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Abstract

A nested heuristic approach that uses route length approximation is proposed to
solve the location-routing problem. A new estimation formula for route length
approximation is also developed. The heuristic is evaluated empirically against
the sequential method and a recently developed nested method for location-
routing problems. This testing is carried out on a set of problems of 400 custom-
ers and around 15 to 25 depots with good results.

Keywords: location-routing, route length estimation, heuristics, tabu search.

1 Introduction

While distribution management is traditionally divided into the long-term sub-
problem of location and the short-term sub-problem of routing, it has been shown
in the last decades, that an integrated approach to distribution management is
both more logical and more efficient. This is due to the fact that the two sub-
problems referred to above are inter-related in practice. This integrated approach
is named location-routing. The location-routing problem (LRP) arises in several
applications of locational problems where the customers’ demand is less than a
full truck-load.

The LRP can be defined as follows. Given are the following:
- the set of customers J,

- the set of potential depot locations 7,

- the set of vehicles K,

- the distance d;; between locations ¢ and j (7,5 € T U T3,
- the fixed cost f; of establishing depot i (i € I),

- the demand g; of customer j (5 € J),

- the drop time 4,

- the maximum capacity of the vehicles Q, and

- the maximum distance allowed for the vehicles D.
We wish to determine:

- the number and location of depots,
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- the allocation of customers to depots, and
- the number and routing of delivery vehicles,
such that:
- the total system cost (the sum of depot and delivery costs) is minimised,
- the demand of every customers is satisfied, and
- no vehicle load or route length ezceeds the given constraints.

The LRP is a complex combinatorial problem and it can be formulated as
a 0-1 ILP. We present one possible formulation below. This formulation is a
slightly modified version of problem (LRP1) of Laporte ( 1989). Let us begin by
presenting some additional notation.

1 if customer j follows customer 7 on route k, 1,5 € T U J.ke K

Tk =10 otherwise
~ _ Jlifdepot ¢ € I is open

Vi =Yoif depot i € I is closed

By o 1 if customer j € J is served from depot 5 € i
' 0 otherwise

Using the above notation, the problem formulation is as follows:

Minimase 3 .., fiyi + D kek >ieruy 2 jeius Gii Tijk

subject to
ZQJ 2 Zijk < Q (k € K) (1) .
JjeJ ieluJ
Z Z (d,-,-+5)zz-jk <D+ (kGK) (2)
i€JUJ jETUT
Z Z ZTijk =1 (elJ) (3)
k€K i€IUJ

2.0 > mm2l  (25ISISHUIESCIUJSNT £0) (4)
kEK 1€S je((JUJ)\S)

Z Tijh = Z Tjik (kEK;iEIUJ) (5)
jeruJ jelug
szijkﬁl (k € K) (6)
el se7
Z (Tisk + Toje) < 245+ 1 (i€l;jeJ;keK) (7)
seluJ
z,-jk:(],l (ie];jEJ;kEK) (8)
yi=0,1 (1el) (9)
Zij=0,1 (ZEI,_TEJ) (10)

In the above formulation the objective function is the sum of depot fixed costs
and vehicle routing costs. Constraints (1) and (2) are the maximum capacity
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and the maximum distance constraints respectively. Constraints (3) to (7) are
standard route logic and flow conservation constraints. Constraints (8), (9) and
(10) stipulate that z;;x,y: and z;; are binary variables.

The LRP is NP-hard and can be solved optimally only for small sized prob-
lems. Thus, heuristics are widespread in solving the LRP. Most of them are based
on iterating between solving the two sub-problems, and are thus called iterative
methods. If the interdependence of the sub-problems is ignored then we have a
sequential approach: this consists of solving the locational problem first, and the
resulting routing problem second.

Despite the fact that it has only recently been investigated, a number of
papers have been published on this topic. It is not possible for us to provide a
comprehensive review of LRP papers here: instead we refer the reader to the
reviews of Laporte (1989), and of Salhi and Fraser (1995).

The need for route length estimation (RLE) formulae arises from the fact,
that computing the sum of radial distances is much easier to perform than de-
termining the total routing cost. The problem of RLE can be stated as follows.
Given the radial distances between the depot and the customers assigned to
it, find the total length of the routes originating from that depot. This means
finding a formula which describes the relationship between the above two quant-
ities. There is a distinct relationship between radial distances and route length
and a linear relationship was assumed by Webb (1968). However, more complex
formulae were proposed by Christofides and Eilon (1969) and later extended by
Daganzo (1984). Stokx and Tilanus (1991) used linear regression to approach
the problem of RLE, using trips created by a vehicle routing algorithm as the
basis for regression.

While it is possible to devise exact solution methods for many hard combin-
atorial problems, they may be too slow and inappropriate for practical purposes.
This prompts us to use heuristics, which seem to be the best way forward to
tackle hard combinatorial problems. In addition, these approaches have the ad-
vantage of producing more than one single solution and they are also easy to
understand, to modify and to implement. However, heuristics have a drawback
when it comes to evaluation: they usually do not yield easily to analytic ap-
proaches and so the mathematically less well founded empirical evaluation has
to be used.

The aim of this study is to:

(i) demonstrate how important it is to integrate location and routing,
(i) propose some heuristic approaches that use the idea of nested methods and
route length approximation to solve the LRP,
(iii) develop a new RLE formula which can incorporate constraints on tour length
and on vehicle capacity.

The rest of the paper is organised as follows. We first review the structure
of nested methods in section 2. We present the new nested methods that use
route length approximation in section 3. Computational results are provided in
section 4. Conclusions and future research directions are given in secticn 3.
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2 General Methodology of Nested Methods

Most LRP heuristics fall into the categories of sequential or of iterative methods.
Sequential methods solve the locational problem first and solve the resulting
routing problem second. This approach is clearly inadequate, as routing inform-
ation is not taken into account when solving the locational problem. It has been
shown, see Salhi and Rand (1989), that sequential methods provide inferior solu-
tions to combined heuristics, such as iterative methods. .

Iterative methods iterate between the location phase and the routing phase
until a suitable stopping criterion is met (see Salhi and Fraser (1993) for fur-
ther references). Although these algorithms have been shown to produce better
quality solutions than the sequential methods, they still have some drawbacks.

These methods let the location algorithm run until the end, and then re-
start it using some information from the routing stage. Thus, if the locational
algorithm leads to a solution far from the “true” optimum, than the routing
information may come “too late” to lead the method back to a good search
direction. We can also object to iterative methods from the modelling point
of view. These methods treat the two constituent components of the location-
routing problem as if they were on the same footing. Observe, that a location-
routing problem is essentially a location problem, with the routing factor taken
into consideration. So, instead of treating the two sub-problems as equal we can
observe a hierarchical structure, with location as the main problem and routing
as a subordinate one. This concept of hierarchy is also strongly emphasised by
Balakrishnan, Ward and Wong (1987).

This observation suggests an appropriate method: an algorithm, where loc-
ation is the master problem, and routing is a subproblem. We refer to this ap-
proach “nested” because the routing stage is embedded into the location phase.
More details on this concept are given in Nagy and Salhi (1995).

2.1 The Location Phase

Many good heuristics exist for locational problems, such as Korkel (1989) and
Beasley (1993), but they are not search-based methods which could be easily
embedded into nested methods. The need to use methods which rely on vis-
iting feasible solutions at each step is essential for our purpose. The location
algorithm adopted here is a modification of the add/drop/shift heuristic, ini-
tially introduced by Kuehn and Hamburger (1963).

In our location phase the neighbourhood of a current solution is defined by
the three moves of dropping an existing depot, adding a new depot to the existing
set of open depots, and finally simultaneously closing a given depot and opening
a new depot from the set of customers served by that given depot. Our locational
algorithm starts with an initial feasible solution: this is usually the outcome of
a sequential solution method applied to the problem. Then, in the investigation
stage, the neighbourhood of the current solution is investigated: all the possible
moves are evaluated. In the implementation stage, the best move is implemented
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and the cost of the new solution is calculated. One run of these two phases is
called an iteration. These iterations are repeated until some stopping criterion
is met: we shall explain the criteria used later.

Finally, we wish to note that this neighbourhood search algorithm has been
enhanced through the use of a simple version of tabu search. After implementing
a move, the city or cities involved in the move will be made tabu, i.e. they cannot
be considered for another move for a given number of steps. We also introduced
5 form of diversification: if the search does not produce new better solutions
after a given number of iterations, we re-initialise the system starting from the
best solution and make some of the cities involved in the previous moves tabu.
This concept is also used in establishing our termination criteria: a maximum
of ten re-initialisations are allowed. Furthermore, a maximum time limit of two
hours was also imposed. For more details on tabu search in general, we refer the
reader to Reeves (1993).

2.2 The Routing Phase

Many different routing algorithms could be used in our method. However, the
algorithm chosen has to be a multi-depot vehicle routing algorithm which can
produce good solutions quickly and consistently. We have hence chosen the MD-
VFM heuristic developed by Salhi and Sari (1995). This composite heuristic is
based on the concept of “borderline” customers. It relies on a route construc-
tion method, an insertion-based heuristic and some improvement routines. This
method caters for the vehicte fleet mix problem, a generalisation of the vehicle
routing problem, where the vehicles do not necessarily have the same capacity.

2.3 How Routing Information is Used in the Location Stage

Routing information is needed in our locational algorithm in two distinct stages.
In each iteration, the cost of the current solution has to be found. As this in-
formation needs to be determined only once per iteration, we can use a slow but
accurate method to find routing costs. This is done by applying the MDVFM
routine for the entire set of cities. We also need to find the cost improvement
associated with each move. As there are several moves within each iteration to
be evaluated, we use a fast but approzimate algorithm to do this. This involves
ideas drawn from computational geometry and route length estimation formu-
lae. Geometric ideas in location-routing have been investigated in Nagy and
Salhi (1995) and implemented successfully in our previously developed method
REGIONAL. Finally, we wish to note that we will use the routing algorithm
MDVFM to provide us with information other than just route configuration or
routing costs.
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2.4 How Do Changes in Location Influence Routing?

We wish to demonstrate that the area of influence of a change in location is a
connected area incorporating the depot concerned, its customers and also some
“nearby” depots with their associated customers. Let us begin with an example.
Suppose that during one of the iterations of our algorithm we wish to evaluate
the move of shifting a depot from location a to location b (within the catchment
area of a). We make three observations about the changes in routing caused by
such a move. o

Firstly, a change in location influences routing locally: moving the depot from
e to b implies that all the routes previously assigned to a will now start from
and terminate at b.

Secondly, it is incorrect to assume that there will be no change outside the
catchment area of the depot. In the above example, it is likely that some cus-
tomers of a will now be re-allocated to a neighbouring depot ¢ rather than to b,
thus influencing the routing in the catchment area of c.

Thirdly, we observe that the area where the changes take place is connected.
Generalising our second observation, a change in the location of a may influence
¢, this can in turn influence a neighbour of depot ¢, and so on. Thus the area of
influence of the move is the union of the above catchment areas, and is therefore
connected.

This area which may be affected by the change is referred to from now on
as a region. The depot concerned in the change is called the central depot. As
we do not know the exact area of influence of a locational move, we have to
approximate it, using some proper subset of the set of all cities as our region.
Finally, we wish to note that regions are specific to their central depot.

2.5 Approximating Costs Using Regions

Suppose we have created a region around the central depot and that we also
know the full routing solution to the current situation. Then, to calculate the
cost improvement of a move, we only calculate the cost improvement within the
region, thus making the implicit assumption that route configuration and thus
routing cost remains unchanged outside the region. While this assumption may
not hold in practice, it enables us to rely on calculations pertaining to only a
subset of all cities as opposed to the whole system for routing cost calculations.
This considerably speeds up our algorithm. It is clear that a good choice of region
would avoid both excessive computational time associated with too large regions
and loss of accuracy associated with too small regions. Finally, we wish to note
that by employing MDVFM to evaluate cost improvements within the region we
get a location-routing methodology. This method is called REGIONAL and is
described in Nagy and Salhi (1995).

2.6 How Do We Construct These Regions?

Although the original idea for the structure of the regions was inspired by com-
putational geometry, the current construction is based on our routing algorithm
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MDVFM. Note that this is one example of using the routing algorithm for a
purpose widely different from what it was originally designed to do. This rout-
ing algorithm finds at some stage the nearest and the second nearest depot to
each customer. We define an incidence relation A/ on the set of depots as follows.
If two depots are nearest and second nearest respectively for any customer, let
these two depots be incident, or neighbours, to each other. The set of all the
neighbours of a depot d is denoted by N'(d). The region pertaining to a depot d
is defined to consist of the depot d, its customers E(d), its neighbouring depots
N (d) and their customers E(N(d)). While other constructions are also possible,
see Nagy and Salhi (1995) for further details, the above structure was found to
be the most logical and it also produced the best results.

3 Nested Methods Based on Route Length Estimation

Balakrishnan, Ward and Wong (1987) suggested the idea of incorporating RLE
formulae into a locational method. This suggestion was not taken up by many
researchers; we know of two works, where RLE was used in LRP: namely Salhi
(1987) and Laporte and Dejax (1989). However, Salhi (1987) only calculated
bounds for the number of vehicles and did not use a RLE formula; while Laporte
and Dejax did not incorporate the RLE formula into a LRP algorithm and relied
on evaluating all possible combinations for depot locations.

ESTIMATE incorporates the ideas presented earlier. It fits into the general
framework of nested methods, and it relies on the concept of regions. However,
unlike REGIONAL, it does not employ a routing algorithm when investigating
the possible moves within an iteration. Instead, it calculates the sum of direct
distances for the relevant region (a much simpler task than routing) and em-
ploys a RLE formula to provide us with an approximation of the routing cost
per region. Thus the change in estimated cost is evaluated for each move. The
move with the largest estimated cost improvement is chosen for execution; only
after the move has been made is the route configuration and total routing cost
determined.

3.1 The Structure of ESTIMATE

To facilitate understanding of the concepts involved in ESTIMATE, and of the
different versions thereof, a pseudo-code of the locational part of the method is
given below, followed by some comments about the steps of the algorithm.

1*. update the estimation formula € for the whole system M

2. foralld; € M do

3. construct the region R;

4*. update the estimation formula £ within the region R:
5. calculate £(R:) — E(Ri\{d:})

6. for all ¢;; € E(d;) do
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7 calculate £(R;) — £(R: U {ci;})

8. calculate £(R;) — E(R; U {c;;}\{d:})
9. end

10. end

11. implement the move with the largest estimated cost improvement
12. calculate C(Mpew)

13. calculate £(Mpew)

14. repeat steps 1 to 13 until termination criteria reached

where M = {d;,d>,...,dy} is the set of open depots,
E(d;) = {ci1,Ci2, ..., Ciw } is the set of customers served by depot d;,
R; is the region associated with the depot d;,
£(S) is the estimated cost of the system S, and
starred (*) steps are optional.

Steps 1 aend 4. These steps provide the flezibility of the algorithm. The five
different versions of ESTIMATE differ from each other in steps 1 and 4, and in
the formula £ they employ.

Step 3. We wish to note that as regions are specific to their central depot,
they only need to be created once per iteration: all moves involving the central
depot are investigated before the algorithm moves on to another depot.

Steps 5, 7 and 8. These steps are associated with the trial moves “close depot
d;”, “open depot d;” and “shift depot d; to customer location ¢;;” respectively.

Step 11. We would like to remark that the consequences of a move are not
fully known until step 12, thus the move made in step 11 may well not result in
the best improvement. Thus, it is important to have a good choice of region and
of estimation formula: a wrong choice of either may result in misleading moves
being implemented.

3.2 Local Estimation

An easy way of estimating route length is to assume that it is a simple function
of the sum of direct distances. Usually a linear relationship is assumed (see e.g.
Webb (1968)). The total routing cost per depot T is approximated by rD, where
D is the sum of direct distances from the depot to all its customers and r is a
constant. We refer to this constant r as the ratio. Although this is a very crude
measure, it is better than approximating T by D, which is what the sequential
method does.

We have created a version of ESTIMATE called ESTIMATE]1 based on the
formula T' = rD. Referring to the pseudo-code given above, we note that step 1
is omitted, while step 4 consists of determining the ratio r for each region. This
is done by dividing ) T by 3" D, where summation refers to the whole of the
region. Cost improvements are then calculated as improvements in the value of
r,

This measure is called a local estimate, as the ratio r is calculated for each
region, and thus it represents the local characteristics of the system. It is a flexible
measure, depicting the spatial characteristics of the cities within each region. As
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:n each iteration the r values are re-calculated, this measure is flexible not only
in space, but also in time. However, this RLE formula is a very crude measure.
Webb (1968) noted several deficiencies of this formula. Although many better
models exist in the literature, they cannot cater for our requirements. So, we
decided to develop a new RLE formula.

3.3 Drawbacks of Current RLE Formulae

A standard regression formula for route lengths was given by Christofides and
Eilon (1969), and later extended by Daganzo (1984). Recently, Stokx and Tilanus
(1991) extended this formula by introducing regression coefficients. The formula
we present here is an aggregation of their work. The total routing cost per depot
is approximated in equation (11) below:

T ~aD/c+bD/v/n (11)

where n is the total number of customers belonging to the depot, c is the average
number of stops on a feasible vehicle tour, and a and b are regression coefficients.
Note that for the case of a single travelling salesman tour, the above formula
reduces to:

T =aD/n +bD/Vn (12)

Following Daganzo (1984) we call the terms aD/ V1 and bD//n in (2) above
linehaul and detour distances respectively.

While this formula can be developed further in many different directions, we
shall concentrate on one particular defect of the above formula. We would need to
know the average number of stops per tour it ¢ to use it. This particular measure
is, however, not available to us during the run of our locational algorithm. Thus
we need to develop the formula such that the use of the variable c is avoided. We
can, however, make use of other data which we do know, namely the maximum
capacity and distance constraints, the demand levels of the customers and the
drop time.

3.4 Developing a New Route Length Estimation Formula

In this study, a new route length estimation formula is derived, using the existing
models and the knowledge of the routing algorithm used in this work. T he
formula is constructed by mimicking the multiple giant tour algorithm, which
forms a part of the MDVFM heuristic of Salhi and Sari (1995). A similar exercise
is presented in Daganzo (1984), but the author used a cluster-first, routing-
second method, while we use a routing-first, cluster-second algorithm. We first
determine the routing cost per depot with t vehicles, following the partitioning
of the giant tour. Then, we determine t, the number of vehicles, using the above
result and the constraints on both vehicle capacity and tour length. Finally,
the above two results will be put together to yield a new RLE formula. The



118 G. Nagy and S. Salhi

mathematical derivation is relegated to the appendix and here we only quote
the result as given in equation (A14):

£e (% - ﬁ?f—l))

N 2nQ . 2bny/nD+2n%(n—1)4 bD7
xInt (a + BMBJL (ZnP-—Q’ (n-—i)(?Zn—ZuD—&n)ﬁ-b\/ﬁD)) + n—1 (13)

where Q is the sum of customer demands, P is the maximum capacity of a
vehicle, 4 is the drop time and Z is the maximum distance. a, b, and 3 are
regression coefficients, with default values 0f 1.8, 1.8, 1.0 and 1.0 respectively. The
importance of this result stems from the fact, that both ¢ and t are eliminated
from the RLE formula, and all the quantities involved in this formula are known
to us at each iteration. From now on, we refer to the above formula as T' = f (D).

3.5 Global Estimation

We developed two versions of ESTIMATE under this heading, namely ESTIM-
ATE2 and ESTIMATES. In these methods, the total routing cost T is approx-
imated by f(D). Referring to our pseudo-code, we note that step 4 is omitted
in both versions. In ESTIMATE2, step 1 is also omitted, and the formula used
relies on fixed coefficients (default values). ESTIMATES3 uses regression in step
1 to determine the regression coeflicients a, b, @ and 8, and thus is able use
them in the RLE formula. Cost improvements in both versions are calculated as
improvements in the value of f(D).

We wish to note that the regression procedure we used was created specifically
for this purpose, as no general regression codes were available which could have
tackled regression for formulae containing both “integer part” and “maximum”.
We wrote a small code relying on the NAG library which uses the Simplez
Method of Function Minimisation of Nelder and Mead (1965). Using regression
is yet another example of the subtle use of routing information.

This measure is called a global estimate, as the estimation formula f{D) relates
to the entire set of cities, so it is a globally valid formula. Although the powerful
formula used in these methods is certainly an advantage, these methods are
rigid in space and do not appreciate the local characteristics of the system.
ESTIMATE? is also rigid in time, as regression is not used. ESTIMATES3, on
the other hand, offers flexibility in time. A further drawback of global estimation
is that it relies on the RLE formula provided. While this formula could always
be developed further, there is always some difference between the actual and the
estimated costs, and it would be desirable to account for these differences.

3.6 Combined Estimation

We have seen that the local estimation measure is flexible but not very accurate,
while the global measures are good estimates but do not offer sufficient flexib-
ility. Thus, the idea of combining the two comes to one naturally. We make the
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assumption that routing costs T and their estimation f(D) are linearly related,
T =~ rf(D). Two further versions of ESTIMATE using the formula rf(D) were
created, namely ESTIMATE4 and ESTIMATES. Referring to the pseudo-code
given earlier, we note that step 4 consists of determining the ratio of routing cost
and its approximation. In ESTIMATEA4, step 1 is omitted, and the formula used
relies on fixed coefficients (default values). ESTIMATES uses regression in step
1 to determine the regression coefficients @, b, @ and 3, and thus is able to use
them in the RLE formula. Cost improvements in both versions are calculated as
improvements in the value of rf(D).

The advantage in using combined estimation is that we retain the desirable
attributes of both local and global methods. Flexibility in space is provided, as
we use a ratio which differs from region to region. Flexibility in time is also
achieved by updating the ratios in each iteration; furthermore, ESTIMATES
also updates the coefficients in its RLE formula. A sophisticated RLE formula
is incorporated into both of these methods, which makes them very accurate.
The quality of the formula is further enhanced by the fact, that discrepancies
between real costs and their estimations are noted and corrected by the method.

4 Computational Results

The heuristics proposed above were written in VAX Fortran and executed on a
VAX 4000-500 computer at the University of Birmingham. They were evaluated
using empirical testing.

4.1 Data Generation

Five sets of coordinates and demands, each consisting of 400 customers, are
tested with three levels of fixed depot costs to provide solutions around 25, 20
and 15 depots respectively: this gives 15 problems in total. These data sets are
generated using some of the problems given by Christofides, Mingozzi and Toth
(1979), and enlarging them to produce problems with 400 customers. We have
chosen 400 for the size of our test problems as a compromise. On one hand
too small a problem size would not have enabled us to appreciate the structure
of regions, on the other hand too many customers would have slowed down the
underlying vehicle routing algorithm. This generation is explained in more detail
in Nagy and Salhi (1995). The problem sets are numbered as 11,12,13,21,..., 53:
problem 11 is the first prablem set with low depot costs, etc. We also wish to
note that customers are clustered for problems 21 to 33. Furthermore, maximum
capacity and maximum distance constraints were chosen so that they are tight
for all problems except 41 to 43.
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4.2 Plan for Comparison

The combined location-routing methods are compared to the sequential location-
routing method. This way of comparing the methods was suggested by Balakrish-
nan, Ward and Wong (1987) and used previously by Salhi and Rand (1989) and
by Salhi and Fraser (1993). In order to do this type of comparison, we ran-the
sequential method first. A number of trial runs with different levels of depot
costs were executed in order to give the required number of depots. A “strong”
local optimum was found for all the problems, i.e. a local optimum, from which
the method could not “climb out” after about a hundred iterations. Then, all
the other methods used this solution as their initial solution. We had two ter-
mination criteria: a cutoff time of two hours, and a maximum of ten restarts.

Two main comparison criteria are used: solution quality and solution time.
Solution quality of the combined methods is measured as the percentage im-
provement they offer over the solution obtained by our benchmark sequential
algorithm. Solution time is best judged as the time the different methods take
to execute one iteration. Furthermore, a number of subsidiary observations are
also made. The results for our test runs are tabulated in Tables 1 and 2.

4.3 Analysis of Results

Looking at Table 1, we can see that all versions of ESTIMATE offer improve-
ments to the solution found by the sequential method. Despite the differences in
their structure, all of them produce about the same solution quality, and in many
cases the same solution. The solution quality is better than that of REGIONAL,
with cost improvements ranging, on average, between 7-8% as opposed to 4-6%
in the case of REGIONAL. As the five versions of ESTIMATE each use a more
sophisticated method of estimation than the previous one, we can expect them
to produce progressively better results. This is indeed the case, if we look at
Table 1, we can clearly see the cost improvement figures rising from 7.21% to
7.69%. However, these differences are minor. It seems to us that this method
is not too sensitive to the type of estimation used. Observing the change in
cost improvement across the different problems, we see, that for problems 41
to 43 a large improvement is found. This is probably due to the fact that the
constraints are loose for these problems: the same phenomenon has been ob-
served for REGIONAL. Furthermore we wish to note that while REGIONAL
only offered small improvements for some of the problems, in ESTIMATES the
minimum improvement was 1.73%. This makes ESTIMATE a more consistent
method, giving good solutions across the board.

We can also observe, using Table 2, that the solution speed of ESTIMATE
has significantly improved compared to the speed of REGIONAL. We can also
observe that as this method has a speed comparable to that of CLASSIC, the
algorithm is usually stopped by the termination criterion based on the number
of restarts. Furthermore we note that the radial cost has always increased during
the run of our combined methods. This reinforces our view that minima of the
radial cost and of the total cost do not coincide. We can see, looking at Table 2,
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R3|E1|E2 | E3|E4|E5

11/2.60(2.60{3.89|3.89(3.89|4.78
1211.95(1.482.49 |3.58|3.58|3.58
13/3.83]5.25|5.25|5.25(5.25|5.25
2112.45]5.32(5.32|5.32(5.32(5.32
2212.31|2.31|2.45|2.45|2.51|2.51
23(1.90{1.902.01|2.01|2.01{2.01
L131 0.490.49]0.58{0.58 {0.58 [ 2.38
3211.21{0.75)0.88 {1.21|1.21{1.21
33(1.73|1.73(1.73|1.73|1.73(1.73
41111.5)23.9{23.9(23.9(23.9(23.9
42 (25.7(25.7{25.7{25.7|25.7|25.7
43 |126.0|26.0|26.0{26.0/26.0({26.0
5113.09{3.09(3.09{3.09{3.09(3.09
5214.21 (4.01 {4.21 |4.21 (4.23(4.23
53 13.75(3.75|3.75(|3.75|3.75|3.75
|P1]2.7913.11|3.88{4.24 |4.24 |[4.54
P212.223.183.26 | 3.26 |3.28|3.28
P3(1.14{0.99{1.06{1.17|1.17{1.77
P4|21.1|25.2(25.2|25.2|25.2|25.2
{P5]3.68)3.62|3.68 |3.68 (3.69(3.69
A1]4.02|7.08]7.36|7.36|7.36 (7.89
A2|7.07(6.84|7.14|7.43|7.44|7.44
A3|7.44|7.72|7.74|7.74|7.74|7.74

AV|6.18(7.21|7.41|7.51(7.51|7.69

Table 1. A cost somparison of the different methods.

Entries are percentage improvements over the sequential method. The best solution is
highlighted in bold. R3 refers to REGIONAL3, the best method in the REGIONAL
E group of methods, described in Nagy and Salhi (1995). E1 to ES stand for ESTIMATE1
to ESTIMATES. P1 is the average of problems 11, 12 and 13; P2 to P3 likewise. Al
is the average of problems 11, 21 and 31; similarly for A2 and A3. AV stands for the
average of all the 15 test problems.

Frapdill R - v

: that the number of depots and of vehicles has always decreased. This points to
' the fact that the sequential method usually overestimates the necessary number
of depots and vehicles. Our methods on average resulted in having 4 to 6 depots
and 2 to 3 vehicles less in the final solution than the outcome of the sequential
method.
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COST{D.D |[ND|NV} IT TIME |RST| TPI

C1] 000 [000] 0| O |117/-| 826/- |10 ] 4/-

R3[ 6.18 |17.69] 5 | 2 | 53/36 [121:32/82:28] 5 [147/148
EI| 7.21 |20.22] 6 | 3 |117/76] 28:26/18:32 | 10 | 14/14
E2| 7.41 [20.56] 6 | 3 {120/91| 27:59/21:31 | 10 | 13/14
E3| 7.51 [20.15| 6 | 3 [119/92| 41:40/32:27 | 10 | 20/20
E4| 7.51 |20.23| 6 | 3 |119/93| 27:58/21:57 | 10 | 14/14
E5| 7.69 |20.56| 6 | 3 |119/93| 42:29/33:29 | 10 | 20/20

Table 2. A summary of computational results.

C1 refers to the sequential method. COST is the percentage cost improvement, while
D.D. is the percentage increase in the sum of direct distances w.r.t. C1. ND and NV
stand for the decrease in the number of depots and of vehicles respectively. IT is the
number of iterations executed. TIME is the running time (in minutes and seconds),
while TPI is the time per iteration (in seconds). RST denotes the number of restarts.
In columns IT, TIME and TPI there are two entries per row: the first refers to the
whole run, the second refers to the period until the best solution is found.

5 Conclusions and Future Research Directions

Heuristic approaches using the concept of nested methods are developed for the
combined location-routing problem. These techniques use ideas borrowed from
computational geometry to define the concept of proximity and route length
estimation to approximate the routing cost. To our knowledge, this is the first
algorithm which fully integrates RLE techniques into an LRP procedure.

Encouraging results were obtained when compared against a recently de-
veloped nested method. These estimation-based models consistently produce
good results without resorting to severe computational effort. In this study,
we have demonstrated how inefficient it is to refer to the commonly applied
approach of location-routing which uses location first and routing second. Our
findings re-enforce even further the previous conclusions obtained by Salhi and
Rand (1989) and also by Salhi and Fraser (1995) beside providing a clearer in-
sight to this strategic distribution problem. All nested location-routing methods
gave encouraging results, producing between 4% to 7% average improvement over
the sequential method. In addition, the computational effort for these methods
was reasonably good.

A number of issues may be worth investigating in connection with the re-
search presented in this paper. These include:

(i) carrying out a computationally intensive simulation in order to assess the
consistency and the robustness of nested methods. This field of investigation may
serve as a justification for combining the long-term problem of location and the
short-term problem of routing into a common framework. The authors obtained
encouraging preliminary results.

(ii) introducing capacity limits on depots. This would place a limit on the
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number of customers which can be assigned to a depot and thus the allocation
phase of our routing heuristic would need to be modified.

(iii) extending the vehicle routing part of the location-routing problem to
the case of vehicle fleet mix. This extension would be facilitated by the fact that
we used a fleet mix heuristic in the routing phase of our algorithm. However,
the RLE formula would need to be modified to allow for the case of several
alternative constraints on vehicle capacity and on maximum distance.
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Appendix. Developing a new route length estimation
formula

Ir. this appendix we construct a new RLE formula, following the strategy outlined
in section 3. First, we find routing costs per depot for a given number of vehicles
t. Then, we use this information and the constraints to find t. Substituting ¢ into
the formula for routing costs yields the desired RLE formula.

A.1 Routing Costs for Single and Multiple Tqur$,

Let us now see what happens when the giant tour (travelling salesman tour) is
partitioned into feasible vehicle routes. Using equation (12) we can see that the
average line-haul and detour distances for a travelling salesman tour are ad/n
and bD/+/n , respectively. ' e o o

Suppose that we have t feasible routes, each serving, on average, ¢ = n/ft
customers. We can observe that the average line-haul distance for each tour
remains aD/n. It is somewhat more cumbersome to calculate the average detour
distance. In the travelling salesman tour, the detour distance is divided into
n — 1 route segments, connecting two neighbouring customers. Thus, the average
distance between neighbouring customers on a tour is 7;%;?-_—1-5; For a feasible

route serving ¢ customers, the detour distance will be ¢ —1 times this average

distance, i.e. %f;—f—_%. This gives us the length of an average feasible route,

‘-’%4— %/QT%-—?_} To find the total routing cost, we simply multiply this by t. This

gives us the routing cost as

T~ o 4 t2=iincl) | (A1)

A.2 The Effect of the Constraints on the Number of Routes:

We need to find t to complete the above formula.. To do this, we first calculate .,
then use the relation n = ct to get t. There are two constraints in our problem,
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the mazimum capecity constraint P and the mazimum distance constraint Z. Let
us look again at the routing algorithm. When partitioning the giant tour, we go
along the tour as long as customers can be added without violating either of the
above constraints. If we have on average ¢ stops on a route, this means that ¢
customers per route do not violate any of the constraints, but ¢+ 1 would. This
allows us to establish both lower and upper bounds for c.

We begin with the maximum capacity constraint. The average number of
stops per route times the average customer demand Q/n should not exceed the
maximum load P. On the other hand, this constraint should be violated by
allowing ¢ + 1 stops:

c@ < P<(c+1)(%) (A2)
Rearranging this gives:

(nP/Q)-1<c<nP/Q (A3)
This gives us an estimate for c as:

¢~ (2nP-Q)/2Q | (A4)

The above method of estimation is more accurate than estimating c by nP/Q,
since it accounts for the fact that the vehicles are usually not fully utilised. We
can easily transform equation-(A4) to find &

fimg 2nQ/(2nP—Q) (A5)

This formula needs one modification. We have to make allowances for the fact
that an integer number of tours is required. This usually results in the "last”
tour constructed being under-utilised, although different algorithms may spread
the slack over all the routes. This modification is especially important if we only
deal with one or a few routes per depot. Thus, we take t to be the upper integer
of the right-hand side of equation (A5), to obtain

t=Int(2nQ/2nP - Q) +1 A (A8)

Now we proceed to find a formula for ¢ in terms of the maximum distance con-
straint Z. Unfortunately, this is more complicated as a number of other variables
exist in the expression. One of them will be the drop time 4, as the maximum
distance requirement includes this term. Otherwise, we proceed as in the previ-
ous paragraph. The average distance per vehicle route plus the total drop time
should not exceed the maximum distance Z. We look back to equation (A3) to
find the average length of a vehicle route. Taking the total drop time per route
¢d into account, the maximum distance requirement gives:
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n

a2 4+ 2L 105 < Z < aD[n+ 2l o (4 1)5 (A7)

using ¢ and c¢+1 stops per route respectively. This can be re-formulated to give
upper and lower bounds for ¢

Zn(n—1)—aD{n-1)}—én(n-1} Zn(n=1)—aD(n—1)+b/nD
by/nD+n(n—1)46 <c= by/nD4n(n—1)8 . (AS)

We estimate c in the same manner as in the previous section:

2Zn{n—1)—2aD(n—1}—=8én{n—1)+b/nD
ShvrDTIn(n=1)8 (A9)

c~

We transform this into an estimate for t:

2bny/nD+2n% (n=1)6
2Zn(n-1)—2aD(n—-1)—dén(n—1)+by/nD (A.lO)

it

We note again that this estimation for ¢ accounts for the slack between tour
lengths and maximum distance requirements.

The same modification as in the case of the maximum capacity constraint
should be made, this gives us an integer estimate for ¢, namely:

e 2bn/nD+2n%(n—1)4
t = Int (2Zn(n-1)~23D(n—:1)—5n(n—1)+b\/ﬁD) +1 ('All)

Unfortunately, this formula is much more complicated than equation (A6),
and it also includes regression coefficients. The reason for this is, that while
the maximum capacity requirement produces an estimate of ¢ in terms of the
total demand, which is a known quantity, the maximum distance requirement, if
used in a similar fashion, would produce ¢ as a function of the total tour length,
which is an unknown quantity. In fact, it is the very quantity we wish to estimate.
Thus, we have to use "estimation within estimation” to get our result. This is
the reason for this formula being much more complicated than the previous one.
Furthermore, the drop time has to be included, giving extra twist to the formula.

Now we combine the two formulae in the previous paragraphs to allow for the
case of either of the constraints being the binding one. The binding constraint is
the one which necessitates a larger number of tours, so ¢ should be taken to be
the maximum of the two expressions given in equations (A6) and (A11). This
approach was also adopted by Salhi (1987), but in his approach the tour length
was estimated using an approximation procedure, as opposed to our algebraic
manipulations. This gives us:

~ . nQ . 2bn/nD+2n%(n—1)8
t ~ Int (Ma" (2nP—Q’ 22n{n_1)—2w(n-1)_.sn(n-1)+b\/zp) + 1) (A12)

This formula can be further improved. We note, that it may well be probable
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that for some of the routes of a depot the distance constraint, and for others
the capacity constraint, is binding. This is most likely to occur when the two

— 2nQ . 2bny/nD+2n%(n—1)4
t = Int (0‘ + fMax (2nP—Q’ 2zn(n—1)—zaD(n-1}_an(n_1)+b¢;?5)) (A13)

where q, b, @ and 3 are regression coefficients. Should we not wish to use regres-
sion, or if we need starting values for the regression process, the following values
may be used: a = 1.8, h = 1.8, =1.0 and 8 = 1.0. The values for a and b are
as suggested by Daganzo (1984), while o and B are taken from equation (A12).

A.3 Completing the Estimation Formula

Now we insert the formula for t given by equation (A13) into our formula for
routing cost per depot provided by equation (A1). This gives

T~ (a2 -z )

2nQ | 2bn/nD42n%*(n-1)§ D/n
xInt (o + fMax (522 o Gon 2D ) ) T2 (Al4)

Thus, we have found a formula for the total routing cost per depot 7 in terms
of D, n, Q,P, Z and 4, all known quantities during our solution process.
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