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Recurrent event data analysis

 Analysis of recurrent events data:

 Applications

– modelling of insurance claims/warranty claims: times between claims

– modelling of the outbreak of an epidemic disease: the number of cases

– modelling of time between failures of technical systems (software or hardware)

𝑡1 𝑡2 𝑡3 𝑡4 𝑡5

𝑥1
𝑥2

𝑥3
𝑥4

𝑥5

Challenges
1. Common difficulties in reliability engineering: 

• Lacks of failures, technical systems are normally reliable and do not have many failure data
• Censoring:  when the observation period ends, not all units have failed - some are survivors

2. Recurrent event data analysis is also widely studied in the healthcare sector, in which 
• the effect of covariates is the focus and 
• they have more data available for modelling
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Recurrent event data analysis

 Recurrent events:

 Notations: 

𝑆𝑛 =

𝑖=1

𝑛

𝑋𝑖

𝑌𝑡 = 
𝑛=1

∞

𝜒{𝑆𝑛 ≤ 𝑡} = sup{𝑛: 𝑆𝑛 ≤ 𝑡}

𝑚 𝑡 = 𝐸[𝑌𝑡]

Questions in reliability mathematics:
1. What are the distributions of the gap times, i.e., the 

distributions of 𝑋𝑖?
2. How many events occurred within a given time, i.e., 

How can we estimate 𝑚(𝑡)? 
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Literature review
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Bathtub curve in reliability engineering

Infant mortality  

failure period
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Early-life failures with decreasing failure 
intensity function

• Poor design
• Defects in the material
• Manufacturing problems Failures with approximately a constant 

failure intensity 
• Maintenance errors
• Human errors
• Failures due to nature

Failures with increasing 
failure intensity function

• Low cycle fatigue

• Bearing failures

• Corrosion, erosion



7©Dr Shaomin Wu

Existing modelling methods

 Parametric methods, for example

– Renewal process (RP): replacement, repaired as good as new

– Nonhomogeneous Poisson process (NHPP): minimal repair

– Virtual age models

– Geometric process

 Non-parametric methods

B ---- As bad as old

C ---- between A & B

A ---- As good as new
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Renewal process

 Given a sequence of non-negative random variables {𝑋𝑘 , 𝑘 = 1,2, … }, if they are 
Independent and identically distributed, then {𝑋𝑘 , 𝑘 = 1,2,⋯ } is called a renewal 
process (RP). 
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Renewal process

? ?
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Geometric process

 Given a sequence of non-negative random variables {𝑋𝑘 , 𝑘 = 1,2, … }, if they are 
independent and the cdf of 𝑋𝑘 is given by 𝑭(𝒂𝒌−𝟏𝒙) for 𝑘 = 1,2, …, where 𝑎 is a positive 
constant, then {𝑋𝑘 , 𝑘 = 1,2,⋯ } is called a geometric process (GP) (Lam, 1988). 

 Remarks

– If 𝑎 > 1, then {𝑋𝑘 , 𝑘 = 1, 2,⋯ } is stochastically decreasing.

– If 𝑎 < 1, then {𝑋𝑘 , 𝑘 = 1, 2,⋯ } is stochastically increasing.

– If 𝑎 = 1, then {𝑋𝑘 , 𝑘 = 1, 2,⋯ } is a renewal process (RP).

– If {𝑋𝑘 , 𝑘 = 1,2, … } is a GP and 𝑋1 follows the Weibull distribution, then the shape parameter of 
𝑋𝑘 for 𝑘 = 2,3, … remains the same as that of 𝑋1.
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Literature review

Geometric Process (GP)

𝑋𝑘~𝐹 𝑎𝑘𝑥 ,
1 = 𝑎1 ≤ ⋯ ≤ 𝑎𝑘…
(Finkelstein, 1993)

𝑋𝑘 = 𝑎𝑘−1𝑊𝑘,
𝑊𝑘 are iid

(Wang, et. al. 1996)

𝑋𝑘~𝐹 𝑘−𝑎𝑥 ,
(Braun, et. al. 

2005)

𝑋𝑘~𝐹൫(𝛼𝑎
𝑘−1 + {𝑎𝑖

𝑛−𝑀𝑖𝑍𝑛 , 𝑀𝑖 ≤ 𝑛 < 𝑀𝑖+1}

forms a renewal process
(Chan, et. al., 2006)

𝑋𝑘~𝐹 𝑎−𝑏𝑘𝑥 ,

(Bordes, et. al. 2013)

 The GP has been extensively studied since its introduction in 1988 (Lam, 1988), mainly 
due to its elegance and convenience in deriving mathematical properties in applications

Geometric Process (GP)

𝑋𝑘~𝐹 𝑔(𝑘)𝑥
𝑔(𝑘) is a function of 𝑘
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Motivation for the doubly geometric process (DGP)

The process {𝑋𝑘 , 𝑘 = 1,2, … } with 𝑋𝑘~𝐹 𝑔(𝑘)𝑥 has the following restrictive implications

 Invariance of the CV (coefficient of variation): Given a GP {𝑋1, 𝑋2, … }, then 

𝐶𝑉𝑘 =
𝑉(𝑋𝑘)

𝐸(𝑋𝑘)
=

𝐸 𝑋1
2 − 𝐸 𝑋1

2

𝐸 𝑋1

 Invariance of the shape parameter: Suppose 𝑋1~1 − exp{−
𝑥

𝜃1

𝜃2
}, then

𝐹(𝑔(𝑘)𝑥) = 1 − exp{−
𝑥

𝜃1 𝑔 𝑘
−1

𝜃2
}
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Literature review

Geometric Process (GP)

𝑋𝑘~𝐹൫(𝛼𝑎
𝑘−1 + {𝑎𝑖

𝑛−𝑀𝑖𝑍𝑛 , 𝑀𝑖 ≤ 𝑛 < 𝑀𝑖+1}

forms a renewal process
(Chan, et. al., 2006)

 Monotonicity of the GP: from the remarks, the GP {𝑋𝑘 , 𝑘 = 1,2, … } change 
monotonously, either increasing or decreasing
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Doubly geometric process

 Given a sequence of non-negative random variables {𝑋𝑘 , 𝑘 = 1,2, … }, if they are 
independent and the cdf of 𝑋𝑘 is given by 𝑭(𝒂𝒌−𝟏𝒙𝒉(𝒌)) for 𝑘 = 1,2, …, where 𝑎 is a 
positive constant, then {𝑋𝑘 , 𝑘 = 1,2,⋯ } is called a doubly geometric process (GP) 
(Wu, 2018). 

Geometric Process (GP)

Doubly geometric process (DGP)
𝑋𝑘~𝐹 𝑎𝑘−1𝑥ℎ(𝑘)

ℎ(𝑘) is a function of 𝑘
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Examples
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 If 𝑋1 follows the exponential distribution and 

– if {𝑋𝑘 , 𝑘 = 1,2, … } follows the GP, then 𝑋𝑘 (for 𝑘 = 2,3,…) follows the exponential distribution 
with different rate parameters from that of 𝑋1,

– if {𝑋𝑘 , 𝑘 = 1,2, … } follows the DGP, then 𝑋𝑘 (for 𝑘 = 2,3,…) follows the Weibull distribution,

 If {𝑋𝑘 , 𝑘 = 1,2, … } follows the DGP and 𝑋1 follows the Weibull distribution, then 𝑋𝑘 (for 
𝑘 > 1) follows the Weibull distribution with different shape and scale parameters from 
those of 𝑋1

 Suppose that {𝑋𝑘 , 𝑘 = 1,2, … } is a DGP, then the coefficient of variation (CV) of 𝑋𝑘
changes over 𝑘's.
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Parameter estimation

 The least square method

 The maximum likelihood method
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Data analysis

 The AICc of DGP is 630.090 and that of GP is 630.242
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Reliability data: 
Time between 
failure data

Reliability data

The least squares 
method

The maximum 
likelihood method
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GP-like models that can describe non-monotonic trends

Geometric Process (GP)

𝑋𝑘~𝐹൫(𝛼𝑎
𝑘−1 + {𝑎𝑖

𝑛−𝑀𝑖𝑍𝑛 , 𝑀𝑖 ≤ 𝑛 < 𝑀𝑖+1}

forms a renewal process
(Chan, et. al., 2006)

𝑋𝑘~𝐹 𝑎−𝑏𝑘𝑥ℎ 𝑘 ,

(Wu, 2018)

 There are GP-like models that can describe non-monotonic trends

 Invariance of the shape parameter: Suppose 𝑋1~1 − exp{−
𝑥

𝜃1

𝜃2
}, then

𝐹(𝑔(𝑘)𝑥) = 1 − exp{−
𝑥

𝜃1 𝑔 𝑘
−1

𝜃2
}

4 parameters
Flexible, but 

many parameters

2 parameters, 

the shape 

parameters 

changes over 𝑘
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Requirements of a new GP-like model

 We require a model satisfying three conditions

– A parsimonious model: with fewer parameters

– Be able to describe non-monotonic trends

– If 𝑋1 follows the Weibull distribution, the distributions of 𝑋𝑘 (for 𝑘 = 2,3,…) have the same 
shape parameter as that of 𝑋1

 DRGP: Given a sequence of non-negative random variables {𝑍𝑘
𝐷, 𝑘 = 1,2, … }, if they are 

independent and the cdf of 𝑍𝑘
𝐷 is given by 𝐹𝑘

𝐷 𝑡 = 1 − exp{−0
𝑡
𝑏𝑘ℎ 𝑎𝑘𝑢 𝑑𝑢} for 𝑘 =

1,2, …, where 𝑎𝑘 and 𝑏𝑘 are positive parameters (or ratios) and 𝑎1 = 𝑏1 = 1. {𝑍𝑘
𝐷, 𝑘 =

1,2, … } is called the double-ratio geometric process (DRGP) (Wu, 2021)
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An equivalent definition

 Lemma: Given a sequence of non-negative random variables {𝑍𝑘
𝐷, 𝑘 = 1,2, … }, if they are 

independent and the cdf of 𝑎𝑘
−1 𝑍𝑘

𝐷 is given by 𝐹𝑘
𝐷(𝑡) = 1 − 1 − 𝐹1

𝐷 𝑎𝑘𝑡

𝑏𝑘
𝑎𝑘 for 𝑘 =

1,2, …, where 𝑎𝑘 and 𝑏𝑘 are positive parameters (or ratios), and  𝑎1 = 𝑏1 = 1. Then  
{𝑍𝑘

𝐷, 𝑘 = 1,2, … } is a double-ratio geometric process.

 [Monotonicity] Suppose ℎ(𝑡) is a monotonously increasing function in 𝑡, {𝑍𝑘
𝐷, 𝑘 =

1,2, … } is a DRGP, then

 If both 𝑎𝑘 and 𝑏𝑘 are increasing  in 𝑘, then the DRGP is stochastically decreasing;

 If both 𝑎𝑘 and 𝑏𝑘 are decreasing  in 𝑘, then the DRGP is stochastically increasing; and

 If both 𝑎𝑘 (or 𝑏𝑘) is increasing  in 𝑘 and 𝑏𝑘 (or 𝑎𝑘) is decreasing, then the DRGP may not 
be stochastically monotonic.
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cdf of 𝑍𝑘
𝐷

 𝐹𝑘
𝐷(𝑡) = 1 − 1 − 𝐹1

𝐷 𝑎𝑘 𝑡

𝑏𝑘
𝑎𝑘,

 Assume 𝑍1
𝐷 follows the exponential distribution with hazard function ℎ(𝑢) = 𝜆, then 

𝐹𝑘
𝐷(𝑡) = 1 − e−𝑏𝑘𝜆𝑡. That is, 𝑎𝑘 does not play a role in DRGP. Below are two special 

cases.

– If 𝑏𝑘 = 𝑏𝑘−1, regardless of the form of 𝑎𝑘 , then {𝑍𝑘
𝐷 , 𝑘 = 1,2, … } is a GP with the cdf of 𝑋𝑘

being 𝐹𝑘
𝐷(𝑡) = 1 − exp(−𝑏𝑘−1𝜆𝑡), and

– If 𝑏𝑘 = 𝑘𝛼 ,  regardless of the form of 𝑎𝑘 , then {𝑍𝑘
𝐷 , 𝑘 = 1,2, … } is an 𝛼-series process with the 

cdf of 𝑋𝑘 being 𝐹𝑘
𝐷(𝑡) = 1 − exp(−𝑘𝛼𝜆𝑡).
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Equivalence

 Let 𝑍1
𝐷 follow the Weibull distribution 𝐹1

𝐷(𝑡) = 1 − exp{−
𝑎𝑘𝑡

𝜃2

𝜃1
}, where 𝑎𝑘 = 𝑘𝛼1 and 

𝑏𝑘 = 𝛽1
𝑘−1 for model DRGP-III, and  𝑎𝑘 = 𝛽2

𝑘−1 and 𝑏𝑘 = 𝑘𝛼2 for model DRGP-IV. Denote 

the maximum log-likelihood estimates for model DRGP-III and model DRGP-IV by መ𝑙1
and መ𝑙2, respectively. Then the two models DRGP-III and DRGP-IV are equivalent with 
respect of modelling a given dataset based on the maximum likelihood estimation from 
the following perspectives.

– መ𝑙1 = መ𝑙2;

– 𝜃1 and 𝜃2 from model DRGP-III equal 𝜃1 and 𝜃2 from model DRGP-IV, respectively; and

– 𝛽1 = 𝛽2
𝜃1−1 and ො𝛼1 =

ෝ𝛼2
𝜃1−1

.
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Datasets for testing
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Contributions and further research

 Contributions

– the DGP can model a stochastic process with varying CV

– the DGP can model recurrent event processes where 𝐹𝑘(𝑥)'s have different shape parameters over 𝑘's, 
which can be done by neither the GP-like models nor other repair models such as reduction of age models

– the DGP and DRGP can model not only monotonously increasing or decreasing stochastic processes, but 
also processes with complicated failure intensity functions such as the bathtub shaped curves and the 
upside-down bathtub shaped curves

 Further research

– Both the DGP and DRGP have the limitation that they are parametric models, a Bayesian nonparametric 
method is under development
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