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It can be seen now by substituting Eq. (6.10) in Eq.(6.3)

that the assumptions we made about Q, are consistent. We

get
} Yo Y1 .
Q = w, + o + o sign w, (6.13)
1-b _2n|—]| 1-b £n|——|
)
D
In the first order approximation, this is
L 71 ; s
Qn = W, * 9 = + sign w, (6.,14)
1-b_gfn|—| 1-b. SLnI—I
o
D
= . + f (w )51gn W e (6.,15)

n n

where the function fo(wn) is defined from the Eq.(6.14).

Next,we shall evaluate the average current and
electrical conductivity of the system from the Kubo formula
of linecar response. We shall ignore the vertex corrections
for the moment and later on take them into account. The

current is given by

(&
i

RVA [

]1 ) kuvaPk(w )Gk,(w + wp)

v
m* K,

]
]
|

P

1, & g2 ZI de (6.16)
' [iwn-e+2(wn)][iwn+iwp-e+2(wn+wp)]

A1l the quantities are the same as defined in chapter

3., Performing the ¢ integral in the upper half plane, we




obtain

2m

- 1 e? 2
R el e okZ )
m%
38 m*%v <0 Wy * £ (wy) + fz(wn+wp)
(6.17)
where
ik Y
1
£.(w.) = O + (6.18)
1717 gepan -2 1-byen . -n
D D
and
£ YO Yl >
Z(wn+wp) - w_¥o * W+ (6.19)
1-b Rfi sttt 1-b12n-———2
D D

We transform the w,-sum to a contour integral form as
before, (See Chapter 3), and make analytic continuation to

real frequencies iwp + w + 10+ to get

Z 1
cw_<u_<o Yp + £ (W) ¢+ £, + wp)
p “n
: f X () - 90x - 0)] (6.20)
2mi e~ " +1
with
1
o (x)
= Y
e + Yo . 0 . Y1 . Y1
1-b_gn X 1-p gnoiXti® o gip o gplX 1o gpTiXCIC
o p o D 1™ Lot
(6.21)

Using the same procedure the average current 1is

found to be




Yobo'wlbl
§ e r—— - —= n
v 2(vo*vq) (¥ g1y

T

1.13D

(6.22)
and the conductivity is given by (in the d.c. limit)
Prralys
2 S(J2+=J7)
g = 28 8? ; g L = - 201921 gnl - (6.23)
* — —-
m 3npc(J0+3J1) Jo+3J1 1.13D

In the last expression we have replaced Yoo Yis bo and b1
by their values from Eqs. (6.11) and (6.12). We notice
that for J; = 0, i.e. for s-wave scattering only Eq.(6.23)
immediately reduces to Eq.(3.55). The effect of taking
p-wave scattering into account is just to rencrmalize the
previous result for s-wave scattering only. But, we must
also remember that we have not yet taken the vertex

corrections into accaunt. We shall do that in the following

section.

6.2 Vertex Corrections at High Temperatures

The vertex corrections are taken into account by the
prescription laid down through the generalized Ward's
identity which itself arises from the conservation laws,
like the conservation of charge, particle, momentum etc.
The series for the single particle Green's function is
given by Fig.13(a) where the fundamental units are empty
boxes. To take vertex corrections into account, one has to
evaluate the vertex function which usually occurs in the

form of an integral equation. According to the Ward's
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identity, this integral equation has to be constructed by
inserting current vertices at all points on the free

electron propagator between the empty boxes, (in the diagram),
in each term of the series. Only one current vertex has to

be inserted at a time., At this point, we must recall that

the empty boxes themselves consist of crosses, triangles

and open circles, and notice that current vertices can also
be inserted between them, but we shall consider this later.

Thus, for the following typical term

k! j/ - S ' k
O e N I N
71 7 l*W__J .
we write
k L R k K' — & — &' k
> > - > o ] o] - }%» rrrrrrrr
— I S i T

k' R o 2! o k k' L ! k
AT A e A T

then the diagrams arec bent about the vertices to form the

vertex equation. Since, at high temperatures we expand

in powers of J, we shall calculate the lowest order correc-
tion first. The vertex function, Au is then given by the
diagram 14 .

From Fig.14, the vertex equation is written as

&u(k) = §p+ ) Au(k')ak'k'(wn)ak'k'(wn * wp)
k',o0
. L A 3 {1\' k E
o[ié] ) JknAQrka(Q"z’wn)eLtn ==
ZN v
2,8

A - k_, ? .R
| Zv Jk'PAD'kG(pup’wn+wp)el(— k') -Ra (6.24)
PP *




Figure 14 : The form of the integral equation for the
vertex function, Au.

As it is clear from the above Equation that the vertex
function Au does not depend on the position of a single
impurity, the sum over the impurities can be performed
immediately giving Ns» the total number of impurities in
the system. We use Eqs. [5.34(i)] and [5.34(ii)] to
reduce Eq. (6.24) in the following form

L

Ak =k o+ [%%) N; (-igN) 2} [5u(k')ck'(wn)ck'(wn * wp)
k'

°[J0Uo(wn) + JlUl(wn)cosekk.]

°[JOU0(wn + wp) % Jlul(wn + wp)cosekk,] (6.23)

—

where we wrote Gl,k = Gk and
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0 11
n (w,) =n" (w,)
U (w.) = 2 and U, (w.) = = (6.26)
o' n 1 + Eo(wn) 1\¥n 1 4+ %El

The Eq. (6.25) is very difficult to solve for the general
case. Since Au must be proportional to ku, we put

&u(k) = kué(k) and multiply both sides by ku and sum over y.
The important k' values in the sum are lk'l - kF and also
we require A(k) for |k| ~ kg. Writing A(kg) =) , we

obtain

" (8)* \ 1
A=1+2 = Ni3 S (U, (wy )Up (o) + Uy (U, (o rp) ]
kl

o Gk' (wn)Gk' (wn * wp) (6.27)

The product terms Uo(wn)Uo(mn+wp) and Ul(wn)Ul(wn+wp)

vanished because of the angular integrations. Denoting

Qug*oy) = | : e
e - v, - Z(mn)]te - dog- ey Z(mn wp)

(6.23)

Eq. (6.27) becomes

1

N;p
1-4;ﬁ2 JoJl{Q(wn+wp)[Uo(wn)Ul(wn+wp)+U1(wn)Uo(wn+wp)]}

(6.29)

Thus, in the simplest case the vertex function is given by
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Eq. (6.29). Now, the conductivity is given by the curvert-
current correlation function, represented by diagram 15,

where the propagators are full Green's functions.

Figure 15 : The diagram representing the current-current
correlation function.

The current is given by

2
_ ol e )
oy = BJ{ } A, ) Aukak(wn)Gk(wn+

) (6.30)
*
m*v k,u

w
P
n

All quantities appear in Eq. (6.30) are already defined in
Chapter 3. Using Eq. (6.29) and performing the € integrals
in Egs. (6.28) and (6.30), we obtain

. 2m e? 1
I -gg — Aukép 7 [ wp+f1(wn) + fzﬁﬂiﬂgp) - ao[UOQAn)bjﬂén+wP)
m=v -wp( (un<0

~1
# Ulﬂun)UOan+wp)] (6.31)

where fl(wn) and fz(wn+wp) are defined in Egs. (6.18) and



= 8%

(6.19) and we put o_ = S, JoJd1e The w, sum is performed

0
48N
in the same way as before and we make analytic coantinuation,

iwp + w + i0+ to get

2n  e? B dx )
s 28 AiE o £ | $(x) - ¢(x-u) (6.32)
H 38 m*2y M F 2mi JeBXe {
where
b Y ¥
(x) = |-iwt —2— + NN
1-b_ga=2 1-b_gn =X 1-b, eniX
*p o D 17
-1
b - e
; ix -ix-iw =~ix-iw ix
1-b ln——][l-b zn—————i [14)2n ]be MP—J
[ °"p 1 D o) D Iy ‘
(6.33)

where bo, by, Tq and Y, are defined in Eqs. (6.11) and
Cﬂzpa JZJZ

. Expanding for
- 1
76883 ©

(6.12) and we put y' =

pJy pdy g e
— << 1 and —= << 1, we get conductivity in the d.c.

N N
limit, given by

1 e, 1 YoPo"1P172Y'bby | 1 |
3 m*?y 2Qvg*tv1=Y") (Yo*rr1-v") 1.13D|
B gaslys 0 5353y
_ne? 8N 1 1. _N¥o'5 TR 01 in i
1,13

m* 3mcp 2,12 T2 212 2,172 _Egi_ WA
Up im0 | ot o I




It is clear from Eq.(6.34) that the inclusion of vertex

corrections by inserting current vertices between the
empty boxes, contributes a correction which is sixth order
in J, to the log term. In the high temperaturc ecxpansion
this is negligible,

To obtain the lower order correction, we need to
write down the empty boxes in the series for the Green's
function in their constituent crosses, triangles and open
circles, and then apply the generalized Ward's identity as

before. The Green's function is then given by

k! k kk! k' 2 k k* 2 2t k
e sy R & ; A N
: - >} La e W

k! [ L n k
L N A A /2 W _
T ya Sy way A\ { T
kl QI 'Q'l 2!! k k' R, ,Q,' Qn pllv 2""

GG RO O ¢

Figure 16 : The series for the Green's function Gkk' .

Inserting current vertices systematically and keeping only
the first order corrections, the vertex equation can be

represented as in Figure 17.



Figure 17 : The vertex equation for &u .

The open circle, cross and thick lines are all defined

before in Chapter 5. The vertex equation 1is

3,00 < &

2 ~ A
R RO LU NIRRT ke

p,p'
k',o

Proceeding in the same way, writing A(kF) = A, one obtains

A= " 1
C A A .
[: & -B;N— ! v G(k!' ,p,wn)c(p',k',wnmp)J}q,Ap.k] (6.36)
D,P

1.
1\'

where, we put p = cosby .4, which occurs when we multiply both

sides of Eq.(6.35) by ku, sum over u and divide both sidus
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by k?. We shall now embark on calculating A . This is a
rather tedious job, but if we keep only terms third order
in J, the algebra is simplified to a great extent. Now,

i 1 1 a ' ) & [
using the values of G(k,k ,mn), Jkk' and Akk' found for s
and p wave scattering only, the term appearing in the

denominator of the Eq. (6.36) can be written as

z uG(k"p’wn)G(p"k"wn+wp)JkpAp'k

_ .3 |
=3 ) cosGkk,(J0+chosekp)(JO+J1cosep,k) 8115011 (©0))

kt ’pi

p k'

' (18] (o) ®)G Gk . 1B£V (wn)] [ ] (1) (P)Gk.(w )G (wn)
-1
o E%igv(l) (con)j} cosek,p

18 A -1
18,1t G (wn+mp)+[1?‘].] i )G o)V oy (D138 ()

N

18 ] 1 - "1
[N}G (w wp)Gk (w 0 )V(l)(k )[l—glﬁév(l)(wn+wp)] cosep,k'
(6.37)

At high temperatures, we put My = 0 and so By becomes

= % Jk'k' Now, we notice that the angular integrations will
4 =

give zero for a large number of terms in Eq.(6.37). We

perform the angular integrations and use Eq.(6.2) to obtain

the following, keeping only terms up to third order in J,
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p 1is the density of states of conduction electrons near
the Fermi surface and the functions fl(wn) and fz(wn+wp)
are already defined and Q(mn+wp) is defined from its

previous line.

(ii) % %fsign(wn+wp) = %f for -w <w <o (6.40)
w_ +f,(w.) " Alw.)
.o 5 _ ~ _ n "1'n = _ ip n
(iii) kz' le (wn} (fks 1) = -—-D——‘-—— . in|- -
(6.41;
(iv) 1;' Gkv (wn)le (wn"'wp) (fkv - 1)
. _ ip 1 | Cntf1lon)
R? wp+f1(wn)+f2(wn+wp) wn+wp+f2(wn+wp)
o A (UJ )
- - i% 1 n | n (6.42)
R Q(wn+wp) B(wn+wp)

The functions A(wn) and B(wn+mp) are defined quite obviously
from the above expressions. Now using these results{ﬁqs.

(6.39) to (6.42) the expression (6.38) is simplified to

the form
J J,mp Alw,)
O 21 1 1 Q'n - ___._._____n
B Q(wn+wp) B(wn+wp)
Alw.)
+ J.)en L (6.47
1 D
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with
¢(x) = :
“A(=1ix)
Q(-ix-iw)-aﬂm.r‘r A(-ix) -Zm?,rw[:—‘——(—lz—-’-]}
L— "X-"LJ) D )
In the d.c. 1imit Eq. (6.46) is
- lwB J¢(X) [.Efiﬁl]dx (6.47)
2m w=0 X
Now, since
Y Y
B(-ix-iw) = -ix-iw + 0 + E
-iX~-iw -ix=-iw
l-bozn——-——— 1-b12n——————
D D
Y Y
A(-ix) = -ix - D = :
ix
i1-b_iAn—= 1-b, 4n—
°"p 1™y
and
Q(-ix~-iw) = B(-ix=-iw) - A(-ix)
Y ¥ Y it
= -iw + 3 + ! + 2 + !

1-b =i gy gTIXAR gy gpdX pp gpdX
D D D D
On expansion, for bolnT/D L blknT/D << 1 and keeping

terms only up to third order in J, one gets

1
w=o  2(yy * 71)=0+[2(vob, + y1by-n)enlE|]

HEd

¢ (x)




































































































