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\
__ . LGEBRAS Ph.D ;t.L. H e n  i960. \

In section 1 we construct the unrestricted free nonasi;OCiative

algebra ,we show that is afree nonassaciatiVe algebra.
\

In sections 2 and J> we consider the problem of shoring tbfet 

the unrestricted free associative algebra L -  is a free assoc- 

-iative algebra, le make use of results due to S.Moran(23),

i.Cohn(5) and the Poincare&Birkhoff-Witt Theorem.

In section 4 we show that the unrestricted free commutative 

algebra is a free commutative algebra, using a corollary of

the Poincare-Birkhoff-Witt theorem.

In the fifth and final section we establish some results on 

the completion of s z  -groups following M.Hall (11),and then 

establish via a subalgebra theorem of S.leigelstock(6) that the 

projective limit of free anarchic algebras is .a free anarchic 

algebra. We conclude with this last result.
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REVIEW GF THE LITERATURE ON UNRESTRICTED PRODUCTS OF GROUPS ^AND

t
\

ALGEBRAS.

PRELIMINARIES \

For an understanding of this review it is necessary to have 

some knowledge of verbal products and nilpotent products .

We discuss these under the general heading * products of groups’. 

The list of papers quoted in this discussion can be found in 

Combinatorial Group Theory, Magnus, Karrass and Solitar, Inter- 

-science, Wiley, 1966. We will therefore give only the year and 

author, not the full description of the publication. Unrestricted 

products will be dealt with under a separate heading ,and then 

descriptions of publications will be given in full. Finally, 

we will outline the relevant details of the research contained 

in this thesis. Indicating ,in particular , how.it follows on 

from the work on unrestricted products of groups.

PRODUCTS OF GROUPS.

Golovin in 1950, investigated the question of whether the concepts 

of the direct product and free product of groups are special cases 

of a wider class of products . To present his results we use the 

following notation . Given any two groups, A  and B  ,we 

denote by A x  8 their direct product and A ^  fo their free product.

By /\ o 0  jWe denote the direct or free product or anj multiplicative operation
A 6'still to be defined . Also , we shall use the notation /\ to

denote the normal closure of A  (the smallest normal subgroup 
containing A )in the group ,where /A will usually be a subgroup 
of 6\ ,but may be any set of elements of G\ .



Now we list six properties of multiplication of groups, all of which 

are satisfied by the direct and free product:
/̂ / ✓'N-/

I. Given any two groups A  and 0  , there exist a group Q\
denoted by A °  6  and called the product of A  and 0  , such

Athat G\ contains an isomorphic copy A  of A  and an isomorphic 
copy B of G and is generated by A  and 3> .
II. A 05 intersects ¡3 in the identity, and ' intersects A  

in the identity .

III. A °  6  0 *  A  under the isomorphism which maps the subgroups
A  , 6  of the first product into the subgroups a  , e>

respectively ,of the second product. (We call this isomorphism

the natural isomorphism)
^

IV. If A  , 3  , C are any three groups (with C  ̂  O  ), then
&y C —  A°(&°C).

again under the natural isomorphism.

V. Let (A  be any normal divisor of A  and let /V be any normal 

divisor of 0  .Then, if (j[ - A  ° 6?

( A / ^ \ )  ° ( 3 / A )  —  A  / ( M  ̂  iV6 ).
under the natural isomorphism , mapping A \/K\ and 0 /  A  in

( A h  ) ° (S /N)onto the subgroups (A- IA- N*), ( 8 7 1 N  V

of Cẑ  / ( M  ̂  N  ^^respectively. The dot denotes the usual group 

operation.

VI. Let A  and f<C <C 0  be any subgroups of A  and t3

respectively . Then the subgroup S  of &\ ~ A °  0  generated by H  

and K. is isomorphic to T - H <  under the isomorphism which 

maps H c S  onto H O  I and K A S  onto K, C. ~ T  •



(We call this isomorphism the natural isomorphism). G-olovin in 

1950, called a product satisfying I & II a regular product, and 

a product that also satisfies III and IV a fully regular product

3

If we use the notation C A 5 &) for the subgroup generated by the 
commutators , b) with Cl in /\ , b> in 6» ,we see that C A , 6 )  

is a normal divisor of A *  6  and under the natural isomorphism,

Golovin showed that any regular

product A\° 0  has the property that, under the natural isomor-

-phism, A ° &  —  ( & * ’$ ) / N  where N  C  ( A 5 SJand is a normal subgroup

of 0  .Ruth Struik in 1956, showed that there
y

exist products for which I and II but not III, or I,II andlll 

but not IV, or I,II,III andIV but not V is satisfied. In addition, 

she gave an example of a product satisfying I,II,III and V but 

not IV. Regular products satisfying III but not IV were also 

constructed by S.Moran 1956, and by Benado 1956, 1957. Golvin,

1950, constructed an infinite sequence of fully regular products 

all of which also satisfy condition V. His construction was 

given in different forms by S.Moran 1956, and R.Struik 1956.

Following Golovin, we shall define, for I a  product

fi\9, which will be called the nilpotent product (moreK
properly, Kth nilpotent product) of A. and .To do so, we need 

the following notation u

Let G( be any group and let R  be any subgroup of .We define 

for K- : J A -  H 61 , -Then

the Kt h  nilpotent product is defined by
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A ° £ > ^  ( A 3 6 ) 6  (G-olovin)

&  = ( A  *  6 ) /  ( * A * ,  K 66 ,  ) ’ C A &  j o  &£ , )  (S truik)

A ®  6  = ( A *  6)) / (Moran)

where throughout (j is used as an abbreviation for / V *  6.The 

equivalence of the three definitions can be derived from an 

identity proved independently by Struik, 1956, and Moran, 1956:

k(ASI:A  („Ai, K BJ'Ldo,, * Ad,)
R n+wi2i<

where <j| = /\ * O  .G-olovin,Moran , and Struik proved that ,in 

general, A  ° &  and A »  &  are not isomorphic 

under the natural isomorphism if Kt (5

Moran, 1956, showed that Golovin's nilpotent products are 

special cases of a much more general class of products which 

he called verbal products .To construct them ,we define first 

a fixed (but otherwise arbitRuy) verbal subgroup \/( Ai) for every 

group (Si . Then we define the A-product A ° .  6  by

( A  * &)/(A, & ) A  V ( A *  B )
For all possible types of verbal subgroups the V — product of 

groups is fully regular and satisfies postulate V. In addition, 

it is possible to write down explicitly the V /  -product of any 

set of groups A ,  , where o< runs through an arbitary index set 

i—  . (Since we shall use the free product of the / A ^  we may 

identify them with their replicas in their free product, 

omitting the use of the A  A  For this purpose,let d\ be the 

free product of all t h e , and let C ( A ) b e  the product of 

the normal closures of all in ($l , where i— .

We call d  ( G* ) the Cartesian subgroup of the free product of the



known

Obviously, G  / C  (6\) is the (restricted) direct product of the .

Then Moran <showed that the -product of the A  is given by

G /(-L&)f\V{G i} Also S. Moran, 1956, proved that CLC&i)

is always a free group.

Except for verbal products, no other products satisfying I to V are 
On the other hand , the free and direct products are the only 

verbal products known to satisfy postulate VI, In fact Wiegold has 

shown (unpublished) that free and direct products are the only j verbal: 
products which satisfy postulate VI . However, Moran in two papers published 
in 1959 constructed larger classes of regular products of groups satisfying 

postulates III and IV which are not verbal products in general.

Golovin, 1950, had shown that each decomposition of a given 

group into a regular product corresponds to a set of orthogonal 

idempotent endomorphisms. Benado, 1956,1957» used this result as a 

starting point for an investigation of associative products, and for 

constructing examples of nonassociative products.

In general, it is a difficult task to prove that two verbal pro- 

-ducts are different if the verbal subgroups used for their 

definition are different in a free group on sufficiently many 

generators. If we define the soluble product as the verbal

product arising from the case when VC<S)) is the th derived 

group of ,then it can be shown(Moran 1958 ) that for the

5

soluble product of Abelian groups contains a locally infinite sub- 

-group. Since Golovin ,1950, 1951, bad proved that the nilpotent



products of a finite number of finite groups are themselves , 

finite it follows that the soluble products are, for not

nilpotent products . R.Struik, 1959, proved that a large class of 

verbal products (defined by using 'complex' commutators for the 

definition of the underlying verbal subgroups) are different from 

each other and from Golovin's nilpotent products.

All of the problems that have been studied in connection with the 

definition of the direct and of the free product also can be investigated 

for verbal and other fully regular products of groups. These investigations 

have been carried out in part for nilpotent , especially for -nilpotent, 

products by Golovin 1951 (two papers) . Maximality conditions have been 

found by S.Moran 1958 , who also showed that a group isomorphic to a 

verbal product A  Z? &  where ° does not denote the free product , cannot 

be decomposed into a free product(of non trivial groups)except when ¡\ and 0) 
are of order two .

There are many other results of Golovin, Moran, Benado and Struik, 

but for our purposes we do not need to give a too detailed discussion. 

UNRESTRICTED PRODUCTS

We begin our survey of the literature on unrestricted products by first 

giving some of the results of R. Baer ( | ) on torsion free abelian groups.

We will only give those results which relate to the unrestricted sums of 

infinite cyclic groups; usually called the complete direct sum of infinite 

cyclic groups see Euchs ( 2. 7 ).

First we have some definitions. A torsion free abelian group is 

completely decomposable (irreducible) if it is a complete direct sum of

6
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groups of rank 1. A homogenous abelian group is an abelian torsion 

free group all of whose elementsfhave the same type (for a definition 

of type see Fuchs (£L~7)). A torsion free abelian group (3\ is 

separable if every finite subset of the group (~s\ can be embedded in a 

completely decomposable direct sum of

Now it is shown by R. Baer ( | ) that the complete direct sum of an

infinite set of infinite cyclic groups is torsion free. More particularly, 

the essential part of the following result was proved by R. Baer ( J )

"A complete direct sum of an infinite set of infinite cyclic groups is Nr 
free, but is not free".

Also in the same paper R. Baer showed that if Csi is a homogenous 

group of finite rank /V“j is completely decomposable if and only

if G r / is finite whenever the subgroup 0  of (3) is the direct sum 

of ~V~ pure subgroups of rank 1. Note a pure subgroup S> of (j\ is a 

subgroup containing the solution to k|X_=Q if the equation also

has a solution in (3\ ; W u  an integer. It can be deduced that

Ou particular case of an homogenous group is a complete direct sum of 

an infinite number of infinite cyclic groups. Conditions for an homogenous 

group to be completely decomposable are given in ( ) ) and it is remarked

that a complete direct sum of infinite cyclic groups does not satisfy one 

of these conditions.

An important example of a separable not completely decomposable group 

is a complete direct sum of an infinite number of infinite cyclic groups.

As it turns out, separable subgroups are completely decomposable.
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There are many more results contained in this most important paper of 

R. Baer ( | ). However, we have tried to consider only those results

which relate directly to the complete direct sum of an infinite number of 

infinite cyclic groups. For more information consult the original paper 

or L . Fuchs ( 2S1 ).

E. Specker in considered formal sequences of integers as a

particular case of the complete direct sum of an infinite number of * 

infinite cyclic groups. His results are as follows: Let b be the 

additive group of sequences of integers. A growth-type is

any subset jzt of the totality of increasing sequences £ p n  If

of natural numbers such that

{ pvi } £ ft } A ^  } <£ ¿2$

(ii) £ pu i J A  ̂ ^  £  jo vi jf £

To each growth type j6 is associated a subgroup F/ C  F  
fdv,}£|y if £ lai l ^  & 0  . The growth

type consisting of all bounded sequences in jC is denoted by Vj . 

Then the following results are deducted.
A

(i) Totality of growth types has cardinal number °L ,

(ii) F ^  ~ F~y, only if ^  ~ F'

(iii) All subgroups of F  of cardinal number and all subgroups

of i" rj of cardinal number f are free abelian.

(iv) If ^  ̂  ^ , F ^  has a non-free subgroup of cardinal number

In 1952 G-. Higman ( 13  ) published a paper in which he constructed the



unrestricted^product of a family of groups. We now give this 

construction and discuss the salient features of that paper.

Let G\ , °( £. /\ ,be a o f  groups indexed by

a set A  . The finite subsets of A  form a

directed set if ordered by inclusion. For each finite subset 

of A  ,construct O f "  , the free product of

the groups O ick , * s - r  . if a c  s  are finite

subsets of / \  , then a natural homomorphism of

onto D r  is given by mapping onto the identity those 

with cY £. S  , A  .These homomorphisms and the directed

sets determine the inverse(or projective) limit of the groups

D  y1- and this is taken as the definition of the unrestricted 

free product F  of the . ; groups ? A  <<

This is in analogy to the unrestricted direct product, which could 

be constructed in a similar way using direct products.

The unrestricted free product 
-G-o)

F  contains the ordinary
(to;

free product as a subgroup; F  and F  coincide

only if A  is finite. If A  is infinite F  can
r—— LlsO)

be regarded as the completion of i' in terms of the subgroup 

topology of M.Hall ( 1 i ) where we take as neighbourhoods of the

identity the kernels of the natural homomorphisms mapping F "  

onto Y~ •

A number of results are found for the case in which F  is

F "  isthe unrestricted product of infinite cyclic groups .



%

1 0
not a free group. The derived group is not closed . F  

contains a subgroup P  which is not free but

is such that the only freely irreducible( that is, cannot be 

written as the free product of proper subgroups) subgroups 

of p 5 mm are infinite cyclic groups.

In 1953 &. Higman ( I H- ) put these results to good use 

by disproving a conjecture of Takahasi. Takahasi asked.

'Is every countable group G\ which satisfies (i) (J3| 

is locally free, (ii) possesses no infinite

properly ascending sequence of VY\ -generator subgroups, 

for any fixed integer Vv\ ,a free group'. G-.Higman

showed that the subgroup P  of the unrestricted free

product of a countable number of infinite cyclic groups 

satisfies (i) and (ii) ,but by his previous result given 

above this subgroup is not free.

As recently as 1964 M. Burrow ( -2> ) showed that if F
is the



unrestricted product of countably many free cyclic groups and (Si is 

a homomorphic image of F""" with a chain :

^  = N c O N ,  3 N * .  N n = 1
of subgroups N *  , such that N|. <L N- and N  / N -  , is free abelian,** vti x x x-H
then (Sj is finitely generated.

A.Hulanicki, and M.F. Newman ( i (o ) 1963, obtained some specialised 

information on an unrestricted direct product with one amalgamated subgroup.

They amalgamated a central subgroup and showed that the unrestricted direct 
product exists, if and only if, fi is algebraically compact.

By an example the authors showed that when the product exist it need 

not be unique. An error which occured in this paper was corrected by 

A.Hulanicki in ( f~7 ). We mention in passing that A.Hulanicki and K.G-olema 

( I 5  ), obtained some results on the structure of the factor group of 

the unrestricted sum by the restricted sum of Abelian groups.

Following on the work of finding more general products ofi groups 

S.Moran in (JZ2.), 1961 constructed the unrestricted regular product of 

an arbitary family of groups, using the method developed by G-.Higman ( \-?>) 

when he constructed the unrestricted free product. The only change made 

by 3.Moran was that the free product was replaced by an associative regular 

multiplication. The results obtained were the following.

(i) The regular product can be embedded as a subgroup in the unrestricted 

regular product.



(ii) The unrestricted direct product, of the family of groups, is a 

factor group of the unrestricted regular product.

Among the classes of associative regular multiplications introduced 

by S.Moran are the verbal multiplications, and a definition of unrestricted 

verbal product is given in terms of these. Several other properties of 

The unrestricted free products were obtained For example: a group cannot be 

decomposed into a restrictedand unrestricted freeproduct of proper 

subgroups.

In 1962 S.Moran („23), turned his attention to unrestricted nipotent 

products. He defined the unrestricted verbal product, but mainly 

concerned himself with the case when the verbal subgroup function determined 

the (r\ + 0-th term of the lower central series, each was infinite cyclic 

and /\ was countable. Under these conditions the corresponding

V  -product is a free nilpotent group of class D  and countable rank. 

Now let us denote the corresponding unrestricted v-product. The

following results were obtained.

(i) If H  is a countable subgroup of (3| such that H  modulo

its centre is finitely generated ,then H  is isomorphic to a subgroup 

of a free nilpotent group of class 1̂

(ii) The Mal'cev completion of (jj is isomorphic to the Mal'cev 

completion of a subgroup of a free nilpotent group of class O

The Mal'cev completion of a torsion-free nilpotent group / \  is a 

divisible and torsion-free group 8 , which contains /\ , is nilpotent

of the same class as A  and is such that some positive power of every 

element of lies in A  .



(iii) If is a homomorphism of £3| into a free nilpotent group

then maps the unrestricted product of all but a finite number of the 

factors onto the unit element.

The proof of (ii) relies on the following fact : the unrestricted 

Lie algebra over a field is a free Lie algebra over . This

as far as we are concerned is of great importance and is taken as the 

starting point of this thesis . However ,this will be discussed further on.

In the last two sections of this paper the author investigates similar

problems for the unrestricted soluble products of infinite cycles (i.e.,

where the verbal subgroup function \/ determines some term of the derived

series) and the unrestricted 3rd. Burnside products of (a) infinite cycles

and (b) cycles of order three (verbal subgroup function determined by the 
_ 3word ).

H.B. Griffith in ( "7 ,discussed the unrestricted free product of a
sequence of groups f . This is the inverse limit of the free

product K *  of with the homomorphisms ^

determined by i . It is shown that in the natural topology for K(

the derived group 1_K, K  3 is not closed.

This result rests on showing that in an ordinary free product the product 

of more than I <2. to —  2  elements from distinct (~̂ *S is not a product 

of n  commutators.

In a later paper ( S  ) the author improves this latter result.



It may be suspected that G-. Higman's results given in ( |3> ) can be 

applied to semi-groups with an identity. This was done by H.B. Griffiths

1 4

in ( ). Some of the results obtained are as follows. Let a

semigroup mean a semigroup with identity. Then there is a natural 

retraction of the free product of two semigroups on either factor and the 

unrestricted free product A .  ̂  of the sequence L \ i  of semigroups can be 

defined in the same way as G.Higman did in ( I 3> ). If {, is a

second sequence of semigroups, and as a homomorphism °f 8-^

into A i  L ̂  =■ t / • - - ) there is a naturally defined homomorphism

r- 6  H * A  h  • Even if each is onto A {

^Ais not in general onto A \  H • In particular, if each A  ̂ is 

a free semigroup • ^  maps A )  ¡+ on^° a subsemigroup A  -p Cl A ^

which the author calls the "Topologists' Product". If •$> denotes the

A » * a vnres>Kicn̂t>
^ generated by A 1( A x —  A\ and theAproduct of 

the sequence 1 then A t  can also be characterised as the inter-
-section of all A  n • Lastly, if all the A .  ̂ are all groups, Let X  • 

be a metric space having A \ ^  as fundamental group, let the

diameter of X • tend to zero as "L increases. Let the yK ■ have a singleIs X/
point in common, at which each is in a suitable topology locally 

connected ( ^  ). Then / A ^ i s  the fundamental group of their union.

There are some applications to the theory of local connectivity.

This review bring^ujS almost up to date ,in respect of the work done on 

unrestricted products of groups. In 1̂ 66 O.N. (Macedonskaja (21) a. introduced 

some results on polyverbal operations. In fact, those polyverbal operations 

Macedonskaja were nonassociative . Various other writers in particular P.W. Stroud 

( J25) 1965 discussed verbal and marginal subgroups. It seems likely that



some of these generalisations may he applicable to the unrestricted 

product.

UNRESTRICTED FREE ALG-EBRA3

We conclude this review of the literature with a summary of results contained 

in this thesis.

In section 1 we construct the unrestricted free nonassociative
algebra /A.We show that the subalgebra /A of all elements of xinite degree In 

is a free non-associative algebra

In sections 2 and 3 we show the subalgebra L^pf all elements of finite degree in the 
unrestricted free associative algebra I— . is a free associative algebra.

We make extensive use of results due to S.Moran ( J23> ), P.Cohn ( ^  )

and the Poincare-Birkhoff-Witt Theorem.

In section 4 we show the subalgebra . or all elements of finite degree in.

is a free commutative algebra, using a corollary of the Poincare-Birkhoff-

Witt Theorem (P.B.W. Theorem).

In the fifth and final section we establish some results on the 

completion of S2. -group following M. Hall ( l | ) and then establish

a subalgebra theorem of 3. Feigelstock ( b )

We conclude

with this last result.
*
The reference to Feigelstock is in fact, a veil known result, see for example P.Cohn 
Universal Algebras, Harper Row, pp 125 Ex.5. (x3)



INTRODUCTORY REMARKS

All the unrestricted algebras considered in this thesis are formed 

from a countable number of factor algebras of increasing rank. It is 

clear, however, that the results we obtain can be extended to an arbitary 

family of factor algebras. This is not done explicitly in the text since 

the notation is likely to become somewhat cumbersome.

The two main tools used throughout are the inverse (projective) limit 

and the Poincare-Birkhoff-Witt Theorem: Theorem (2.'^) in the text. It 

was felt, therefore, that a proof of the Poincare-Birkhoff-Witt Theorem, 

should be included. This was done, the proof being that as given in 

N. Jacobson, Lie Algebras, Interscience, 1962.

Excluding the survey of the literature on unrestricted products, the 

work is divided into five main sections.

Notation

The standard notation of decimal point system of numbering of equations 

is used throughout the text.
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DEFINITION 1.1 An inverse system of sets

An inverse system of sets 7T Jr over a directed set iv l

function which assigns to each of'£ ,a set , andis a

to each pair <X , y  such that

71\/4> ' /yéX,
°{<& a

- X .

mapping

such that

7 W «  —  the identity on / X ^  9

for 7 w / | s ^ =  T\o( y  . The mappings 7 1 * ^

are called the projections of the system.

DEFINITION 1,2 The projective or inverse limit

Let “C X jTtIs be an inverse system of sets over a directed set 7 A  

The projective or inverse limit of the {. X  , Ji } is the subset 

of the cartesian product

71 X*
^  (o// N/\

consisting of those functions OC = (_x)such that, for </^> '

We denote the projective limit by

P b  (X* )
for each X we can assign a topology to

. G-iven a topology

ft. (x,\namely the
Tychonoff topology induced by

X£r\



THE PROJECTIVE LIMIT OP FREE N0NÀ3S0CIATIVE ALGEBRAS

Let A  ̂ denote the free nonassociative algebra of rank K  having the 

elements x., , x^,.. . ̂ xK as its free generators over a field X2_ .

If M  ? K. , there exist a natural homomorphism .TT^: A  rvi —^ - A k  

which maps X «c+a, ... X rn into the zero element of A k .
For any given K  , a basis for A  K is given by the fundamental 

monomials.

DEFINITION 1.3 (Fundamental monomials and degree)

A fundamental monomial of /\ k. is a suitably bracketed nonassociative 

product in the free generators X );XA/ . . v X k .We assign an 

integer to each fundamental monomial called the degree. Each of 

j;,, x^y ... X K has degree one and the degree of any other fundamental 

monomial is obtained by adding up the degrees of the free generators which 

occur in that fundamental monomial.

Under the homomorphisms '■ A  M—^ we form the projective limit of 

the free nonassociative algebras { /\ K (̂ and denote it by A  = J2uvi ( A  K )
v? A/

The tact that the subalgebra /Û. 0f all elements of finite degreeis a free 
nonassociative algebra is demonstrated below

First we have some preliminary lemmas^ a construction and some notation. 

NOTATION

In what appears below and f will denote the restricted

and unrestricted sum respectively. <-P will denote the natural

projection homomorphism of A  onto A  ̂  obtained by mapping X k + i , - •

..onto the zero element of A \  vc . The image of Ct S, / \  under
j Ck ) (K) aC D  will be denoted by <-X . Every element (X of f~\ can be
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written uniquely in the form co oo

£ S L
I -v-f

and the unrestricted summation nans over allwhe re ofA ̂

the fundamental monomials of fixed degree £, in the free generators

. „ - . These monomials are denoted by V3x (X) in the above

summation. For fixed a fundamental monomial ) occursb, ití

before in the unrestricted sura if for some positive integer K

„(-0 ) =  0  while d r Y b ^ K ) )  7^0 , An element of the
7f T
a  - 2 2  o(\, is said to have degree Jl_ in /\ „fo«Ont

. A
V ~ (

will denote all those elements of A which have degree not less

l A  i£than L together with the zero element. /~~\ is an ideal. 

CONSTRICTION 1.4

First we notice that since * A / + i A .  is a vector space over a field 

_0_ , it must therefore have a basis. Let & ,  =  be a set of

elements of A  that is linearly independent modulo — A  . Suppose 

that the sets O  -v? have already been defined for all V  A  K)

where H  ~7 l and the elements of the sets G>-u Cv= \,Xj )

have been so ordered that an element of is greater than element

of -o' if A> X)' . We define to be the set of all fund-

-amental monomials on the elements of the sets £>l(, E a , - - ■ £>rt_, which 

belong to A /\ but do not belong to n + | . Finally, Q> A is

a set of elements of ^ / \  which is linearly independent modulo the 

subalgebra generated by / A  and the set C - n .

Before we can apply this construction we prove the following.

LEMMA 1.5

Let be elements of the unrestricted sum
number of one dimensional vector spaces over a field -5 
embedded in a direct summand of „

of a countably infinite 
o Then may be
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That ^=, ~À 1S t 1̂e direct sum of a subspace containi
«=r~v*

« * 
Ifi

ng
is, / U Z Z .  i.

ai ’a2 » ••• av and the subspace v  . : » for some positive integers.

Proof: Let /\ be the set of positive integers, Suppose for each value 

of A we have a fixed field A X .  ( recall A  is defined over X X  J . 

If we form the unrestricted sum of V\. copies of this field X X  

then every element (X. of A  has a unique representation of the form

(1.5.1) &  - - S  ^ X  («U € £ 2  )
A ^ A  •

The proof proceeds by induction on "f" . If TA-\ , then we must

embed G, in A  . Let be the first non-zero coefficient of Q,

in -unrestricted representation corresponding to (1.5.1).

We write

A  • +  X_
where CL belongs to A  if and only if in the representation of 

CL °(Ji =» O  for A -  X ,

The summation is obviously direct. Suppose now that we have two 

elements Cj, ; il» , let o(^ } be "tbeir corresponding non-

-zero coefficients in their corresponding representations. If j.

then write

A  - f 2r A
where <X belongs to / A  if and only if in the representation of 

CX ^\~°  for \'=_ X j and \~Xj_ . If A t= X x l e t  be the

next nonvanishing coefficient in the representation of (Lx. , then 

write

____ A  - f a*; cui 4- A
where belongs to /\ if and only if in the representation of

0^ <zC\-Q for \-\\ A X = \  2.X =  O  for
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Finally if we have elements <2Z,. ..¿t^after "f steps we obtain

. V”
A  = --- ¿Vr 3 /  \

where CV belongs to if and only if in the representation of

0 for a finite sequence of values of A} A. .

This completes the proof of lemma 1.5.

LEMMA 1.6

If 0> v S>2.y - - - . £>„_, are finite sets, then C n is a set

of linearly independent elements of /\ modulo r>i_l /\ , for

n - i, a.V

Proof: We proceed by induction on TV . The result is obviously true 

by construction 1.A when TV —  I . Suppose that the result is true for

C,C; C n_, . Now as these sets are finite for every

tV\ ( \ iwi $ H-l), it is possible by the lemma 1.5 to use a direct 

decomposition of the space|^/^!y^jb.nd bring all the elements of the 

sets Si/£5a. • - - together with the fundamental monomials on

the elements of these sets through to a direct summand of^ A Z  ,i A
We now do this.

There exist elements d vivvi} of/A an -̂ positive integers Ĉ i /V(VJ

V * 1) ^

wi A A +i A_ ~ ( ¿ A a !}
such that

■l7 / V W
( 1.6.1) »

(_Cw id ,̂ -k ! A_c ( ä î A (W A. Jand

In (1.6.1) ^ J/

sums respectively while
Nit*.)

fundamental monomials of degree M

u=l
denote the restricted and unrestricted direct 

is to mean those and only those

on - - - - occur in

the unrestricted direct sum which satisfy the condition
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(1.6.2) O  ( B  (m )) »  O

Suppose '' contrary to our lemma, the elements of are linearly

dependent modulo /\ . This implies there exist scalars (not all

zero) such that

(1.6.3) C =  2  Y'ni belongs to M+., A

Now let v̂ tux (  N( ij, NCZ)y ____ A/fri-i) 1
L(y)yitIV ;

consider the image under (T) of (1.6.3). This yields fK/A
^  / T

belongs to A \c 5 ,).

This implies via the decomposition (1.6.1) that for some -£(^v\-l)

i s a s e t o f  linearly dependent elements
, a to)

the set (—  t 0 £

of ^  A modulo ÀrY IA .
t y  A.IV/

For if not, (—'0  v O n  is a linearly independent module , /\ for
A/)

every
^  v v ,jr j+i

■£, . Further to this every subalgebra of a free nonassociative

algebra is then free vide E. Witt ( D. &) and the elements of the set 
O  <N) Q^l . , n&)8, o ba __

A w)
o b v\~\

freely generate a subalgebra of A"\ •• also by E. Witt ( l G ) .

No nontrivial relation of the form (1.6.4) exists between the elements of 

the set

B (isJ i
n - 1

ht V/
. Hence the set C  q_ U O g

Ais a set of linearly dependent elements of ^ / \  modulo 

This implies that there exist scalars (not all zero) such that:■ . is1

A  .

( «• 6-S) a - z k e t . +- Ì  et,'

where <>u 2. D e e  C
■X. 6CM)

A
Thus the element

---^  ) j = l»-̂/ - ^

(1.6.6)
K  ^

A .  -  - A  S e  - bfl • -t- A  Be; C
v-l d ^ 1 <J 0

has the following properties
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(i) (Xĵ does not belong f~\ by the induction hypothesis in

the construction 1.4 and since is linearly independent modulo the

subalgebra generated by 0
A 7 \

(II) CLĵ  belongs to C i A j J

decomposition (1.6.1)

U "  ■ *•-. • " t:'

modulo a -h  A by the

(ill) (Xjl belongs to C ̂ *XM 'A modulo by (1.6.6) ¿hod

(1.6.5).

But these properties of , ̂ ,/ A  contradict the direct decomposition

given (1.6.1) of the vector space /\ /e+i/ \  .

This concludes the proof of lemma 1.6.

i.iizOr;ti. 1./ The subalgebra of all elements of finite degree in the unrestricted 
nonassociative algebra is a free nonassociative »balgebra.

Proof: Now choose e> B n . to be maximali / a- /  * ' " j ■

sets satisfying the above construction. The elements of the set c „  are

linearly independent m o d u l o H e n c e  the elements of the set
n=o( w, •

are free generators for /\ . This proves theorem 1.7.

n<=0
U  S ,
v ~(
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SECTION 2. Poincare-Birkhoff-Witt Theorem, Free Associative Algebras. 

INTRODUCTION

In the previous section we showed that the projective limit of free 

nonassociative algebras contains a free subalgebra We now try to 

determine whether the projective limit of free associative algebras contains a 

free finite degree subalgebra.. Our approach is indirect. It is vieil known 

that we can associate with each Lie algebra a corresponding associative 

algebra called the universal enveloping algebra. And then, if we have a 

basis for the Lie algebra the Poincaré-Birkhoff-Witt Theorem(P.B.W.Theorem) 

states that a basis for the universal enveloping algebra is given by the 

unit element and the ordered products of basis elements of the 

corresponding Lie algebra. Thus in what follows with each free Lie

algebra of rank K" , denoted by ( ^ , we associate the corresponding

free associative algebra denoted by 1 ^ , (k= lyA/. - - - )
if

Now it was shown by S. Moran in («Z.&)f that the projective limit of 

free Lie algebras of increasing rank is a free Lie algebra called•She 

Unrestricted Free Lie Algebra. We denote this by cC, . Plainly, Xo will 

have a corresponding universal enveloping algebra, we denote this by X? .

As it turns out , is not large enough to contain all the elements

arising from the completion process inherent in the taking of the

projective limit of the Lie algebras i__K , of increasing rank : K=

We do show, however, that is contained in a larger algebra! contained in

(the projective limit of the 1— -̂  ) which contains the completion 

element^ and the embedding of £  in u  is injective. In fact , 

the closure of is the associative algebra
This result is incorrect . S.Moran showed that the subalgebra of all elements of 
finite degrei is a free Lie algebra.
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UNIVERSAL ENVELOPING- ALG-EBRA., POINCARE-BIRKHOEF-WITT THEOREM.

CONVENTION. Throughout this section •algebra' will be taken to 

mean associative algebra with unity element l ,'subalgebra• will 

mean a subalgebra of the associative algebra containing the unit 

element d. ,and •homomorphism' will be taken in the usual sense 

for algebras, further it will be understood that the homomorphisms 

map 1 into 1 .

Notation /\ L denotes the Lie algebra of the algebra / \  obtained 

by defining the product in A\ as the Lie product ,or(additive) 

commutator product '-£oc for 3 C , ^  in / \  .

DEFINITION 2.1 UNIVERSAL ENVELOPING- ALGEBRA.

Let \_be a Lie algebra (arbitary dimension and characteristic).

A pair (E.; 'X. ) where t  is an algebra and i  is a homomorphism of

l__ into is called a universal enveloping algebra (U.E.A.)

of l_if the following holds. If /\ is any algebra and 0  is

a homomorphism of l_ into /\^,then there exist a unique homomor-

-phism 0  of EL into /\ such that .Diagramatically, we

are given

(2.1.1)

where and £) are homomorphisms of l_ and we can complete this

diagram to the commutative diagram ^ u f
4 ' * e

(2.1 .2) M  6'" A a

where O  is a homomorphism of t- into - A  . As a consequence of

E-E-lA
»

e A-A,

the definition 2.1 we have the following results.



THEOREM 2.2 
1.* _ /  ̂j \ .
Let (£., a,), l/be universal enveloping algebras for l—  .Then

there is a unique isomorphism 3- of Cl onto E. such that

2. El is generated by the image "T_ I—  .

3. Let L  , L_z be Lie algebras with (tp'Li) , ( irrespectively 

universal enveloping algebras and let E  be a homomorphism of

l__ into \— x .Then there is a unique homomorphism o<C ! El , ^
t

such that L X 3 <3(1-that is ,we have a commutative diagram:
L

-U

oi
L

E-i
!*■ >—

n i

■t.2.
4. Let 6  be an ideal in l—  and let K  be the ideal in E- gen- 

-erated by .If L. then|:£-+-S->i£+Kis a homomorphism of E-/0

into E^( E = E/K)and ( E 7, J ) is the U.E.A. for L~/& .

Proof.

1. If we use the defining property of (^El^'u)and the homomorphism

of tz
/

0  = T-/ of l_ into fc_ we obtain a unique homomorphism
c  / • / ' > . v • into tx- such that t.=1Z- .Similarly, we have a homomorphxsm -d.

_/ —  . i '/ ♦/<• / ,/
of t. into t- such that ^  . Hence "1=^^ ̂  and .

But1 = ̂i /£/ and by uniqueness of the defining property of

applied to ^  we see that "ig' .Similarly, sthus ^

is an isomorphism of t-  onto E  .
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2. Lett be the subalgebra of E  generated by i_L .The mapping

"L can be considered as a mapping of I_ into t  .Hence there is

a unique homomorphism!' t  ~~5> such that ~L~ ~L T- .Since X.* 1 -  ~L 
and '1, can be considered as a mapping of E  into t  , the unique- 

-ness condition gives l E  1. _ .Hence E  = t- <Q_ fci. ana El = Ei' .

3. If (/ is a homomorphism of L  into L^ j t h e n  c*̂ is a homo- 

-morphism of L  into E E  . Hence there is a unique homomorphism

of L|  into t- 2. such thatoCL - L^.

4. We first note that the mapping ^ vC i- of i—  into E/^- E E e )

is a homomorphism of I—  into E- .Since 1-6-1^ S i s  mapped into 

zero by this homomorphism. Hence we have an induced homomorphism 

J • ^ +  + K .  Now let A l, A  an algebra. Then rjj (L — B(£+&>)

('E.- E - A ^  (A = A iA  ^  i is a homomorphism of L_

1 4

L

into A u .Hence there is a homo-
/ _ . /> 

q ]  ̂ -morphism KJj fc. such that ̂ -^4*

From the definition of if loc. S>

rjb~01n/\ .Thus"Llo<ffei0and this

implies that K C  ̂ b4ŷ ) . Hence

we have an induced homomorphism 0 * U+K’-^r^1 u, of b- ' into f\ .

Now )= t'jit) = $(.£+"0>) and 0J G(lE+K^=jJl/$,Hence

as required. It remains to show that Q is unique. This

will follow by showing that j b-/&) generates £ /  . Now by 2, t

is generated by ui-, which implies that E- is generated by the

cosets l A l  1<T . Since d have EE is generated by

the set of elements m & )  ,that is, by| .This proves the

theorem.



We now give a construction of the U.E.A. But first we must
2 8

define the tensor algebra based on the vector space 1__ .

DEFINITION 2.3 Tensor product of two is. -modules.

The tensor product /\ ®  A  of two left -modules( commutative ring with unity 

A  and is the fv -module generated by the set of all pairs 

with relations

(  Q,+ di } b )  - (a , j b )- (a*, b j  = O

(2.3.1) ( d , b , + - i o - (a,bt) ~(cL;bj_) = 0

b)- 'T(a, b; - ; - fa }- rh ) = O
N o w A ^ S is obtained as follows . Let isfAjB^be the free i\-module 

generated by the set of pairs fa.,k>) and let Y ( A , B ) b e  the least 

subgroup of N ( A , S )  consisting of all the elements of the form

(2.3.2) (cr,+dtJb ) -  b) • (

* ( A y r ^ b ) —  loj

then A © S =  The element of A < ^  S  which is the

image of the generators ( A , b O  of K?(Af SJ) will be denoted by

¿\<2> b  . These elements generate the group /\(& and the

relations are:
Cdt -h O.J. ) <g) b ~ <3,(g> b 4- b

(2.3.3) cu2>(bi +- = a @  bi + <3-C& bj.

-̂¿5L)<g)b s a < g > f r b )

With the obvious specialisation we can consider the tensor product 

of vector spaces , over a field R  (=J1). Further it is easily 

seen that the product of any finite number of such spaces may be 

defined, mutatis mutandis.

We may regard a Lie algebra L. over a field 52- , as a vector space.

For the purpose of our next definition we do this.



DEFINITION 2.4 TENSOR ALGEBRA ON "VECTOR SPACE.

The tensor algebra on a vector space (__ is

(2.4.1) H""' = .0.1. ®  L., ( £ ) --- ( D  1—  —

where ! \  , L* - I— 'll times, and -EX is the field.
The vector space operations in are as usual and multiplication

in is indicated by (¿¿) and is characterised by

(2.4.2) (pc.ig? 2a. - -< 2 )X - i )Q (y y<&. - 0 ^ ) =  X K

Let K  be an ideal in '̂ V which is generated by all the elements 

of the form

(2.4.3) —  ¿\®) lo 4- ko (&) C\ f Cl̂  to belong to (__ .

and let E-“ <̂ / K l  . Let 'X- denote the restriction to L = L ,  of the 

canonical homomorphism of onto f~ . We have

~ a.'L& 'o 'i- -f io-v ( LT4 -- o^)lo 4- !)+■ Uf=- \̂ 0±n El

Hence X- is a homomorphism of i_ into t - L .

THEOREM 2.5 ( E  ?v) is a universal enveloping algebra for the Lie 

algebra I__ .

Proof:. We recall first the basic property of the tensor algebra, that any 

linear mapping Oi i_— $> A  where /\ is an algebra can be extended to a 

homomorphism of into A  . Thus let pltj I J £ -J be a basis for L _  ,

then it is well known that the distinct1 monomial s’ KV &) UJ>---
i{ X'

of degree VO form a basis fo r)—  ̂ . Here .-(£)Û  if and

only if l/Ay---n .The elements “X  and the different

monomials of degrees O-X . form a basis of ̂  . And it is easily seen

that a linear mapping Q : | — > /\ such that <31*1,

is a homomorphism of H"' into such that for alliA£ L M J

Now let 0  be a homomorphism of L  into A  and let 0  be its

extension to a



homomorphism of ' I into A  .If (X. , to belong to 1— - ,

o  *Oe"- {<Le")(be")+cbe'j/Ci&")*C* b]e~ (a&Xb&J+lbe)L<i& )*G * e o.

Hence the generators (2.4.3) of K  belong to the kernel of ©  ° .

We therefore have an induced homomorphism of E- into /A

such that 0 i-(3.)= Ofo+K")“© 4 -6b. .Thus 0 ~  as required. The tensor

algebra Ĉ' is generated by 1__ and this implies that t- is

generated by 1.1--  .Since two homomorphisms which coincide on the

generators are necessarily identical we have that the homomor- 

-phism 0  such that 1  e ' = e  is unique.

THE POIHCAHE-BIRKHOFF-WITT THEOREM 

NOTATION AND REMAEKS

3 0

We have noted that if-£u^|jg.J where J" is a set,is a basis

for (the Lie algebra) |____ then the monomials U&u.r .&u of degree vi form a

basis for i— - ̂  .We suppose now that the set .J of indices is 

ordered and we proceed to use this ordering to introduce a partial 

order into the set of monomials of any given degree r\~7/ 1• We define 

the index of a monomial.

DEFINITION 2.6 Index of a monomial.

The index of a monomial¡A.:®Ut 4£>u; is defined thus. For u , i< , i < KJi <Jn ' '
set

and define index

(2 .6 .1 ) 0*1 d  (Hj|® ®

Note that the W\d,-0±f and only if •

Monomials having this property will be called standard monomials.



We now suppose that
j'̂ >  J14*

W\c\ (

and we wish to compare 

and

( Uj,® , ■ , tt ©  U ^ ‘.. <$) U ^ )  , where the second

monomial is obtained by interchanging , U. ^   ̂.Let ^ denote

the S for the second monomial . Then we have j ^  * L>

K + l  ! i L ‘' U i l . r  1 , ^  i v j s 

anil L r  0 > 1 * Hence
)= 1  +  <^¿1 Cu^0...(^U^u^ U ^ t- ® u ^ )

We apply these remarks to the study of the algebra El = l/^LEfor 

which we prove first the following.

LEMMA 2.7

Every element of is congruent modulo K 1  to a —Q_-linear

combination of EL and the standard monomials .

Proof:. It suffices to prove the statement for monomials . We 

order these by degree and for given degree by index. To prove 

the assertion for a monomial Ufa® ̂ ^2. - -- ( & )  Ufa,i it suffices 

to assume it for monomials of lower degree and for those of the 

same degree ir\ which are of lower index than the given monomial.

Assume the monomial is not standard and suppose that j^.We

have

Since Uy/2) - C  Uf,^] (mod K )

UfaQ-.. ®) UyQdQUyJp O ^ - 0 U j „ +  Uy® Ufa U-fa VY\CX\ ).

The first term on the right-hand side is of lower index than the



given monomial while the second is a linear combination of 

monomials of lower degrees .The result follows from the induct- 

-ion hypothesis.

We wish to show that the cosets of 1 and the standard monomials 

are linearly independent and so form a base for £  .For this we 

introduce the vector space G>r\ with basis Uv U bi,, v . U ĉ (  -X)

£T-K,and the vector space £> - £ 2 1©  £>¡(5) £>A , , ,

The required independence will follow easily from the lemma 2.8

LEMMA 2.8

There exist a linear mapping 0~ of I into E> such that, P""/l)-i

(2.8.1) (Uif&'Uii . , ,<S>Û n) ^

(2.8.2) (Up® Ufx-- kfK~®

- ($> .. .C^U^ )tr

Proof:. Set Cr/d)=dL and let i— n, ̂  be the subspace of I__„ spanned

by the monomials of degree n and index .Suppose a linear

mapping (T has already been defined for !_,© - ( X  1

satisfying (2.8.1), (2.8.2) for the monomials of this space. We 

extend 0~ linearly to STL̂ -dJ L  .. (±) L-<̂ ,o by requir-

-ing that ('Uvl<£> U-ii-- - U.in for the standard mono-

-mials of degree .Next assume that cr has already been defined

fori21.©L|<$sV_i ...LM(£ ) Ln.-i-i ,satisfying (2.8.1), (2.8.2) 

for the monomials belonging to this space and let - - --®

be of index 1 ^ 1  . Suppose .Then we set

(2.8.3) (U,^© *



This makes sense since the two terms on the right-hand side are 

in -T2.i-C±) I— > ©  I— .a - L - L - n ^ - u W e  first show that(2.8.3) 

is independent of the choice of the pair ( j'|k > ^  .Let

he a second pair with .There are essentially two

cases I . i. K+ 1 , II £ •= *<+• t .

3 3

I.Set ■« U- , V  fU^=-0O , U ^  = -X,. Then the induction hypoth-

-esis permits us to write for the right-hand side (2.8.3)

(. . . u r ®  'u . .. <g) j c ®  ¿o (£>.-- ) c r ___

.. . +  C . . . ®  £<^> 2 C 3 ® . , . ) < r . . .

... -t ( . -. (B> c u . ) <rr. _

, . . -+■( . . . <g) LU VJ . , . (2) C-OXl .. )£7T
If we start with (J e ; J«.+, ) we obtain

(\ . - VL<0vr . . . - . )<r+- ( . . .u®xr. . _ ®  C t o x J ® . . . 3 ^

=  ( ,  . „ t r ®  u ,  . . . jc  ®  t o  - - - )  G~.

. , , 4 - ( . . . <g) CU\ng) . _ . .

K % , +  ( . - - £)vr<£) u <© . . .

... +  (,.$ l u v j ^),, c u j j c h ^ . - ,  ) cc
This is the same as the value obtained before.

I I .  Set tC  = LL , Uv=\/=U., U / = 60 , . I f  we start by using the 

induction hypothesis we can change the right-hand side o f (2.8.3) 

to

(2 .8 .4 ) (• - - iA3<® v r ® u -----30“+- ( .  - - CvrtO l]g?U - 3CT4-(,,. \f& LUwJ..)cC,

-+-( V V , Cux r3® k J . . ) (T



Similarly if we start with

(, .. u<2>u><a vr, , _ )cr-*- ( . . u< g ) C  . )cr

we can end with

(2.8.5) ( - "  •J' <g> vJ-<9 u. ... )<T +  ( . . „ wr(g) Qu \rj . . . ) 07..

(- - . Cu.uy3(g) it - - . )<r +•( . - u 6g) Cvru3] .. J ^ r

Hence we have to show that O'” annihilates the following elements 

of SZi.® L_ | ©  La. . . ,. (S> \—  n :

(. . . C v t l I <£>u . . . ( - ' •  u, <g) C x r u n  .. .)

(2.8.6) , . .-4- ( , , . \ T ® C u ^  1  . CaiAl<&

. . . -v ( - - - C u  ntH <g) La ¿or 0  vrj... J

Now it follows easily from the properties of 0~ in Shi_(£)L, . . . 6fc)

that if A  <S Id , . , ) 8 (— ^ ^,where ¿1 , L  belong to I ( ,

then (• - - ) cr ~ L  . - to 0  ) iF --(.., £<x U T .. ) (T** O
(2.8.7)

Hence CT applied to (2.8.6) gives

(2.8.8) ( >  * * +■ (- - . C\t C u . ) c r .  .

w >+ - ( . .  {Cavj'3 t o l  . - . )o~

Since LCvu)Jul4-LVCu^l3 t lC.avr3o<L {¿Vty] U 1 4- CCulu^ vf] -t-Q^ir] U)] = 0

(2.8.8) has the value zero. Hence in this case, too, the right- 

hand side of(2.8.3) is uniquely determined. We now apply (2.8.3) 

to define (T' for the monomials of degree V\ and index 'L . The

linear extension of this mapping to the space I__v gives a map-

-ping on L M ©  L,0 L z - L m_ ©  1— ^  . satisfying our conditions.

This completes the proof of the lemma.

We can now prove the following.



THEOREM 2.9 (Poincare-Birkhoff-Witt)

The cosets of 1. and the standard monomials form a basis for E  — 

Proof: . Lemma2.7 shows that every coset is a linear combination 0̂  

1  ^  and the cosets of the standard monomials . Lemma 2.8

gives a linear mapping of H into 6  satisfying (2.8.1) 

and (2.8.2). It is easy to see that every element of the ideal 

K  is a linear combination of elements of the form

, , , —  ( Uj <£>---(0 ®  ®  k-̂  ) .Since maps

these elements into zero we have ,^K) =£> and so <7“ induces a 

linear mapping of E^O/^'into £> . Since (2.8.1) holds,the 

induced mapping sends the cosets of E  and the standard mono- 

- m i a l s .. . (5D into and Hv, -■

respectively. Since the images are linearly independent in fc> , 

we have the linear independence in E  of the cosets of A- and 

the standard monomials . This completes the proof.

COROLLARY 2.10

The mapping "L of L_ into t  is -L-i and C\ "L 1— - O

Proof: . If (-M-) is a basis for L_ over ,then 1 - TL+ K" and

the cosets "L(Uj) — + Kf are linearly independent . This implies

both statements.

REMARKS

We shall now simplify our notation in the following way . We write 

the product in fc. in the usual way for associative algebras: Xy . 

We write for the identity in t  and we identify \—  with 

its image T. 1—  in E. . This is a subalgebra of t_L since the 
identity mapping i, is an isomorphism of l—  into E- .
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Also L. generates EL and the P.B.W. Theorem states that 

if {u.j i j 'vjjf, C T  ordered , is a basis for L_ , then the 

elements 1  , It; it; ... 'U.-c , LiX,--- form a

basis for t- .In the light of these remarks the defining pro-

-perty of EL can be restated in the following way. If <3 is a

homomorphism of 1_ into A  , A  an algebra , then (0 can be

extended to a unique homomorphism 0  (formerly 0  , see defn.2.1) 

of EL into / \  .

FREE LIE ALGEBRAS

In order to construct a free Lie algebra . We must first define 

and construct a free associative algebra,

DEFINITION 2.11 Free Algebra (or ;Free Lie Algebra).

The notion of a free algebra (or free Lie algebra ) generated by a 

set X" i ̂  ̂  ̂  can be formulated in a manner similar to that
of defn. 2.1 of a universal enveloping algebra of a Lie algebra.

We define this to consist of the pair(F^. V ) (or (FL_3 i) )consisting 

of a* algebra i (or Lie algebra F L _  )and a mapping ©  of jX into 

F  (or, F L  ) such that if ©  is any mapping of X, into an algebra /\

(oriLie algebra l__ ) ,then there exist a unique homomorphism 0  of F~ or

( F L  ) into /\ (or |__) such that 0  s 0  t  . Diagramatically,
F  Ft_

or

where both diagrams are,of course ,commutative.

CONSTRUCTION 2.12 Free Algebra generated by jX. .

To construct a free algebra generated by a set .We form the

vector space over a field JLL , with basis /X and then we
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form the tensor algebra T  (= h )- S2i.® H  based on K  .

The mapping is taken to be the injection of X" into F  .Now

let ©  be a mapping of X  into an algebra A, . Since X  is a

basis for © A  , F  can be extended to a unique linear mapping 

of M into A  and this can be extended to a unique homomorphism 

0  of F  into A  . Hence F  and the injection mapping ofAC into 

F  is a free algebra generated by X  .

CONSTRUCTION 2,13 Free Lie algebra generated by a set X  •

The construction is indirect and uses the free algebra generated

by X  .Let ©  l— denote the subalgebra of the Lie algebra F  \_ 
generated by the set X  • Let ©  be a mapping of X  into a Lie alg-

-ebra I—  and let E- be the U.E.A. of L_ ,which by the P.B.W.

Theorem we suppose contains [_ .Then ©* can be considered as

a mapping of X  into E- , so this can be extended to a homomor-

-phism &  of F  into . Moreover, 0  is a homomorphism of F u  

into and since ©  maps X  into a subset ,the restriction

of 0  to the subalgebra FL_ of generated by ,X is a homomorphism

of F L  into l__ .We have therefore shown that 0  can be extended to a

homomorphism of Fl_ into \_ .Since A generates ¡~L , is unique .

Hence F"l—  and the injection mapping of X  into F  L  is a free Lie 

algebra generated by /F 

THEOREM 2.14 (Witt)

Let X .  be an arbitary set and let F  denote the free algebra (free-

-ly) generated by X  • Let F  I_ denote the subalgebra of F \__ ,

generated by the elements of X  .Then f~L_is a free Lie algebra generated 

by X  and F  is the U.E.A. of h  L..



Proof: Let Q  be a homomorphism ft into a Lie algebra /\ , /\ an 

algebra. Then there exist a homomorphism ^  of F  into /\ which 

coincides with the restriction of 0  to X  .Then &  is a 

homomorphism of H .  into so the restriction 0  of 0  to F  L  

is a homomorphism of f"[_ into A  . Since O'^C^OiXJ for rein X  and X  

generates F L  , it is clear that O* coincides with the given 

homomorphism e  of f l  into A l  .Thus we have extended the 
homomorphism 0  to a homomorphism of F into /\ .Since Fl_ generates 

F  it is clear that the extension is unique . Hence F~ is the 

U.E.A. of F L  .

DEFINITION 2.15 Lie element *

An element of F is called a Lie element if the element belongs to FL .

38 i

REMARKS

We quote the Theorem 2.14 of E.Witt for sake* of completeness. For 

our purposes it is necessary to have a basis for a free Lie algebra 

constructed from the free generators . . We therefore construct

the standa,rd or basic monomials of M.Hall, see P.Serre ( 2-*-h ) and 

M.Hall ( IO ).

DEFINITION 2.16 (BASIC MONOMIALS)

Let X  ̂  j I ordered, be free generators for a free Lie

algebra F L . over a field S2 . Then the free generators are taken as the 

basic monomials of degree \. . If we have defined the basic monomials

of degree I, <2./-- - £n-t) , and they are simply ordered in some way so

that \A -2. V~ if cL u )  ̂  dCV~) , where c( is the degree function 

mapping the elements U-, tT into the positive integers. If

and V'"' +• S =■ kV then T~~ U. V~J is a basic monomial

Note: Lie elements are defined in terms of a fixed set of free generators; in our 
case the set of generators is the set as given above.



of degree YV- if both the following conditions

6 0) u % \r are basic monomials and r\A. V"

ecu’) if u, = is the form of a basic monomial,

then \J~^  ̂  . Thus we have defined the degree of all basic monomials.

If we now order the basic monomials of fixed degree lexicographically, 

then the basic monomials are well ordered.

Now let l _ k  denote the free lie algebra having the elements 

o£3_/ _ as its free generators , over the field JT2_

( k  —  0-5-/-- to,---) .And let j T-k ') denote the corresponding

universal enveloping algebra of 1__^ . We construct the basic

monomials for l k  and order them as indicated in the above definition. 

Then if the basic monomials for 1— — K  are denoted by W  (-*t/ jG, . - - Jficj ¿clT
, . ' vmore briefly by "O-j j -£ £-J  , J  ordered. A basis for I— ^ is given 

by the ordered products

3 9

b j  - |o K  . fy*
where capital IT" subscript always denotes the ordered set ^ < ^ 2.-- £

for some -S . Such a product } will be called a standard or basic

product . The degree of a standard product is defined as the sum of the

degrees of the separate basic monomials occuring in the said product.

If tv\ >  kr ,then there exist a natural homomorphism of j_ onto l_ k .

Hence it is possible to form the projective limit of the . We denote
■K

this by
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Consider the following diagram

7T»cn
u

K i TT
L-v<—i ------>' ■

(2.17)

J\Cr~\

If, Tì'k le TT'_
i— vc— » C M

It follows directly from theorem 2.2 part 3 that there exist a unique 

homomorphism TT< which makes each of the above squares commutative,in
l •> • , :

that ft TT. . . Since the mapping of (  into [  for m > <  is
 ̂ K~t 1 Vv"> K

given byTTo. 077"̂  using Theorem 2.2 part 3 again we can see that the whole 

diagram is commutative. The uniqueness of the corresponding natural
I -rri ~rr-J I

mapping • K -<. 7C, of £  into L - k -, 

enables us to define the projective limit of L f *  . We shall denote 

this by L- . Our next result shows that &  can be injectively 

embedded in

But first we have a definition. 

DEFINITION 2.17

We define ''L “ f* ' ( 'i. ^

by 1 (  I v i )

where *l  :: & L _

for all Ct £ <£o , \__ K

Now let us suppose we have the discrete topology on each factor

[_ I,-2... ) of ĉ o (*\ ) and É-l—  ̂ have the corresponding

induced Tychonoff topology. Then we can prove the following

THEOREM 2.18

If 'iL —  ft l_" C ^  k  ) , then ^  l—  and T> is a

continuous injective homomorphism 

Proof:

(i) 'U is injective. We first show that "L = P  L Let

it is easily seen that i. is a homomorphism



2C. €. X. then itx; = o= i x̂cx0;'1 )-=- L cf*)
X'c'1for all K  , hence X  belongs to kio. "bK for all Uc . But for

7f^+( o 0 --- - * ) <S. k h l / ^ .  Hence X  belongs

to_ t— ' ( bCa-v i-»c ) . Similarly, if X  belongs to P  L (l&lUz)

then- 'i^CX^j^Vtor all K  . Thus ~L L~X) «  f  'L*ct3pc') ) - i ¿A) and 

gxf 1/ . ^hus K&'V "L = f? (_ ■ i b ̂c ). X* is injective

since 1>K is for each K  

(ii) is continuous.

We show that the inverse image of a member of a basis of neighbourhoods

of zero in 1__  is a member of a basis of neighbourhoods of zero <& .

if A/ is a neighbourhood of zero in I__ , then A/ is a union of

sets of the foirm.

B  *  ( H  • H  £ L  St ^ ° = -  O  for all v\ ^ ^  }r »
where is ama6e of tj, ̂  I—  under the projection <$>: L-S.lT,

Now
*

or,(B)= ix*.
and this set is a neighbourhood basis of zero in c(o if for all 2C &  ~L

— O  for some "Wl , depending on the element OC . Since lXxj.£- 0  

o=£Xoo) for some M  X.e..

. V.M) , «=■> O 1 C x  ) = o  * H <£ \ _ w
This implies I t X )  £-

Mof we have O  - M  - "X- M  ^

0 ^  

0 a)
and from the definition 

is injective.

Hence OC ~ O 

basis of zero in <£> 

COROLLARY 2.18

. Thus is a member of a neighbourhood
A .  A  e

ftci, po

From part (i) of the proof we deduce: For any homomorphism * A < ~ ^  &.
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ktvv̂  - ?■L- (Kwhere j>: P\--(A*) i?L (6>k ) and the i A ^ / r

f B k ) TĈ  ’oi are inverse systems of suitable algebraic structures in the same 

category.

To summarise our results so far we have the following commutative diagram

where 'U and ^  are injective mappings^ <£? is a free Lie algebrajjjz.^ 

&  is a free associative universal enveloping algebra of •

is an associative algebra.

LEMMA (2.19)

If is a set of free generators for So

then' •

(jL) is as given in the above diagram.

for all n

Proof:

Prom the definition of U.E.A. of cC> we know that £ . e  is

generated by ^ and ^2^ is a unique homomorphism.

But %, o  ̂ ,where is defined on^(^). Hence
if ' - _ / ✓from the injectiveness of 'L and the uniqueness of ^

fhe lemma follows.

Our main aim is to show that is an injective homomorphism of

into l__

Before we proceed we give some information about L _  , the unrestricted 

associative algebra formed from the projective limit of the free universal 

enveloping algebras l_!f k  .

Prom the definition of L _  we know that every element A. of V -  

L  is the subalgebra of \__ consisting of all elements of finite degree.



can be written in the following form
oo

a  = b T (eje.x
where o ( (T2_ , for all values of ~~X. & ^  b(£i runs

through all the basic products on the free generators *h/X-v- -- •

(for fixed -£ ).

An element of the form

<X - ( C )
x

is taken as having degree • In the unrestricted sum the basic

products are so ordered that if eft'll ei) = fc>r  (£ ) while

(lo (¿))zOfor some positive integer K  , then the basic product 
•T

¿3 /£.) appear before the basic product in the above unrestricted
Xsum —

NOTATION

All the elements of L  which involve only basic products Of degree 

not less than (together with zero) in the above representation form

an ideal in L _  which we denote by j I— •

Throughout the following lemma (2.20) we let ^Z P \ denote

the free generators of 

LEMMA (2.20)

if 3 ,, ^ -------v
&  as constructed by S.Moran in (-2 3).

is a finite subset of free generators
(*)&)

?i i-1 } for then for all sufficiently large nt s,/A

generate a free Lie subalgebra of L _ •o

Proof: Since we have a finite subset of the free generators ( r1

is a well ordered set. We can apply the usual decomposition to write —

as a direct sum of two subspaces one of which IS spanned by t̂, ---

Let B , -  £-1 be the --^which have degree one. The degree of
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an element ^  of being defined in terms of the free generators 

which are all taken to have degree one. We let S n be

those belonging to -- which have degree . We order

the elements of 0), B i ;  . - - , by agreeing that ^  ^

if 2) ^  ^  ^   ̂£  ̂ X> % '
We define to be the set of all basic monomials of degree H on the 

elements of the sets 8 „  .. . s » - i  -

Now as the sets C y, C a., . - ■ are finite we have the following

decomposition. For every integer ^  h\ ^ H  ) f there exist elements

d viw) & £ o f  degree ŷx. and positive integers hi tw\ 1 8, such

¿/\vt + i<£> - ( 2 )  £ ¿Uim) +• Jo. i )+ *{ (ovi>*v)
' i=l m+l

that

m

(/--'vn b> O  + w\+i ikb *== (. 1- m+-l

where means those and only those basic monomials of degree ^  on

y ( xa.___ occur in the unrestricted direct sum which satisfy

k i M ) -  o

Now choose hi- -f Mtfi/tJLi) _ _ - . 3 and suppose the contrary

to our lemma.

Then

(2.20.1)
where C  .

is

o ^ , c f  ot (v/

belong to
a

where loc7  belong to 8*? O  6

O' C  *

6v,.

and the 

Let

(2.20.2)

t, A* A A/ are not all zero.

/

¿¿ a/ C ^:’ ^ i M
o



be the subsum of (2.20.1) containing the homogeneovSterms of least degree

which genuinely occur in (2.20.1) Note the are homogeneous, see page 52.

By the decomposition we can write (2.20.2) as

+• = o

However the , JjX , . .. freely generate a free Lie subalgebra

of &  )

Thus all the  ̂ occurring in (2.20.2) are zero. It

follows immediately that all the^ ŵ , woccurring in (2.20.1) are zero.

This contradiction proves our lemma 2.20.

THEOREM (2.21)

The homomorphism (£> i \  as given in the above commutative diagram,

is injective.

Proof:

By the P.B.W. Theorem if {. ^  ^ is a set of free generators

of , P  well ordered, ihen the basic products

—  b K  =  'Vft* =  b fe,(V be‘i3) ----- W j »
form a basis for < £ T  , where the are the usual basic monomials.

Now if ( Q  O )  belongs to , we have

(2.21.1) , A  -  J S

and only a finite number of the c?( are different from zero.

Suppose that

(2.21.2) ^ j ) s o =  S  L .

By lemma (2.19). Now only a finite number of the free generators say

occur in (2.21.2). Take the projection of (2.21.2) under
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(jp> for large . We have then

(2.21.3) o « ivitolC t $
Now by lemma (2.20), the ^  are free generators for

a free Lie subalgebra of L - m  , for large K/ . Thus the ^ J

form a basis for a subalgebra and the basic products W >  forma 

basis for the universal enveloping algebra of this free Lie subalgebra.

Hence all the are zero. This contradiction proves our theorem

(2 .21).

We have just shown that X  can be injectively embedded in \—  . We now

prove that there exist elements which belong to l__ but do not belong

to .

THEOREM (2.22)

If X.Xi+Xa.’X j ____ __ + X an_lX A* , then

element of L _  which does not belong to x fis an

Proof: Let € DC* ì A ''i be an ordered base for the vector

space of elements of degree 1 in ^  .

A typical
y

= X i V t i i%>N
. Then

_________£ ^  ̂  % X I  ; O   ̂L— ^  ( Î-K < tlĉ  <- </â J
is a base for the vector space of the elements of degree two, the ^

Lie elements of of degree two. By the P.B.W. Theorem a basisare

for the vector space of elements of degree two in the enveloping algebra 

X )  of X  is given by:

------------ ... i ^ ) } ;  ( v a ' u



, thenNow let us assume that belongs to
<2

U/ = Z \ f ^ r -f 2  o/k  +- 2 y 2 *

... +• 2  fy, C +  2 7  t- S y & r ..

. . . +  2 y 7  +• 2  + Z z d ^ y ) .

/?>)
Now Vv is given by

W &nl ^-i ] (2nj '=Tl
2_, -/'V' ̂  -h ¿2,

(2*0

k  ar

v

y* ~h 2 .-1 j ? $ l _  v ic j ̂ <*3 . ■

. . . +  2 ? ^ c  ̂ ' ^ T J  +  2  ̂

■ f'K ijtrj ) " + 2 _ !  y «  /af;^ 2 ..

2_
UK

where the dashes over the summation signs indicates that sum* of the 

summands may be zero.
I ^

If we now factor by the ideal generated in I— ^y the elements

fi»0 u / ^  , „then the image of W/ , denoted by *'*' has the form.

(2.22.1) w ^ %  2i7 °SK x£  +  Z ^ L ( h ^ J  +

Now for larger{2.22.l) will have constant rank as given by examining 

the matrix of the quadrafcie form.

But

(2.22.3.) W  ̂  w  — Xi X-i. +- xuX-g, _ _ . -#■ a»\-t Xjfi



is easily’seen to have rank M. . Henoe by increasing W  we may make 

the rank arbitarily large in (2.22.2) whilst the rank of in

(2.22.1) is constant for large v\s . This contradiction proves the result. 

Although in Theorem 2.22 we have only found an element of degree 2. which

is l_ but not in i f  . It is not difficult to see that there exist

elements of arbitary degree having the property..
Notation

Let t : &•' (h be a set of homogeneous elements of degree l

which form a basis for L_ modulo the subalgebra generated by . ,(_

and the associative monomials formed by taking rproducts of elements
[ V  r . a.’.i P* *
;V which have degree l.
kK

from the setV
: J : - . —
section 3 we introduce some of the work of P.Cohn (5) which is useful for a further 
relopment of the ideas contained in this thesis.
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RING- WITH A DEGREE FUNCTION. FREE SUBALGEBRAS OF FREE ASSOCIATIVE 

ALGEBRAS.

We now set out to prove that the projective limit of the universal
l eenveloping algebras of increasing rank L ~ k  contains a free

associative subalgebra L _  . We were able to show that the projective

limit of nonassociative algebras / \  ̂  ,of increasing rank K  ,

(the j \.. are ,of course,free ) contains a free nonassociative subalgebra /4

And in so doing we made use of the result due to E.Witt( Q- 6 ) :

‘every subalgebra of a free nonassociative algebra is freel Put 

another way, free nonassociative algebras over a field form a 

Schreier variety. However, the free associative algebras over a 

field do not form a Schreier variety, i'or example, let -̂ 2- C-^ J 

denote the free associative algebra in a single variable over

a field , then 2 2 Cl Ĉ~)oC>J is a subalgebra of 22CX-J but 22\_y*2^3J

is not free. Hence any attempt to show that the associative algebra 

L _  is free depends on characterising those subalgebras of free 

associative algebras which are free.

This problem was discussed in a paper of P.Cohn( ^  ) and many 

of the results given there depend on a generalisation of Euclids' 

algorithm to a ring with a degree function. See a previous paper of 

P.Cohn( &  ). For our purposes 1 ring* will mean associative ring

different from zero? 'Field* will mean commutative field. Since we wish 

to apply the results given by P.Cohn( ) to the associative algebra



we must amend the definition of 1__. to make it an algebra with unit

element d- . Henceforth when we write \__. we will understand &i)®  U .

All subalgebras will include the unit element,

DEFINITION 3.1(Ring with a degree function)

A ring with a degree function is a ring fZ. ,together with a degree 

function <d , which satisfies the following:

(i) For all D C  belonging to iX-do) , cj [jc) is a non-negative 

integer, d [ 0 )  -  ~ oO .

(ii) diX-^f) £  M6VX ( d(Z)j ^  )

(iii) dixy.)- +

Consider now a free associative algebra A[ on an arbitary 

generating set ,over a field X X  • In P.Cohn( )an abstract

characterisation of free associative algebras is given which can 

be used to obtain a criterion for subalgebras to be free. Unfortunately, 

this criterion is not easily applicable since it depends on the extension

of a degree function defined on the subalgebra which may not be related to

a degree function for the whole algebra. The next definition gives some 

indication of how this difficulty is overcome: we regard the algebra as 

a module over the subalgebra.

DEFINITION 3.2( Right K  -module with a degree function)

Let K  be any algebra over a field JT2_ with degree function d

A right ("C. -module M  (f1,*X->iv'\)is said to possess a degree 

function if a non-negative integer dcxd is associated with each 

D C  belonging to f" \ ,( Ji ^  C  ), d( 0 ) = -°0 , such that:

(i) (kU-^)^r m aM ( d(x} dlft)) ,(ii) d(xx) = d(x)+d(co, a £ i ^ ;uj£h

50
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Thus , for example, R  considered as a module over itself has

a degree function , namely (k. ,so that the apparent ambiguity in

the terminology is resolved . More generally, let be a sub-

-ring then inherits the degree function from i<s, by restrict-

-ion. Then the original degree function on dR, may still be used

when A. is considered as an module.

From (i) and(ii) of Definition 3*2 ,it follows that for any

U v in K1 , <X̂  in IN , d (d LuC Ui)) . This
i

introduces our next definition.

DEFINITION 3.3( independence in an f\— module with a degree function)

A family of elements of f̂ \ is said to be

(\—  independent, if for apy family i ^ i- X  J of elements of ÍN 

almost all zero , (ÍÍ .
i

We next introduce the concept of 'elementary transformations'.

Suppose that N  is a finite subset of a free associative algebra 

A  over a field ZL
DEFINITION 3.4 ( Elementary transformations)

An elementary transformation is understood to mean one of the 

following applied to ^  :

(i) A non-singular linear transformation applied to / A  with coefficients 

from the field I I  .

(ii) An element belonging to /*\ is replaced by

I *  +  pC -------OCv̂ Z

where is a non-commutating polynomial function in the elements

Dfi , - —  DC «  , of A  and DC is distinct from the ■

. ,y vc



DEFINITION 3.5(An irreducible set)

If U  - {. | l 6 J is a finite subset contained in /K.

and d( 0  ) - '~2ijX ,we shall say that (/ is irreducible if:
' —j

(i) o does not belong to u

(ii) We cannot reduce d ( \J ) by elementary transformations. 

Our next result is the main theorem contained in P.Cohn( G  ).

It enables us to characterise those subalgebras of free associative 

algebras that are free.

THEOREM 'Let A  be a free associative algebra and let [J be 

a finite irreducible subset of homogeneous elements . Then ,

the subalgebra generated by is free if and only if xs

right 6- independent.'

We aim to show that L _ ,the projective limit of the free

associative enveloping algebras I__ * ,of rank ( K=i^; >),is free. In 

order to demonstrate this we must decide what set of elements to take

as a possible free generating set; write down an arbitary polynomial 

relation in an arbitary finite subset of these free generators and show 

that all the coefficients in this polynomial vanish. We now do precisely 

this. Let K /  be the set of generators of 1—  •£, '̂¡f'y LO/g.

(as defined on page ¿-f-% ). The degree of these generators has already 

been defined and it is easily seen that we can take the A ®  ^

to be homogeneous.

We now show that the generating set Vs/ of L _  is a free generating set.

That is, \a / freely generates |  as a free associative algebra over the

field iT2_ . However, we must verify the conditions of irreducibility and 

right-independence .
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We first show irreducibility of this arbitary finite subset U

of l\J .Recall that the homomorphic projection maps
l I e | }&*)elements of i . onto I—  ̂  .Denote by the homomorphic

image of the subset

THEOREM 3.6
><K>

If w  is the homomorphic image under CP of an arbitary finite 

subset [ J contained in Vy> then there exist fi ~7/ 1\J for some large Ni

(defined in the decomposition given below) such that L J (  ̂ is 

irreducible for all kl 7/ ̂  .

Proof: . Suppose that . An elementary transformation
t

which is non-singular , takes

(3.6.1) 'U f . v
lAt-L '■

where ( and S--T2 . If tJ is not irreducible under such

a trans-formation , then for some , ( 14 u i  p>J

(3.6.2) d ( uf') <*C ' K 1?  ) =  M  « . y ) ,

Prom the condition that (( jly^we see that not all O^y are zero.

The flfij are functions of 1 .  Now the inequality of (3.6.2)is 

satisfied if,(i) cancellation occurs , (ii) a nonsingular transformation 

exist which will reduce the degree. If cancellation occurs we may equate 

terms of highest degree in the right hand side of( 3.6.2) to obtain the 

homogenous expression

(3.6.3)
H

O
k V

In a similar manner , we consider an elementary transformation of

„ O') <hi <WlA. ̂  p  (lA, / M ̂  , l̂ v y , IX / .

the form

(3.6.4)
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■ Gy Or\) (m) <S) On)

where P  is a noncommutative polynomial in U tj
r, fa)the circumflex indicating that the element lA, v is omitted . If

i 1°̂ is not irreducible under such a transformation, then for 

some '"b ( 1^ 1 i= -p) we have

(3.6.5) d U * ? + f > t u p . . « ? . . .  U p ) )

This inequality implies that cancellation of the highest degree 

terms occurs in the right hand side of (3.6.5). Equating the terms

of highest degree we obtain an homogenous expression
6*1 / (n;( i t , ___ v- ... i v  /(3.6.6) O t  /  ■=

( r
WV'e -o P  is a subpolynomial of p>.

The proof of the theorem now proceeds in two parts : we use 

a construction and decomposition to show that with a suitable 

choice of Kx cancellation cannot take place in.either of the 

relations (3.6.2) or(3.6.5). Secondly, we show an elementary 

transformation which is nonsingular cannot reduce the degree .

I
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EC OMPOSITION
et /\i denote the set of elements of degree in an arbitrary finite subset \J of 
the generators of V\/ as defined on page 52) and let C2 denote the associative mon- 
mials of degree £ formed from the elements of the sets A,/ A i ,  _ ,

.:.. f\jc~ ( - • The sets A i are finite in number

\j has an element of greatest degree . It is,therefore,since

possible to use a direct decomposition of the space I___- and

bring all the elements of < \jj through to a direct summand of 1__  .

We now do this . There exist elements of

integers and such that:

^ >--  and positive

*r

(3.6.7)

1  u  U  *  ( 2  ( d z n )  v ,L J >

( C e b / U + ^ L C  ( ( t « W

where tA is the degree of the highest degree element of the set 

V .z and a denote the restricted and unrestricted sums, 
respectively while x  is to mean those and only those basic

T:>M£)
products of degree on -■ which satisfy

~k [U[-Oy\ )*, //>)'] ^
(3.6.8) C a  ( b  ) — O  occur in the unrestricted

sum. Let N/— 1 .. A

We now apply these results to the relations (3.6.3),(3.6.6)

If we replace V"l f in these relations, by bl~ Then

(3.6.3) in particular can be written ^  05(7 iAv. ~  &
tr ''A
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Using the above decomposition this can be written

That is, we have a linear relationship between the elements of A-€, 

for some .£ (l 4 V̂ v) .Contradicting the definition-of given in

the above decomposition In a similar manner relation(3.6.6)

can be written in one of the f orms
(w; =r"> . ¿z? a .

VhJ ^
c
Cvu;

(3.6.10) 2  iff , ,
for some £ ana not all o q  ) ̂  ' d or ̂  are zero

By the decomposition (3.6.7) contradicts the definition of the generators iv 
(see p.p 52) ' '> • P ) o , (fJ)  ̂W / |

Similarly if we write (3.6.10) in the form = lV/*, 0^ J with «n
and copider this relation for large /s/? we see ««>-3. ' lemma (2.20) that for large 
the ^ ci -S form a set of free generators for L_ yi r

^Now substitute for in terms of these where no ¡f will appear, 
then we obtain a relation of the form j}' = ) with y 4  <*,This contradicts 
lemma (2.20) 0* ( j ^  *

Finally, it remains to consider the possibility that there

the elements of

in(3.6.2). If )>d(^)) = d(^ tfCj where \(^Cj')j^/0 .

exist a nonsingular transformation which reduces the degree of
» j^1^  even when cancellation does not take place

m(3.6.2). I f M /u 7 ) > d C ^ ))=cf/

Consider the system of equations:
—¿ri / . (yil 'OV / •»

(3.6.10) ^vvj A. ̂  u •£-1,/̂  »which can 6e
A  J AT* \ )

written /  \ laa' “  b/<- . Now recall that any non-singular

matrix can be written as a finite product of elementary matrices.

The elementary matrices are defined as follows :

(i) An elementary matrix is the identity matrix with two rows 

interchanged , or(ii) an elementary matrix is the identity 

matrix with one of its rows multiplied by a nonzero element of S I  . 

or (iii) an elementary matrix is the identity matrix with one 

r.ow added to another.'. The elementary matrices are nonsingular
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i )<n'>A matrix of type (i) merely reorders the elements of L/ , so this

cannot reduce the degree. A matrix of type (ii) multiplies an
I lCelement of iy by a nonzero scalar , so this cannot reduce the

Udegree. Finally, a matrix of type (iii) adds two elements of

together and since cancellation does not take this type of

elementary matrix cannot reduce the degree. Thus a finite sequence

of such elementary matrices applied to U 0"1 cannot reduce 
, .QnJ

the degree of \J and we have proved our theorem.

We now show that the- set 0  is also right B  -independent

where fe is the subalgebra of the free associative enveloping 
i e i 1C” )

algebra I— ^ ,generated by .We shall make implicit use of

the construction and decomposition of Theorem 3.6.

THEOREM (3.1)

The set is right &  -independent for sufficiently large TV where
i e  | iCWxs the subalgebra of \.__^  generated by the set kJ

Proof:
| | W  ¿2Suppose that the set W  is not right CD -independent. Then there

exist elements io J belonging to 05 , such that 
Y

" ,<*V ,
' “V(3.7.1) cĉ  ^ 2 2  b L;

where cH (¿l£°) < Yy\ox £ d { uĉ . ) If

By equating terms of the highest degree we obtain an homogenous 

equation of the form ,

(3.7.2) -uif fcf”’ * O
belong to 0> . We recall that the elements £, C I f i

are ordered according to increasing degree. Hence in relation (3.7-2)
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will be of least degree, ^he proof of our theorem now proceeds by

b'
V p

if d  ( O  , then to,;* / is a field constant and ( 3.7-2.)
I ^  1115 is not irreducible. However, for N -

V
implies that the set

K*j^Md.,lVwHhis contradicts theorem (3.6). Hence no such relation as (3.7.2) 

exist for

Now let us assume that (3.7.2) does not exist when n  ̂  N/- W7<>x'<f IV/i).. 
di)it

and the degree of O  

Consider

(3.7.3)

V

p'

is less than W\ .

r  - 2  ^  °
where î N  and d ( ) = fvi . ^ince each of the Si 6>

U Nthey will be generated by the elements of the set 

may write

, thus we

(3.7.4) b(*o
V

Vi

- z:
-l  ̂ x '

where the are free generators for 1— - and the  ̂k  ^

are non commutative polynomial functions on the elements of some

finite subset of k/'
(V>1

finite subset
. Ì 1
it Of W

/(*>
also by

which contains the set [J We shall denote this

U
<v0

do)
. Now substitute for the b -  in (3.7.3) rearrange summations

and we have 

(3.7.5)
'o

I- - 2 ,  ( X  ) ^  =  O
pi i-l K~<

•<=rT CM /  ,
Hence ̂  v ( U J = 0 for i. ̂  W 2, • - - • V
By induction each / / = 0 for dM. v  JP-

r-
Hence l~ is identically zero and this proves our Theorem. I

I 1°̂The last two theorems enable us to deduce that 15 freely generates



a subalgebra of \--- n for sufficiently large

We now show that L  is a free associative algebra over a field _$2 . 

Freely generated by the set V J  .

3.8 The subalgebra of all elements of finite degree in the unrestricted free 
associative algebra is a free associative subalgebra.

Proof:

Suppose the contrary. Then there exist a finite subset of the generators 

W  , which we denote by (J} such that we have a non-commutative 
polynomial relation of the form.

5 ! U'.Tt, e  U)

^  ) and. not all the are zero.

By the decomposition and construction this is equivalent to 

for large

But this contradicts our result at the end of the previous theorem.
t )&') I eNamely, W  freely generates a subalgebra of l__vi for large v~| .

Hence we have proved theorem (3.8).



We now define and study an unrestricted associative algebra which we denote by 
Note that from now on our notation is not the same as was used above.

Consider the following three dimensional diagram.

,e
*-—  i

7T'* ll .1—  VC— ( ^

We now deduce that by the universal property there exist homomorphismspj . ■■) 
which make the whole diagram commutative. Where and the ^
are (J cL A- (i<= \j - -  - )

If we now denote the lim 'A < by A ,lim - .¿by '—■ and ym(L̂ by ̂  • - also 
lim ( — i; p lim i j  p (p>~£ lim f ^ jw e  then have the commutative diagram.

1 _

A



where <Ss> is a ~ Lie algebra, l__ is associative algebra

and A\ is an associative algebra.

By taking the discrete topology on each factor of the projective 

limits i-X and A  and endowing each of L./ cio and A  with the 

induced Tychonoff topology we see that:

(i) (j> is continuous and unique since each which makes up has

these properties 1,2, - - . )

(ii) 'V is injective and continuous since each 2̂ c< is injective and

continuous )
% \

(iii) ^  is an arbitary homomorphism since each ^  is such ( kt- \,2 - - ).

We call ( !_, t- ) a topological associative enveloping algebra of the

free Lie algebra &  , or more briefly ( 1__  ̂*1j ) is a T.E.A. of So .

Proposition (3.9) The T.E.A. ( 1_x, ) ttf is unique.

Proof: Suppose ( 1_) is another T.E.A. for So

Put ( l_,t/ ) - ( A , ' }  ) in the above diagram. This gives rise to a

unique m  ' such that , / .
Cp (!p> - or\ \__

. o Cj(> ' ~ qv\ lL
Hence \—  'i' )_ .

Proposition (3.10) <1^0) generates topologically the T.E.A. I—

Proof:

Let 6> be the proper subalgebra of I—  generated by "¿(£3) . ___

The continuous mapping A  has the property that "i-1 ^

by continuity and q, 1 So -- ^ ^  .

Now i(£o)

homomorphism "L- ' \__

and hence there is a unique continuous 

B ,  such that A- .
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£>,
I W\AJL-Since '{.=*1*2,’’»

can be considered as a continuous homomorphism of \__ into L _  ,
' / -ithe uniqueness condition gives ~L - d--|_ .

Hence l—  =■ 1-u^—  ̂ =

O. .e , £> ̂  - S__  Thus "b ̂  is dense in \___.

Proposition (3.11) \__- has no zero divisifcTS.

Proof: Suppose ^  —̂  6 76 o  } ̂  ^ ^  but
/

•X^ — O. Then by assumption there exist positive integers Y\ and »l 

such that 3L ̂  for all W  ̂  ̂  and ^  ̂   ̂ O

for all W \  V"i/

Let N/= rntPY, *i n , vi'\ then (aOj/^i ^  ̂  £)
H  G V1 ) j ^  n ,  . . ,since each 33 / ¿1 L— has no divisiscfg ofvn

zero - N. Jacobson ( i# ) page 166. Hence . This contradiction

proves proposition

This concludes the discussion of the topological enveloping algebra L _  . 

In the next section we consider the unrestricted commutative algebra.



COMMUTATIVE CASE

We now consider the projective limit c ,of free associative

commutative algebras of increasing rank , denote^ by {  C2- \jX . We show 
the- .

that^ is a free commutative associative algebra.

First, we develop some results we will require . In particular,

a corollary of the P.B.W. Theorem (2.9). We shall use the usual

convention given at the beginning of Section 2 regarding the words

algebra and subalgebra.

PR ELIM IN AR Y RESULTS

Recall that the P.B.W. Theorem (2.9) gives a characterisation of 

the universal enveloping algebra in the following sense. Let 

be a subalgebra of /\ L , / \  an algebra having the property

that if is a certain ordered basis for &

as a module, then the elements

(t(4i2.. ■¿ir)(where by*:, - - b w  is a basic product formed from the

ordered product of basic monomials) form a basis for / \

Under these conditions A and the identity mapping

form a U.E.A., E -  for

unique homomorphism CX,

. There is therefore a 

say, such that



and o( | s i. ̂  this implies that h_ A  . And as a 

consequence / \  may be taken as the U.E.A.

Now suppose that &  is an ideal in .Let €  ¡-^C 0 }

be an ordered basis for ^ 3  , so that the index set can be partitioned

into disjoint subsets l A  and I  , with w\ <. L  if rv\tH, I— .

We arrange for {lowi j m  2  M to be an ordered basis for .

Now by Theorem (2.2) parts 3 and 4 we knowt/=tr/ (<, where V A  is

an ideal in generated by A? and the mapping ^ : ¿K — ¿x. A~ K

defines a U.E.A. for . -'j, is 1-1 mapping so we may identify ob/A)

with the subalgebra of E'u .This subalgebra is the set

of cosets (X-V K. and it has as basis £ A  | -C'z- i_ 1 .Hence by

the P.B.W.Theorem the cosets ^  _ X>e +  - ~

form a basis for EL. . Thus if IL* is the subspace spanned by the

elements \  and the basic products W  say> then

Finally, the basic products of the form

t)wvl lo A .1 -  - -  W ,  ^  -- ^ ¿ b
or more briefly, \o L_(#?it>)are in 

for K  .We note that the io,_ ̂  and 1  

basis for .

t r ^ O
and form a basis 

and the Vd (s form a

Now consider the commutative diagram:
I e ___

'̂  '—  l£--|*- n IT7*

Â

l5 ^ / z k  7r* - -> K-/
We recall the projective limit of the top row is denoted by 1__

In the diagram the H L  denote the ideals generated by the Lie



elements £. U X V "] \l<rll-<1 ̂ £ K J where ---X K  are the free

generators for the Lie algebra of rank k . , 1__K .Under, the induced

mappings we denote the projective limit of the bottom row

by X  . From the arguments given above we know that a basis

for Ik consists of all ascending products b. of basic monomials,

where at least one 

x, » \  > • •• *, •

I ir
O. in the product is not equal to any one of
'S

form

A basis for lfH consists therefore of all distinct elements of the

» o * .  X <  -i- X ^y , x a . , +

where n1,«2 . are non-negative integers
--------— 0~~~~ ~~ — \ ) v  ' ___ By Corollary 2.18

if ,then X = k ^ =  p L  Hence we conclude from this lemma

that C  —  l— yX. . We know that elements of j_ _ - can be written

as finite sums of elements of the form
. dk I *-— \

/2>b\ b
/

where the unrestricted summation extends over basic products U-Jv_ >

o)

lo.

Containing

o) of fixed degree . Elements of the form

____  *°M  ^ l. fNt of degree>2- / ,
will be a basis for 3 1  . Hence the natural mapping of |__ into \_-/X

defined by

X  vX +" lort X  ^  XL °X W .+ X
is surjective . From this result we see that it is sufficient to -fake_ 

V \ X  £ XV, cj. oi as generators for C l  ,as these elements do

not contain Lie terms or the completion of Lie terms . We show next that 

the generators C  at a W  are free generators for C  .



To show that c  is a free commutative algebra over a field (TX , 

we apply the usual decomposition and construction to a finite 

subset of elements of Vs/ as given below.

CONSTRUCTION (4.1)

First we notice that, with an obvious notation, -u C r / 4 -h  O  is a 

vector space over -XX , for all , and hence it is possible

to construct the following sets /\-£ and &>v • Let A |  — £>, be a 

set of elements of (Z that is linearly independent modulo .

Suppose that the sets A v / have already been defined for

(v\>|) and an element of A w  is greater than an element of A  V1 
^>v'. We define to he the set of all commutative monomials on

the elements of the sets / /\i_, - -- <Av,_| (By a commutative

monomial we understand a power product which contains a finite number 

of commutative elements) which belong to ^  C H  but do not belong 

to vo-M C X  . Finally, A\r>ts ^  set of elements of ̂  C  which

is linearly independent modulo the subalgebra generated by w-tv 

and the set 

DECOMPOSITION (4.2)

If we have a finite set of elements in each of the sets A(, Ax, . .. j\v\ 
then we can bring these elements and the elements of &i, - - ~̂ ><r

?yy (as defined in the construction (4.1), above) through to a direct

- n)summand of <z c  (/-4/ ■
^ 'yWi I ‘

Proof:

By a slight modification of lemma (1.5) we see that it is possible 

to bring a finite number of elements ofA^j^bhrough to a direct summand. 

Thus there exist elements 0\ • (vn) of v for all ( l ^  Un ^



such thatand positive integers iN/f^) ,

wv Q / ^  + l Ç. ~ f à vM  )+(2i^>)^v,hö )
H — I ¿MW)

/ (ÔmU A ^ t  C  — (
■V>W6*l)

 ̂-I V-i-h-

As usual is to mean those and only those
V  >  <vA I 'M )

commutative monomials lo (M^of degree no on the free generators

occur in the unrestricted direct sum which satisfy the

condition

4

we can insure

are

flox t n o ) - 0

Now by choosing h ^  Ni ■=* Niv)--- K/C'A) \

that all the elements of the sets /\u f\L _ A n  j -- - M

brought through to a direct summand ofjnCA/Cj- This completes the
 ̂ '**7 '-Wi,3y.. . w

proof of the decomposition.

We now take an arbitary finite subset of the generators t\/- ^ <*, U)/?..?

and denote this by Li , in conformity with our usual notation.

By the above construction and decomposition we can bring through the

set V  to a direct summand C.j'IA - ,J*L''' ‘'O
,<yW ; ‘ -

Let den

THEOREM .fA.V)

If ly ̂  is a finite subset of L _ n  / ! „  , then for sufficiently

large fl> , the subalgebra L of the commutative algebra 1_Y)/~X*i
is freely generated by this set Ly '

denote the image of u under cj> : Ç - ? »  .

.Proof:

Consider the polynomial expression.

-- 1 A p ’) =  O(4.3.1.) not all («V e JI ) =  o
\ I * £"•) ̂where the '0>.v y are commutative monomials on the elements VX s

j.We may assume without loss of generality, that (4.3.1 •) isr (n I Cvx,
'Ia. p l.We may

is the subalgebra generated by the set w
M

for some integer fl
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an homogqjious equation. The proof now proceed by induction on the 

degree of (4.3."0. If (4.3."0 has degree 1. , then since the'.elements

of degree 1 in U  axe tXv/ j" and these elements are linearly

independent by the construction and decomposition when T\7, N ~

-zjwcjlXi),- . We have a contradiction in that all the oQ are not zero.

Now suppose that non t r iv ia l  relation  o f the form

(4.3.2) L _ j ^  t  L ;  )  ■ ■ ' t  Jr !C> ~  ^

exists and (4 .3 .2 ) is  homogeneous.

I f  K^i" fo r  some term is  the summation then we get a contradiction o f the 

choice o f the using the decomposition (4 .2 ) and the linear independence o f the

elements o f the sets A w  , . . A/i.
We now apply induction to the degree o f (4 .3 .2 ) and we write the above expression 

in the form.

(4.3.3)

Where ^ ¿ is  a  ̂o f largest degree which genuinely occurs in (4 .3 .2 ). Now d iffe ren tia te

(4.3.3) with respect to some free generator 2̂ .. giving:

ft--3 -4 J Z  f  i ' P f  d̂ C ( Ul)^

2  4: ItJ*). -  O
(p/ tfa) 1 - 0  &r

On equating^coefficients o f fixed powers o f IS{ we have

(4.3.5)

and

(4.3.6)

ii+
O <A.J

T ‘ d̂ L  = c  

-  c .

fo r 2 6  * „ /)

i/n
I f  we do this fo r  each free generator, i . e .  1,3. , . .  . V . Then (4.3 .6) implies

that ( °  / is  a constant.
V  «
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Now consider

(4.3.7) X.
im=(

This gives using Euler's Theorem for homogeneous functions

(4.3.8) 0

Where fn-i) ̂  X is the degree of X , ̂  yt{ is the degree 'U £ . However

(4.3 .6 ) and (4.3.8) together imply that |j(u j./'f tf.̂ iis constant for (4.3.8) then Implies 

that each i/- can be expressed as a (\a kI)  for 0  =- 1'-?• ^ 2 This contradicts

the choice of the L for large !'J and our Theorem is proved 

Note the above proof will not work for a field of characteristic ( p o)
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e now deduce that the subalgebra C\ of all elements of finite dggree in d  is a free 
commutative algebra. —

IKHQBM (4.4)

is a free commutative and associative algebra on the set\ s j  as free generators 

over the field c Wo-'Kvc’tewstcc 'je-ro .

Suppose £  is not free on the generating set u y  , then write down an 

arbitary polynomial relation

(4.4.1) ^222 ^c 'Vt-c, M 1 . - 1A VVV)— O  and not all Af̂  ■=. o .

This relation defines a finite set of elements [J contained in w

and by the decomposition and construction given above (4.1) is equivalent to

(4.4.2) ^   ̂ = O

for large *1 .

By theorem (4.3) we have an immediate contradiction. Hence all the 

0(k = c> . This proves our theorem.

It is to be noted that we could have proved that the subalgebra I of the

associative algebra I__ was free, by the same method as used here.

However, it is of interest to work within the context of the paper ( 5" ) 

of P.Cohn.

This concludes section 4.



■0.-&BOUPS . SUBALGEBRAS OF UNIVERSAL ALGEBRAS. PROJECTIVE LIMIT OF
7

UNIVERSAL ALGEBRAS

We now derive some results of general interest involving il_-groups.

In particular we define the completion of an £2_-group and show 

some of its properties. This is largely a generalisation of the 

work of M.Hall ( | | ) on the completion of free groups. Only

the more fundamental properties of «Q.-groups are developed ; we 

do indicate , however, how the more technical results required 

in the following may be obtained. For a comprehensive account 

see P.J. Higgins ( \ 2_ ) or,less detailed,A.G. Kurosh ( .20 ).

We shall use the concept of completion of a group,considered 

as a uniform space, as developed originally by A.Weil. A good account 

of this appears in N.Bourbaki ( -2 ).

DEFINITION S.1( 01- -group ) .

be a non-null set. Antq-aiy operation ¿O is defined on 67 (where 

VO is a non-negative integer ) if to every ordered system of n

elements --- CXvx of (S there is a uniquely determined

element of the same set , written: d L0.x.- - cx>\ to for all 

kv—ary operations 60 in . If also satisfies the axioms:

G.1 <3i is a group ( not necessarily commutative ) with respect

to (A-) —  )̂ •

G .2 ¿S admits the set S2. of finitary operations.

G-.3 For all io in SH- , O O  O - O H *  -CD,where O  is the zero 

element of .Then is an Q. -group.

DEFINITION £.2 ( -subgroup)

Let be an -S2 -group A non-void subset / \  ̂  G  is called an ¿2*subgroup.
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of ¿3 if for every ru-ary operation in Q  it always follows 

that given a, ,<xX/ - in / \  , a^  is in A  .

DEFINITION j>. 3(Homomorphisms of52**SrouPs )

Let be two J>2.-groups of the same type (i.e., both

groups have the same of operations 57_) .If - (C\ — is a

mapping where for all -- cX ̂  and t/Z-ary operations 60 in JT2_

--- tO .Then is called a homo-

-morphism. The usual modifications enable one to define an iso-, 

endo~, auto- ,morphism.

DEFINITION S.k( Equivalence relation )

An equivalence relation in the set <S| is termed a congruence

relation or congruence in the SL-group ¿51 ,if whenever (X  C, x[ ) ̂

(for A. - \/ - - - «'O then Cx\XL. . jc!^L - - xlK<Z!) belongs to .

By Xcjsr^is meant that icv and Dc z belong to the same

equivalence class.

DEFINITION S.5 (Quotient group)

Cxi 1^. the quotient group of the J2-group 6j by a congruence C\ 
denotes the -Q_-group Vfhere the elements of the set f £(

are denoted by DC FQ , (b) ;and IX t\ is the set {oj £

and the operations on the qfX’iare defined as follows

(5.
DEFINITION £.6 (An ideal in an d^-group )

An ideal in an -oZ -group 6)is a subset A: of (Sj with the follow- 

-ing properties:

(i) A is a normal subgroup of the additive group of the -group.

(ii) When (Z> z S l  is an arbitary Y\ -ary operation, (\ an arbitary
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element of A  ,and ^  . / ¿ft 2. j are arbitary elements of (3\ ,

then the following inclusion relation must always hold for - H

It is now easily shown that there is a 1-1 correspondence between 

the decomposition of an arbitary SI -group with respect to its 

ideals and the congruences on vide( 2 O  ).Thus we can speak 

of the S i -factor group with respect to the ideal ,namely <S//\

as opposed to the S L  -factor group with respect to the congruence 

. The ideal A\ is , of course, the zero element of the 

S2. -factor group &>/A .
Now l e t b e  the free .A?-group generated by a countable number of,

free generators * i' - - X* - -' 'h • Let ( H j  denote the family
, fHC'H

of kernels of the natural projections CP r »where ^  is

the free S2 -group generated by *j~/ - -Xnl'» We show that this

family f H  kv,) is a family of ideals . We verify the second condition 
/w> c n

of Definition s.e, the former is obvious.

Let for some Vvi .then let

= -(

sides under
A m
' w

. - ~ ^vv)^ +" -- ------------ ^ H. 3^0

and we get

(H

o =  f

This establishes our contention.

The following properties of the family of ideals i ̂  

obvious from the definition of the family :

(i) B k  iP v\41m  ,(ii) i ) U  - £ 0 3  ,(iii) the are normal ̂ Vv\

subgroups of (A) A  ' ) .

. Map both

-0

_ are
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The cosets i n  o f the family of Ideals H < then provide us with a basis

for a topology. We call this topology the ideal topology it is

to M.Hall's subgroup topology (

analogous 

). Following M.Hall ( | | ),

we define a uniformity of the ideal topology in terms of the sets

■}4 = £ ' °y ̂  p ,noting that if ■ I n  ^ H
j_l K'’we have, by definition of a congruence l i l i  - aj €- rt •

We have therefore that the operations ¿O in H  are continuous. 

Now with each there is associated the factor 5 2  -group €»( H v  

It is easily seen that the flvv, are open and closed, thus the 

topology induced in <5^= <$>/p^is the discrete topology. Also 

the indices t*Hi$ are the positive integers so that we can define the pro

tective limit of the factor groups ;this will be an S2 -group P .
The discrete topology on the ^  will determine a topology on P ,

the neighbourhoods of an element X A  F'5 being all the elements of F  

with the same O f t  for a finite number of ,

THEOREM 5.7

An S~Z- - group <5i with an ideal topology defined by a family % 
of ideals is totally disconnected .If we take the ^  factor 

2 1  -groups 6/14 ̂the indices form a directed set if whenever M  Wo c. (4 

we write Vv\> . A natural homomorphism is determined (3) /lO — P  <Si 1

via the relation & i — £ ) / t-Hi _/ f4*vi.In terms of 

these homomorphisms and the discrete topology in the >the

projective limit P  is defined .The group r is the completionis defined .The group P* i 

of (denoted by ) by Cauchy sequences. is totally dis-

-connected . 5^ will be compact if and only if the ideals

regarded as normal subgroups of C~>) are of finite index.



Proof:. Since A U  ,for any 0,-^0 there is an (-1^ which
n e t  <0 n

does not contain .Hence as j-j^is open and closed , does not

belong to the component of zero. Hence ^  is totally disconnected.

Let DC &  G\ and DC -̂ JCjoe the homomorphism G\ — .Then P  

is a subdirect product P =  J T A  .where if ("4i~w ,'Ha  .then the ^
Vv̂  M ^  7

and ^  components and are related by the homomorphism

’-U, -For every DC O in Csi , the element (X.^is an

element of P  , also non-zero.These elements form a subgroup of

isomorphic to the -£2-group ¿3| and will be identified with ¿Si .

Since the topology for the ^is the discrete topology a neigh-

-bourhood in P  is given by all elements M. with a finite 
(m) _ . i

number of the DA fixed. Let N  be a neighbourhood determined by
. (J'Vfxxxng 1a , for \m- .-yn .Then an Vl exisiS following all

/n)
these Vvt\£ .Suppose for some U  in (V the n component is U .Here
Cn j (nlj

(X is completely determines lA,. for .Moreover ,for
. . , (? )

some DC in ui , DC -D> X. ~ U , .Hence DC- considered as an element

of P belongs to P  .Since every neighbourhood contains an element 

of ¿ p  , and the neighbourhoods are a basis for open sets, (3) is 

everywhere dense in P  .Also, the topology induced in as a

subgroup of P  is precisely the ideal topology defined by the f 

with cosets of the H  as a basis of open sets . To show that P ~

it is sufficient show that P  is conplete( 2— ) .In La —  ' /ll J
bn} v roif 1a - . —  O  for a particular V*\ ,these IAS form an ideal of p which

includes H  ̂  .This follows from the definition of the H  .The ideal

so formed is P m  the closure of the ideal in 1 , i

every element in P is the limit of elements in 4

, since

and any



element of *>i must be the limit of elements with U ,we see 

a limit of B^/) 6) —  H m  .The sets h  in Ixp5 consist of pairs 

C p/ where Cyi. .Hence p  and have the same v-t-i

component uj .Since a Cauchy sequence contains*small1sets ( ^  );
__ fcv

given a se quence t O i  in f-' there is a set with t\>i <y ) ¿1 H

for any .p£<Ps ^ ~ w h e n c e  all elements in CL ^ have the same w\

(ja)

y
component ')a . Since C i  n is not null every set d~  of the

* Qn) ®
sequence oontains elements /7̂ _ with vn component "H .Hence a Cauchy

P Pm )
determines a unique component w  • for every |/visequence xn

(jri/t ) & \)
If vh (A there will be a T\̂  in some with components 'M and U-

i PO (kv.)
determined by the Cauchy sequence whence (fo U )-14 . Here the element

/ H  r " _
U  - ^U}where each M . , is determined by the f  C i f  is an element of 

P  since its components satis-fy the requirements of the homomorphisms.
oHence lb is the limit of the Cauchy sequence and I is the completion 

of C] . The topology induced by V"' is the ideal topology of the 

family f' .Hence is totally disconnected . If any (S^is

infinite a sequence of elements from different cosets will have no limit 

point in (P=) .But if every is finite then the (3 ^  unrestricted

direct product is compact, and (3 as a closed subgroup of this product 

is also compact.
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UNIVERSAL ALGEBRAS: A SUBALGEBRA THEOREM

In reference ( (& ) S.Feigelstock established a subalgebra 

theorem for an abstract class of universal algebras(the definition 

of abstract class is given below, defn. 16). We use this result 

to show that the projective limit of algebras belonging to this 

same class is free(as an algebra).

First we have some definitions from the above paper.

DEFINITION &,8( n.-ary operation )

An v1,-aiy operation cO in a set X  is a mapping of X -  into X  ,

written : JC\Xz. --  X. n. A) , where C '£-)■/'>-/--- X w J  belongs to X.

and X 1X 2. - - Xv\ belongs to .These operations are defined

for all positive integral values \n on the whole of X .
DEFINITION $.9 (Algebra)

An algebra A  is a pair A-Cx,Q) where X is non-empty 

and is called the carrier of A ,denoted by |Al ,and _T~2_ is 

the set of operations defined on A \  .

DEFINITION ,g.1Q (Subalgebra)

An algebra 0> is a subalgebra of an algebra /\ , denoted by E) ̂  A , 
if | 0  | Or ( A  | and for all XvTX • - - 7 A  in 0  and all H^-ary 

operations CO in X 2  , Jix I 2. - - - X w  O  is in .

DEFINITION ¿«11 (Cartesian product algebra)

Let \ch~ ?  C be a family of algebras with the

same set of operations for each algebra A . The cartesian

product algebra is denoted by / V  /\\< an<i ii consist of all

'vectors' (X C ¿XA ,where O belongs to A . The operations

in 7 T  A k  are defined componentwise i.e., C\{ az- =- C t-- A ‘■ '■ 0



DEFINITION 5» 12(Homomorphism of algebras)

If C X ,  Y )  and -6 - 0)^ 02) ,then the mapping ^20I X  - =>

is a homomorphism from /*C to 'V” if for every ¡A -ary operation 

and for all JXV . JC^ belonging to /*\ ,

( x . x — <Tav 5:6 X x-i

if yc —? Y is a homomorphism which is also 1-1- and onto. We 

say that 1/0 is an isomorphism.

We now consider the possibility of generating an algebra 

given a set. In particular , we note that the intersection of 

a family of algebras is defined if the intersection of their 

corresponding carriers is not void.

DEFINITION 1 3(G-enerating set)

S S | A I  is a generator ,or more precisely a generating set, of 

the algebra /\  if f\£  S ^ l S l  ~ / \  i.e., the

smallest subalgebra containing Y ?  in its carrier is itself.

The algebra generated by A  is denoted by Y Y / '  •

We come now to two important concepts that of an abstract 

class and a variety .

DEFINITION .j».12f(Abstract class, variety)

A family "0? ,of algebras is called an abstract class of algebras, 

if /\ belongs to and /\ is isomorphic to 6  implies that

0 belongs to • An abstract class which is closed under the

formation of subalgebras, quotient algebras and cartesian products

is called a variety



DEFINITION -free algebra)

Let - 6  be an abstract class of algebras. An algebra /\ belonging 

to i f  is " X  -free if it satisfies the following two conditions:

(i) There is a set (/V | such that ( X  generates / A  .

(ii) For all 0> belonging to the abstract class ,and for

every mapping i£>| ;there is an extension of this mapping to

a homomorphism & ' A  ~ > S 5 .The X  refered to in(i), (ii) 

above is called a "(f -free generator of A\ .

A more natural definition of what a free algebra is,will be 

realized in the following lemma.

LEMMA 16

If A is the variety of all Si -algebras,(i.e., the algebras having 
S2. as their set of operations )then given any set S  >

generates if -freely an algebra /\<£ C .

The algebra A  which will be constructed in the proof Lemma ̂ .16 
is called the free anarchic algebra( _em£ty _se_t _ofJ.dentical °n_

the set X
°o \n

Proof: Let Xo~ X *Define A<= A VXA1 where in S2nis an
lA,-ary operation. Put N X  W  u belongs to X"" ,then there isA. tio sj
an ~L such that belongs to . If o ,then

where belongs to X ^ _ ( ,(^=b*2y. - - vl ),or vyy. belongs t o X  .u-l
If V)(/̂  . ^belong to X ^  and AJ belongs to X 2 „  ,then ̂ ^ _ - ^ i s  def- 

-ined,because there is an Ki such that belongs to X u ^  > n

therefore tyfc. - ̂ v, <X) belongs to X ^ S 2 _ w h i c h  is contained in X ^

and A- (V; s2) is an algebra.
It must now be shown that X satisfies conditions (i),(ii) of

Definition £.15.
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(i) It will be shown inductively that 2\ generates A \  . It is 

obvious that l < x >  I . Suppose that X ^  —  If

belong to X »  - and belong to S~2. ̂  »then iO is in kX>\
which implies that is in |©X/H • Therefore we have K X > M .

(ii)lt will be shown that ^ X  is a free generator of / A  

Let P> x (71 X^belong to the variety »and let 0  ¡ X — ^ 2- .
Put B -  © o  »and define S i  as the mapping from X -  into 2 — .If jc"V>
is in X  \  Xx, »then X ~ ^ ^ _  .. Cĵ cJfancL is defined to be

V * a - 6i- •
If OC. is in JX- i. »then ©- DC- 0-X- .Define

e.mapping X  =• \J/ 1' >o
be 0 if uj, 

Uj be in SSL. ̂

»such that for 

is in > < A  . Let 

, then:

xn Y  , X  is defined to 

belong to X-^ ,and let

0  ) ui L\ ©  - Cj

Hence is a homomorphism,and the lemma is proved.

Corollai.-yfe.fel

< Each free anarchic n-algebra is isomorphic to a free n-algebra.

LEMMA £ .17

If /\~ { X > X ^ L S a free anarchic algebra »then

DC, __ be« u) = jX oc0 - . . tO =i> DLi ~ x L  t x - U£. , v\ )

Proof: Lemma 5.17 follows directly from the construction of the 

free anarchic algebra given in Lemma 5.16 

THEOREM 5.18

Subalgebras of free anarchic algebras are free.

Proof. Let us take algebras /V- (Ci.,52-?, Eb- £b^S2) where j0is 

a subalgebra of / \  , symbolically: 0  ̂  A  . Let

he an arbitary finite subset of

X .  - - L<



elements of «X2- .with anan IX ̂ -ary operation .Let l/pCjSlbe 

the element arising from the o p e r a t i o n , t h e n  there exist 

•rCiy . _ „ . belonging to 1 A  1 such that '¿i Xz - '’‘X / t — .

Define as irreducible in 0 >  if 101 for somei-i4-w K ,

Define the length 0  of an element of |AI ( or 16,1 )as the number 

of symbols in the element i.e.,
V\ K

Define the set I ' A l  2: is irreducible in 6  i .To prove the 

Theorem if is sufficient to show that ^  generates 0  freely. Y/e 

must verify conditions (i), (ii) of Definition 5". 15.

Condition (i)

generates 0> . LetnA^ belong to (01 .If is irreducible

then belongs to 1 .If not ,then X  belongs to I &  I for

eve&j'i- \/V--- .Now ;therefore inductively

there exist an ¿X belonging to 1 A 1 in lAur such that <X is 

irreducible in (01 . therefore generates B  .

Condition (ii)

t v Tgenerates &  freely. Let ' I be a set in 1-1 correspondence

with ^"P , such that ( P — 0  ,and let be a free anarchic

algebra on V  . Let 6 be a map &  * F  -— ^  "tr .Extend S' to

an epimorphism (j£ of 0  onto t o  . We show by induction that ^

is a 1-1 map of F S  onto 0 ?  . Assume that (T> is 1-1 map on

the elements of 0> of length ^  \T\ ,’into • By the 1-1 corres-
fp

-pondence between ( and ( , we may assume that ip is greater

than A  . Suppose that U> belongs to 0  and is of length hi 4 I

) ix u: where h - (, Z.. J  ( A '  for
\ * 1 /■ .̂ vLet b  = CbC( y X-A t ,,4 t- 

2. X
V



9 then :• n Suppose i o * y

1© xil - • -  ̂ "  3T

by Lemma 4.17 this implies that 

free generator of ^  , and

L  for^p U  -

- U? .Thus _ I is a 

the proof of the theorem is complete.
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