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Abstract

An experimenter, designing or analysing an experiment, frequently
finds that not all can be done according to the text-book. Considerations
outside his control may have to be taken into account that affect
the design; he may not be interested in all his treatments equally but
perhaps in some unusual contrasts between them. Again, unforseen
circumstances and happenings can afterwards force him to discard some
of his results, so upsetting the balance or orthogonality of the
design. |

The aim of this thesis is to help an experimenter in such a situation.
The first part is concerned with analysing a block experiment that is
in general unbalanced and non-orthogonal. Two different methods, one
iterative, one non-iterative, are derived for obtaining the analysis,
each with its own advantages. The non-iterative method basically is
derived from the actual design and produces matrices, which can then
overate on any suitable data supplied. The iterative method, however,
found in appendix A, is applied directly to the data from the start,
to produce the treatment effects directly. Although the iterative
method is easier to apply and can also be used with a wider class of
design than can the non-iterative method, the inter-block analysis
and the analysis of the dual become easier using the non-iterative
method.

Certain contrasts are related to the design in special ways, and,
if known, make the analysis of the design easier. The implications are
discussed in chapter 2, which is also concerned with finding the
contribution to the sum of squares for these and other, more general,
contrasts of interest.

The dual of a design is defined as that design formed from the
original design when treatments and blocks classifications are
interchanged, i.e. treatments become blocks and vice-versa in the new

design. It is useful for studying block differences eliminating those
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due to treatments, which may, for example, be required if the blocking
system arose from the possible residual effects of treatments from

some previous experiment on the same material. The second part of the
thesis, in chapter 3, is concerned with the analysis of the dual., It

is shown that there is no need to start again from the beginning when
analysing the dual if the original design had already been analysed,
because the analysis can provide information about that of the dual.

The method is especially easy when the non-iterative method of analysing
block designs, discussed in chapter 2, has been used for the original
design.

The experimenter will often be more interested in some contrasts
between treatments than in others and a design can be selected to give
more precise information about these contrasts. The construction of
such designs is discussed in the third part of the thesis. Various
measures can be used to judge which design is best as regards contrasts
of interest. Algorithms for finding the optimal design according to
these measures are derived and discussed in chapter 4.

Listings and flowcharts of a program to carry out the non-iterative
analysis of chapter 2 and of a program to construct optimal block

designs appear in appendices B and C,



Chapter 1 Introduction

Three problems are considered in this thesis:

1) The analysis of general block designs,

2) The analysis of the dual of a design
and 3) The construction of optimal block designs.

The first problem was thought to be worthy of consideration
because current methods all lack certain requirements that a generai
method of analysis should have. There are three main methods in use:

a) The method of Tocher (1952)

This method is to calculate directly an inverse of the information
matrix of the treatments. Although the information matrix is always
singular; if the design is connected, the only completely confounded
contrast being that of the mean, then a simple addition to the matrix
will cause it to become non-singular and an inverse can be found.

This inverse, termed 1, is then a generalized inverse (Rao and Mitra, 1971)
of the original information matrix and so yields correct results.

The disadvantage of this method arises when some disconnectedness
is present, it then being no longer obvious as to what to add to the
information matrix so as to cause it to become non-singular - the
addition depending upon the contrasts confounded. Also, for large -
experiments the size of the matrix to be inverted, equal to the number
of treatments, can cause excessive calculation.

b) The method of Kuiper (1952)

This is an iterative method, calculating the treatment vector by
a sequence of vectors tending to the zero vector, the sum of the sequence
giving the correct estimate of the treatment vector. This method will
also work when some confounding is present in the design. If a high
degree of partial confounding exists however, the procedure takes a long
time to converge. The dispersion matrix for treatment effects can be

calculated if the design is connected by the extension due to Calinski
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(1971)3; else if some knowledge of the eigensystem of the design is
known, the extension dué to Pearce, Calinski and Marshall (1974) can
be used for disconnected designs.

¢) The method of Wilkinson (1970)

This method, which can be applied to any design, uses a series of
'sweeps' across the data; each sweep, corresponding to either blocks or
treatments, calculates simple means for the factor, divides these by an
appropriate efficiency factor and subtracts them from the current input
vector. The next sweep is then applied to the resulting vector and so
on until the vector of residuals appears. The efficiency factors, if not
known, can be found, but not their multiplicities, by a suitable dummy
analysis. However, in complex experiments this gives rise to calculating
the roots of a polynomial of degree equal to the order of balance of the
design. A disadvantage of Wilkinson's method lies in the difficulties
involved when calculating variance information (James and Wilkinson, 1971).

It was therefore decided to find a method which completely
analysed all designs fairly efficiently and would take full advantage
ofany inherent simplicity that may exist in the design. The method
should also be well suited to programming onto a computer.

Two solutions were found: one detailed in chapter 2, the other in
appendix A, The first solution, a non-iterative method, is more
useful in situations where a number of experiments, each having the
same design, are carried out; whereas the other, an iterative method,
is more easily suited to hand computation if necessary and has the
advantage of being applicable to designs other than block experiments,
row and column designs for example. The first method has a further
advantage if the dual is to be used, since it provides the analysis
for the dual at the same time as that for the original design.

The second problem, the analysis of the dual, can arise if
treatments from a previous experiment are used as a blocking system

for the current experiment. The experimenter may then wish to dualise
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his design and study the effects of the previous treatments eliminating
those of the current set (see, for example, Pearce, 1970). This can
easily result in an unbalanced design even if the original design was
balanced and the experimenter may then be faced with having to analyse
a possibly difficult dual design in addition to the original design.

It was decided to find whether the analysis for the original design
could be used for the dual design also.

The theory behind the dual of a design is derived in chapter 3
and it is shown that the analysis for the dual can indeed be found
almost directly from the method of analysis presented in chapter 2,
Also, if the experimenter has chosen a design that is good with respect
to some measure of efficiency, he may wish to know how good the dual
design is with respect to that measure also. Relations between
measures for the design and its dual, for various common measures, are
therefore derived in this chapter.

The third problem arises when an experimenter, wishing to carry
out some experiments, finds, due to considerations of space or
available plots or whatever, that no standard design exists that he
can use., He may attempt to invent a suitable design himself, but would
find it difficult to know whether he had found the best design
possible, Procedures do exist for helping the experimenter choose the
'optimal' design (e.g. Mitchell, 1974), where ‘'optimal' depends upon
the criterion of optimality chosen, but they tend not to take into
account the fact that the experimenter will often be interested in
certain contrasts between treatments more than, or even to the
exclusion of, other contrasts. It was decided then, that an algorithm
be found which nrovided the experimenter with the design that 'best'
met his needs asregards his interests concerning contrasts between the
treatments; 'best', of course, depending on the criterion of optimality
chosen.

Algorithms have therefore been found for each of three possible
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criteria and the relative advantages of each given., These are
detailed in chapter 4.
The main aim of the thesis is to help those experimenters
finding themselves with a design to construct and/or analyse which

does not fit into the realm of the standard designs.
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Chapter 2 The Analysis of a General Block Design

2.1 Introduction

If observations y are known to have expected values X6, where
X is known and & are unknown parameters, and it is also known that
the error involved with each observation has the same variance s and
is uncorrelated with the other observations, then the best linear
unbiased estimate of ©, é say, is obtained by the principle of least

squares (Gauss, 1821; collected works 1873) as

~

&= (X0 'X'y, and D) = x'%) '~

if X is a matrix of full rank.
If the observations are not uncorrelated, but have a dispersion matrix

of y_e?, where V is known, then the estimate of & becomes

1a

y, ana D) = @V X" (aitken, 1934)

RS a4y
'Suppose now that X is not of full rank but that V = I. Then an
unbiased estimate § of @ cannot now be found. Plackett (1960)
imposes a set of linearly independent conditions on @, i.e. B =0
where B is such that rank(X'iB') equals the number of unknown parameters.
Then an unbiased estimate © of &, subject to B8 = 0, is given by
8= (x'x + 2D 7K'y
with
D@) = (X'X + B'B)X'K(X'X + B'B)” <
The restrictions actually form the set of non-estimable functions of .
An alternative method (Graybill, 1961 v292) is to augment X'X, i.e.

use

B 0

' { T
[g.i 2] =A1 say,

and invert this., Writing the inverted matrix A as

[iﬂ 12| |
Lo A
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then 51 is used for the solution, viz.

.

.é__' A11£'1 y and D(Q) - é.‘no}'

Both these methods are using generalized inverses (Rao and Mitra, 1971)
to give a consistent solution to the normal equations subject to the
restrictions g'é = 0 . The generalized inverses are not equal
(John, 1964) and in fact an infinite set of generalized inverses exists
giving a consistent solution. ‘ The
generalized inverse may be considered as the dispersion matrix of Q
if estimable contrasts only are required (John, 1964).

Now suppose that estimates of some of the parameters only are
required, the remainder being unwanted or 'nuisance' variables.

Without loss of generality let the parameters be partitioned as

where 31 is the vector of the required narameters and QQ are the
nuisance variables., It will be seen that the partitions (_)_(_’1(_)11 and

(X'X) 12 from
() e e

1 "'1__
i R

are all that is necessary, i.e. the whole inversion is not required.
Schur's identity can therefore be used and this is essentially what
Tocher (1952) does, first adding B'B to X'X because of the inherent
singularity of the simple block experiment model. Tocher assumes
that this is the only cause of the singularity, none arising from any
confounding or disconnection in the design, and so gives a complete
algebraic solution for all such designs. When other causes of singularity
are present however, the restrictions B to be placed upon @ are in
general unknown and depend on precisely how the singularity of the
design arises.

Rather than calculate the required inverse directly, iterative

methods may be used. The method presented by Kuiper (1952) essentially
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~

does this, actually calculating 21 as a sequence of vectors which

add up to the required answer. The Kuiper procedure converges even
when the design is confounded, since it effectively calculates the
generalized inverse (£'§)11 automatically using the constraints suprlied
by the eigenvectors of the original matrix which correspond to the zero
eigenvalues (Worthington, 1975). Since the speed of convergence is
dependent upon the value of the least non-zero eigenvalue (Worthington,
1975), if this is small, the procedure can be slow. The treatment

sum of squares is easily obtained.

Variance information can be obtained when no confounding exists
by Calinski's extension (1971) to Kuiper's method. This involves
analysing suitable dummy variates so as to produce a row of the
dispersion matrix as the estimated parameters.

If some knowledge of the eigenvectors corresponding to the zero
efficiency factors (Jones, 1959) of a design is available then Pearce,
Calinski and Marshall (1975) have extended Kuiper's method further to
produce the dispersion matrix for singular designs also.

A procedure which will always converge in a fixed number of steps
is that given by Wilkinson (1970). This uses 'sweeps' across the data,
each sweep, corresponding to either blocks or treatments, calculates
a set of means for the factor, divides them by an appropriate efficiency
factor and subtracts them from the current input vector. The next sweep
ig then applied to the resulting vector and so on until the vector of
residuals appears. These efficiency factors are not in general known
beforehand and must be calculated using a dummy analysis of pseudo-
variates. This in general however, requires the solution of a polynomial
equation of degree equal to the order of balance of the experiment to
be found. As in Kuiper's method, this procedure will work for a
confounded design.

A disadvantage of Wilkinson's method is the difficulty associated

with calculating variance information (James and Wilkinson, 1971).
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Finally, all present methods require a camplete re-analysis
for computing the inter-block analysis of a design.

No method exists which

a) can be applied to any design, whether confounded or unbalanced

or whatever,

b) gives the dispersion matrix for estimable contrasts
and c¢) computes the inter-block analysis without re-starting the

procedure.

An attempt has therefore been made to provide a reasonably
efficient method which complies with all the above conditions. With
this method, it is necessary to use the efficiency factors (Jones, 1959)
of the design; therefore, due to the absence of a simple method of
finding them, a standard routine will have to be used. A matrix
inversion is also necessary, but the size of the matrix, equal to the
order of balance, is in general small,

The method, given the efficiency factors of a design, produces
enough further information about the eigensystem to allow an analysis
to be madé. An alternative method, derived from Pease (1965), is
compared.

Now, certain contrasts between treatments may be of interest to
the experimenter; for example, the difference between the control
treatment and the other treatments, or, whether a quadratic or higher
order response exists between different levels or amounts of some
treatment.

Providing these contrasts are independent of each other (in
effect, that the covariance between them is zero), the experimenter
will then require his treatment sum of squares to be partitioned,

with each contrast having a sum of squares associated with it, so as to
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be able to apply an F-test to each. If these contrasts satisfy certain

conditions then they may lead to a simplification of the analysis.

2.2 Notation and Model

The model used is
Y=ol +Dp +a% 47

where y is a vector of yields of length N, N being the number of
plots; o is a general parameter; D' is an (N x b) design matrix for
blocks, b being the number of blocks; # is the vector of block
parameters of length b; A' is an (N x v) design matrix for treatments,
v being the number of treatments; _"_ is the vector of treatment
parameters of length v; and % is a vector of residuals of length N.
The dispersion matrix of the residuals is assumed to be 1.

The incidence matrix, n, of treatments to blocks is then equal
to AD'; the vector of block sizes, k, equals D1 and the vector of
treatment replications, r, equals Al.

The matrix gbsdenotes the vector a, with elements raised to the

b8

power b, written in diagonal form; its inverse isa . Then

af' = and DD’ = Kf-
Also A'1=D1=1.
Minimising 4"4’ leads to the Normal equations for treatment
effects,being
P
A¥ =9,
$ ‘S 1
where A=z -nk 'n (2.2.1)
-6
and §=1-nkB,

T, =4y, being the vector of treatment totals and B, =Dy, the vector of
block totals. The matrix A is the same as the matrix C used by
Chakrabarti (1962).

The normal equations are singular, since A1 = 0. Tocher (1952)
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therefore assumed the constraints‘ig,= 0, in which case the Normal

equations can be written
~ -1h
(A+zx'/N)f=2=0"X say.

For connected designs.g,-1 is not singular and a solution is immediately
available as 3_ =nQ.

However, in general,more than one constraint is needed; these
constraints cannot be arbitrary but depend upon the matrix,A , and the

problem is that of finding these constraints.

2.3 Prerequisite Theory on Singular Designs

It is necessary to prove a preliminary result involving the
eigensystem of a design.
Definition

The eigensystem of a design is the system of eigenvectors and

eigenvalues of Agfg
Theorem 2.3
-6

The matrix Ar always has a complete set of linearly independent
eigenvectors.
Proof

-, =6y 3 : :
Let P=1r ° (Ar )r® ; then P is symmetric and has, therefore, a

complete set of linearly independent eigenvectors.

Let X be the matrix having the eigenvectors of P 'as ite columns.

Then X = §g where A is the vector of eigenvalues of P.

Since the eigenvectors are linearly independent, X is non-singular;

therefore

Pl
i.e.

PR (P S
or

(2%6@-1&-6(2%5—&) = 2:5 "
=4

which implies that the columns of < X are the eigenvectors of Ar .
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But, (_r_2 2(_) is non-singular, therefore the eigenvectors are linearly

independent. This completes the proof.

If the matrix C has the eigenvectors of A_g-s as its columns,
and is scaled such that

3

¢'re=1, (2.3.1)
then, since
(ar™")g = cé

9 -
(where g is the vector of eigenvalues), Ar can be written as &{_ 1,
or, using (2-301)9 Q_Egg'l-s'

Therefore
A = céfc! =Zg.ale, (2.3.2)
i
if C = {_c_ll‘ ’ ande=(el’(.

Note that, from (2.2.1),
el e @-wy,

where M = g_-snk- n'

and is the matrix used by Jones (1959) . Now, the eigenvalues of
M , or equivalently, M', are equal to one minus the efficiency factors
of the design (Jones, 1959). But the eigenvalues of M' are equal to
one minus those of A_g-‘ , therefore, the ei's correspond to the
efficiency factors of the design.
It will be seen that one vector, yﬁv" y g.1 say, is always an
eigenvector of A_i-g , with efficiency factor (eigenvalue) zero.
A contrast between the treatment parameters is defined as ¢ Y-,
where ¢'1 = 0 . Since all eigenvectors must satisfy (2.3.1), and ey = yJK;
then this gives the following restriction on the other eigenvectors:
that ¢'r c, =0 fori#1 or, substituting for ¢

1

The eigenvectors then, can be considered as contrasts. Due to their

1,l'_<_=1._=_Q_fori £ 1.

special nature as eigenvectors of _{._1_'._5 , they will be termed 'basic

contrasts'. " These are then identical with one form of the basic
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contrasts used by Pearce, Calinski and Marshall (1974). The
eigenvalues, then, correspond to the degree of confounding of the
basic contrasts. Note that c, , = g[jﬁq, which corresponds to the

mean, is always confounded, i.e. £, always equals zero. It will be

1
seen that when no other confounding exists, that is when no efficiencies
other than ¢, equal zero, than the addition of ¢.e} = rr '/N to
expression (2.3.2) will cause (A + rr'/N) to be non-singular, because

of the linear independence of the eigenvectors. The matrix (A + gg}/N)
is, of course, the matrix{§-1'used by Tocher (1952) for analysing

unconfounded designs.

2.4 Generalized Inverses

A generalized inverse G of a singular matrix A is a matrix
having similar properties to that of a normal inverse of a non-singular
matrix. The relation AG = I cannot exist for singular A, but a

unique matrix can be found satisfying the relations:

AGA = A (2.4.1)
GAG = G (2.4.2)
(GA)' = GA (2.4.3)

(40) ' =

|
&

(2.4.4)

The original concept of a generalized inverse is due to Moore (1920),
although he defined it in terms of projection operators over a complex
field. Penrose (1955), unaware of Moore's work also developed a
generalized inverse, defined as satisfying the conditions (2.4.1) -
(2.4.4) above. These two definitions are equivalent if =

suitable choice is made of the projection operators mentioned above when
applied to vectors (Rao and Mitra, 1971). The generalized inverse defined
as above is generally known as the Moore - Penrose inverse. For

common applications, not all conditions need be satisfied, as will be

seen later,
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Suppose now the model

B(y) = X0

is used, with errors ?;having expected value zero and dispersion
matrix I&. The matrix X is assumed in general to have rank less than
the number of parameters. Goldman and Zelen (1964) show that the
minimum variance unbiased linear estimate of an estimable linear

function of @ can be found using

~ -

.9_=(£)19
where Zf is the weak generalized inverse of X, satisfying only the
conditions (2.4.1) - (2.4.3).

An easier way of finding § is to derive the (over specified) Normal

equations
QQ&)Q =Xy,
and use a generalized inverse of (X'X) to solve them. Rao and Mitra (1971)

show that only condition (2.4.1) need be satisfied by the generalized
inverse so as to produce a consistent solution
&= (x®7x}y.
In fact, (X'X)"X' is one choice for X above (Rao and Mitra, 1971 p140).
Returning to the model for the block design then, with Normal
equations
A{=3,
it is required to find a generalized inverse of A satisfying only
(2.4.1). In the unconfounded case, Tocher's Q (1952) is one possible
solution.
Now, since A can be written in the form (2.3.2), then, using (2.3.1)

enables a generalized inverse of A, satisfying (2.4.1), to be written

where
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the qi's being any non-zero numbers.

A consistent solution for the Normal equations is then
O W -6 b1t % AR (2.4.5)
¥=AQ=r CEC'Tr Q=£iZ{9.iQi)£ Q, 4.5
€y,
i

and the best linear unbiased estimate of an estimable function t'y is
~

1'% . The dispersion matrix, for use in calculating variance

information of estimable contrasts can be considered as A o .

Not only are all estimable functions of 3 unique (e.g. Rao and Mitra,

1971 p140), but the following theorem also applies:

Theorem 2,4
The vector _"Tf is unique, that is, it is independent of the choice

of the 'li used in the definition of £y o

Proof
-‘
The theorem will be proved by showing that ¢ :!L;'_ Q is zero if
g
effect upon the value of ¥ .

corresponds to a zero eigenvalue, since then the 7. i will have no

Now,
a-1-n's = (a- Dy
-$
=&(I-D'% Dy
=Ady say.
Note that ¢ is idempotent.
¢

Consider the expression (9{2-5w (gig- AqQ)' , which can be written as

9.;_1:'5(4;{9'){521 . (2.4.6)

alek
' £ $iia 4] ' £
But (4¢4') equals r’ -nk n' =4 Zi e.cle

Therefore (2.4.6) can be written as

Using (2.3.1), this reduces to Ei o <iNowy if g corresponded to a zero

b
eigenvalue, this implies that the sum of the elements of (Q_{_I_' QQ) squared

=S
is zero. Since the elements are real, this shows that (c_i'g Ady) or
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b
g{g Q is equal to the zero vector whenever N is zero. This concludes
the theorem.

The theorem could also have been proved by showing that the
constraints applied to the parameters by using Af are independent of
the 1 0 and that these constraints, H say, where gi = 0 , are such
that rank(AiH') equals the number of parameters, v. The solution
to the Normal equations, subject to g§_= 0 , is then unique (see, for

example, Plackett, 1960 p42).

Corollary

The constraints imposed upon 3 , due to the using of Af , are
c'¥ =0 for all ¢. such thate. = O.
g fee 2 i
Proof

From (2.4.5),

Py'< ad
S el Pl =40
e/i=¢lr § =gl AQI ’
E %3 & E*i

= 4 bS
but, by the theorem, c__{g A9 = 0 if £ = 0, therefore g__{l’: 0 for all

values of y .

These constraints are equivalent to those imposed by Pearce, Calinski

and Marshall (1974), who made the point that they correspond to linear
combinations of the treatment parameters that cannot be estimated from
the intra-block analysis, that is, they correspond to the confounded

contrasts.

2.5 Calculation of the Eigensystem of a Design and the Generalized

Inverse A~

As in section 4,

A =Seie;
b )

5 - 9
and A = ;I€éfc.g{ b
e
*i
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where ;
Ei ’ 1fti #0

i = 2 £ 0, if £, =0 i

Since, from the previous section, the choice of the Qi's is immaterial,
they will be chosen so as to minimise the computation involved.

It will be seen that letting the Qi-’oois equivalent to ignoring
the contribution from those eigenvectors having zero eigenvalues when
forming A~ . In future, this choice of A" will always be used; it can
be written as

A = ;’SZ_c-c!)rJ, (2.5.0)
i.

where the summation covers only those values of i for which Ei # 0.
This is a different procedure from that used by Pearce, Calinski and
Marshall (1975), who effectively defined the Q;'s as 1.

Expanding ég—g in terms of its principal idempotents enables A to

be written as

3 c¢
A= é(&iei)r_, (2.5.1)

I_:i=32(gjg_5)_r_—‘ £ = 1,4 vsé3h)

are the h principal idempotents of Agf‘. The j summation covers those

where

eigenvectors gj having eigenvalues equal to £i . Note that the Li are

mutually orthogonal, idempotent and are such that
'  OPRY, g
i
B

The matrix A~ can then be written as
L AR
A =r %gqéi/gi)’

where the summation does not include the principal idempotent corresponding
to the zero eigenvalues.
There is, then, no need to calculate each separate g (which

are not unique anyway if there are multiple eigenvalues), just the
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principal idempotents (which are unique).

The number of principal idempotents, h, equals the order of
balance of the design when a simple treatment model is used (Nelder,
1965).

To find the principal idempotents, it is necessary to find the
eigenvalues. Many standard routines exist for doing this, but only
one has been specifically developed for experimental designs, that of
Wilkinson (1970). This, however, requires a full analysis of dummy
data, along with computing the solutions to a polynomial equation of
degree equal to h, the order of balance. No other method could be
derived and so a standard routine must be used to find the eigenvalues.
If Householder's method (1954) is used to reduce the matrix to
tridiagonal form, followed by the bisection method of finding the
eigenvalues, the total number of multiplications is of the order
(n3 + 2n2t) (Wilkinson, 1965, p306), where t is the number of steps
used in the bisection sequence and n is the order of the matrix.

It is probably easier to find the eigenvalues of I - Agfj than
of é;fs, since most standard routines find the eigenvalues in decreasing
order. Since the eigenvalues of A;f‘, corresponding to efficiencies,
are less than or equal to one, those of I - Agfgare greater than or
equal to zero. The routine can then be stopped as soon as a zero
eigenvalue is found because any remaining eigenvalues will also be
zero, Since eigenvalues of ggfg are equal to one minus those of 1 - égrf
the zero eigenvalues of I - ég-g therefore correspond to contrasts
estimated with full efficiency. The matrix I - égf‘ is the transpose of the
matrix M used by Jones (1959) and therefore will in future be written M'.

The eigenvalue routine should actually be applied to the symmetric

matrix

. £
ﬂ:rgl_’l_'x_'%,

since most standard routines are written for symmetric matrices.
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However, since H is similar to M', it will have the same eigenvalues
(see, for example, Graybill, 1969, p46). The number of distinct
eigenvalues, excluding those corresponding to zero efficiency, equals
the order of balance of the design, under a simple treatment model.
It is now necessary to find the Li matrices. Two methods will be given.
Method 1

From (2.5.1), M' can be written as
h
2 .L. ’ Where = 1 T (2.5.2)
= (M%) M ;

Since the Li's are idempotent and mutually orthogonal, (ﬁf)n can be

written as
h
n :EE n
(ﬂl) = i=1%—i Li) -

A set of simultaneous equations in Li can now be set down:

1-zL
M' = 20l
(M")? =S(4L) (2.5.3)

@) g L)

These equations could possibly be simplified if some of the

eigenvectors (basic contrasts) were given. This situation can arise
since the experimenter can fairly often guess one or more basic contrasts.
It is quite easy to check whether a given contrast is basic and also

to find its efficiency by simply pre-multiplying by Ag-sor, equivalently,
by M'. If some basic contrasts are found, then their contribution to

the set of equations (2.5.3) can be removed. This is analogous to

Nelder (1965) testing whether parts of his treatment model are possible
spectral matrices of the Normal equations; if all spectral matrices

are found then he calls the design balanced under the (complete)
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treatment model and the analysis follows on directly. The contributions

from any basic contrasts given can be removed in the following way:
Suppose that contrasts 94""2p are known (_c:,__1 is taken to

correspond to the mean and will always equal g/ N, wiﬂt;h,;t—1 = 1), Then

equations (2.5.3) are re-written as

B vnigl My
I- gég(gjngE- == L

i=1

[ % ! - - *
- 2 () £ 2 k) (25,0

=1

where

the k summation covering those of the basic contrasts having efficiency
equal to ai .

The point is that if all the basic contrasts having efficiency &
are given, then that L, has been completely determined (i.e. g: = 0)
and the number of simultaneous matrix equations can be reduced by one
for each such Li . This can easily be determined since the multiplicity
of each £ is known fron the application of the standard eigenvalue
routine. If the number of basic contrasts having efficiency equal to
£; equals the multiplicity of £ then that Li has been completely
determined.

It should be noted that the adjustments, in (2.5.4), need only
be applied to the first equation, since the jth such equation can be
generated by multiplying the (j-1)th by M' (because of the orthogonality

of the eigenvectors).

Now, if

A = )" - zpcwjgj%!)z; (k = 0y00e,h=1),
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where (ﬂ')o = 1, then (2.5.4) can be written as

¥ U MO R R .
_0 .. 1 - LN o= -1
A o
=4 Vi D o L | o
. = . : . (2'5'5)
h-1 h-1 h-1 [ *
G B /| )
where
- B
Vo S S
if

then the matrix of coefficients in (2.5.5) can be written as

/5B =/d¢9.:£ ’

where @ signifies direct product. The inverse of/gﬁ,can then be written

%)-1 =/‘A'—1@l )

and the solution to (2.5.5) becomes

( L* 1 rA 3
= =0

*
Ly &,

. =ﬁ¢-1® l) ’

or
* -1
L’i = % )ij.%_1 .
The size of the actual matrix to be inverted is therefore equal to
the number of unknown distinct eigenvalues.

The matriX/Qyis in fact Van der Monde's matrix and has
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a determinant equal to

TV (e =)
+ g 'y T

Since the/ui's are distinct, it can be seen that the matri%/éyis never

singular.

The formula for A is then

A" = r_'s

e

» i
=la.8.l + gféf %l,
J=1 - itg

R L

™M

and the analysis follows directly.

Method 2
An alternative method of determining the Qi's is to use the formula
I_J_i=j7¢(i'(r_4'-/-_1.) '
i~ r5
(see, for example, Pease, 1965, p271).
The formula is derived in the following way:

From (2.5.3),

211ii =1 (2.5.6)
and

2'%21)= E' . (2.5.7)
i
Multiplying (2.5.6) by/u.j gives

/,..jiiai =/uj; . (2.5.8)

Then (2.5.7) minus (2.5.8) gives
%[}‘3 -/&j)gi} M- el (2.5.9)

that is, the matrix Lj has been removed in expression (2.5.9).
Producing equations analogous to (2.5.9) for all j # k, where L is

the matrix required, and multiplying them all together gives

Tl m TS G opD
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because Lk is then the only such matrix common to all the equations
and the I_Jl are mutually orthogonal and idempotent. The required
formula follows.

This method may also be modified to include any known basic

contrasts by changing formulae (2,5.6) and (2.5.7) to

and
% ! 5 1 "'6 ‘
b= B - Zhgeei)s = 4y - 1

Proceeding as before, but noting that the analogous equation to (2.5.9)
*
for removing Lj is not required if all basic contrasts having

*
efficiency 83 have been given since Lj is then 0 , gives the formula

L= T @y -pt) .
J#i 9;;1;;%3‘"

The second (Pease) method is probably to be preferred, if hand
*
computation is to be used, if there  are few Li matrices to compute. In
general however, a computer will be used and it will be necessary to

examine the number of operations involved in each method.

3

The first method requires (h—2) matrix multiplications at t~ operations

each to form the gi matrices. The inversion will require o(hs) operations

and there will be a final ht° operations involved in forming st;xs I)A,

3 2

giving a total of the order (h-z)t3 +h’ +ht" .

3

The second method requires (h-2) matrix multiplications at t

operations each for each Li matrix, the final matrix being divided by

7;\“ 9"1 - /43.) , that is, a further (h-2)t + t° operations. The total,
i#]
therefore, is h((h-Z)t3 + (h=2)t + t2} operations,

It will be seen that there are always fewer operations in the first

method than in the second, since h is always less than or equal to t.
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2.6 The Inter-block Analysis

The inter-block analysis is used if the arrangement into blocks
in a simple block experiment has been to some extent ineffective,
Additional information about the treatments can then be obtained from
the differences between blocks if certain assumptions are made as long
as sufficient degrees of freedom exist (Fisher and Yates (1963) advise
ten degrees of freedom or more for balanced incomplete block designs).

Yates (19%39) showed that 'interblock estimators' could be
obtained from the block totals and that they were uncorrelated with
the intra-block estimators. They could therefore be combined with
weights inversely proportional to the respective error variances, this
then giving the best linear unbiased estimator (Yates, ‘1940 '3 Tocher,
1952).

The assumptions to be made are that the block effects are random,
with zero mean and variance 3; say, for the ith block. The model,
now called the 'mixed model', can then be written (with a possible

reordering of plots) as

r=A'S+g
with

Y =7 ¢ O
. : (2.6.1)

and E%) 2,

where C, = I +a§.11' , isa (k. x k,) matrix.
s o st ey r 8 ;|
d“'
A complete analysis could proceed from here, using the model (2.6,1)
to get a single estimate of X (see, for example, Patterson and Thompson,
1971, for the case 0;z= JF ). However, difficulties arise because of
the need to use estimates of the block variance o; and the error variance di

A
The analysis is simpler if separate estimates of ¥ are made, one




7
inter- and one intra-block, in the fashion of Yates (1939). For the
estimation of the inter-block effects, the model is now based upon

blocks rather than plots, i.e. the model is
B = 1_1.'1 o % ’
where the 4}3 are uncorrelated, with the variance °f’li equal to
ki(1 - kiaa;‘)'cf.
T
Now, if the block size is constant, and ci.is constant (= ﬁ?, say), then

D(q:) will equal k&'L , where ¢ = o + ko,‘:.

is constant, then no simple analysis is possible. However, if o were

<

If block size varies, but Gﬁz

to be inversely proportional to the block size, i.e. g; = di/ki , then
D(q:) would equal 5'{0"", where & = a‘.-+o;: .

This last proposition is reasonable in as far as it implies that
large blocks tend to vary less than small ones. For example, an
experimenter can be reasonably sure of the amount of yield from a large
block, but realises that unforseen circumstances can vary the yield
from a small block quite considerably.

It should be remembered though, that no physical randomisation is
possible with unequal block sizes. The model may still be acceptable
however, if, for instance, blocks were randomly selected from larger
blocks.

L

Assuming then, that the dispersion matrix of the errors is k¢ ,

A

vhere o, depends upon the assumptions made, the analysis can proceed,
A close analogy exists between the inter-block analysis and split

plot designs, since the main plot analysis in a split plot design can

be made using a similar model with the dispersion matrix k{(1 + (k-1»o}?}1,

where/° is the correlation between experimental errors in the same

block.

Using least squares theory, the Normal equations for a model

B=n'¥; +g with D(p) = ko, (2.6.2)
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are

(a‘a"g; = w’B (2.6.3)

The parameter K—I has been given a subscript I to differentiate between
the inter and intra-block estimates of the treatment parameter.

Now,
n'=xf -4 = A, say, (2.6.4)

where A is the matrix used in the intra-block analysis and can be

written
A =2L°_i9__{51) = 9.&‘2'9 (from 2.3.2)

-g
where C = {gi} is the matrix having the eigenvectors of Ar as its

columns with eigenvalues £y The eigenvectors are scaled such that

_C_'g-gC N (from 2.3.1)

Since C is non-singular, premultiplying (2.3.1) by C and postmultiplying

by Q-1 leads to
cer = = =Slee]) - (2.6.5)
Using (2.6.5) and (2.3.2) enables equation (2.6.4) to be written as
by ==lesei)- 204 e)
=%k1°5i)91%{1’
=§ihgi_c_i') = cie (2.6.6)

where/ui =1 - Ei .

The Normal equations, (2.6.3), can now be written

CRLDT Y (2.6.7)

Notice that the basic contrasts, S » again play an important role,
but their efficiencies' are now instead of £ corresponding to the
fact that the inter-block stratum is being used.

It will be seen that the same Q:L matrices that were used in the

intra-block analysis, that is L; = cjg jk—g, the summation being over
J
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those eigenvectors having eigenvalue ii , can be used in the inter-block
analysis. This is because a generalized inverse of (2,6,6), needed to
give a consistent solution to the Normal equations (2.6.7),can be

written as

Aj = ;‘52(. 'gigi'.).ft s Lj) , (2.6.8)
i J
1 J

where the i summation covers only those basic contrasts having non-zero
inter-block efficiencies/ui, and the j summation is over all Lj except
the matrix corresponding to zero efficiencies. As in the intra-block
case, this choice of generalized inverse is the one involving the least
computation. It is in general not the same as the‘gb of Pearce, Calinski
and Marshall (1971) who effectively defined 1/«,i as 1 when 4. = 0.

Because the Li matrices will already have been found from the
previous intra-block analysis, then 4(‘) can be calculated and hence the
complete inter-block analysis can be carried out without difficulty.

The total sum of squares from the model (2.6.2) is §f§f{§ , corresponding
to the block sum of squares plus that for the mean in the original
analysis of variance table, and it is this which will be partitioned

to give the inter-block treatment sum of squares with a corresponding
'residual sum of squares and that for the mean.,

The weights required for combining the two estimates of the
treatment parameters can now be estimated from the two residual mean’.
squares: one estimating qf} the other, - . If there are not enough
degrees of freedom for the error mean squares, then the method of

Nelder (1968) for estimating weights may be used.

2.7 Partitioning a Sum of Squares According to Contrasts of Interest

It frquently happens that an experimenter will wish to know the
contribution to the treatment sum of squares given by some component

of the treatment parameters. For example, he may be interested in
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whether or not there is a significant difference between a control
treatment and some other treatment, or whether, in a factorial experiment,
the average response can be considered linear or whether quadratic or
even higher orders need be taken into account. For standard designs
this is reasonably simple, but for complicated designs it can be difficult.
One way, for calculating the sum of squares for the difference between
two treatments, would be to analyse the design and compute the treatment
sum of squares, and then to merge the two treatments together, amalyse
this new design and compute the new treatment sum of squares. The
difference between the two is then the sum of squares for the difference
between the two treatments.

A formula for calculating the sum of squares corresponding to
some general hypothesis is given by Pringle and Rayner (1971) and extended
by John and Smith (1974).An alterative derivation of this formula,
using an extended result of Rao (1966) will now be given.

The sum of squares corresponding to some linear hypothesis or
system of linear constraints on the parameters can be defined as the
difference between the residual sum of squares with the constraints
applied and the residual sum of squares without them. An equivalent
definition is that used by Plackett (1960, p54), who defined the sum of
squares corresponding to a linear hypothesis as the diference between

the relative minimum of

W=(x-_§)'(x—_}£§) (using the model 1=§g+,%)

when the hypothesis is true and the absolute minimum of W,

Expanding W as
(- +2@-9) (@-® +x6-0)],

where é_: (X'X) "K'y, the least squares estimate of & (without the

constraints), gives

e (- X0z - 1) + @-0)KEQ -8) +2(8 - ) 'X'(x - XB).
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X'(y - X8)

X'(y - X(X'0) X'y

X' - XOEDV L)y .

Now, consider
fxn™ (@0 - x] (2@ @D - x|
f@o™D) - 1 2xEn™ D - 1

(e @o - 1} f@nn @D - xxi,

and the second factor vanishes by definition (2.4.1) of a generalized
inverse, which implies that X' - (X'X)(X'X)™X'=10.
The expansion of W can now be written as

V= (z-XD)'(x-%8 + (6-8)xx(é-9) .
Because the least squares estimate of ® when the hypothesis is true is
obtained by minimising W under those constraints, then, since the first

expression in the expansion of W above is constant, it will be seen

that the desired estimate can also be obtained by minimising
@-e)xxé- 9 (8.7.1)

subject to the linear constraints upon § .

The actual minimum obtained is then equal to the sum of squares
corresponding to the hypothesis, h say, since the absolute minimum of
W is clearly

(x-20)'(x-2® ,
the first term in the expansion of W above, as (2.7.1) is a positive
definite quadratic form,

Rao (1966) gives the infremum of a cuadratic form X'AX under the
constraint B'X = U , where A is a positive definite matrix, as U'S U ,
where S = .11'!_\71?_. This can be extended to a singular positive semi-
definite A , if certain restrictions are placed upon the choice of B,
in the following way:

Let A be the generalized inverse of A and S~ the generalized
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inverse of B'A B , satisfying only conditién (2.4.1).
It is assumed that B'X = U is consistent, then if B is such
that B' = CA, i.e. estimable, rank(B'A B) = rank(B), and so
the equation B'A B\ = U is consistent and the following hold, where

* -
X =ABU,

B'X =BABSU=888\=8\=10,

and
* % = Y3 £V o e
X 'AX = (U'S 'B'A ')ANBSTD),

which, using the facts that B' = CA, SS U = U.and AA 'A = A for a symmetric

generalized inverse A , reduces to

* *
X' =U'ST.

It is now necessary to show that X'AX > U'S U for any other X satisfying

the condition B'X = U.

Consider the identity
- 1 SR % 1
€ - %) - L) = 0L, - 4L, - L, + 5,

The L.H.S is clearly positive and so

' [ ' Yt
X1X1;_Y_1Y; + Y'Y YZYZ .
%*
Now,letL' = \°X , Y2 =/A*X , then
! = XIBE T = B 0= Y
1Y, =X'BS0=0'80=111 .
Therefore,

X'X>U'SU+U'SU-U'SU=0'ST.

The minimum of X' X, where B'X = U, is then U'S U if B is such that
B'AB_= U is consistent. This minimum is unique under the choices of
A and ST .

Applying this result to (2.7.1), with the hypothesis h as L' = z.
( U=1'9¢ - z),the hypothesis being consistent, gives the sum of squares

as

(L8 - 2)'(L"(XD)L(L'E- 2) ,
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which is the same as John and Smith's (1974) result.
Now, let © be partitioned as
&
where X is the parameter vector for treatments and ‘é are nuisance
parameters. The hypothesis to be tested is g'{_ =0 . This gives
B=(Ci0) and U=C'Y. If X'X is partitioned conformably, then

(X'X)” can be written as

")
1=

@D = :

gl
where A~ is the matrix (2.5.0) used in the intra~-block analysis; that
is, the dispersion matrix for the treatment parameters (e.g. Rhode, 1968,
P 245).
The minimum of (2.7.1) can then be written as
cYrEeao) ey .
The conditions placed upon B were that B'A B) = U must be consistent,
i.e. C must be such that C'A"C)\ = C'¥ is consistent. This is satisfied
if g'{g is of full rank (though not a necessary condition), A particular
case occurs if C is simply a vector, whence C'AC is a scalar, being
non-zero if var((_)_'l) is non-zero, i.e. if C'¥ is estimable. If C = [cl,

then the sum of sgquares for the above case is

('D?

c'Ac

Suppose now that C is such that C'AC = I

(txt)’ where rank(_A_-): t.'

Now C can be written as SD , where S is the matrix of basic contmsté*

-

for some D. If S is partitioned as ’[Sﬂ"-‘ _S_Zl, where S _holds the basichk

contrasts with zero efficiencies, then D can be conformably partitioned

Y - - o
as K;&, where Y is a square matrix. Using the expansion (2.5.0)«for* A
4]

and the relation S_"r_-gg = 1 between basic contrasts implies that g,

1Q
=
|
]
]
fe
|
]
=]
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m!re £ consists oi‘ tho noq‘ero efficiencies only. The matrix Yk

therefﬁte of full hk a'ha B YY' = e‘{. %‘ L RS

Then CC' can be expanded as

’ N s 2 R 3 E](S'
sw's’ - sfgllrizls - (sis){& h][;n]
=2
=8 €85! +5 BS! + 5 E'S! + 8 FS!
‘e En o Sps  “om -7 Y
. , Wi
= | a1 R!'g! ¥ s g
A+SES)+8E'S +8 FS! %
Since Y = A™Q , ¥'CC'Y can be written as Q'ACC'ATY , and becaugm.
_A_—_S_q = 0. Ai cc! f(_ reduces to l'é_)(_ , the normal treatment sum of squareér‘.j

A
The sums of squares, thersfore, corresponding to the c_l_?{ together

form a complete partition of the sum of squares. This implies that

if contrasts are chosen such that c_i'_lfgj is zero if i ;4 j, and is non-
zero for i = j, then these contrasts form a complete partition of the
treatment sum of squares, the only condition being that the covariance
between them is zero and the variances are non-zero. Note that this
coﬁdition is sufficient but not necessary.

For the partitim to be useful, it is necessary that
cry)r(crae) (c'y
has a chi-square distribution under the assumption that
c'¥aN(o, (€'a70)) ,

for some Cwhere C'A C is perhaps singular.

Rao (1966) gives a sufficient condition as

Aa - DA =0,

where the quadratic form is Y'AY and D(Y¥) = A . Inserting (C'AC) as A
and (CATC)” as A shows that the condition does indeed hold. The degrees
of freedom corresponding to the quadratic form is tr(AA), again from
Rao (1966). In this case, this gives tr((C'A™C)T(C'ATC)). If C'AC is
non-singular, the number of degrecs of freedom is equal to the number
of colums of C, i.e. the number of separate contrasts. If there is
a remainder part of the sum of squares, then this is also distributed

as Chi-square since there must exist some contrasts to augment those
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given to produce a matrix C such that C'A C is of rank equal to that
of A- (since such a matrix always exists). The augmented part of C
would then form a quadratic form with a chi-square distribution. |
A gimilar argument can also be applied to the inter-block treatment

sum of squares. Here the model is

E(E) = Q'!i :
1+

D(B)

]
|~

r -
o

Because the dispersion matrix is not lq‘, the analogous equation

to (2.7.1) for minimising is

~ _‘ A
(X, - %) ‘o n'(Y, -~ %) (2.7.2)
The minimum of this, under the constraints Q'l(i =0 is

1Y )1 AT\ |A
('5) (@£ (e'E,) ,
b - 2
where A =nk n', if C is such that C'A Ch = C¥ is consistent.
el B - s £ o e |
This can be satisfied if Q'_J}_;Q_ is of full rank (not a necessary
condition). The particular case then of C being a vector and g_'Aﬁ?g
being a non-zero scalar gives the sum of squares according to the

hypothesis g'1i= 0 as

~ \2

1
(BN, 1%
c'A e
g4

In an exactly analogous proof to that used in the intra-block

stratum, it follows that the general sum of squares

1y 1 1A\~ 1Y

(c'g,) (crae)™(c'y,)

has a chi-square distribution with the number of degrees of freedom

A ONGTaYA™T 3 'ATC) i
equal to tr[(g Ao ) (c AO_C_)] , or in the case of (C ADQ) being of
full rank, the number of columns of C.

If the contrast used corresponds to a basic contrast, then g_il)_c_‘]

always equals zero, where D is either A™ or &; depending on the stratum

involved. Also, if the efficiency of a contrast in the intra-block
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stratum is not zero, then gféfg_equals 1/&, and if non-zero in the
inter-block stratum eguals 1%4,. The sum of squares corresponding to

c is then (g}i)?k or (gfji)iu depending on the stratum.

2.8 Derivation of Basic Contrasts in Certain Special Cases

From the previous sections it has been shown that if some basic
contrasts are known then a simplification of the analysis may result.
Now it may happen that in a design certain treatments are what
is known as proportionate (Pearce, 1971). Two treatments are termed
proportionate if

s

for all j; the treatments being 1 and 2, and nij an element of the
incidence matrix. Pearce shows that differences between the two
proportionate treatments are estimated with full efficiency. In fact,

such a contrast is basic, and if several treatments are proportionate, i.e.

n =9n2‘_j =d)nBj ={n4j ete.,

13

then an orthogonal set of basic contrasts between them could be written

as
1 ( o D 5 3
- & &
0 - +1)
e |y | O |} =(6+q+1) , etc..
A S 0
| & J L o* J L- J

A further property treatments may have is defined by Pearce as
equivalence. Two or more treatments are said to be equivalent if
interchanging them has no effect on the analysis of the design. Pearce
shows that contrasts between such treatments are estimated with
efficiency’@(-ﬂYf , where o{ is the diagonal element and/Z the off-diagonal
element of Tocher's-.l_)_.-1 (1952), or, equivalently, A , corresponding to
the equivalent treatments, and r is the replication of one of the

treatments. Such contrasts also turm out to be basic.




- 34 -

2.9 A program for the analysis of a general block design

A program, GEN, for the analysis of a general block design has
been written in ALGOL 60 to be run on the ICL 4130. A listing of
the program, together with some example runs are given in appendix B.
The program requires only the incidence matrix of the design to
be analysed and the data from the experiment. Contrasts may optionally
be given to the program. If some contrasts are basic, the program will
attempt to simplify the analysis using these. The treatment sum of
squares in both strata are partitioned according to the basic contrasts.
The non-basic contrasts have their corresponding sum of squares given
separately and a matrix giving the variances and correlations of the
contrasts enables the experimenter to partition his treatment sum of
squares further according to the non-basic contrasts if they are independent

of the basic contrasts (that is, Agj = 0 i#j). If some are not

e!
Sy
independent, the sum of squares can still be of use since the experimenter
knows the correlation between them and the other contrasts.

The program will always give the matrix M', the order of balance
of the experiment, the efficiency factors, the grand mean, treatment
means and block means, the treatment effects from the inter- and intra=-
block analyses, the block effects if the mixed model is not used, the
analysis of variance table and the dispersion matrix for the estimable

contrasts of the treatments, i.e. A .

2,10 Discussion

The original problem was to find a general method for the complete
analysis of any block design, whether confounded or unbalanced. The
method given may seem to be rather a difficult one in that the eigenvalues
of the design must be obtained and a matrix inversion calculated.

However, for designs that are not connected, information about the
eigensystem of the design seems essential if non-iterative methods are

to be used. Wilkinson's method (1970) can yield the distinct efficiency
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factors, but not only requires a complete analysis of the design with
dummy variates substituted for the data, but then requires the roots

of a polynomial of degree equal to the balance of the design. The
finding of these roots, which are the efficiencies of the design, can
present difficulties if some degree of imbalance exists since iterative
methods of solution would be needed for orders of balance greater than
four., It is true that the method presented here requires the inversion
of a matrix of order equal to the balance, but that can proceed directly
since the matrix is known not to be singular.

Comparing this direct method with the iterative method presented
by Kuiper (1952), it may be secn that the work involved in the direct
method is proportional to the degree of imbalance, whereas in the
iterative method it may be shown (Worthington,1975) that the work
involved is proportional to the highest amount of incomplete confounding
that exists, that is, the lowest non-zero efficiency factor governs
the speed of convergence - the lower the value, the slower the
convergence,

However, the direct method lends itself much more readily to the
analysing of many experiments, all of which have the same design, since
most of the work is done in calculating the Li matrices, these depending
on the design only and therefore need only be calculated the once. A
further advantage is that once the Li matrices have been found, the
inter-block analysis and (as will be shown in chapter 3) that of the
dual immediately follow on.

The use of treatment contrasts when analysing a design is useful
since not only do thay permit a possible simplification of the analysis
if some are found to be basic, but also several, not necessarily related,
questions nay be asked of the experiment, each having its own estimate
of reliability due to the fact that an F-test can be made for each

contrast.
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An improvement to the method could be made by finding a better
method of determining the efficiency factors. It seems wasteful that
when so much is known of the structure of the matrix M, recourse has

to be made to complicated methods.




_37_

Chapter 3 The Dual of a Block Design

3.1. Introduction

The dual of a block design is defined as that design generated
from the original when the treatments are used for the blocking system
and the blocks are taken as treatments. The incidence matrix is
therefore the transpose of the original.

The idea of dual designs appears to date back to Bose and Nair (1939)
who used them as a means of generating new designs. However, dual
designs sometimes have a practical importance as can be seen in the
case when the blocks of a design actually correspond to the residual
effects of former treatments. It may now be important to study the
block differences eliminating treatments and Pearce (1968, 1970) makes
the point that this is achieved by considering the dual of the design.

It will be shown that the dispersion matrices for the 'treatment' effects
in the inter and intra block analyses for the dual are directly related
to a combination of those of the original designj; a separate calculation
of the analysis of variance is therefore not required.

Relationships between the efficiency factors (Jones, 1959)and basic
contrasts of one design and those of the other are given, as.are
relationships between the various measures of mean efficiency of one
design and those of the other.

3.2 The eigensystem of the dual design

The following theorem relates the eigensystem of the dual with
that of the original design.
Theorem 3.2

If an eigenvalue of a design is not equal to unity then it is also
an eigenvalue of the dualised design and vice versa. TFurther, there is
a direct relation between the eigenvectors corresponding to that
eigenvalue in the two designs; namely, if ¢ is an eigenvector of the

original design with non-unit eigenvalue, &, then
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oy =2'T %”(Te)\

is the corresponding eigenvector for the dual.
Proof
The eigensystem of a design was defined in chapter 2 as the system

of eigenvectors and eigenvalues of é.g—.s Then
(Ar”)C = Ceb (3.2.1)

where C is the matrix having eigenvectors e; as its columns, with
eigenvalues g, held in gc,

The matrix i{s can be written as
Ar  =I-nk n'r (3.2.2)

from the definition of A, (2.2.1).
The analogue of A in the dual design, A, , is defined in the
manner of A, except that n is replaced by n', r by k and k by r, giving

-8

g
A—x::li w it

-5 =S s
and Ak =I-n'r nk

=]
I

’ (3.2.3)

=}

The eigensystem of the dual is then the system of eigenvectors

and eigenvalues of A,‘k-s.

-8
Now pre-multiplying (3.2.2) by n'r and post-multiplying

(3.2.3) by the same, yields the result

n'e oAt = ak e (3.2.4)
But, from (3.2.1)
n'r "A X 11'2-5 s (3.2.5)

and using (3.2.4), (3.2.5) can be written

A,*lg's (a'r0) = (2'.1;-59)_?:5-

i
Non-zero columns of the (bxv) matrix (n'r C), therefore, are

eigenvectors of Ak S,With‘. eigenvalues given by gs , thus, by definition,

they form part ofthe eigensystem of the dual.
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However, these non-zero columns could be linearly dependent,

and to prove they are not, it is sufficient to show that they satisfy

-8
B'k B being a diagonal matrix, where B is a matrix of eigenvectors

of the dual.

Consider then,

i o SO
(yz%'ﬁ(yz% (3.2.6)
which equals

c'r (mk n')z C. (3.2.7)
But, from (3.2.2)
oy
(k" n')=zr’-4.

Therefore (3.2.7) can be written as

or C'r

which simplifies to

) S

1-8 =p (3.2.8)
on using (3.2.1) and the fact that
er’e-1. , (2.3.1)

Thus non-zero columns of (g};fagj are indeed independent.

It is now required to show that a column of (g}gfgg) is non-zero
if and only if the corresponding eigenvalue is non-unity; or, equivalently,
that a column is zero if and only if the corresponding eigenvalue is
equal to unity.

-8, -3 - o 3
Assume that n'r ‘c¢. is zero, then (n'r c¢.)'k (a'r c.) must be
S . e | =1

zero and hence,!from (3.2.6) and (3.2.8), g, mist be equal to unity.

Assume now that £, equals unity, then from (3.2.8) and (3.2.6)

n'r c.)'k—‘s(

e;)'k g}gfééi) must be zero. But ng is a positive definite

4 )
matrix, therefore (Efz_ gi) must be a zero vector.

Therefore, since a non-unit eigenvalue of the original design
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corresponds to a non-null vector, and therefore to an eigenvector of
the dual design, all non-unit eigenvalues of the original design are
eigenvalues of the dualised design. Also, since the argument can
equally well be applied starting with the dual design and forming the
dual of that (that is, the original design), any non-unit eigenvalue
of the dual is an eigenvalue of the original design.

Finally, since eigenvectors of the dual are scaled to satisfy
B b =1,

then, from (3.2.8), non-null columns of (r_l';r_—’sg) should be scaled to

Some important consequences can be drawn from the above theorem:
1) If there are more treatments than blocks in a design, then at least
(v - b) of the efficiencies will be unity, with the analogous result
that if there are more blocks then treatments ., then at least (b - v)
of the efficiencies of the dual will be unity.
Proof

The proof can be made a little easier by considering the matrices

M=1-ar®
a -5
an M= L- 4K .

The eigenvalues of these matrices are then equal to one minus the

: : =3 S !
corresponding eigenvalues of Ar ~or Ak ~. The eigenvectors are

unchanged. Now
tr(M) = tr(,) (3.2.9)

using the definitions of A and A, and the fact that tr(AB) = tr(Ba).
Since the trace of a matrix is the sum of its eigenvalues, (3.2.9)

gives the result

v b
T ; (3.2.10)

where /\Ai =1 -E.i




and N*i::‘]-i..,

the values £, being the eigenvalues of A*gfa.

However, theorem 3.2 states that all non-unit eigenvalues of
one design are eigenvalues of the other. Applying this result to the
Mo gives all non-zero eigenvalues of M are non-zero eigenvalues of M.
To make (3.2.10) hold therefore, requires that if v > b, then at least
(v = b) of the M 's are zero, that is, €, 's are unity, and if b >v,
then at least (b - v) of the M 's are zero, that is, € 's are unity.
Note, however, that some other efficiencies may also be unity.
2) The number of efficiencies equal to unity in a design equals
v - rank(ni).
Proof

The total number of non-unity efficiencies equals the number of
independent columns of (g}gfég), which equals rank(gf;fsg). Since gfﬂg

is of full rank,

rank(a'z"%¢) = rank(n') = rank(n) .

The number of efficiencies equal to unity, therefore equals the
total number of efficiencies, v, minus the number of non-unity
efficiencies, rank(n).

3) The order of balance of a design ( in the Nelder (1965) sense for
a simple treatment model) is less than or equal to rank(n).
Proof

The order of balance of a design, with a simple treatment model,
is defined as the number of distinct efficiency factors, excluding
that corresponding to the mean (which equals zero). But the total
number of non-unity &, 's equals rank(n), from 2) above, or rank(n) - 1
when the efficiency factor for the mean, £1, say, is excluded. 7he total
number of distinct si's then, without €49 must be less than or equal to
rank(g) - 1 plus one for the unit efficiencies, that is, the total is

less than or equal to rank(n).




A

4) If the number of treatments, v, equals the number of blocks, b,
then the order of balance ( in the sense of vart 3) ) of the original
design will be equal to that of the dual. If v > b, then the order
of balance of the dual will be equal to, or one less than, that of the
original design, and if b > v, the order of balance of the dual will
be equal to, or one more than, that of the original design.
Proof

This follows from the fact, proved in the theorem, that non-unit
efficiencies are identical in both designs. The remaining |b - v'
unit efficiencies of the design having the most 'treatments' will be
either distinct or not from those of the other design. The result

follows.

3.5 The analysis of the dual design.

The direct analysis of any design revolves around obtaining the
generalized inverse 5?, used to obtain consistent solutions to the
normal equations, and to provide a disversion matrix for the calculation
of the variances, etc., of estimable functions of the treatment
parameters.,

In the case of the dual, the matrix required is A;‘, where A, is
the analogueof A defined for the original design. To find the
generalized inverse, it is necessary to find the eigensystem of the
dual. But all the eigenvectors corresponding to non-unit eigenvalues
can be found from those of the original design. If B holds the eigen-
vectors of the dual as its columns, then partition B as [Eng 24], where, for
some ordering, En holds those eigenvectors with non-unit efficiencies ,
and Eu those with unit efficiencies. The matrix §n is easily found since

S
it is the non-zero columsof n'r Cu % when 1/}*1 is defined as zero if

=8
¢Ai equals zero, since thoselui correspond to zero columns of n'r C.

It will be shown later that it is not necessary to know §u itself, just

BBy
=u=u
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To find 1_3u§u', it is necessary to use the scaling requirement
applied to the eigenvectors, that is

BB =1,
or, equivalently since B is non-singular
BB' = k°.

Partitioning B, and substituting for En gives

-8 -8 MR
[r_l_'_ c ‘S_B.u] perial =K’
'Bl
B,

which is allowable since extending B by the zero columns of n'r C
makes no difference to BB'.

Expanding the above equation gives

¥ -5, %5 = =8 : :
BB ''=k—alyg Gu 0z g . (3.3.1)
=5 -SI-S__, __f 1'5
But r Cu C'r —EZ[%%F
i M

Where the summation does not cover those values of Hs which are zero,

since 1/f‘i was defined as zero if p, were zero. Therefore, by (2.6.8),

-85 5., =5 B
z g.,‘ C'r =A s (5.3.:2)

20
the matrix go e being the dispersion matrix for the inter-block analysis
of the original design.

Substituting for go' in (3.3.1) gives

Now, again by analogy with the original design,

A, =3BgB',

where £ * are the eigenvalues of the dual, a generalized inverse of which

will be chosen as

- =8, = =8
A.* =k __X.BZ B'E "y

where 1/5i is taken to be zero if Ei is zero.
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; . ) g
Partitioning B as [gn 13_[1] again, and &, as E*ns- :
L
- -3 -3 -3 -5 -3
3 = 1 ]
gives A, =k B, gnk + k Eugu}i .

It will now be seen that B by itself is indeed not required, just B B '.
= =umu

o= -
Substituting directly n'x SQF_ *for }_3n cannot be done since in general

: i i : ¢ . g ; . )
it would lead to inconsistencies in dimensions involving g’*n . However,

augmenting Bn by zero columms corresponding to the zero columns in

DI =8
nlr G /f and correspondingly adding extra unit diagonal elements in
Lo

é_x;g enables not only the substitution for _]_B_n to be made but also

- -3
enables the augmented &, i to be replaced by = , since by the theorem,

*n
non-unit ai's have equal counterparts in the dual, and unit E.i's produce

" : 1o=S =%
corresponding zero columns in n'r Cp

The matrix é*- can now be written as
= Py TR e S R I e R -3 - =&
Ay =k n'z_,&s;alzc'z +k -k n'A nk
T T - L S -5 - -
=k n't O (C'r"C)e"C'r mk +k -k n'A nk
(3.3.3)
using C'r” C =1 .
Now r-SCE-SC 'r_s = r-‘S~ .C. ;};_5
Tl Ve L /: Mg
—| €,
= 4 5

where the summation does not cover values of i for which si equals zero.
Therefore, from (2.5.0),

PR L S (3.3.4)

Substituting this and (3.3.2) into (3.3.3) gives

A" =k P a4 - k% o’
k n'A r Ank k k n'A nk
-3 - - - Ty .
S Ul el (5.3.5)

If 2 design is connected, and therefore has no zero-efficiencies
avart from that corresponding to the mean, € then Tocher's I_l_.-1 matrix
(1952) instead of A, may be used, which effectively changes the efficiency

81 to unity. The matrix S_):-1 can then be inverted directly, giving L,
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which can then be used for analysing the experiment in the same way
as was _1_\_-. Now, if the original design was connected, then so will
be the dual since in the definition of connectedness, blocks and
treatments are symmetrical. : The analogue of [ then, 2, , say, may be
used for the analysis of the dual if [ was used in the original design.

In this case it appears that
& " gL

Ry=k +k n'

£
e - Dux .

This result then enables the analysis of the dual to proceed
directly from that of the inter-block analysis of the original design.
If the inter-block analysis of the dual is required, then the

analogous matrix to A  is needed, A, sa The expression for A, in
g W ' 2, e D 2xo?

terms of the eigensystem is

-5
e ' i e
A*o = By, B!, vwhere Ty 1 =
by analogy with that for the original design.

A generalized inverse will be chosen as

: o of S
&, =k By B'K (3.3.6)

where 1//»;i is taken to be zero if - is zero.

\
!

&
Partitioning B as (]_3n _Bu\ again, and correspondingly /&X_ as

wl .
by =i

F*n i o since unit &, .'s correspond to zero M. 's, enables
J ’ 2*1 P o *l b}

(3.3.6) to be written as

1
Ay =k BB 'k . (3.3.7)

I S 7
As before, substituting directly n'r gﬁ—/"for En cannot be

done because of the possible inconsistencies with the dimensions

A ; -& : ¢
mvolv:.ng/&*n . It is required then, to augment ]_3n by zero columns

7 6
corresponding to the zero columns in g'r'{G -

= ’

and correspondingly to

1
add additional zero diagonal elements to#"n « This then causes the

ol s . s
augmented m. to be equal to/_» , since zero columns of n'r C
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corresponded to zero Pi's in the original design, and 1/,ui =20, 1f
Pi-—_o.

Equation (3.3.7) can now be written as

o Bl RSP g
A, =k n'c Cp €'z "nk
wnich emals K n'r g (¢'r O e (3.3.8)

because of (2.3.1).
Substituting (5.3.2) into (3.3.8) gives the required formula for A;o as

A .
A, =k n'ArA nk . (3.3.9)

If the method of analysis given by chapter 2 had been carried out
for the original design, that is, the Li matrices had been found ,
then equations (3.3.5) and (3.3.9) can both be simplified as follows:

For the Intra-block g;', consider the expansion of AU-(rSA. - ;).

Now
AT = 2—59.}1_59_'2-5 from (3.3.2)
and A= et from (3.3.4)

where in both cases the reciprocal of zero is taken as zero.

= zi(‘:ﬁ% '(f—‘i;: - ijjf{ (3.3.10)

where reciprocals of zero are taken as zero.

Expansion of the term in brackets gives

1 1

f‘ih-/“ij #3
which equals
or:1

i
i B R
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for the case when M and £, are both non-zero.

If/ui = 0 both terms are zero while if Ei = 0 the first term is
ignored while the second is not.

Equation (3.3%.10) therefore may be written as

-5-_ RO '-—6'- - ._5

AN -4 ~Li[cﬁ__c_ir T cjgj)s . (3.3.11)
X e .
1 -

where the i summation is over those eigenvectors for which Ei is not
zero or unity, while the j summation is over those eigenvectors
having si Zero.

Now, the matrices Li are defined as
-3
pd 1
b T

the summation being over those contrasts having efficiency L

Substituting the matrices in (3.3.11) gives

L.
o &
- 5 -f -3
A"OEA-AO—L -l-‘_i._nl".-“
'E.
b 1% e

where L1 corresnonds to zero efficiencies, and the i summation is as

above, in (3.3.11).

Substituting into equation (3.3.5) gives

- - . A -3
Qg W i n'r'S[LL. - LJnk
—_ — — — = .-..1 —
&
F i
i
il =% o -5
or A =K +kK a’;‘*zir?_g
wig |
with ££'s such that 1/£i' is zero if ei =1, =1 if Ei = 0, and normal
otherwise,
For the interblock A*f, consider the expansion of A —gfé .
(o ~0 0

Substituting for Ao- (from (3.3.2)) gives

=¥ F S o B i
A =1 Cu g'g'ggﬂ C'r™ with 1/p, =0 if p =0.

d
i



> 4B i

el z.s

A A = r"?zc.c.'
i+ [y g3 S A
i

B

the summation being over those values of i for which Pi is non-zero.

Substituting the Li matrices gives

il e
Lrh =z )L

and therefore

where the summation does not cover zero /&'s.
Since both A, and A*; are both now known, the intra and inter block

analyses can proceed without difficulty.

3.4 Telationships between the mean efficiencies of a design and those

of its dual.

The efficiency factors (Jones, 1959) of a design give an indication
of how good a design is compared to an orthogonal design with the same
treatment replications. If there are many distinct efficiency factors
tﬁe problem arises of trying to find some sort of 'mean' efficiency
with which to judge the design, and also, so as to be able to compare
the design with another, different one. When the dual is required it
is useful to know the mean efficiency of the dual, given that of the
original design, and to know whether or not it has a higher or lower
'mean' efficiency.

Pearce (1968, 1970) defined the mean efficiency, &£, for adjusted

treatment means as

&E = v (3-4-1)

(20

where v is the number of treatments, and QQis the matrix used by

Tocher (1952) for connected designs. This is the harmonic mean of the
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values (Pi/ Qi, where

CPio’z is the variance of the ith mean, that is, Qii and
9162 is the variance of the ith mean if an orthogonal design had been
possible, that is 1/r,.

- -1 =&
NOWS_L_-1 is equal to (_A_ - rr') and so it follows thatJL 1;_ has the
N

same eigensystem as _Ag_-_-g except for the eigenvalue E‘l corresnonding

; -1 .5
to the eigenvector ﬁfﬁ‘ « This has the value 1 for32 xr = as opnposed
to O for Ar-s. For a connected design then,.S_t1i'shas no zero eigen-
values and the matrix _zfgj_z, therefore has eigenvalues 1/&'_1, where & = 1.

Boquation (3.4.1), then, can be written

gLy (3.4.2)
X,

that is, the harmonic of the efficiency factors, where £ has been
taken as unity.

If the dual is considered, then by analogy with the previous
argument, the mean efficiency for adjusted 'treatment' means of the

dual, &, say, is
Ean it (3.4.3)
¥ 5
25:2*1

where 2*1 are the efficiency factors of the dual, again with &, taken

as unity.

However, theorem 3.2 and its first corollary proved that non-unit
efficiencies of one design had equal counterparts in the other, and
any excess efficiency factors, from the larger design, were unity.

The following results therefore follows

ﬁii % Ei*i (3.4.4)
gsi + (b=v) = Qn {5ades)




b
Siert(b-v) =S T (3.4.6)

Substituting (3.4.6) into (3.4.3) gives

E b
j{:E: + (b - v)
i
which, using (3.4.2) can be written as

b
Eh* = v

that iS, £* = Vb+ (b 7 V)£

in agreement with Pearce's (1970) result. In fact, Pearce essentially

derived result (3.4.6), but in a different form. The E used in his

b

v
proof is 2 %T'- v , or equivalently, 'é; - b.
i=1T i i=1 v

However , results (3.4.4) and (3.4.5) enable the relationship
between the mean efficiencies to be calculated under different
definitions of the term 'mean efficiency’.

Suppose mean efficiency is now defined as the arithmetic mean of
the efficiency factors, that is

e . (3.4.7)

v

This is meaningful since
EE:Ei = tr(g;1zrs) ’

that is, it is now not the ratios of the diagonal elements of the

dispersion matrix of the design, with those of the dispersion matrix

of the orthogonal design that are being used, as before, but the ratios

of the diagonal elements of the information matrices of the design and
the orthogonal design.
The corresponding formula for the dual is

é:* o Z :E*i . (3.4.8)

b
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Using (3.4.5),

£*=Zii+(b-v)
b

and substituting (3.4.7) gives

E,=YEH+ b -V
b

A possible third definition of mean efficiency is the geometric

mean of the efficiency factors, that is

& = () (3.4.9)

This measure, too is meaningful since, because the determinant of a

matrix is the product of its eigenvalues,

that is, it involves the ratio of the determinant of the information
matrix of the design to that of the orthogonal design. It will be
seen that optimality vprocedures which seek to maximise the determinant
of the information matrix are maximising the mean efficiency as
defined in (3.4.9).

The corresponding formula for the dual is

s, {7\5*1]1’3 : (3.4.10)
and substituting (3.4.4) into (3.4.10) gives
£, = [T\siJ%

which reduces, using (3.4.9), to

Note that, in all three definitions of mean efficiency given,
if b> v, then & > & (since & must be less than or equal to one).
Therefore, as Pearce (1970) pointed out for the harmonic mean, the

design with lower actual renlication for the group, blocks or

treatments, will have ‘the higher mean efficiency.
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3.5 Discussion

The theorem giving the relationship between the efficiency factors
of a design and those of its dual can be seen to have an important
consequence, the analysis of a dual design can now follow on directly
from that of the original design with the minimum of computation. The
theorem also proves useful for finding relations between measures of
efficiency for adjusted treatment means from each design. However,
Pearce (1968, 1970) also defined a measure for the mean efficiency with
respect to differences of means. Thigs is then defined as the harmonic

mean of the (new) values 4§j/gij where

gij = variance of difference between treatments i and j
=50, +,.. - 2%,
L. | b | ij
and d.. = variance of difference between treatments i and j for

1]
an orthogonal design

HI—-\

Sl
1 J

It can then be shown that in the equi-replicate case, this
definition is equivalent to the harmonic mean of the efficiency factors
excluding the efficiency corresponding to the mean (2,1 in section 3.4),
which is a reasonable definition. Pearce's relations between the mean
efficiency for a design and that for its dual follow readily from the
apnlication of (3.4.6).

However, in the non-equi-replicate case, the definition does not
reduce to being equal to the harmonic mean of the efficiencies
excluding 21 as above., Consequently it has not been possible to prove
or disprove Pearce's (incorrectly proven) result concerning the relation
between the mean efficiency with respect to differences among treatments
and the mean efficiency with respect to adjusted treatment means. It
does not seem clear at the moment whether or not Pearce's definition is

in some way 'unnatural' or whether its relationship to efficiencies has

not been understood.
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Chapter 4 The construction of optimal block designs when contrasts

of interest have been given,

4,1 Introduction

When designing an experiment a statistician has available a number
of criteria for choosing between possible designs ( for example, that
of mean efficiency, mentioned in the nrevious chapter). Also available,
but which, because of computational difficulties (to be mentioned later),
tend not to be used, are methods for constructing designs that are
optimal with respect to some criterion.

Apart from the computational difficulties, many such procedures
are ill-suited to the design of block exreriments for two reasons:
a) Much of the work in the field has been concerned with ‘continuous'
designs, that is, where experimental conditions can take any number of
different values, as opposed to discrete designs, where only certain
possible values can be taken (for example, replication of a treatment
must be integral). Most of the procedures therefore decide what
proportions of the total number of observations should be allowed at
each possible experimental point. When the total number of observations
is specified this in general leads to non-integral replication at each
point. If the total number is not specified, it may require that the
total number be large so as to either obtain optimal integral replications
or to have integral replication that closely approximate the optimal ones.
b) In the block design case, the procedures attach equal importance to
all possible contrasts between treatments and, as Pearce (1974) pointed
out, they will then give similar status to all treatments and differences
of treatments. That is, the'optimal design'they therefore evaluate is
either a randomised block design, a totally balanced design, or one in
which treatments occur either p or p + 1 times per block, (see Box 1968,
Wynn 1972). In practice not only may the experimenter not be interested

at all in certain contrasts, but could well ascribe different levels
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of importance to those contrasts that he is interested in. What is
required then, is to use an optimality criterion which will take into
account the contrasts of interest to the experimenter and the weighting
attached to each. It is necessary to find a method which will construct
the corresponding optimal discrete design for a specified number of
observations.

As was mentioned before, the computational difficulties of such
procedures are sometimes prohibitive, since a search through the space
of the independent variables is usually entailed to find the point
which maximises some function (see, for example, Feierov, 1972, p 164),
that point then being added to the design,replacing the present 'worst'
point. Box and Draper (1971) used a 'direct search' routine for the
construction of D-optimal designs, but reported satisfactory results
for small designs only (less than 30 co-ordinate values).

Because of this, the approach presented by Dykstra (1971) will be
used. Dykstra advocates using a given set of candidates for the
sequential construction of a D-optimal design, choosing that point from
the candidates which results in the largest possible increase in the
appropriate function. Mitchell (1974) lists the following advantages
of using candidate points:

a) The search procedure can be programmed very easily,

b) It is easy to exclude points that are not experimentally

feasible or desirable,

c) Variables can be either qualitative or quantitative
and d) The number of different levels for each factor can be kept

low.

Particularly because of points (a) and (e¢), it was decided to use
the candidate method when constructing designs optimal for criteria
other than D-optimality.

Three possible criteria will be examined; two based on the well

known D-optimality and A-optimality criteria and one put forward by
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Pearce (1974). In each case an iterative procedure will be derived

with which optimal designs may be constructed.

4.2 A Criterion Based upon D-optimality

D-optimality is a very common criterion for use in constructing
optimal designs, and one of the most popular for comparing designs,
having its origin in a paper by Smith (1918).

Suppose the model used is

L= _1é ey
wherefi is the vector of parameters and £ indepemdently and identically
distibuted random variables with zero mean and variance o,

The D-optimal design is then defined as that design having the
minimum |(§f§)-1| or, equivalently, the maximum |§}§}. Box and Lucas
(1959) gave a sampling theory justification of the criterion, and also
showed that the D-optimal design has the smallest confidence region
for the estimates of the parameters. Keifer (1961) showed that a
D-ontimal design is also a minimax design, that is, it minimises the
maximum variance of a predicted value. The above justifications,
however, only apply in the continuous case.

A disadvantage, mentioned by Box and Draper (1971), is that
D-optimality ia a 'variance criterion', and effectively assumes that
the chosen model is the true underlying one., However, because of the
work of Stigler (1970), they deduce that D-optimality is not unrealistic
if the design is restricted to a region of interest.

Now assume that contrasts of interest have been given and are
held columnwise in the matrix V , then the generalized D-optimality
criterion will be, for a specific number of observations, to choose
X so as to minimise |V'DV| where D = (X'X)™" (Federov,1972, p53). The
matrix V'DV is the variance - covariance matrix of the contrasts between
the parameters rather than the parameters themselves.

An important disadvantage of this criterion, compared to those
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presented later, is the fact that if weights are attached to the
contrasts, then this has no effect on the choice of the design. This
can be seen by supposing weights w are given, that is yg‘ is to be

used instead of V, and it is therefore required to minimise lgf!fDVw‘ -

But, since E‘ is non-singular,

|¥rons| = [ |vav] - x|voy]

where K is a constant over all possible choices of design, therefore
it is still required to minimise |V'DV|.

It should be mentioned that in certain cases it may be simpler to
use a restricted model rather than use contrasts applied to the full
one, for example, if only first and second order interactions in a

factorial experiment were required.

4.3 Iterative method of constructing generalized D-optimal designs

The basic procedure is essentially that advocated by Dykstra (1971),
and extended by Mitchell (1974), that is

a) Sean the candidates for the point which, when added to the design,
results in the maximum possible decrease in the determinant, then

b) Remove from the design, that point which effects the minimum
possible increase.

(The above steps could equally well be reversed. )
It will readily be seen that this procedure must result in a decrease
of at least zero, since the 'worst' that can happen must be to subtract
the point (or an equivalent point)that had just been added . These steps
are then repeated until no further improvement can be made.

A formula for deriving the avpropriate point to add or subtract
from the design can be found as follows:
It will be seen that rows of the matrix X correspond to the experimental
points of the design, the actual form of the row being determined by the

model used. Adding a point in the design therefore corresponds to
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adding an extra row, x', say, and the new (L 'Q can be found from the

old (X'X) by simply adding xx', that is,
] B 1 1
&0, ., = &5 +xx'.

By simple matrix algebra, the inverse of (g'_)g)new can be found as

D .= (T+px)D , (4.3.1)
where

Biew = {EBe]
and

D= (X7 .
Using the identity
T+4)7 =I1-aI+207'8
in equation (4.3.1), with A as Dx and B as x gives
Doy = (T-Dx(X+xD0) 'x)D.
But x'Dx is a scalar, therefore,writing v(x) as x'Dx as in Mitchell

(1973), gives

D ., =2-Dx'D . (4.3.2)

“new oo
1+ v(z)
Since ¥ = Efs and DS&) = Dy, then
_ 'I\ i kS
var(yi) = var(xi#) = _)_c_ll)_x_lf .
and so v(;) is the variance of the observation § corresponding to the

point giving rise to the row x' .

Post and premultiplying (4.3.2) by V and V' respectively gives

V'DV - V'Dxx'DV . (4.3.3)
1+ v(_}_c_)

¥'D V=
- “new—

Substituting the identity
|4 - Bl = |L-247'c|[al

in equation (4.3.3) with A as V'DV , C as ¥V'Dx/,/(1 + v(x)), and B as C'
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gives
|¥'D Y| = (1 - x'ov(v'aV) v ') | y|
1+ v(z)
=(1-gqR v (4.3.4)
1 + vzx)
where R =(_Y'D_V)-1
and gx = X'J‘J_X .

If V is replaced by I, then (4+.3%.4) reduces to the same formula
as that used by Dykstra (1971) for sequential designs.
A similar formula can be found for the case of removing or sub-

tracting a point. For this case

(K"'X" new b (Z"X x E'

Proceeding in a similar manner as before,

D = Bxx'D (4.3.5)

new ——

1- vixs
and oy, L= (1 + a'Re )|¥'Dy) . (4.3.6)
1 - v(xj

with R and a, as before.
Since the object is to reduce |V'D V| by as much as possible
= Tnew—

when adding a point and to increase by as little as possible when
subtracting a point, in both cases the point chosen must be that which
minimises the expression

1 - s(q Ra )

1 + svix

where

sl +1 when adding a point
~1 when subtracting a point .

Having chosen a point, a reasonably simple way of updating R can be -
found by noting the identity obtained from equation (4.3.2), that is

(A +220) =2 = 47 Tggn (4.3.7)
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Since the new R after adding a point can be found as the inverse of the L.H.S.
of equation (4.3.3), substituting §T1 for A, and i.gxf/z?_:_;ZESY' for z ,
gives
By = B+ B0 R
1 + mv(g)
for adding a point where m is the multiplier used for updating the

determinant |V'DV| , that is

1+ v(x)

The new R can also be found after subtracting a point by taking A as 371

and z as gx//(1 - v(x))' in equation (4.3.7), giving
P s 1]
Bew=2- R0 R
1 = mv(x)
for subtracting a point where m is again the multiplier used for

updating |V'DV|, that is

1 - v(xj
The matrix D is easily updated using formula (4.3.2) or (4.3.5)
according to whether adding or subtracting.
It should be noticed that R always exists if D does since if D is
positive definite and V is of full rank (that is the chosen contrasts

are not linearly dependent), then V'DV is positive definite.

4.4 . Excursions

Since in discrete designs, the probability of a procedure
converging to a locally optimum design instead of the global one is
found to be quite high, Mitchell (1974) advocates the use of ‘'excursions'’
to improve the chances of not being trapped at a local optimum. The
restriction that after adding a point to the design, the procedure must

subtract a point is relaxed and an ‘'excursion' is permitted where designs



S
of various sizes are constructed, each time adding or subtracting one
point, eventually returning to the original size, n say, The rule is
this: if it is known that returning to n points would produce no
improvement, then another point is added, if not, a point is subtracted.
The determinants of all those designs, of size greater than n,
constructed on an excursion which led to no improvement in the required
n-point design are remembered and it is these, the failure designs,
which the procedure checks against when deciding to add or subtract a
point. An exactly analogous procedure exists when starting off by
subtracting rather than ading a point; in this case the excursion is
always over designs with less than n points.

When using contrasts, the determinants checked will be ll'l)_!'
rather than I_E_(_ 'K_I. Each time an excursion leads to an improvement in
the determinant, the set of failure designs is cleared and the procedure
starts anew from the new 'best' design.

Mitchell advocates setting limits at plus or minus six points
away from n for the excursions, else the excursion wastes too much time
and rarely results in an improvement. Limits less than these would not
give enough freedom for the excursions,

A disadvantage of the excursions is that singularity can result
if too few plots are being used (if n is less than the number of
parameters plus six). To stop this, Mitchell considers (X'X +°‘X—(')§0/NO)
instead of X'X, i.e. ﬂ(ok) instead of M(0) say, where o is a small
positive number, )_(O the design matrix with all of the specified
candidates present, and NO the total number of candidates. He then
minimises 'M(o'-)‘ instead of [X'X| . When X'X is singular, M@L)-1 is
an approximation to a generalized inverse of X'X as defined by Chernoff
(1953).

There is obviously an error involved in doing this and Mitchell

shows that the proportional error in considering M(e) instead of X'X

is approximately v , where v is the average variance of fri taken over
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all candidates. The quantity Vv is usually less than one, and indeed,
Federov (1972, p.71) shows that in the continuous case, D-optimality
minimises the maximum variance of §i,v(§£).

When using contrasts a similar procedure can be followed,
minimising |V'D(¢)V| instead of |V'DV|, where

D) = (MGe))™

The matrix D(0) is then D when (X'X) is not singular.
As before, an error is involved and it can be approximated the following
way:

Expand log |V'D(x¢)V| about 4= 0 in a Taylor series, that is

Log [L'D()¥I ~ LogI¥' DVl +( é_logll'lg(vk)y_l)L (4.4.1)
= 0

Aot
Now 3 (loglY)) = tr(zf_'1ax'>, (Graybill (1969),1.266) (4.4.2)
ot ey
therefore

2
3t

2 1oglV'D()VI = tr[(X'Q(M)l)-1
K

(_'g(ux)y_)] «  (4.4.3)

Al so,

D (¥()Y) = V'3 D)V
po S

¥

and, from Graybill (1969), p.267,

aixtexaxx?, (4.4.4)
vy w3
therefore,
206 = >(K'L + oKX )‘1 = -(zc.'z + *E;LO)'”—%%(X-')—‘ ‘”’“’—%—’%)-1
ot dok N N N N
(o] o (o] o]

Expression (4.4.3) can now be written as

N

2102 VDK | = -t [(Y_'Q(x)z)"_'g(»c)zg_&og(o«)y.] ;

which at=<= 0 becomes

1 tr[X Dv(z'm)‘1y_'nx']
b ﬁ N P S |
(0]

since D(0) = D,
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and finally
1Zake
No
where the summation covers all the candidates.

Now, for small =<,

D(=) - D(0) o log D(et) - log D(O) ,
(0)

which, using equation (4.4.1) means that the proportional error

involved in using D(e) rather than D is approximately

-, average(g'Rg s

For many experiments, the average g_)';i_qx will be less than one,
therefore taking o¢ as 0:005 would give an approximate error of less than
05% .

Continuous D-optimal designs with given contrasts actually minimise
the maximum value of g"cljg_x, a result which will be proved by generalizing
to include contrasts Federov's (1972, p71) result about normalised
D-optimal designs minimising the maximum v(;). A normalised design is
simply a design in which the X'X matrix is altered to equal I}.L'& .

In general a normalised design will be designated as g, and the matrices
corresponding to that design will be written Q(s‘_) ete.

Now, let the optimum design be Pl and some arbitrary design be £.

Then Federov (1972, p56) shows that any design £ can be considered as

*
corresponding to the linear combination of the designs € and &£,
i *
t = (1 -x)e +£¢ O<ot<1 ,
Now,
2 1og[¥'D@)Y| = [ (@AOD T 2({).1} :
P2 W

2D(2) = -D(£)2 M(£)D(Z) ,  where M(2) = D '(¢) = X'(¢)X(2),
k. et

using equations (4.4.2) and (4.4.4).

~ *
Now, if €= (1 =ot)e 4«£€, then

M(E£) = (1 =¢)M(") +otM(g) , from the definition of M .
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Therefore,

W) = M(e) - M(£)
Yo

and

-tr{m)z-g(a)[ma - w(ae]

a_log|v'1)(g)vl
ot =0

-tr{_&( £ (e M) - u s*)] ()Y

vhich, using M(¢")D(£") = I, and R(£)¥D(s)H¥ =1,

= —tr{R(e)¥rD( £ )M()D( z*)l} + Dy

\
(4.4.5)

where p is the number of contrasts.
However, since £ 4 optimum, that is, it has the smullest ’z'ﬂl, the
value of the derivative must be greater than or equal to zero.

Now assume, without loss of generality, that the arbitrary design

consists only of one point, that is,
ME) = xx',

*
and that this point is one of those contained in £ , then, from (4.4.5)

o ()T D(e x ( e*>y_§ &5 trl(yg(s*)m (el - p

|

yR(£)g, - €0 .
(4.4.6)

Now consider 2 _g_x /N , Where the summation is over all N points

of some general normalised design, that is, consider

2 1 ] = ' 1
< x{DVEV'Dx. = tr(DVRV'D % Zi;_i/N) i
N
= tr(DVRV'DM),
which, since DM = I,
= tr(U'DV.B) =

That is, the average g 'Rq  equals p for any normalised design.
Therefore the maximum g'Rg must be greater than or equal to p. In

particular,
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maX(g;E(E*)gx)-a.p ( 4.4.7)

*
Comparison of (4.4.6) and (4.4.7) shows that the optimum design &
“
minimises the maximum (g'R(&.)gx).
For unnormalised designs, g'Rg_ will be 1/N times that of the
normalised design, that is, the average g'Rq , for the continuous

design, would be p/N.

4.5 Fixed block size

A useful restriction to place on procedures for constructing
optimal block designs is to enforce block sizes to equal some fixed
values given by the experimenter. This might be needed, for instance,,
if the experimenter is working with pots on a shelf, or plants with
shoots as blocks and leaves as plots.

This facility can easily be incorporated into a procedure such as
that outlined in sections 3 and 4 in the following manner:

All blocks have a condition number attached to them; this number is
zero initially when the original design is set up with correct block
sizes. Whenever the block size is changed by adding or subtracting a
point, then the corresponding condition number is altered, being always
equal to the difference between the present and correct block sizes.

If the condition number is negative, therefore,a block is undersized,
and if positive, oversized.

Now suppose that the procedure is in the middle of an excursion
with a design having more design points than the original. Then if it
is decided to add a further point, this proceeds exactly as before,
and the condition number of the effected block is increased by one.

If it is decided to subtract a point, then the search over the candidates
should be conducted over only those candidates which correspond to
blocks having a2 positive condition number.

If the procedure is in the middle of an excursion with a design




having fewer

i 65 a

design points than the original, then points are

subtracted exactly as in the original procedure, and the affected

block conditi

on number is decreased by one; but when adding points,

the search is conducted over only those candidates corresponding to

blocks which

have a negative condition number.

This new procedure must still give a positive or zero decrease in

|¥'DV| since ¢

he worst that can happen is for the procedure to subtract

the same points from the design that were added (or vice versa).

4.6 Over-spe

cification in the Model for Block Designs

In the ordinary block experiment the model

L

= 1o + Q'P_ +a'%+ g (from chapter 2)

is used. The matrix X for this model is

The matrix X'
Mitchell

X

where
oé‘

*

(i

X&
2

X is therefore always singular.

(1973) re-defines the model as
= 1L D 4% g

=°4+/.sb +7Sv

=5 =Py (1 = 15000,b=1)
= Ki-‘(v (1= 1,0009=1)

_]f: D with the bth row missing

A!l

b

Because

= B with the v row missing

= number of blocks

number of treatments.

D-optimality is independent of any non-degenerate linear
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transformation (Federov, 1972, p80), any other re-definition makes no
difference to the choice of the optimal design. Any contrasts to be
applied to the treatments will have the vth element missing. This
makes no difference to the value of the contrast since, if ¢ is a

contrast with elements ci, then

v=-1 PN - . ¢ v ¢ v-1
= oy = ol <X ) = (Zo¥ -0 X)X =0,
i=1 i=1 i=1 d£1
; v-1
But :Eici = 0 by definition of a contrast, therefore < c, = -c , and
i=1 i=1
v-1 X’ v v G
E%% c;¥; = §§7 ciX; - ch; + ch; - E%; c,% .

4.7 A Computer Program

A FORTRAN IV program, VDVMIN, based upon Mitchell's DETMAX (1974),
has been written to produce designs minimising |[V'DV|. A listing and
example run are given in appendix C. BEssentially able to be applied
to any model, it is at the moment in the form for optimising block
designs, the only alterations needed being the replacement of a
subroutine defining the model and the removal of the restriction to
fixed block sizes. Because of the possibility of finding a locally
optimum design only, the program is applied several times starting with
a randomly chosen design each time; also, there is the option of
starting with a design chosen by the user.

When augmenting a design, the original points will need to be
retained, and the problem is to find the new, larger, design without
altering the points from the old one. This is achieved by reading into
the program any 'protected' noints seperately from the other candidates
and only choosing points to add or subtract from the unprotected

candidates,
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4.8 A criterion based on A-optimality

An alternative, and possibly a more natural criterion to use when
designing experiments is that of A-optimality, or minimising tr[Q{,
that is minimising the mean dispersion of the estimates of the
parameters. Chernoff (1953) gives a statistical justification of the
use of the A-optimality criterion for the general case where the
information matrix depends on the values of the unknown parameters.
Federov (1972) states that (tr{Ql.N)%, where D = (X'X)-1, N = number of
points, equals half the length of the diagonal of a cuboid circumscribed
around the ellipse of dispersion.

Al though A-optimality is a very easy criterion to apply between
two designs to decide which is the better, procedures for constructing
A-optimal designs are more complicated than those for constructing
D-optimal designs. A further disadvantage is that the A-optimal design
is not invariant under non-degenerate linear transformations of the
parameters.

However a relative computational advantage does not occur when
contrasts of interest amongst the parameters are given and require to
be estimated in some optimal manner. Further, A-optimality has the
overiding advantage over D-optimality in that weighting factors can be
attached to the contrasts when constructing the optimal design.

The criterion used for judging optimality when contrasts and weights
are given will be that a design is optimal for a given number of points,
Nyif it has the minimum trﬁ_fl'gzgf( over all possible designs, where
V is the matrix having the given contrasts ofinterest, held columnwise,
and gfis the diagonal matrix holding the corresponding (arbitrary) weights.

The program VDVMIN (see 8 4.7), can also produce A-optimal designs.

4.9 Construction of A-optimal designs when contrasts and weights have

been given
Federov (1972, p169) gives an exchange aglgorithm for constructing

A-optimal discrete designs which could be generalized to include
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contrasts and weights. However, it requires a search routine to find
the maximum of a function and would therefore entail much computation,
the actual amount depending upon the size of the design and the number
of unknown parameters. The procedure could be simplified somewhat by
the use of candidates as advocated by Dykstra (1971) for the construction
of D-optimal designs; also, rather than exchange two points directly,
it is simpler, and leads readily to the use of 'excursions' as suggested
by Mitchell (1974), to alter the design one point at a time. That is,
in the simplest case, to add on that point which results in the maximum
nossible decrease in tr(!FZfQ!!{) and then to subtract the point giving
the minimum possible increase in tr(gf!fgzgé), where D now corresponds
to the design of N+1 points containing the point added previously.
This must result in a decrease of at least zero in tr(EfK'Q!!‘). The
criterion for choosing the point to be added can be found in the
following way.

Let (L'Z)new be the information matrix corresponding to the design

which has just had a point added, that is,

XD o = @B + xx',

= =~new
where (X'X) is the old information matrix and x' is the row of the design
matrix corresponding to the point just added. Then Qnew , the inverse

5 :
of (X'X) ., can then be written as

a = !
D ow=D2-Dxx'D (4.9.1)
1% v(g)

where D is the inverse of (X'X) and v(x) equals x'Dx , the variance of
the estimated resvonse at that point.
Therefore,

- wV'Dxx 'DVwé

Taking the trace,
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tr (VDY) - x'DVW Y 'Dx

1+v(£)

tr(w‘V'D sz)
- e

tr(u’V'Dvu’) - 93-#2591 ,

1 + v(xi

where g = V'Dx .
The point to be chosen, therefore, is the candidate that maximises

026
gy, -
1+ v(x)

For subtracting a point,

] o 1 ey '

Q‘.Z)new— (X'D) ~ xx' 5 |

where x' is now a row of X.

An analogous procedure to that presented above yields

tr(y_SX'Dsz) = tr(_vlsl'Dng) + g'w%g_x "
1 - vix
therefore the point to be subtracted would be the one having the
minimum
,w26
1 - vai
Having changed the design, the matrix D can be updated using (4.9.1)

when adding a point or the equation

Drlew - 2 & -Dg'-]z (4.9.2)
1 - v(x)

if the point was subtracted.

Since the sequence formed by the succesive values of tr(yfzfyzgs)
for the N-point design is monotonically decreasing, and since an
absolute lower bound exists equal to the trace of the actual A-optimal
design, the sequence must converge. However, there is no guarantee
that it will converge to the true, or global minimum and not to some

local minimum. It is necessary, therefore, to repeat the procedure




= TOh

several times with different starting designs each time.

4.10 Excursions for A-optimal Designs

The use of excursions (Mitchell, 1974) follows on naturally from
the basic procedure in an analogous way as that for D-optimality with
contrasts. When checking for a failure design, that is, one which
was constructed during an excursion which led to no improvement in the
design, it is the traces that are compared instead of the determinants
(since comparing the whole design exactly would be time and space
consuming).

As in D-optimality, singularity of the design can result if too
many points are removed from a design during an excursion. As before
then, instead of using (X'X) to form D and hence the trace, the matrix
(X'X + XX /No) will be used, where X is the design matrix consisting
of all No candidates and ot is a small positive number. If the inverse
is termed D(=), then the error involved in using trggfzfgﬂu)zgﬂinstead
of trﬁilfgyyfg for nonsingular D can be approximated in the following
way:

Writing A for Vw25V' , then

tr[ VD) Ve ( [_A_._g(oL)I L

Expanding trL&QQx)] in a Taylor series about tr(AD),

()] = 4D +der (i)
L

x =0
since D(0) = D

Because matrix multiplication and trace are linear functionals,

dtr o) = tr &
dtr AD(«) =t {%D( )]

But,

()

YA

-2(«)i[£'£ + KX N|DE), (Graypill, 1969, p26)

]

-Dlx )%( Eléﬁog(a) .

o
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Therefore,
« 20 (I0(@][ = —wer {ADEOXE ()]
L o, =0 NO X =0

= —eetr (157 DK% (0]

N
o

& =0

N

= e (X DO TDX!] L
o =0

28
i L gl

= =—dl,average (g_,'l_‘gzgg_x) ’

vhere the summation dénd average are over all the candidates.
If the average were to cover only those points included in a design

with matrix D , then

average(g_;czzggx) = % tr()CDszsz'pi') - %I_ tr(ylgsl'@g'_@)

1 @25D) = 1 (D) .
N

N

If the candidates are reasonable, then the average over all the
candidates should be roughly equal to the average over those points in
the design only, that is, tr(AD)/N .

The proportional error involved in using Q(ot) therefore is

trfAD(<)] - tr(AD) L - average(g_"t_\gz{gx) over all candidates
tr(AD) N.avera.ge(g;(ghgx) over the design points

=

-l ,
N

For o equal to 0+005, this represents an error of approximately Q5%.
N

4.11 Inherent Singularity in the Model

The above method only holds if the model is normally non-singular.
In the case of a block design with the usual model this is not true and

this is where the big drawback of A-optimality lies. It is not in
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general true, as it was for D-optimality, that the A-optimal design is
invariant under a non-degenerate linear transformation. Therefore, the
procedure used in the case of singularity for D-optimality, that of
re-defining the model so as to obtain a non-singular one, cannot be
used, sincethe optimal design obtained will depend on the transformation
used. Federov (1972,p118) suggests the use of generalized inverses,
having the property that eigenvalues of the generalized inverse are
reciprocals of those of the original matrix, except for the zero
eigenvalues which will correspond to zero eigenvalues in the generalized
inverse.

Chernoff (1953) suggests the use of

lim X + )&)—1 , where Y is a symmetric matrix,
X0

such that (L.+-)]D is positive definite, as a pseudo-inverse of X,
vhen X is singular.

The disadvantage of generalized inverses is that no simple formula
analogous to (4.9.1) or (4.9.2) exists for updating the generalized
inverse after each addition or subtraction of a point. To calculate
the generalized inverse afresh each time would, of course, involve too
much computation.

The case of block experiments, the usual model for which is always
singular, can be rescued somewhat if it is considered that the {éllowing

model is is some sense a 'matural' reduction of the original model:

= P LB P b IS
Y _’Q+Q§°+% (4.11.1)
where
lfo=_¥+l°¢,
that is, the treatment parameters now have the general mean embedded in
them. This of course makes no difference to treatment contrasts., If

this model (which is still singular), is further reduced by altering,

or reparameterising, the block parameters in some way, then, for the
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resulting model, an optimal design is independent of any non-degenerate
transformation applied to the block parameters only. This can be seen

by considering the model, which has been reduced in the general case to
= ' 1
r= @B +4'% + g (4.11.2)
where /5 - %@
=0

and _5_1=_,%_+§_O

are now the unknown parameters to be estimated and R, S and T are

transformation matrices satisfying
D'RT + 4'S = D'

and such that (D'R:A'| is of full rank.
If a non-degenerate linear transformation Y is now apnlied to the block
parameters, then the transformation I to be applied to the parameters

as a whole must be of the form

L= [x:0] , (4.11.3)

if the parameters are partitioned thus: )&O .
X,

Now, as the contrasts of interest, V, are concerned only with the

treatment parameters, V is of the form

where C hold the treatment contrasts.
Now consider tr [_vfy_'ni szl, where D, is the dispersion matrix for

the new model, that is, D, = L'DL, where D is the dispersion matrix

for the model used before the transformation L was applied. Then

tr (W'D, Vw®) = tr(wdV'L'DLVw?)

tr[L_\L!%V'L 'D]

— — —
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4 ' A 1 ]
v - w | [E)fe 9 i @ienfr 2] 2],
lz||Z7 e 8L
[Yl[oi o] © Y' 2% D
= tr - - I _5{.__ T e 0f ]
z|[zi ofjew*cf o |1
= tr 9 ( %{" -]-)' ’
OlfcwC'
N\
TR .
= tr g e e (g g )Qk ’
c

(VD) = tr(fVDTE)

Therefore, tr(gﬁ['gzﬂs) is independent of the transformation L when of
the form (4.11.3).

An easy reduction of the original block design model to the
model (4.11.2) is brought about by simply removing the rows in the
design matrix X corresponding to the mean and some arbitrary block j.
The treatment parameters are then

}H = X + 1ol + 14% -

and the (b-1) block parameters are

Foi =Fi= By (1 = 1,0005d=1,3+15000D) 0
It should be stressed that A-optimality in this model is independent
only of transformations which are not applied to the treatment parameters.
Under the transformations used by Mitchell (1973), therefore, which
affected both the treatment and block parameters, the A-optimal design

would be dependent upon the treatment transformation used.

4,12 A Criterion Based on the Simple or Arithmetic Mean of the

Efficiency Factors

A third criterion for differentiating between designs is the
simple or arithmetic mean of the efficiency factors (Jones, 1959);

that is, a design is said to be optimal in this sense if it has the
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maximum mean of its efficiencies over all possible designs. This has
some statistical justification in the fact that it is equivalent to
minimising Pearsons X2 statistic for goodness of fit, when applied to
the design matrix for treatments to blocks, n, with the expected value
chosen as the value from an orthogonal experiment, that is, n = rk "N,
This can be proved as follows:

e 2 2
The statistic X can be written as

X2=i§.(n

- rik ./N)2
i=1 j=1 g

ij

%5/

where n = (nij] etc. Expanding ,

2

2 ; 2 2
% 21_ ZJ (Nnij - Znijrikj + rikj /N) /rik.

J

2 -
Zi_ ZJ_ Nnij/rikj - zzizjnij + %%rikj/N

NZZniQ./rik. - 2N+ N

2
N(Zi'zj'nij/rikj - 1)

N(tr(z ™ mk%n') - 1)

N(tr(M] - 1)

N(Z}Ji & 1)

where M is the matrix used by Jones (1959) with eigenvalues l“i'

The quantities (1 —,Li) are the efficiency factors of the design.
Minimising the X—g statistic, therefore, is equivalent to minimising
Z/ui’ or equivalently,maximising Zzi, where ai =1 = _/Ai, are the
efficiency factors. The use of the simple mean is also proposed by
Pearce (1974), who makes the point that if an efficiency is zero,
corresponding to some contrasts between the treatments being confounded,
then the overall mean, Zs_i, does not also become zero.

When contrasts and weights are given, it is not obvious how the
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criterion should be amended. However, consideration of D and A-optimality

will help here. In D-optimality, the criterion used was \1'_131‘; if

= (_Q ‘-;L';), where lt applies to treatments only, then the criterion

can be written as lV'A -'tl where A is the dispersion matrix of the

-SS

treatments as in chapter 2. From (2.5.0), A = r C'r , where

Ce
xCh

reciprocals of zero are taken as zero. The matrix olds the
eigenvectors of the design, the basic contrasts, as its colums. Since

C is of full rank, V, can be written as CO. The criterion for
— _t o

D-optimality can therefore be written as

=S s
oyl = (et et eel
- |_8_'g-{§_( since Q'E_Sg = I from (2.3.1).

If contrasts were not used the criterion would have been l_i;g( .

Similarly, for A-optimality, the criterion can be written as
tr(FV D) = tr(Wpreovt),

or, for no contrasts, tr(g-s), with reciprocals of zero taken as zero,
as before.

It will be seen then, that the criterion used for the simple mean
optimality, Zci, or tr(ef), should be altered to tr(y_sg'_a_sg_vg‘g) when
contrasts are used. This can be written as

tr(Po e cele 'y eov®)  since C'FC = I (4.12.1)
But A = Cs8C', from (2.3.2), and using V, =C8, enables (4.12.1) to

be written as

- 1
tr(w V'r Ar S) (4.12.2)
If the contrasts V, are such that V'r_‘V = I, then (4.12.2) becomes
- e " i

: -1
E (VA_.t) WS}’

that is, the'information matrix' for the contrasts is being used.

4,13 Construction of Simple Mean Optimal Designs with Contrasts

The matrix A equals rd - n_k_"p_' (from 2.2.1), therefore, for fixed
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r, maximising (4.12.2) is equivalent to minimising

§

tr(uV' s n W)

(dropping the t suffix on the V. matrix), or, since tr(AB) = tr(Ba),

&

to minimising
tr(;-é—y_w_zsl'g-s.’n_g_sg') 4 (4.13.1)

This is then equal to the criterion used by Pearce (1974). If the

incidence matrix n is partitioned thus:

n = (..Q—] 1—12113...%) ’
the partitions corresponding to blocks, of size ki , then (4.13.1)

can be written as

b
]
;tr(@-ir-‘-i/ki) ;

-3,
where S = ¢ Hgsl'g‘g . Note that S is independent of the design

once r has been fixed.

To find the optimum value of r,Pearce (1974) suggests minimising
the weighted sum of the variance of the scaled contrasts, assuming an
orthogonal design were possible., The scaling is such that 2;91 is the

same for all contrasts. The vector r is chosen therefore to minimise

Z.fvi_c_j'._z_'_-sg_i} subject to Zri = N. (4.13.2)
b I T
e,

Pearce does not give the algebraic solution to this problem, but it
can be obtained as follows:
Using the method of Lagrangian multipliers, the value of xr which gives

the minimum of (4.13.2) is obtained as the solution to

B {Z_(w.c!g-agi) + )\(er - N)S =0 for each j.

T T i
J cle
-
i.e. é__ Z_chw w N 2Le . - W w0
or,| 1 j —3 = b
3 25T

where a. = c'ec. and(c.,l: c. .
i TS ijd” &
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Therefore, |

or

1

That is, the r, must be chosen proportional to /ic.g.w./a. .
J — 111

Having chosen r , it is now required to find the wvalues of the

r, = L T T
J , Ei‘ iJ 1
a. N

vectors n_l that minimise

1
Eitr(ﬁfli&i/ki) .
Now, suppose that n, is altered to (r_l1 + x), and n, to (Ej - x), for

some i and j, where x is a vector of zeroes except for two elements,

these being +1 and -1. Let these non-zero elements be in the kth and

1th positions respectively. A restriction on the choice of these

positions is that the new vectors n_l and r_l_J must have zero or positive

elements only. Altering Il.l. and in this way leaves the vectors r

f_l.j

and k unchanged. The vector k is in general fixed and known beforehand.

‘ :
The change brought about to Zl tr(@igi/ki) is

' L4 - " ) 1
tr|S(n; +x)(@, +0)' + §(fij x) (aj x)' - San! _Sp_jgj]
k. X k. K s
i J 1 J
= tr(S[n.n.' +nx'+xm!'+xx'"+nn'-nx'-m'+xx'"-n.n'-n.n' ]
=l=i== ~ == S S v e i S v e T e o RO o
e k. k. j e ; k . k. k. S
1 i i i J J 3 J 1 J

Using the identity

tr(Spa') = tr(a'Sp) = tr(p'Sq) = tr(Sap'),

since § is symmetric, gives the difference as

trfn.‘Sx+n!Sx+x'S -n'Sx - n'Sx + x'S \
i i s S ey el i i

Uk, k, kg K k, K
= o ' ' . .
—2{% Ei&c.*r(_wlz.s._ . (4.13.3)
l-l-c— m ki k!
, S J
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This is required to be negative and as large as possible, that is,
to result in the largest possible decrease in (4.13.,1). Note that
since S is non-negative definite, the second term in (4.13.3), is always
greater than or equal to zero.

Now, since an orthogonal experiment has efficiencies equal to one
(except for that corresponding to the mean, which equals zero), and
therefore results in the maximum value of (4.13.2), or the minimum of
(4.13.,1), the lowest value of tr(§gig£/ki) occurs when n = rk'/N,

The actual minimum depends on whether the contrasts for the mean, r,
has been included, but, if so the weighting attached is usually zero,
and so the absolute minimum of (4.13.1) can be taken as zero. In
general, of course, this will be unobtainable.

To choose the blocks to be altered therefore, find the two that
have the largest tr(s_n_ir_l_i/ki). This is not an error free method in that
it can sometimes happen that no improvement can be made using these two
blocks, but could have been made using others. However it has the
advantage of simplicity. Suppose the blocks chosen were i and j.

Now, (4.13.3) can be written as

b'x + x'Cx
'
where B' = 2(n. - n.) S
e SR |
k. k.
1435
and ] =( 1+ 1 )_S_
I ke
* J

which exnands, using the definition of x, to

bk - bl + ckk - 20k1

= oy 2 )t (0)y = b)) = 20, (4.13.4)
Since C is non-negative definite, then
G t01 T 2 B

and Cyk + c11 + 20k1 > 0



which together imply that

c + c - 2c o

2c + 2¢ Kk 11 Kl

Kk T %

Equation (4.13.4) is then less than or equal to
(20, +B,) + (2¢); = 1)) & (4.13.5)

Therefore, as a 'coarse' minimising procedure, choose treatment k
so as to minimise (2ckk + bk) and treatment 1 so as to minimise (2011 - bl)
n, and Ej being positive or zero at each element, This

procedure requires only o(v) steps. After each'adjustment' calculate

subject to

the new tr(§gig{/ki) for each block and so choose the new i and j.

When no more progress can be made, equation (4.13.4) can be minimised
instead of (4.13.5). This, however, called the 'fine' minimisation
procedure, requires o(v(v—1)) steps in the search routine because of
the presence of the element Cry®

As usual in discrete optimality procedures, the method cannot be
guaranteed to produce a global or absolute minimim, The 'full'
minimisation procedure would involve finding the minimum of (4.13.3)

over all pairs of blocks as well and so would involve o(b(b—1)v(v—1))

steps.

A.,14 Discussion

Current literature on the subject of optimality (Wynn, 19703
Dykstra, 19713 Box and Draper, 1971; Mitchell, 1974) indicates a
preference for the determinant criterion for choosing between designs
and for constructing them. Although certain advantages are claimed
for D-optimality, not least the fact that linear transformations leave
the choice of the D-ontimal design unchanged; when contrasts of
interest to the experimenter are introduced, the fact that weighting
cannot be applied using D-optimality is a very large disadvantage. Also,
the claim that constructing A-optimal designs leads to more computation

(Federov, 1972, p138) than for D-optimal designs is seen not to hold
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when contrasts are specified, and although some trouble may arise due

to the non-unigeness under linear transformations of the optimum design,
the advantage of weighting would seem to be overiding.

The advantages of the third criterion, i.e. that based on X.2, are
its simplicity of use and its application to designs having a zero
efficiency factor, that is, unconnected or fully confounded designs.

Its disadvantages lie in the fact that when the full minimisation
procedure is not used it is too often trapped on a very local minimum,
and if the full minimisation is used, the computation becomes excessive.
Possibly, also, not enough freedom is given to the procedure by not
allowing treatment replications to vary during the construction., Perhaps
a similar approach to that used for D and A-optimality may prove useful,
where points are added to the design for the maximum improvement and
subtracted for the minimum deterioration in the criterion. This proves
difficult, however, since the matrix S would then not be constant and
much of the simplicity would be lost.

A disadvantage shared by all procedures dealing with discrete
designs is the high probability of being trapped at a local minimum
(or maximum). It would seem that the only solution is to use various,
reasonably 'seperated' in some sense, starting designs in the hope that

one, at least, will give the true minimum.
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Chapter 5 Summary

In this chapter the main results of the thesis are summarised
and the advantages or disadvantages of the various methods used are
given.,

The method of analysing block exneriments given in chapter 2
relies on the use of the eigenvectors of the matrix égfs. Accordingly,
it is proved that a complete set of eigenvectors does indeed exist for
this matrix. These eigenvectors and their corresponding eigenvalues,
once known, enable the generalized inverse of A to be found and thus
the analysis of the design follows. If the eigenvalues are known,from
the use of some standard routine, then expanding powers of a matrix,
derived from Agra, in terms of its principal idempotents, lﬁf leads to
a set of simultaneous matrix equations in the Li' These equations can
often be simplified if the experimenter knows or can guess which
contrasts between treatments are basic, that is, eigenvectors of the
matrix Agfs. The number of unknowns in the equations, the Li matrices,
equals the number of distinct eigenvalues, that is, the order of
balance of the design in the Nelder (1965) sense. It appears then that
it is sufficient to invert a matrix of order equal to the order of
balance only, to solve the equations. An alternative method of
obtaining the Li matrices, due to Pease (1965) is compared but is shown
to involve more computation.

It is shown that the inter-block analysis.canalso be obtained
from the Li matrices calculated for the intra-block analysis. Once the
intra-block analysis has been calculated therefore, no problem arises
for the inter-block analysis.

A formula for testing some general hypotheses concerning the
treatments is also given in chapter 2. The formula,  which is the same-
as that given by John and Smith(1974), who had extended a formula derived by

Pringle and Rayner (1971), was found using a different method.
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A program, GEN, written in ALGOL 60, has been written to perform
the above analyses and a listing together with an example run appears
in appendix B. A flowchart of the program is also provided.

An alternative method of analysing a2 design, based on the work
of Kuiper (1952) and utilising results by Nelder (1965) was derived
and appears in Worthington (1975). A copy is given in aprendix A.

The method, which can be applied to any design with orthogonal block
structure, iteratively produces the treatment effects for each stratum.
It is proved that the procedure will always converge to the correct
result. The basic procedure can easily be extended to produce the
variance-covariance matrix for each stratum. A disadvantage of the
procedure is that no information is produced about degrees of freedom.
The method will also take a long time to converge if a low non-zero
efficiency factor (Jones, 1959) exists.

In chapter 3, theory concerning the dual of a block design is
given. The main result is that non-unit efficiencies for one design
agree in value and multiplicity with those of its dual. Further, a
specific relationship exists between basic contrasts of one design
and those of the other. Consequences of this result include the fact
that a certain minimum number of efficiencies must be equal to unity
in the design with the greater number of 'treatments'; and that the
analysis for the dual can be obtained from that for the original
design due to the relationships between the basic contrasts of the two
designs being known. If the analysis of chapter 2 had been used for
analysing the original design, and therefore the Li matrices found,
then it is shown that the analysis for the dual also depends on these
matrices and the analysis follows on very simply. Finally, relationships
between the mean efficiency of one design and that of the other are
given for various measures of mean efficiency.

Chapter 4 is concerned with the construction of optimal designs.

Although vprocedures already exist for doing this (for example, Mitchell,
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1974), very few use the fact that some contrasts between treatments
will be of more interest to the experimenter than others.,

On this basis, an algorithm for constructing D-onptimal designs
when contrasts of interest are given was developed. The method requires
inverses and determinant to be calculated only once, at the beginning,
after which the required determinant and matrices are updated when
required by using simple formulae. The method uses 'excursions' as
advocated by Mitchell (1974); because this can result in singularity
the information matrix is altered slightly to prevent this. A formula
for the resulting error is obtained and the value of this error shown
to be small. A program, VDVMIN, written in FORTRAN IV, has been
written and appears in appendix C together with an example run and
flowchart. The main disadvantage of D-optimality is that weighting the

contrasts makes no difference to the criterion the procedure attempts
to minimise. All those contrasts that are given therefore,have always
in effect equal weighting factors ascribed to them.

This disadvantage is not’'shared by the second criterion considered,
that of A-optimality. When contrasts, held columnwise in V, with
corresponding weights w, are given, then the A-optimal design is said
to be the design minimising tr(EFK'QYE§), D being the covariance matrix
of the design ( a D-optimal design would minimise |X}21|). An algorithm
has also been derived for this criterion. As in D-optimality, once the
initial D matrix has been calculated, it is updated using a simple
formula each time a point of the design is changed. When excursions
are used, because singularity may result, the information matrix is
altered in the same way as for D-ontimality. A formula for the error
involved in doing this is calculated and the value shown to be small.

Because A-optimality is not invariant under linear transformations
of the parameters, the case of the usual block design model requires
special consideration. In general, depending on the reduction used to

make it non-singular, different A-optimal designs will result. This
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is overcome by assuming that contrasts of interest will be applied
to treatments only. It is then shown that if the model is reduced by
altering the non-treatment parameters only, then A-optimality under
this model is invariant under any linear transformation applied to
the non-treatment parameters. That is, A-optimality is invariant of
the particular reduction used as long as the reduction applies to the
non-treatment parameters only. The program VDVMIN, mentioned above,
is also suitable for constructing A-optimal designs, and an example
run is given in appendix C,

The third criterion considered is that of simple mean optimality;
in its simplest form this involves maximising the arithmetic or simple
mean of the efficiency factors. This is shown to be equivalent to
minimising a suitably defined ?(2 statistic for the design. The
criterion can be generalized to include the case of contrasts of interes®
and associated weights being given. an algorithm is given for constructing
the optimal design and works in three modes: full, fine and coarse, the
full mode involving the most calculation and coarse, the least. Coarse
mode is thus applied first to some starting design and when the
algorithm stops at a possibly local maximum, fine mode is applied, under
which, the extra freedom of movement should enable the procedure to
escape a local maximum. The full mode in general requires too much
calculation and it is probably better to run the algorithm several times
with different starting designs and use fine and coarse modes only.
All three algorithms can become trapped at a local maximum or minimum
but because of the discrete nature of the problem (replications of
treatments must be integral, etc.) this seems to be an unavoidable

drawback of the method.
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Appendix B

= - Bt

Flowchart for program GEN

ENTRY

l

Read in number of treatments
and blocks.

Start new block and declare
arrays of appropriate sizes.
Declare procedures INVERT and
BIGEN

Write out number of treatments
and blocks. Read and write out
incidence matrix. Calculate
block sgizes and treatment
replications.

Calculate and output matrix Mg

Start new block, declare matrix
H , calculate H and write it out

Calculate eigenvalues of
H using EIGEN.

Calculate multiplicities of
eigenvalues and number of
distinct eigenvalues.

Calculate order of balance of
design. End block.

Read number of contrasts.
Start new block and declare
arrays of appropriate sizes.

of contrasts

yes




Z Be =

—

Read contrasts one by one. bet
marker to show non-basic for
the moment.

Calculate scaling factor and
largest element of the contrast.

Calculate ratio of largest
element of contrast, ¢, to
corresponding element of M'c

o~

Calculate similar ratios for
remaining elements.

yes

T™is contrast
non-basic,

bet a marker to show that this
contrast is basic. Store ratio
(efficiency)

{

Write out contrast saying
whether or not basic. Scale
contrast. Write out efficiency
if basic.

yes

Reduce multiplicities of
eigenvalues by one for each
corresponding efficiency of the
basic contrasts.

Pack eigenvalues up if any of
the multiplicities have been
reduced to zero. Adjust
'"palance' of design accordingly.

l

3
Normal




Start new block and declare
arrays with dimensions
appropriate to order of balance
of design.

Order
of balance
zero?

P

Y€8 Baleq0

no

Start new block for purpose of
calculating powers of M .
o ; =D

. Declare appropriate matrix.

Calculate A and A,. (see 2.5.5)

Order
of balance
= 17

No ——=——

yes
Direct solution: Lﬁ.= A
= =0
P4
Baleq1

All basic
contrasts

¥
Start new block for purpose of
inversion. Declare appropriate
array.

Find/¢:1 using procedure
INVERT,

[Store inverse and end block [




Calculate the Ai matrices. (see

2.5.5)

Caloulate solutions L, =(4 @ I1A
acuaesoulons_i=/g® |

@

¥nd block used for finding

powers of Mo

Input data. Calculate total
corrected sum of squares, block
totals, treatment totals and
grand total.

| ;

Compute vectors @ and nk B
(See 2.2.1).

yves

Calculate Af (see 2.5.0) and
inter-block and intra-block
treatment vectors.

Calculate treatment sum of
squares for intra-block and
inter-block analyses.

|Compute degrees of freedom. |

e

Output grand mean, treatment
means and block means.

Design now
analysed.
Go on to do
AQOV etc.



L5 -

Take contrasts one by one to
take account of their
contribution to the analysis.

is
contrast
basic?

no —»

yes

is
eigenvalue
> 07

IO e

k yes

Add contribution of contrast
to the inter-block treatment
effects. Preserve number of Y
contrast.

|

N

eigenvalue
<13

no

yves

Add contribution of contrast
to the intra-block treatment
effects. Add contribution of
| contrast to A~ (see ch. 2, p21).

|

yes
D fo Write 'Total
intra-block >——yes>— confounding'
\\\\analysis?

| M
s o :

IPrint intra-block treatment




Zero

d.f. for tr?> yes

inter)

no

Y

Write 'no
confounding'

Print inter-block treatment
effects,

Calculate block sum of squares
and block effects.

Print block effects. Print AOV
table headings.

Zero

d.f, for tr?> —yes
W» b

no

contrasts to >-1N0

Output block
sum of squares.

yves
¥

Calculate and output sum of
squares corresponding to each
contrast.

N

Output any remaining sum of
squares under appropriate
heading.

Output residual sum of squares
for inter—block stratum.

A

Similarly calculate and output
intra-block treatment sum of
squares, partitioning according
to basic contrasts if necessary.

Write out total corrected sum of
squares.

4




% B~

P7

Take contrasts one at a time,
starting from first input to
| last (call first set).

Take contrasts one at a time
again (call second set),
starting from current contrast
of first set and moving back
to first contrast.

Calculate covariance between
current contrasts of first and
second sets.

are

contrasts
same’,

yes

no

I

Divide covariance by square root
of each contrast's variance
(already calculated).

Store calculated correlation in
appropriate off-diagonal element
of matrix.

Store variance in
appropriate element
of matrix.

yes

Calculate intra-block sum of
squares corresponding to each
non-basic contrast and output.




Output variance-covariance
matrix of adjusted treatment
means.

Output variance-correlation |
matrix of contrasts.

|

Fnd of all declared blocks

( END \
N




Apypendix C  Flowchart for program VDOVMIN.

Initialisation.

Tnitialise variables and read in

parameters, including candidates,
contrasts and possibly weights.

L

Construct the matrix Q
(=X'X /N ) usine the

]

Tnitial™_ [ kead in design

starting >—Yes—=—]and go to write
design? ~ its values of

V'OV ete.

starting
esign?

~

~in

rue values ves
of design?

— i Y
"dd Q on to X' i

using routine INV,

o

(Construct V'DV and average
contrast variance.

O .




- G2 -

A—opf?\ﬁ Calculate

\\\3jfng used?“\__ves.__,___tr(yl'gyg Yo

K (=[v'ov] 7). |
¥

/Finding m
< true values ves T
\ o J

1015
of design”

B no )
' Cal INV to find V'DV and |

o}

Preserve ~resent design and D.
Preserve R if using D-ovntimality.

v

decide to add a point.

Excursions.
Choose

~_ randomly. 2

P

///;;;\\ Change direction indicator.
Qzﬂs

(reverse orevious direction)

Find best point to
add from all candidate
using CHOGSE.

Find best point to subtract
from design using CHOOSE.

Undate V'DV, D, R and the
design using UPDATE.

[

Reached

imi Stop, and print out
§ ——e PV A
\\}i:§zsgf// = best desisn so far.

no

Present ™

; : no, too
design size o,
correct? S




Ind of an excursion.

Reduce set of

improved? ’ failure designs
to zero.

no
> Increase set of failure designs
by all the designs constructed
P3N : : a
L5 > during this excursion.

N,

Replace current design by
previous best.

Has a
bound been
hlt?//

_ ves

Make next excursion be on the
side of the bound that has not
been hit.




- C4 -

fBxcursions below correct size.

Second
bound to
be hit?

no

Set current design size back to
correct size

Y

Is this
a failure

yes o

\

desien®?

Add this design'to the set of
designs constructed during this
excursion since last failure
design.

Ag this is not a failure design,
decide to add a vpoint next time
so as to move in direction of
correct size.

&

g

o

e
-./'

#;

f
Add set of all designs
constructed since last failure
to set of failure designs.

As this is a failure design,
subtract a point next step to
move further from correct size.

©
L410
_/




e

w05 =

Excursions above correct size.

ves

Second ™
ves

bound to
be hit?

vet current design size back to
correct size.

Y

s this

a, failure

ek

et om?
design?.

Yno

Add this design to set of
designs constructed during this
excursion since last failure
desien occured.

|

|

ﬂx
O
y

As this is not a failure design,
decide to subtract a point next
time so as to move in direction
of correct size,

P6
L1000

e £,

Add set of all designs
constructed since last failure
to set of failure designs.

As this is a failure design,
add a point next step so as to
move further from correct size.




- C6 -

Ind of attempts this try - hit both bounds or number of attempts
reached specified limit.

Set indicator and go to
calculate true values of 0, R
and V'DV .

Print out results for this try.

yes
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Subroutine CONVRT (C,X).

Converts a candidate, held in C, to a row x of the design matrix.

C(1) holds the block number, C(2) the treatment number.

ENTRY
l

Set all elements of X to zero

\

Set c(9)th element of X to 1
|

Is 8(1) Row in design matrix
~\\?1nal bloc%//L—*—yes is 1gnored las is

\<Effffj>/ mean) because of model

singularity.
ncﬁ
th

Set C(1) + final tr. number v
element to 1

13

( RETURN '




- (08 -

Subroutine CONMAT (A,E,N1,N2).
Forms the matrix A = X'X/N2, where X is made up from the N1

candidates held in &,

ENTRY
g

Zeroise the matrix A.

Taking the candidates one by
one, put current candidate in
vector C.

Y

y

Convert candidate to desig
matrix form using CONVRT.

Add x'x/N2 to A. ]
‘ .

, N
- Last h
no condidate?:>>

RETURN




Subroutine CHOOSE (A,N1,C,W,BLCON,AOPT,WT).

This routine, devnending on whether adding or subtracting a

point, either adds the best point or takes awezy the worst,

subject to the block sizes being correct, from the N1

candidates held in A, The point chosen is returned in C.

BLCON holds the condition of the blocks (see

4.5). Its value

for each block is (block size) - (correct block size).

If AOPT is zero then A-optimality is being used.

| ENTRY )
Take each candidate in turn,
ignoring any protected ones.

I

Choose without
restriction.

<towards right no

yes

Value
<ijg; BLCON
allright?

no

yves
N

>
L100

B

y
Change candidate to row of
design matrix form using
CONVRT.

Calculate v(x) and Dx (see
ch. 4, p57) using VAR.

Calculate V'Dx using CONVDXJ

7 yes

WI&(\ ?

no

Y
Calculate multiplier for
determinant due to this point.

Calculate addition
to trace due to this
point.

N



P2
L100

= 010 ~

Subroutine CHOOSE (continued).

s thi Start new set of points

A

no lowest so yes with lowest correction
far? 'with this point.
Equal lowest
i
Add this point to the set of Y

points having the (equally)
lowest correction.

F |

Last
candidate?

yves

f

Coose the point to be used
randomly from the set of points
with equally lowest correction.

“Adding
the point?

Add point onto end
of design points.

no

Overwrite point with the point
currently at the end of the
design points.

Y <

Undate block condition for the
affected block and reduce or
augment pointer to the end of
the design points.

RETURN




C11 -

Subroutine UPOATE (C,DET,AOPT).
Updates the matrices D and R and the determinant, DET, of
(E'QZ). The vector C holds the point which has been removed

or added. AOPT is zero if A-optimality is being used.

( ENTRY ’
T

Convert candidate in C to
the form of a row x of the
design matrix using CONVRT.

Calculate v(x) and Dx (see
ch. 4, p57) using VAR. |

Calculate V/Dx using CONVDX.

Calculate correction to D (see
4.3.2) and avnply it.

AOPT=07 yes —s

no

[

Calculate correction to R (see
ch. 4, p59) and apply it. V

Update determinant using
coryection calculated in CHOOSEl

o ¥
Update trace using correction
calculated in CHOOSE.

( RETURN
\"x -




Subroutine VAR (X,0X,VX).

Computes Dx and x'Dx (=v(x)), where D is the covariance matrix.

ENTRY

[ .
|Calculate Dx. |

Calculate VX (by calculating
x'(DX)).
RETURN

Subroutine CONVDX (V0X,DX).

Computes V'Dx, where x' is row of design matrix.

ENTRY

Calculate VDX (= V'(DX)).

|

( RETURN >
N

Subroutines INV and RANDOM are standard routines.
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