics.
Hence we may express the wavefunction as follows,

0o 00 k k l
¢ = ZZ Z Z Z af;{k3,l3()\> ‘k7l7j37k3vl3>7 (55)
k=0 1=0 js=—k ks=—kl3=—1
where .
|k7l7j37k3vl3> = 7T]('3,)k31/2,137 (56)

and Yj,, : 52 — C denote spherical harmonics.

Recall that H, |K|? K3, |T|?, T3 are mutually commuting, so we may solve the eigenvalue
problem for H on each simultaneous eigenspace of |K|?, K3, |T|? T3 separately. Clearly, H
is independent of k3 and t3 so we may, and henceforth will, without loss of generality, set
ks = t3 = 0, remembering to multiply all degeneracies by (2k + 1)(2¢ + 1) to account for the
other values of (ks,t3). Furthermore, by Proposition 7 we may, without loss of generality,
assume that k& < ¢, doubling the multiplicity if £ < ¢t. Recall that T = J 4 L and that J and
L satisfy the angular momentum algebra. Hence a basis {|k,t,1) : |k —t| <1 < k+t} for
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the (k,0,t,0) eigenspace can be constructed, using Clebsch-Gordon coefficients, on which the
operators |J|? = |[K|?, |T|?, |L|* act naturally

Ikt 1) = k(k+1)|k,t,1) 5.
IT)? |k, t,1) = tt+1)|kt1) (5.8
L &, t,0) = W(I+1)kt1), 5

see Appendix B for details.

By expanding the wavefunction as 1) = Zf:ﬁf_t‘ a;(\) |k, t,1), we may express the Hamil-
tonian H = %A + V as a m x m matrix of differential operators acting on the vector function
a:[0,00) = C™, where m = 2min(k,t) + 1. Its structure is

Ha = —pl()\)j—)\ (pz(A)Z—i) +p3(A) Mya+ps(N) (k(k+1)+t(t+1))a+ps(A) Mea+V (N)a (5.10)
where p;(A) are rather complicated but explicitly known functions of A (see Proposition 4)
and M, M, are m x m matrices corresponding to L? and (X - T)? respectively. By our choice
of basis, M is diagonal and has entries I(! + 1) with [ running from |k — t| (top left) to k + ¢
(bottom right). The matrix M, corresponding to operator (X - T)? is the only non-diagonal
term in the Hamiltonian and is discussed in more detail in appendix B. It mixes states of
different [, which differ by 2. This leads to a natural chess board structure. Hence, by a
reordering of the basis vectors, the operator can be written in block diagonal form with one
block corresponding to the states with even [ and the other block to odd [. These blocks
correspond to the decompostion of the (k,0,¢,0) eigenspace into P = +1 (even [) and P = —1
(odd [) parity eigenspaces noting that PY;,, = (—1)'Y},,. In summary, for fixed (k,t), the
eigenvalue problem for any Hamiltonian of the form H = %A + V(A) reduces to a matrix-
valued Sturm-Liouville problem on [0, 00) of dimension m = 2min(k,t) + 1.

5.3 Boundary conditions
We can now address the eigenvalue equations
Ha = Ea, (5.11)

where F is the energy eigenvalue, and the Hamiltonians Hy, H; and H, are given by (1.3). As
just explained, the spectral problem reduces to a sequence of matrix-valued Sturm-Liouville
problems indexed by ¢t € {0,1,2,...} and k € {0,1,...,t}, where each subproblem has dimen-
sion 2min(k,t)+ 1. In order to calculate the spectrum of the Hamiltonians Hy, H; and Hsy we
have to derive not only the relevant differential equations but also the appropriate boundary
conditions. For many important examples in mathematical physics, the boundary conditions
are determined solely by the requirement that the wavefunction be L? finite. However, in
our case, L? finiteness is not always sufficient, and we have to apply the theory of singular
Sturm-Liouville equations, following [30].

The asymptotic behaviour of the L? metric on Rat; can be obtained by direct calculation:

AN ~Z asA—0, AN~ as A — 00,

B()\)N%7r as A — 0, B()\)NM;\# as A — 00.

(5.12)
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Using the above limits, we obtain the leading order equation for (Hy — E)f =0 as A — oo,

O?f 10f 4 /¢ 2 , <A
W+X8_A_ﬁ<>"T) f=0, with A=2. (5.13)
and the leading order equation for (Hy — E)f =0 as A — 0,
2 2 1
OF 200 WD, (5.14)

X2 N0\ 22

For A — 0 equation (5.11) for Hy has a regular singular point. The asymptotic form of the
solutions can be derived from (5.14) and is given by!

FO) = M+ e (5.15)

Note that the leading order asymptotic behaviour is independent of the energy eigenvalue F.
We are interested in solutions that are L? finite which leads to the condition

/f2vol < 00. (5.16)

Using polar coordinates for (3.4) we obtain the two asymptotic behaviours,
f2vol ~ &A% 2 and  f2vol ~ é N2,

for suitable constants ¢; and ¢;. Hence [ > 0 corresponds to the limit-point case, since only the
first solution is L? finite, see e.g. [30] for further details. However, for [ = 0 the situation is
slightly more subtle. Both asymptotic solutions are L? finite. This is known as the limit-circle
case.? The Hamiltonians Hy, H, lead to the same asymptotic behaviour since the curvature
and Casimir energy are finite as A — 0.

For A — oo it is convenient to analyse the boundary conditions in a different basis so that

the operator (X - T) is diagonal,
. 2
(A1) s =rr,
where the integer k satisfies — min(k, t) < p < min(k,t), see appendix B. Then the asymptotic
solution follows from (5.13) and is given by

f()\) = Cl)\_2p + Cg)\zp, (517)
for p # 0 and
f(A) = c1 + ealog(N), (5.18)

for p = 0. Again the leading order behaviour is independent of the energy eigenvalue F.
Both H; and Hj contain the scalar curvature function () which is known to diverge to
infinity as A — oo. In fact, using the formula obtained in [37], and accounting for the change

'Higher order terms in the expansions for A — 0 and A — oo have been calculated in [24] for Hy with k = 0.
2The same subtlety occurs when solving the Schrédinger equation for the hydrogen atom in spherical polar
coordinates.
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in normalizations (recall we are giving the domain and target spheres unit radius), we find the
asymptotic formula

(\) X as A — 00 (5.19)
" 167 log A ' ’
This adds a term to (5.13), namely,

O*f 10f 1 < 2 1

—+-——=—-—=(4(X-T —— | f=0. 5.20

2 TN N < C 210g()\)2) f (5.20)
For p # 0 we can solve (5.20) in terms of modified Bessel functions

fA) = c14/1og )\K\/g/Q (2plog(N)) + con/log )\I\/g/Q (2plog(N)) . (5.21)

With the help of asymptotic expansions, see e.g. [1], it can be shown that the leading order
is identical to (5.17). For p = 0 we obtain

FO) = crlog(A)272Y3 4 ¢y log(A)2 T2 V3, (5.22)

Since the Casimir energy is bounded, the asymptotic behaviour of Hy as A\ — oo is the same
as Hj.
As A — oo the L? finite condition (5.16) again leads to two asymptotic behaviours,

f*vol ~ & log(MA™#7° and  f*vol ~ & log(A\) AP,

for suitable constants ¢; and ¢ in the case p > 0. For p = 0, the curvature term has an
influence on the asymptotic behaviour. For Hy, we obtain

f*vol ~ & log(MA™® and  f*vol ~ & log(\)2A 7,
whereas for H; and Hs the asymptotic behaviour is
Fvol ~ & log(\)2TFA™ and  f2vol ~ G log(A)3TE A,

Hence for p < 2 both solutions lead to L? finite solutions, resulting in a limit-circle case.

In summary, for all values of k and ¢ the boundary conditions are either of limit-circle
or of limit-point type. Furthermore, both end points are non-oscillatory and independent of
the energy eigenvalue E. This allows us to apply theorem 7.5 in [30] which ensures that the
spectrum is purely discrete, bounded below and unbounded above.

If limit-circle endpoints are present, a Sturm-Liouville problem is not self-adjoint unless
boundary conditions are imposed. For a non-oscillatory endpoint a there is always one solu-
tion which is “small”, known as the subdominant solution. More precisely, the subdominant
solution u(A), unique up to a scalar factor, satisfies

lim —— = 0, (5.23)

where v(A) is any linearly independent solution, see theorem 7.15(i) in [30]. In our case, the
subdominant solution is the non-singular solution, e.g. ¢; A\ as A — 0. A natural boundary
condition is defined by the subdominance condition, i.e. always taking the non-singular solu-
tion. Theorem 7.21 in [30] then guarantees that the subdominance condition defines a valid
self-adjoint problem known as the Friedrichs extension.
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5.4 Numerical results

In the following, we briefly sketch our numerical scheme for H, with k and t fixed. The
equations for H; and H, require minor, but straightforward modifications. We are using a
multi-component shooting method which solves a collection of initial value problems (for the
eigenvalue equation at fixed E) numerically with a standard adaptive Runge-Kutta method.
The first initial value problem has initial values at Ao &~ 0 and the solution a(\) of the
differential equation (5.11) is evaluated at a matching point A, > A\g. Allowing the initial
data to span the m = 2min(k, t) + 1 dimensional space specified by the boundary condition at
0, this produces a 2m x m matrix ¢ whose columns consist of a(A,,) above a’(\,,). The second
initial value problem has initial values at A, > A, and is again evaluated at \,,, resulting,
as the initial data span the boundary condition, in a 2m X m matrix n constructed similarly.
By construction, a general solution satisfying the boundary condition at 0 lies, at A, in the
column span of ¢, while a general solution satisfying the boundary condition at oo lies, at A,,
in the column span of 7. Hence, E is an eigenvalue if these spans have nontrivial intersection,
that is, if

d(E) = det(¢n) = 0. (5.24)

Having constructed d(E) numerically, we find its roots using a bisection method. Typical
values of our constants are A\g = 0.001, \,, = 3 and A\, = 30.

Table 1 shows the lowest energy levels for Hy = %A which corresponds to the Laplacian
for the L? metric, for H, = %A + %/{ which also includes the curvature corrections, and
for Hy = %A + ili + % which includes curvature corrections and Casimir energy. Energy
levels are rounded to two decimal places. The energy levels are ordered according to their
respective energy, and are labelled by isospin quantum number k, total angular momentum
quantum number ¢ and parity P. Curly brackets indicate that the states (k,t) and (t, k)
have the same energy. States with the same quantum numbers but different energies form
sequences of radially excited states. We have chosen to display levels with an energy not
greater than the second excited (k = 0,¢t = 0) state, which are 19 energy levels in total. The
columns “degeneracy” give the number of different states with the same energy. For k = ¢,
the degeneracy is given by (2k + 1), whereas for k # t it is 2(2k +1)(2t + 1), where the extra
factor of 2 arises from the (k,t) — (¢, k) symmetry of the spectrum.

The spectra of Hy and H; are remarkably similar. The order of the energy levels remains
the same apart from two exceptions which are marked with a * in table 1 and which will be
discussed in more detail later. The Casimir energy leads to significant changes, nevertheless
the spectrum still shares some similarities. The ground state of H, has energy E((]O) = 0.00.
The curvature term increases the energy of the ground state of H; to E((]l) = 0.22, whereas the
renormalised Casimir energy leads to a decrease in the ground state of Hs to E(()z) = —0.41.

In order to compare the energies of the excited states, we shift the spectrum of the ground
states of H; and H, to 0.00 and then calculate the relative difference of the corresponding
energy levels. Hence, the relative difference in energy between the nth excited state EY of
Hy and the nth excited state EWY of H 1 is given by

(5.25)



H():%A leéﬁ—i—iﬁl HQZ%A—FiK,—I—Cg
energy | degeneracy | {k,t}* | energy | degeneracy | {k,t}¥ | energy | degeneracy | {k,t}*
0.00 1 10,077 | 0.22 1 10,077 | 041 1 0,017
0.13 6 (0,17 | 038 6 0,1} || -0.26* 9 1,11+
0.18 9 {1, 13+ | 0.40 9 {1,1}* || -0.19* 6 {0,1}-
0.29 1 0,00+ | 053 1 0,00+ | -0.12 1 {0,0}*
0.34 9 {1, 13+ | 058 9 {1,1}* || -0.01* 9 {1,1}-
0.35 10 0,21+ | 0.59° 9 (1,13~ || 0.00" 9 1,11+
0.38 9 (1,1}~ | o.61° 10 {0,2}* | 0.01* 25 2,21+
0.40 30 (1,2} | 0.63 30 (1,2} | 0.06 30 (1,2}
0.49 25 (2,2} | o0.70 25 (2,2} | 0.06* 10 (0,2}
0.54 6 {0,13- | 0.0 6 (0,17 | 0.15 6 0,1}~
0.62 9 {1,1}+ | 083 9 (1,14 | 022 9 {1,1}+
0.63 30 (1,2} | 0.87 30 {1,2)- | 029 30 (1,2}
0.64 14 0,3} || 0.88 30 (1,2} | 0.32* 30 (1,2}
0.67 30 {1,2}* | 0.91* 14 {0,3}~ | 0.33* 25 (2,2}~
0.68 25 2,21+ | 0.93 25 {2,20* | 0.34 25 {2,2}*
0.69 42 (1,30 | 095 42 1,3+ | 037 14 (0,3}~
0.76 25 (2,2 | 0.96 25 (2,2} | 0.40° 42 (1,3}
0.79 70 2,3 | 1.01 70 2,3V | 0.41° 1 {0,01+
0.81 1 (0,00 | 1.07 1 0,00+ | 0.41* 19 (3,3)*

Table 1: This table shows the lowest energy eigenvalues of Hy, H; and Hs. Each energy
eigenvalue is labelled with its degeneracy and its quantum numbers k& and ¢ and parity P.
Energy eigenvalues marked with a % occur in a different order than their counterpart in the
Hy spectrum.

The relative difference of the {0, 1}~ states of Hy and H; is 15%, and 7.7% for the first excited
{0,0}* state. All the remaining states have a relative difference of less than 7%.

As mentioned earlier, some energy levels change order. Therefore, it is useful to calculate
the relative error of states with the same quantum numbers {j,¢}*. The first transposition
occurs for the first {0,2}" state and the first {1,1}~ state. The relative difference between the
energy of the {0,2}" state between Hy and H; is 10.4%. The second transposition occurs for
the first {0, 3}~ and the first even {1,2}* state, and the {0, 3}~ state has a relative differences
of 8.0%. This leads to the observation that the difference between positive and negative parity
states with the same {k, ¢} is reduced for H; compared to Hy. Furthermore, H; seem to favour
states with k£ ~ t.

As can be seen in table 1 the spectrum of H, is shows many transpositions compared to
the spectra of Hy and H,. However, these transpositions occur for states which are close in
energy, and the relative positions of the {0,0} state and the {0,0}" excited states remain
almost unchanged. Calculating the relative differences as in formula (5.25) shows that all
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relative differences are less than 24%.

5.5 Changing the radii

It is interesting to consider how our results change if the radii Ry, Ry of the domain and target
spheres are altered. We adopt the convention that a tilde signifies the case of general R, R
while undecorated variables refer to the case Ry = Ry = 1. It is immediate from (2.4) that
the L? metric on Rat, scales as ¥ = R?R%y, and hence, from (3.2), we see that the Laplacian
scales as A = (R1Ry)2/A\. Now scalar curvature scales in the same way as the Laplacian
(as can easily be seen, in this case, from the formula for x in [37], for example). Hence, the
Hamiltonians Hy and H;, scale homogeneously, H; = (R, Ry)™2H;, and so their spectra can be
obtained from table 1 by a simple rescaling. Now the energies shown in this table are quantum
corrections to the classical energy, which, by the Lichnerowicz bound is 47 R3. Hence, for Hy,
Hy, the total energy of the kth energy level is

Ei = Am RS + (5.26)

Tk
RiR3
where Ej, is the eigenvalue of H;. It is interesting to note that the quantum correction becomes
(naively) dominant in the case of small target space (R small).

The behaviour of H, is more subtle because the Casmir energy scales differently from

the other terms. To see this, we determine how the Jacobi operator for a harmonic map
¢ : M — N scales under homotheties of M and N.

Proposition 8 Let ¢ : (M™,g) — (N", h) be harmonic with Jacobi operator #. If g = R3 g,
h = R%h, where Ry, Ry > 0 are constants, then the Jacobi operator of ¢ as a harmonic map
(M,q) — (N,h) is
S =R*7.
Proof:  Let ps; : M — N be a smooth two-parameter variation of ¢ = ¢g o, with 0s¢; ¢|s—t—0 =
X, Opsils=i—o =Y € (¢ 'TN). We have, in obvious notation,
E(ps) = RIPRIE(ps0)

—_—— 2 ~
=  Hess(X,Y) = %E((p&t) = R 2R3 Hess(X,Y)

s=t=0

= R"’R; / h(X, #Y )vol = / h(X,R;2_ZY)vol.
M M
O

Since € is (formally) a sum of square roots of eigenvalues of _#, we see that it scales as
¢ = R . Hence, the scaling behaviour of H, is inhomogeneous, and, except in the special
case that Ry R,? = 1, the spectrum of ﬁg cannot be deduced directly from the spectrum of H,.
Since ¢ is independent of the radius Ry whereas the spectra of Hy and H; scale like 1/R3, the
effect of the Casimir energy becomes less important for small Ry,. We have also numerically
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checked that a smaller radius of the target sphere reduces the effect of the Casimir energy term
significantly. For example for Ry = 1 and Ry = i, there is only one transposition, compared
to the H; spectrum.

Throughout this paper we have used the convention that A = 1. If we reinstate the param-
eter /i then the classical energy scales like h°, the Casimir energy scales like i' whereas the
Laplacian and curvature terms scale like i%. Hence, I can be removed by redefining Ry + R, /A,
so the semi-classical limit i — 0 coincides (formally) with the planar limit R, — oo.

Energy levels

Figure 3: Energy levels interpolating between the L? metric and the CP? metric. Here solid
lines correspond to positive and dashed lines to negative parity.

5.6 Deformation to the Fubini-Study metric

As a nontrivial test of our calculations we calculate how the spectrum changes as the metric is
smoothly deformed from the L? metric to the well-known Fubini-Study metric of CP?, where
the spectrum and degeneracy of the Laplace operator have been calculated explicitly. We
consider the one-parameter family of SO(3) x SO(3) invariant kéhler metrics defined, as in
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Proposition 1, by the functions
Ag(N) = 328Aps(A) + (1 — s)Ar2(N), 0<s<1, (5.27)

where Apg and Ap: are given in (2.14) and (2.12), respectively, and the factor of 32 ensures
that the eigenvalues of the two Laplacians are of the same order of magnitude. The pth
eigenvalue of the Laplacian for the Fubini-Study metric on CP? with constant holomorphic
sectional curvature 4 (and hence coefficient function Apg) is

E, = 4p(3 +p) (5.28)

with degeneracy
deg(Ep) = $(3+2p)(p +1)*(p + 2)%, (5.29)

for p > 1 [6]. Although it is not made clear in [6], the degeneracy of Ey = 0 must be 1 by the
Hodge isomorphism theorem, since CP? is connected, hence dim H°(CP3) = 1 which equals
the dimension of the space of harmonic O-forms. Note that deg(E,) for p > 1 is an integer
divisible by 9. In figure 3 we show how the energy levels change as the parameter s in (5.27)
is increased from 0 (the L? metric) to 1 (the Fubini-Study metric). We distinguish between
states with even and odd parity. The ground state is Fy = 0 for both metrics. In figure 3
we follow all the energy levels of table 1, and it can be seen how the different energy levels
become degenerate at s = 1, the Fubini-Study limit. Our numerically computed energy levels
agree with the exact result to at least two decimal places, when we take into acount the factor
% in Hy and normalize the Fubini-Study energy by a factor of 32, which arises from the factor
32 in (5.27).

Our numerical scheme at s = 1 does not find all eigenfunctions of /A on CP3, because,
except for the ground state, we impose a boundary condition which forces the wavefunction
to vanish on JRat;, the boundary of Rat; at infinity. It is known [37] that 0., Rat; coincides
with the image of the inclusion CP' x CP! — CP3, ([CLQ, al], [bo, bl]) — [a,obl, albl, albl, a,lbo].
The stabilizer of this subset of CP? in SU(4), the isometry group of CP3, is isomorphic to
SU(2) x SU(2) (the isometry group of Rat; itself). So, given an eigenfunction vanishing
on Oy Raty, the SU(4) action generates a 9-dimensional orbit of degenerate eigenfunctions
which do not vanish on J.Rat; (because dim SU(4) = 15 and dim SU(2) x SU(2) = 6).
Hence, we expect the degeneracies found by our numerics (at s = 1) to be a factor 9 smaller
than the degeneracies of the true Laplacian on CP3. This is precisely what we find in our
numerics. For example, the degeneracy of the second CP? eigenvalue is deg(FE;)/9 = 15, which
corresponds to the levels {0,1} and {1,1} with degeneracy 2 % 3 4+ 3 %3 = 15, see table 1.
Similarly, deg(FE,)/9 = 84, corresponds to {0,0}, {1,1}, {0,2}, {1,1}, {1,2}, and {2,2} with
14+3%34+2%x5+3%x3+2%3%5+5x5 = 84. Further, deg(F3)/9 = 300, which corresponds to
{0,1}, {1,1}, {1,2}, {0, 3}, {1,2}, {2,2}, {1,3}, {2,2}, {2,3}, and {3, 3}, whose degenercies
add up to 300, as expected. To display all the levels which contribute to the fourth energy
eigenvalue of CP? we have also included the {3,3} level in figure 3. Note that the second
excited {0,0} state contributes to the fifth energy eigenvalue of CP3.
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6 Concluding remarks

In this paper we discussed the semi-classical quantization of soliton dynamics for CP! lumps
moving on a 2-sphere. We followed Moss and Shiiki [28] who derived a Born-Oppenheimer
approximation to the quantum dynamics based on the moduli space approximation. We
were able to evaluate three different truncations of the Born-Oppenheimer Hamiltonian Hpgp,
namely the geometric Laplacian Hy = %A, the first geometric correction H; given by the
scalar curvature k of the moduli space, and the Hamiltonian Hy which consists of H; together
with the Casimir energy. The Casimir energy is notoriously difficult to evaluate. At A = 0 and
A = oo the spectrum of the Jacobi operator is known explicitly. Our approach is to calculate
the regularized Casimir energy using zeta-function regularization for A = 0 and A = co. Then
the intermediate values are calculated using an approximate self-similarity of the eigenvalue
spectrum. We calculated the first 19 energy levels for Hy, H; and H,, and found that the
first two spectra are remarkably similar whereas the inclusion of the Casimir energy leads to
significant changes. There is an overall shift of the spectrum of H; and Hs,. The relative errors
between Hy and H; are 15% for the first excited state and less that 8% for other excited states.
By contrast, the relative errors between Hy and Hj are as high as 24% for some excited states.
There are only two transpositions of states where energy levels of H; do not have the same
order compared to the Hy spectrum. However, the spectrum of H, shows many transpositions.

We proved that all the spectra enjoy a rather sursprising spin-isospin exchange symmetry.
The proof rested on the identification of a hidden isometry of Rat; which becomes manifest only
after one identifies Rat; = T'SO(3). As a non-trivial check of our calculations we calculated
how the energy levels change when we interpolate between the L? metric and the Fubini-Study
metric on CP3. We reproduced the known spectrum for CP? and discussed the degeneracies
of the energy levels.

Our approach allows us to calculate the spectrum of the Laplacian for any SO(3) x SO(3)
invariant kdhler metric on Rat;. One interesting choice is A = ¢/A, for which the coefficient
of (A -T)? vanishes in (5.1). In this case, the angular momentum operator L? also commutes
with the Hamiltonian and [ becomes an additional quantum number.

The lump dynamics serves as a toy model for other solitons. For example in three spatial
dimensions, two physically relevant models are the Skyrme model [34] and the Faddeev-Hopf
model [10, 11]. In both models, the solitons can be quantized as fermions due to so-called
Finkelstein-Rubinstein constraints [12]. Adkins, Nappi and Witten first quantized the B = 1
Skyrmion in [2]. The effects of the Casimir energy on the predictions of the Skyrme model in
the B = 1 sector have been discussed in great detail in [26]. The authors calculated the 1-loop
corrections to various physical quantities using phase-shift techniques to evaluate the Casimir
energy. For higher topological charge the ground and lowest excited states in the Skyrme
model and the Faddeev-Hopf model were calculated in [15, 18, 4] and [19] using zero-mode
quantization and Finkelstein-Rubinstein constraints. The results of this paper suggest that the
order of the states would remain the same, with minor changes, if the curvature correction in
the Born-Oppenheimer approximation was taken into account. However, the Casimir energy
could lead to significant changes in the order of states. A more careful analysis of higher order
terms in these models, and in particular, of the Casimir energy, would be very useful.
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Appendix

A The rough Laplacian

In this appendix we will compute in detail the action of the rough Laplacian A, on sections
Y of o~ 'T'N of the form B
Y = a(0) cosmoF;. (A.1)

Recall that (M, g) = (IV, h) = the unit sphere, (0, ¢) are the usual polar coordinates on M or
N, Ey = 0/00, Ey = cosec §0/0¢ is an orthonormal frame on M or N, E,=E o ©, Ey o 0,
and ¢ : M — N is a map of the form ¢(0,¢) = (f(#), ¢) in polar coordinates. Now, given a
map between Riemannian manifolds ¢ : M — N, the pullback connexion V¥ is the unique
connexion on the vector bundle ¢ !T'N satisfying the axioms

VEY1 +Y) ViYL + VY, :
Vi) = X[fIi+ fVin (A.3)
ViV op) = (VixY)oy (A.4)

for all X € I'(TM), Y1,Ys € T'(¢"'TN), f € C*(M) and Y € I'(T'N), where V¥ is the
Levi-Civita connexion on (N, k). In our case V¥ (which coincides with VM) is determined by
its action on the frame {E, Es},

VVE, = cotfes ® Es, VVNE, = —cotfes, ® Fy, (A.5)

where {ej,es} is the coframe dual to {E;, E»}. From this we may deduce how V¥ acts on
Ey, E5. By property (A.4) and (A.5),

Vi B = (VigpE)op=0 (A.6)
V};Eg = (ij 9 E1E2) °op=0 (A7)
~ cos f ~
VB = (Vi B)oe= 3 5k (A8)
~ N _cosf~
Ve B = (Ve B)op=—g4F (A-9)
The rough Laplacian has 4 terms,
ASDY _ _vgl(vgl ) ch (Vbe) + VVM B, Y + V$%2E2Y (AlO)
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We evaluate these in turn, for Y = a(f) cosm¢E;. First
_ 92 - _
Vi, (VgacosmoEr) = 20 (acosmo)E; = a” cosmoEy. (A.11)
The second term is more involved:
Vi, (acos moE) = aBscosmd]E, + acos moVy, E

sin meo ~ cos mo cos f ~

= — E E A12
ma sin 1+a sin 0 2 ( )
~ cos Mo ~ sinme cos f ~
= Vi, (VE,acosmoE;) = —m?a 2 d E, — Qmavfﬁ
2 o~
_Ssmocos f g (A.13)
sin® 0
The third term vanishes since Vf‘gl E7 = 0, while the fourth term is
vé%@ 5, (@ cos meE,) = — cot OVE, (acos moE;) = —a' cot O cosmoE, . (A.14)
Assembling the pieces, one sees that
ANy(acosmoEy) = [ —a”" —d cotd + .mz a+ C(,)Sz fa cos moF,
sin“ ¢ sin“ ¢/
2 -
i (Lf) sinm B, (A.15)
sin” 6

as claimed in equation (4.14).

B Angular momentum calculations

In this appendix we briefly describe the evaluation of the operator (A - T)% We closely follow
the notation in [8]. Note the spin quantum number j satisfies j = k since J* = K?. We choose
the following convention for the spherical harmonics,

Yin(6,6) = <—1>m\/ A R @) explim), (B.16)
where the associated Legendre polynomials are given by
Py = U _2fl2!>m/2 dci:jn (22— 1). (B.AT)
Note that V)% = (=1)"Y] _,, and
o
//Ylj‘m(é’, &)Yy s (0, ¢) sin 0 d0de = 0y Sy - (B.18)
00
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It is easy to show that (A-T) = (A-J), and we showed in section 3 that this operator
commutes with T and J?. Hence, the operator does not change the quantum numbers ¢, k, ks
and t3. Furthermore, the matrix elements are independent of ¢3 and k3, hence we can choose
without loss of generality t3 = 0 and k3 = 0. We need to evaluate

M = (My) = (k,1,t,0|x- J|k,1,t,0), (B.19)

which is a (2 min(k,?)+1) by (2 min(k,t)+1) matrix, because the angular momentum quantum
numbers satisfy min(k,t) < [,1 < k +¢. Since A - J is a Hermitian operator the matrix M is
Hermitian, namely

My = M} (B.20)
Using Clebsch-Gordan coefficients (B.19) can be rewritten as

M =" (k1 t,0lk, ma, 1, =ma) (kyma, [ —ma | X - Ik, ma, 1, —ma) (k, ma, |, —malk, 1, £,0).

mi,m2

(B.21)
The operator A - J can be written in terms of spherical harmonics as
2/TA 1 1
A-J= ——=YJ_+ —=Y1 1 J.+YioJs ). B.22
\/§<\/§1,1 N R 1,03) ( )
Hence, we only need to evaluate
(k,malJs|k,ma) = 5m1,m2+1\/(k‘ —ma)(k +ma + 1), (B.23)
(kyma|J_k,ma) = Smyme—1V/ (k +ma)(k — my + 1), (B.24)
(k,m1|J3|k‘,m2) = 5m1,m2m2, (B25)
and 3
(I, my Y m|l, ma), (B.26)
which can be calculated using (4.6.3) in [8], namely,
2T
[ Yir (6.0)Vi s (6.6)Yis s (6.6 sin 62000 (B.27)
0 0

:\/(211+1)(212+1)(213+1)(zl ly zg)( Loy 3 ) (B.28)

47 0 0 0 my Mo Mg

where the two matrices in (B.28) correspond to 3j symbols. The 35 symbol

(é é (1)) (B.29)

vanishes unless [ = [ & 1, which can be used to show that M vanishes in the cases £ = 0 or
t = 0. For example, for £ = 0 the only allowed values of the angular momentum are [ = ¢ and
[ = t, which vanishes since [ # [ + 1.
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Following the notation in [8], the Clebsch-Gordan coefficients and the 3j symbols have
real entries. Hence, M is a real matrix and (B.20) implies that M is symmetric. Note
that the eigenvalues of M are 0,4+1,42,... £ min(k,t), which can be explained as follows.
Heuristically, (A - T) is the projection of the total angular momentum operator onto the A
direction. Hence, it can be rotated by a change of variables to T3 which has eigenvalues
0,%+1,---+min(k,t). The highest possible value of t3 is min(k,¢) because the dimension of M
is 2min(k, t) + 1.

Now, we can evaluate the matrix (B.19) for various values of k and ¢ using Maple, for
example. For small values the formulae are more tractable. For example for (k,t) = (1,t) we
obtain

i 2 t+1 0 t(t+1)
M? = (1,1,+,0[(X- J)*1,1,,0) = ST 0 2t + 1 0 : (B.30)
+ i) 0 ¢

We showed in section 5.1 that there is a (k,t) — (¢, k) for the respective matrices M. This
was verified by explicit calculation for all values (k,t) in table 1. As can be seen in (B.30)
there is a natural chess board structure in the matrix M 2~, which follows from the fact that M
vanishes unless [ = [ £ 1, and hence M? vanishes unless [ =1+ 2, [, or [ — 2.
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