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Abstract. The delay time concept has been used in a wide variety of applications in maintenance policy
optimisation. In some situations, the sojourn time of an item at a defective state may hamper the performance
of the item due to its reduced efficiency, and may therefore incur more repair cost. Consequently, the longer
the sojourn time in a defective state, the worse the influence may cause. Despite these facts, in the literature,
there is little research investigating the influence of the sojourn time in the defective state on its relevant cost.
In addition, a limited number of papers study delay time modelling for the case that repaired items can be
reused. This paper therefore extends a recently published paper by Santos et al. (2021) and presents some
insights into the delay time modelling for second-hand items. In general, the proposed model may be applied
to the scenarios where used items may be replaced by a new or refurbished one. The main contribution of this
paper is on its exploration of methods of item reuse, from which new directions for further studies are
established.
1. Introduction
The reuse of items (or second-hand items) provides an environmentally friendly way to conserve natural
resources and maintain economic sustainability (Yu et al. 2021; Santos et al. 2021). Interesting papers have
been recently published to explore new ways to reuse or recycle second-hand items, on which, however,
replacement policies have been studied to a very limited extent in comparison with replacement policies for
new items (Park et al., 2020). A recently published paper proposes a schematic framework that models the
possible reuse of an item considering its defective condition, based on the delay time concept (Santos et al.
2021). This paper takes a further step by proposing a delay time model for the reuse of items, comparing it
with the traditional delay time model, and then establishing the optimal time to perform inspections for a prespecified percentage of items to be reused in the long-run. The paper lays the foundation for future
development of new delay time models in the context of reuse.
In more detail, this paper presents a new delay time model for the reuse of items that may have defective
states. It considers that, prior to the failure, the item passes from the good state to the minor defective state (in
which the item can be reused) and then to the major defective state (in which the item cannot be reused
anymore). The objective is to emphasise reusing actions by minimizing relevant cost to seek the optimal
inspection period.
The motivation for the development of this work comes from two different aspects. First, nowadays
governments encourage firms to develop strategies and practices that make their relationship with the
environment more sustainable in social, economic and environmental ways. Second, the use of items that have
degraded along the time becomes very common in the industries. Some types of items, such as mechanical
ones, can be generally refurbished and reused. As such, the method developed in this paper may also be applied
in many different industrial sectors.
The remainder of this paper is structured as follows. Section 2 presents a possible practical context in which
the proposed model may be useful. The proposed model is presented in section 3. Section 4 discusses the
results and conducts sensitivity analysis. Section 5 concludes the paper.
2. Practical context and motivation
Maintenance policy optimization is an important research topic in operational research (Scarf, 1997). Along
with the theoretical development, the practical aspect should be emphasized as well. In the real-world, there
are many types of items that may wear and deteriorate. Such items can be mechanical items (Carter, 1986). In
these contexts, the delay time concept is a good tool to depict the failure process of such items.

Additionally, some items may have experienced more than one defective state prior to failure. An
interesting piece of work related to the development of maintenance policies for items with two defective states
can be found in Wu (2011) and Wang et al. (2017). This paper proposes a novel method with the delay time
concept for items that can be reused and then illustrates its application in the mantle and bowl liner of cone
crusher equipment, which is widely used in the mining industry. The mantle and the bowl liner may be
interpreted as a component and a socket that together execute an operational function. As a result, they can be
considered as a single-component system, or an item (Ascher and Feingold, 1984; Scarf and Cavalcante, 2012).
Such an item is subject to a continuous wearing process due to its characteristic of operation (crushing hard
material), as discussed by Sinha and Mukhopadhyay (2014). The wearing process is intrinsic and can be one
of the main causes of such failures. Besides, the degradation process is also influenced by the feed material
gradation that is crushed (Metso Outotec, 2021). As a result, such an item has two defective states: The first
one relates to the normal wear and the second to the abnormal wear. Figure 1 illustrates a simplified view of
the equipment, the item under analysis, and the two types of wear.

Figure 1. Illustrative example of one possible practical application. On the left, a draft of a cone crusher
equipment. In the middle, the bowl liner (external element) and the mantle (internal element). On the right,
representations of normal wear (considered as minor defective state) and abnormal wear (considered as
major defective state). Source: Adapted from Metso Outotec (2021).
In practice, the normal wear can be considered as the minor defective state, which will not develop to a
severe negative consequence. An item at this state can still be reused if the state is identified. The abnormal
wear can be considered as the major defective state, which will develop to a severe consequence. An item with
a major defect cannot be reused anymore. As such, the model that will be developed in this paper emphasizes
the detection of the minor defective state to provide reduced maintenance cost and a more friendly
environmental impact. The details about the development of the model are explained in the following section.
3. Development of the model
As above-mentioned, the proposed model establishes the possibility of reusing an item that is subject to twodistinct defective states. The model determines the optimal inspection interval 𝑇 in order to minimize the longrun cost per unit of time 𝐶 (𝑇). The idea is to detect the defect in a less degraded state to reduce maintenance
cost and improve environmental impact. The assumptions are defined as follows.
3.1 Assumptions
This paper makes the following assumptions.
1. The item has four states: good, minor defective, major defective or failed. The minor defective state
does not promote severe damage to the item whereas the major defective state does.
2. Repair on the item with the minor defect brings the item to the as-good-as-new state.
3. Inspections are performed in order to detect the state of the item and to prevent non-reusing action.
4. Upon inspection, if the item is detected as minor defective, it will be reused.
5. Upon inspection, if the item is detected as major defective or failed, it will be disposed of.
6. The inspections are perfect and take place every 𝑇 units of time. Each inspection incurs a cost of 𝐶𝑖 .
7. If the item cannot be reused, the repair cost consists of the acquisition cost of a new item 𝐶𝑝 and the
disposal cost 𝐶𝑑 .

8. If the item can be reused, the repair cost consists of the cost to make that item available again. This cost
is a function of the time in the minor defective state: 𝐶𝑟 (𝜏) = 𝑤1 𝐶𝑝 + w2 𝐶𝑝 𝜏.
9. If failure occurs, there exist the failure cost 𝐶𝑓 and the disposal cost 𝐶𝑑 .
10.The sojourn times in good state 𝑥, in minor defective state 𝑦, and in delay time ℎ, are distributed
according to known Weibull distributions, for which the probability density functions are 𝑓𝑥 (𝑥), 𝑓𝑦 (𝑦)
and 𝑓ℎ (ℎ), respectively.
Remark: In Assumption 8, 𝑤1 and 𝑤2 are the weights. We assume that the cost of repairing an item for reuse
varies from 𝑤1 of the cost of acquiring a new one and it changes along the time in the defective state in a way
that it will not larger than the cost of acquiring a new one.
3.2 Calculation of the decision criterion
The decision criterion adopted is 𝑇 and the objective function is the long-run cost per unit of time 𝐶(𝑇). That
is, we aim to minimise 𝐶(𝑇) to obtain 𝑇. All possible cases of the model are illustrated in Figure 2.

Figure 2. All possible cases.
Case 1. Reuse – The cycle ends in the minor defective state. Therefore, the item will be repaired in order to
return to it later in another replacement opportunity. The probability of the minor defective state being detected
at an inspection is given by equation (1). Note that for this case to happen, the defect must necessarily arrive
within the interval [(𝑖 − 1)𝑇, 𝑖𝑇] which establishes the limits of the integral that represents the probability of
𝑖𝑇
the defect arrival within this interval ∫(𝑖−1)𝑇 𝑓𝑥 (𝑥)𝑑𝑥. Similarly, the time in the minor defective state must be
∞

longer than (𝑖𝑇 − 𝑥), so that, this probability is ∫𝑖𝑇−𝑥 𝑓𝑦 (𝑦)𝑑𝑦. The summation from 1 to ∞ is considered to
reflect the long-run analysis by means of an infinite number of inspections. The other expressions were
established using the same logic.
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Here there is an important point about the value of this probability. As previously commented, the reuse
will happen whenever it is possible. As such, whenever the cycle ends in the minor defective state, the item
will be reused. Therefore, this probability provides a good estimate about the maximum percentage of reuse.
The expected cost of a cycle finishing due to the detection of a minor defective state is given by equation (2).
Note that in this case the repair cost is a function of the time in the defective state 𝐶𝑟 (𝑖𝑇 − 𝑥).
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The expected length of a cycle that finishes in the minor defective state is given by equation (3). Note that
it ends in the inspection that detects the minor defect.


V (T )1 = 

iT



  iT  f ( x) f
x

i =1 ( i −1)T iT − x

y

( y)dydx

(3)

Case 2. Not reusing – The cycle ends due to a failure. Therefore, the item cannot be reused (because it is too
degraded) and needs to be disposed of. The probability of case 2 is shown in equation (4).
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The expected cost of a cycle finishing due to a failure is given by equation (5). Note that in this case there
exist both the failure cost 𝐶𝑓 (the highest one considered in the policy) and the disposal cost 𝐶𝑑 (related to the
inconveniences to discharge the item).
iT

i =1

( i −1)T

U (T ) 2 =  (i − 1)Ci + C f + Cd 

iT − x − y

iT − x





f x ( x)





f y ( y)

0

f h (h)dhdydx

(5)

0

The expected length of a cycle that ends in a failure is given by equation (6). Note that it is represented by
the period of time in the good, minor defective and major defective states.
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Case 3. Not reusing – The cycle ends in the major defective state. Therefore, the item cannot be reused (because
it is too degraded) and needs to be disposed of. The probability of case 3 is shown in equation (7).
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The expected cost of a cycle that ends in the major defective state is given by equation (8). Note that in this
case there exist both the replacement cost 𝐶𝑝 and the disposal cost 𝐶𝑑 (related to the inconveniences to
discharge the item).
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The expected length of a cycle that ends in the major defective state is given by equation (9). Note that it
ends in the inspection that detects the major defect.
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Since all possible cases were defined and ∑3𝑛=1 𝑃𝑛 = 1. Equation (10) shows the long-run cost per unit of
time 𝐶(𝑇) and section 4 presents the discussion on the results.
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4. Results and discussion
This section presents the results of the model’s application in a hypothetical example in which the item is
subject to minor and major defective states before failure. All parameters considered are shown in Table 1, as
well as the obtained optimum policy. In this section, we set 𝑤1 = 0.2 and 𝑤2 = 0.1. 𝛽 and 𝜂 represent,
respectively, shape and scale parameters of considered Weibull distributions. This type of distribution is widely
used to represent degradation processes in maintenance models.
First, we analyse the cost if the traditional approach was applied. By a traditional approach (case 0), we
mean that the discharging of the item occurs regardless the item is in minor or major defective state. Second,
we analyse our proposed policy of reusing items that are detected in the minor defective state (case 1). Finally,
we demonstrate a short sensitivity analysis on the main important parameters for the reusing policy (cases 29).
Table 1. Results and sensitivity analysis.

Not reusing
Reusing

Sensitivity
analysis on
the reusing
policy

Cases
0
1
2
3
4
5
6
7
8
9

Distribution parameters
𝛽𝑥 𝜂𝑥 𝛽𝑦 𝜂𝑦 𝛽ℎ 𝜂ℎ
3
5 2.5 1 2.5 1
3
5 2.5 1 2.5 1
3
5 2.5 0.5 2.5 1
3
5 2.5 1.5 2.5 1
3
5 2.5 1 2.5 1
3
5 2.5 1 2.5 1
3
5 2.5 1 2.5 1
3
5 2.5 1 2.5 1
3
5 2.5 1 2.5 1
3
5 2.5 1 2.5 1

𝐶𝑖
0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05

Cost parameters
𝐶𝑑
𝐶𝑝
𝐶𝑟
0.5
𝐶𝑝
1
0.5
𝐶𝑟 (𝜏) 1
0.5
𝐶𝑟 (𝜏) 1
0.5
𝐶𝑟 (𝜏) 1
𝐶𝑟 (𝜏) 0.5 0.5
𝐶𝑟 (𝜏) 1.5 0.5
0.25
𝐶𝑟 (𝜏) 1
0.75
𝐶𝑟 (𝜏) 1
0.5
𝐶𝑟 (𝜏) 1
0.5
𝐶𝑟 (𝜏) 1

Optimum policy
𝐶𝑓
5
5
5
5
5
5
5
5
3
7

𝑇
1.15203
0.70523
0.46663
0.90080
0.76953
0.65411
0.74764
0.67046
0.72268
0.69113

𝐶(𝑇)
0.35904
0.14919
0.20767
0.12620
0.11602
0.18091
0.14333
0.15440
0.14811
0.15015

As shown in Table 1, the reusing policy establishes a considerable reduction of 58.5% in the long-run cost
per unit of time 𝐶 (𝑇) by reducing the optimal inspection interval 𝑇 in 38.8%. Therefore, in this specific case
in which the item may be reused if the degradation is up to a certain level, it is more interesting to anticipate
inspection in order to detect the minor defective state rather than the major defective state.
Regarding the sensitivity analysis, the model behaves as expected. When the scale parameter of the minor
defective state is higher, the model returns a longer inspection interval 𝑇 and provides a reduced cost 𝐶(𝑇)
(case 3). When the repair cost 𝐶𝑝 , the disposal cost 𝐶𝑑 or the failure cost 𝐶𝑓 increase, 𝐶(𝑇) increases even with
more frequent inspections (cases 5, 7 and 9).
Finally, the reusing policy provides a better cost allied to a better preservation of environmental resources
due to the possibility of refurbishing the minor defective item to reuse it again. Figure 3 illustrates the cost
benefit of reusing policy over the traditional approach.
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Figure 3. Long-run cost per unit of time for the traditional approach (non-reusing policy) and the proposed
approach (reusing policy), respectively, solid and dashed lines.
5. Final considerations
The main contribution is the development of an alternative reuse model that provides both economic and
environmental advantages when compared to the traditional approach used in industries. This paper proposed
an idea of a maintenance policy for items that deteriorate/age and are subject to two defective states. The
proposed method uses the delay time concept to model different conditions of the item and to establish the
optimum inspection interval that provides the minimum long-run cost per unit of time. An interesting practical
context for application was described in order to emphasize the model’s applicability. A limitation is the
consideration that a reused item has the same behaviour of a new one. This is a topic to be developed in future
works.
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