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Abstract

In software engineering, formal methods are meant to capture the requirements
of software yet to be built using notations based on logic and mathematics. The
formal language 7 is such a notation. It has been found that in large projects
inconsistencies are inevitable. It is also said, however, that consistency is required
for Z specifications to have any useful meaning. Thus, it seems, Z is not suitable
for large projects.

Inconsistencies are a fact of life. We are constantly challenged by inconsistencies
and we are able to manage them in a useful manner. Logicians recognised this
fact and developed so called paraconsistent logics to continue useful, non-trivial,
reasoning in the presence of inconsistencies. Quasi-classical logic is one repre-
sentative of these logics. It has been designed such that the logical connectives
behave in a classical manner and that standard inference rules are valid. As such,
users of logic, like software engineers, should find it easy to work with QCL.

The aim of this work is to investigate the support that can be given to rea-
son about inconsistent Z specifications using quasi-classical logic. Some of the
paraconsistent logics provide an extra truth value which we use to handle under-
definedness in Z. It has been observed that it is sometimes useful to combine the
guarded and precondition approach to allow the representation of both refusals
and underspecification.

This work contributes to the development of quasi-classical logic by providing a
notion of strong logical equivalence, a method to reason about equality in QCL
and a tableau-based theorem prover. The use of QCL to analyse Z specifications
resulted in a refined notion of operation applicability. This also led to a revised
refinement condition for applicability. Furthermore, we showed that QCL allows
fewer but more useful inferences in the presence of inconsistency.

Our work on handling underdefinedness in Z led to an improved schema repre-
sentation combining the precondition and the guarded interpretation in Z. Our
inspiration comes from a non-standard three-valued interpretation of operation
applicability. Based on this semantics, we developed a schema calculus. Further-
more, we provide refinement rules based on the concept that refinement means
reduction of underdefinedness. We also show that the refinement conditions ex-
tend the standard rules for both the guarded and precondition approach in Z.
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Chapter 1

Introduction

Ja, ich sage schon jetzt voraus: es werden mathematische Unter-
suchungen iiber Kalkiile kommen, die einen Widerspruch enthalten,
und man wird sich noch etwas darauf zugute tun, da} man sich auch

von der Widerspruchsfreiheit emanzipiert.! o _
Ludwig Wittgenstein

30" December 1930

Software engineering is the branch of computer science that is concerned with
the development of software. Its aim is to provide engineering methods and tech-
niques to build and maintain software. An analogy commonly drawn is between
architects and software engineers. In early stages houses were just built without
a systematic knowledge of how to construct them. However, to build sky scrap-
ers that will not collapse a deep mathematical understanding of the statics of
such buildings was required. As such, only the formalisation of the methods in
architecture allowed new developments.

Software engineering is undergoing a similar metamorphosis. Rather than build-
ing software in an ad hoc fashion, a deeper understanding of its requirements
and its construction is needed to make software more reliable. Formal methods is
the field of software engineering that is aimed at developing techniques to make
the meaning of software artifacts mathematically and logically precise in order
to improve software reliability.

Formal specifications are the main mathematical objects considered in formal
methods. Unfortunately, it has been found that especially large specifications
are often inconsistent. Consistency, however, is required for specifications to be
meaningful. Taken together, this implies that large specifications are usually not
meaningful. The aim of our research is to overcome this problem by handling
inconsistencies in a more practical way.

L “Indeed, even at this stage, I predict a time when there will be mathematical investigations
of calculi containing contradictions, and people will actually be proud of having emancipated
themselves from consistency.” (Wittgenstein, 1964, p. 332), English translation in (Priest, 2000).
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1.1 Managing Inconsistency in Z Specifications

Formal methods are seen as the way forward to more reliable software. Their
application in the development process leads to a deeper understanding of the
requirements of the software under construction. One of the main objects con-
sidered by formal methods are formal specifications. They express the software
requirements in terms of logic and mathematics. This foundation enables the
formal analysis of the requirements and it provides a possibility to verify whether
the requirements are met by the software product.

The development of a specification depends primarily on the sources of informa-
tion, like designers, engineers and others. Often, several developers’ views need
to be incorporated into the description of the software product. It has been found
that, in particular in large projects, the participants disagree on a range of issues.
Furthermore, due to the complexity of large descriptions errors can easily appear.
In general, it has been found that

“Inconsistencies are inevitable in large projects.”
(Ghezzi and Nuseibeh, 1998)

The Z notation is one of several languages used to develop formal specifications.
It is based on logic and mathematics, in particular set theory, and provides a
rather elegant way of structuring the mathematics that describe the system at
hand. However, considering the argument from above we face a practical problem,
because

“Consistency is essential for a Z specification to have any useful meaning.”
(Valentine, 1998)

The conjunction of both claims means that the Z notation is not suitable for
large projects because they can be inconsistent but a Z specification including
an inconsistency would be meaningless or useless. This conclusion is, however,
not practical. As a matter of fact, even inconsistent specifications have a desired
meaning and an intended use.

Inconsistencies are generally regarded as undesirable in software development
and, in particular, in formal specification. A formal specification written in the
Z notation is basically a logical description of a system and its behaviour, i.e.
it is a logical theory. Logicians, however, often regard inconsistent theories as
uninteresting because they allow to derive any conclusion within their language
and therefore none can be trusted. This is also the reason for Valentine’s claim
above.
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Because inconsistencies are seen as undesirable, researchers developed tools and
techniques to remove inconsistencies as soon as, or soon after they are detected.
Another approach is to follow guidelines to prevent the introduction of inconsis-
tencies into specifications in the first place. This research is certainly valuable to
minimise the occurrence of inconsistencies. At times, however, such an approach
can be impractical.

Recently it has been acknowledged that in practice it is not always possible
nor desirable to eradicate inconsistencies immediately, if at all. For example,
the engineer who could decide on how to resolve the inconsistency may not be
available. This would in turn bring the project to almost a standstill because
the specification is considered useless. It could be that no-one knows how to
resolve the inconsistency at all. Also, inconsistencies can be useful to guide the
future development, pointing out areas that need more attention. Moreover, in
particular in large projects, the removal of one inconsistency might bring up
another and sometimes a completely consistent stage is unreachable in practice.
Thus, we are required to manage inconsistencies in a more general fashion.

The Z notation is founded on standard predicate logic but we identified that
inconsistencies cannot be handled appropriately by such a logic. Therefore, it
seems natural to investigate other logical foundations for the Z notation. The
group of logics that can be used to manage inconsistencies are called paraconsis-
tent logics. The aim of our research is to investigate the formal support we can
give to managing inconsistencies in 7 specifications using a paraconsistent logic
to facilitate useful formal reasoning in the presence of inconsistency.

1.2 Underdefinedness in Z Specifications

We found that there is a wide range of paraconsistent logics. Some of them cap-
ture inconsistency rather intuitively by providing an extra logical truth value,
often called “both” in the semantics. Furthermore, many of these logics include
another truth value, called “neither”, to denote incomplete knowledge. For ex-
ample, if asked “Who is the current chancellor of Germany?” we can answer “I
was told it is Mr. Schroder”, “I was told it is not Mr. Stoiber”, “I was told it is
Mr. Schoder and I was told it is Mr. Stoiber” or “I do not know at all”. These
four scenarios capture the idea of the four truth values.

An application area for this “don’t know” value in formal specification is un-
derdefinedness. This notion refers to those situations where the operation is
applied outside its domain. In the common Z specification style operations are,
in general, partial relations. The domains of these partial operations are tradi-
tionally called preconditions. Depending on the application area there are two
possible interpretations of the result of applying an operation outside its domain.
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In the traditional interpretation anything may result whereas in the alternative,
guarded, interpretation the operation is blocked outside its precondition. It has
been observed that it is often convenient to use a combination of the guarded and
precondition interpretation to allow both modelling of refusals and underspecifi-
cation.

1.3 Aims and Objective

We identified two interesting areas of research concerning the Z notation. On the
one hand, we found that inconsistencies in 7Z specifications need to be managed
in a more practical fashion, rather than being eradicated. On the other hand,
modelling underdefinedness explicitly in the Z notation can be further explored.

Managing Inconsistency in Z using Quasi-Classical Logic

The problem is, that the Z notation cannot deal appropriately with inconsistent
situations because it is founded on classical predicate logic. Classical predicate
logic allows trivial inferences in the presence of inconsistency. Paraconsistent
logics, on the other hand, allow only non-trivial inferences despite the presence
of inconsistency. Therefore, it is our aim to investigate whether the Z notation
can be founded on a paraconsistent logic to manage inconsistencies more appro-
priately.

Paraconsistent logics are, in general, weaker than classical logic in the sense
that not all classically valid inferences are possible. This is achieved by non-
standard behaviour of the logical connectives, by the introduction of new logical
connectives, by disallowing established proof rules, like resolution, or by other
means. Furthermore, properties of classical logic, like monotonicity or transitivity
can fail. We need to find a suitable logic for our task, one that will be acceptable
to both specification developers and specification analysts.

Once we have found an appropriate paraconsistent logic we are interested in its
application to the analysis of Z specifications. Our aim is to avoid triviality
in the presence of inconsistency which means that we opt for deriving less but
more useful information. Refinement is concerned with the formal development
of concrete specifications from abstract ones. We are interested in providing a
meaning for refinement of inconsistent specifications. This should, on the one
hand, facilitate the controlled removal of inconsistencies and, on the other hand,
the process of living with inconsistencies in Z specifications.
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Handling Underdefinedness in Z

The aim of this thesis with respect to underdefinedness is to develop a notation
that combines both the guarded and the standard precondition interpretation to
model underdefinedness explicitly. We decide to consider a three-valued semantics
to capture the intuition that (1) an operation can be blocked by a guard, (2) that
the operation can be allowed by the guard but no result has been defined and
(3) the operation is applicable and its result is defined. Then we can use existing
three-valued logics to investigate specifications based on such an interpretation.

The reduction of underdefinedness and non-determinism is a common goal of
refinement. Given such a three-valued interpretation of the applicability of oper-
ations it is our aim to find suitable and intuitive refinement conditions to support
further specification development. We identified that there are systems which re-
quire non-deterministic behaviour. Therefore, we are also interested in refinement
that takes such behaviour into account.

The extensive use of schemas to structure specifications has made Z successful.
The schema calculus provides a means to combine schemas and to reason about
them. It is a further aim of our work to see whether we can construct a schema
calculus suitable for the three-valued interpretation of the operations. Such a
calculus should be as functional as the standard calculus, i.e. it should facilitate
reasoning about the combination of schemas. Note, refinement calculations are
also an application area of the schema calculus.

1.4 Contributions

There are several contributions to be found in this work. Essentially they can
be grouped according to the notions of inconsistency and underdefinedness. The
former consists of work on quasi-classical logic and its application to the analysis
of Z specifications, while the latter refers to the work on a schema representation
for underdefinedness based on a three-valued logic.

On Quasi-Classical Logic. In order to use quasi-classical logic to analyse
7 specifications we were required to develop QCL further. On the one hand,
the literature on QCL does not provide a general notion of logical equivalence
for QCL. Such a notion is, however, necessary to facilitate the simplification of
logical formulae. Therefore we investigate a number of different notions based on
the QC consequence relation and QC model classes. Our work results in a strong
notion of logical equivalence allowing general replacement of equal formulae.

On the other hand, QCL did not include the notion of equality. However, the use
of equality is a common feature in Z specifications. Therefore, we incorporated
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reasoning about equality into QCL. This led also to the investigation of the one-
point rule in QCL and we established it to be a valid reasoning rule. Finally, we
developed an automated theorem prover based on the tableau method for QCL.

Quasi-Classical Logic and Z. Quasi-classical logic proved useful in the formal
analysis of inconsistent Z specifications. We demonstrated that fewer but more
useful inferences from inconsistent specifications are possible. Given the standard
definition of a precondition but using QCL, we found a notion of applicability
that is able to capture the intended application area of an inconsistently defined
operation. This quasi-classical precondition is then used to investigate the process
of refinement of inconsistent operations. The result is an applicability rule that
prevents some “useless” refinements from inconsistent operations.

Guarded Precondition Schema. Based on a three-valued intuition of the
applicability of an operation we developed a Z-like schema representation for
both guards and preconditions in an operation thus enabling the specification of
underdefinedness. Our schema representation is more expressive than previous
developments by allowing after-state variables in the guard. This required the
development of rules for calculating the implicit guard and precondition of an
operation. Given those, we were able to provide a set of refinement rules for
operations and showed that they extend the standard rules with respect to the
guarded and precondition interpretation.

A Schema Calculus. To improve the usefulness of guarded precondition
schemas we developed a schema calculus considering the standard 7 schema op-
erators. We were guided by our three-valued interpretation of the applicability of
operations. The definition of most schema operators was straightforward. How-
ever, due to the non-classical interpretation, schema implication and entailment
turned out to be different. We were, however, able to re-gain a suitable entailment
operator to facilitate, for example, refinement calculations.

1.5 Outline

This thesis starts with a short introduction to Z followed by a discussion on
inconsistency and underdefinedness in 7 specifications. Then we present some
insight into paraconsistent reasoning and, in particular, into quasi-classical logic.
In the following chapters we apply these logics to reasoning about inconsistencies
in Z and to develop a new semantics for handling underdefinedness in Z. Below,
we give a more detailed description of the structure of this thesis.
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Chapter 2. In Chapter 2 we introduce the Z notation. We provide some back-
ground from logic and set theory, including types, relations and functions, and we
introduce Z schemas, the basic building blocks of a Z specification. We present
the schema calculus as a means to structure Z specifications and to combine
schemas. Furthermore, we consider the notion of refinement of Z specifications
to develop abstract specifications into concrete ones. Throughout this thesis we
use the support of tools which are presented in this chapter. Finally, we discuss
briefly the relation of Z to some other formal specification notations.

Chapter 3. In Chapter 3 we describe the aim of our research in more detail.
We are interested in the sorts of inconsistencies that can arise in Z specifications.
We claim that inconsistencies can be a tool guiding the development of specifica-
tions and we look at desired inferences despite the presence of inconsistencies in
7 specification. Underdefinedness can be considered to be closely related to in-
consistency thus we introduce the concept of underdefinedness in Z specifications
and we propose a new way to handle it.

Chapter 4. In Chapter 4 we introduce some background on the notion of para-
consistency, including the different motivations for paraconsistency, two defini-
tions of paraconsistency and some of the approaches to construct a paraconsis-
tent logic. Then we present two closely related four-valued paraconsistent logics,
namely the logic FOUR by (Belnap, 1977b) and the logic FOUR by (Damaésio
and Pereira, 1998). A three-valued subset of the logic FOUR is used in Chapters
7 and 8 to provide the semantics for our work on underdefinedness. The main part
of Chapter 4, however, is devoted to the introduction of quasi-classical logic by
(Hunter, 2000) which plays a major role in the following chapter. We contribute
to the development of QCL by investigating the notion of logical equivalence in
QCL.

Chapter 5. In Chapter 5 we incorporate reasoning about equality into QCL.
We introduce the syntax and semantics for equality, including the equality ax-
ioms and some investigation of using these axioms as extra assumptions in the
reasoning process using QCL. Then we develop the machinery to reflect that
we are dealing in fact with equality. We extend the proof system of QCL by
extra tableau rules for handling equality and we prove their soundness and com-
pleteness. Finally, we present a version of the one-point rule for QCL to further
facilitate QCL’s applicability to our research.

Chapter 6. In Chapter 6 we bring together QCL and Z. We present a small
example of a library system specified using the Z notation. We introduce an in-
consistency into the example to use it as an illustration throughout this chapter.
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In the classical setting such a specification would be meaningless but not so when
using quasi-classical logic. We demonstrate that QCL allows fewer but more use-
ful inferences than standard predicate logic. Then we apply QCL to the process
of calculating the precondition of inconsistent operation schemas facilitating a
discussion on the refinement process of inconsistent operations. Following the
notions of standard refinement, we establish the principles of quasi-classical ap-
plicability and QC correctness and thus show that QCL can be used to control
the continuous development of inconsistent specifications. Note, some parts of
this chapter were previously published by (Miarka et al., 2002).

Chapter 7. In Chapter 7 we link up the Z notation, the problem of underde-
finedness and the two interpretations of the meaning of a precondition in Z. We
demonstrate by means of two examples, normalisation and a simple money trans-
action system, that a combination of the traditional and blocking interpretation
is sometimes required. Then we define a schema notation including both guards
and effect schemas. Based on that we define regions of operation behaviour,
i.e. whether an operation is inside or outside the guard, or inside or outside the
precondition. These regions can naturally be defined in a three-valued inter-
pretation leading to a simple and intuitive notion of refinement that generalises
standard operation refinement. We introduce these refinement rules and show
their compatibility to the standard ones. Note, some parts of this chapter were
previously published by (Miarka et al., 2000).

Chapter 8. In Chapter 8 we develop a schema calculus for such guarded pre-
condition schemas. We start the chapter with a brief recapitulation of the notion
of a guarded precondition schema and we continue with an illustration of its use
by presenting a small example of a heat control system. It follows the main part
consisting of the development of the schema calculus itself which is based on the
standard schema operators. We validate the calculus by proving several laws for
our schema operators. Furthermore, we show that some laws of the classical Z
schema calculus do not hold within our calculus. We revise the standard notions
of schema applicability and we return to investigating operation refinement, using
the newly developed schema calculus.

Appendix A. In Appendix A we present work in progress on a tableau-based
theorem prover for QCL. The theorem prover, called QC-LeanTaP, is based on
lean TP which we briefly introduce first. Part of lean TP is a small program to
calculate the conjunctive negation normal form of a first order predicate formula.
We adapt this program for our needs by removing skolemization of existential
predicates. Finally we present our tableau-based theorem prover for QCL.



Chapter 2

A Short Introduction to Z

Z is a formal specification notation. It is used to model a system by naming
the components and to state the constraints upon them and their relations, thus
describing the behaviour of the system. Z is formal in the sense that it uses
mathematics, which consists basically of set theory and first-order predicate logic,
to specify systems. This foundation enables mathematical reasoning to establish
that desired properties are indeed consequences of specifications written in Z.

The main feature of Z, distinguishing it from many other formal notations, is the
schema notation. It provides a very elegant way of structuring the mathematics
specifying a system as well as to structure the system itself. The Z notation
defines a schema calculus to combine schemas. It is also used to reason about
the specification. This includes the ability to reason about the development of
more concrete specifications from abstract ones, i.e. about refinement.

Z is a notation, not a method, although it is often said to be one. The Z standard
(ISO/TEC 13568, 2002) does not say how to use Z in a systematic way and to
what Z can be best applied. Neither does the Z standard give any guidance on
how to develop a system from a Z specification. Note also that Z specifications
are not executable nor, in general, can they be compiled into a running program.
Hence, Z is not some kind of a programming language.

The Z notation has been used to specify different kinds of systems. Examples of
applying Z successfully include safety critical systems, such as railway signalling
and medical devices, security systems, like transaction processing systems, and
general hard- and software developments. A comprehensive list of application
examples as well as information on tools and other resources can be found on the
Z notation home page: http://www.comlab.ox.ac.uk/archive/z.html.

The aim of this chapter is to give an overview of the Z notation and to introduce
the necessary background to be able to describe those problems we will tackle
in the next chapters. We present the schema notation, including the schema
calculus, the most common conventions and the notion of refinement in Z. Finally,
we discuss briefly tool support for Z and other methods related to Z.
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2.1 Introduction

7 is a formal specification language based on Zermelo-Fraenkel set theory and
first-order predicate logic. It provides a notation for describing the behaviour of
a system using mathematics. The key feature of Z is its schema notation, a way
to structure the mathematics elegantly. A Z specification not only consists of
mathematical text but also of informal explanatory text, describing the mean-
ing of the mathematical constructs. The purpose of the formality is to avoid
ambiguities inherent in informal descriptions and to provide a basis for rigorous
reasoning.

The Z notation includes an extensible toolkit of mathematical notation, a schema
notation for specifying structures in the system and for structuring the specifica-
tion itself and a decidable type system which allows extra checks to be performed
to reduce the risk of specification errors. Furthermore, Z has a schema calculus for
modifying and combining schemas. The schema operators enable the definition
of new schemas using existing ones in a compact and readable way.

2.1.1 History of Z

The Z notation grew out of work by (Abrial, 1974) at Oxford University’s Pro-
gramming Research Group. Its development and recognition benefited greatly
from being used at IBM UK Laboratories at Hursley Park for the re-specification,
re-design and further development of their Customer Information Control Sys-
tem (CICS). (Nix and Collins, 1988) published one of the many studies on this
project. (Barrett, 1989) reports on another important project at the time, the
use of Z in the formalization of the IEEE standard for binary floating-point arith-
metic which formed the basis for the floating-point unit of the Inmos IMS T800
Transputer. Both projects received the UK Queen’s Award for Technological
Achievement jointly with the Oxford University Computing Laboratory.

Two books helped primarily to establish Z and to stabilise the notation. (Hayes,
1987) edited a collection of case studies which where later substantially revised
in (Hayes, 1993). This collection was used as a kind of a reference on how to use
Z. Later, (Spivey, 1992) produced a reference manual which became the de facto
language definition for many years. For some time now, the Z notation has been
undergoing a standardization process. This effort resulted in the recent publica-
tion of the International Standard (ISO/IEC 13568, 2002) which “establishes the
precise syntax and semantics for some mathematics, providing a basis on which
further mathematics can be formalized.”

Many books, like (Potter et al., 1991), are aimed at the introduction to formal
specification and Z. (Barden et al., 1994), for example, provide some useful advice
on how to use Z in practice. (Jacky, 1997) demonstrates the way of Z through a
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series of short studies, introducing the essential features of the notation quickly.
(Woodcock and Davies, 1996) look more deeply at the development process based
on Z specifications. This aim has been taken further by (Derrick and Boiten,
2001) who present a thorough account on refinement in Z and Object-Z (Smith,
2000), a notation closely related to Z. Common to all these books is their emphasis
on understanding Z and making it available to a wider audience.

There is also a regular series of conferences, ZUM: The Z Formal Specification
Notation, also known as the Z User’s Meetings. These conferences are devoted
to Z and similar specification notation. Recently conferences where held jointly
with the B community. The last conference proceedings were edited by (Bowen
et al., 1998), (Bowen et al., 2000) and (Bert et al., 2002).

2.1.2 Motivation

We choose Z for our work because it is a mature notation. It has a rich litera-
ture of introductory texts and case studies and it has been an object of research
for many years. Z is among the first formal notations to make the crossover
from academia to industry. It has been applied successfully in numerous indus-
trial projects, and according to the companies saved them millions. With these
industrial applications in mind Z underwent the ISO standardization process.
Furthermore, Z is being widely taught, not only at universities.

One of the advantages of Z is that it can be used in a number of different ways
according to the application area. This, however, leads to the problem of choos-
ing the right way for the desired application. For example, we will see later in
this work that there are at least two ways of interpreting the precondition in Z.
The so called disadvantage of Z that it is not a method turns possibly into our
favour. Z not dictating a method provides us with more flexibility to investigate
7, abstracting from methodological concerns.

The aim of this chapter is to introduce the Z notation. We focus in our presen-
tation on the background necessary for the remainder of this thesis. The reader
familiar with Z can safely skip this chapter as it provides no new insights into the
Z notation. The short discussion on Z tools and on related specification methods
might, however, be of additional value.

2.1.3 Outline

This chapter is structured as follows. In Section 2.2 we provide some background
on logic and set theory, including types, relations and functions. In Section 2.3
we introduce Z schemas, the basic building blocks of a Z specification. Schemas
can be combined appropriately using the schema calculus which we present in
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Section 2.4. The notion of refinement of Z specifications is discussed in Section
2.5. The Z notation is also supported by tools. We present a selection of them
in Section 2.6. Finally, in Section 2.7, we discuss briefly the relation of Z to
some other formal specification notations. This chapter concludes with a short
summary.

2.2 Logic, Sets, Types, Relations, Functions

The Z notation is based on set theory and first-order predicate logic. Although
we assume general familiarity with these topics, we introduce some background
notions frequently used in this work. We cover briefly the logic of Z and then we
present some notation from set theory and its application to type theory, relations
and functions. Note, that we provide only the terminology used in this work. For
a detailed introduction we recommend one of the aforementioned textbooks.

2.2.1 Logic

The Z notation uses propositional and predicate logic to state the relationship
between the components of a system and to constrain the behaviour accordingly.
The propositional logic used contains the common connectives with their usual
meaning and order of precedence: — — negation, A — conjunction, V — disjunction,
= — implication, and < — equivalence.

Predicate logic is provided by the usual introduction of quantifiers into the lan-
guage, together with the notions of free and bound variables. The Z notation is a
typed language meaning that every variable belongs to a fixed set of values, thus
quantifications need to be typed, too. For example, universal quantification has
the form Vz : T | p @ ¢ and means that for all z in T satisfying the predicate p,
q holds. Existential quantification has the form 3z : T | p @ ¢ and means that
there exists at least one value of z in T satisfying p such that ¢ holds.

The predicate p restricting ¢ is optional. If p is omitted it is considered to be
true. The following equivalences hold for the restricted quantifiers: for univer-
sal quantification Vo : T | p ¢ ¢ & Vi : T e p = ¢ and for existential
quantification 3z : T |peq < Jxz: T ep Aq.

A variable introduced by a quantifier is said to be bound, and the usual scoping
laws apply. Variables that are not bound in a predicate are said to be free. As
usual, it is possible to replace all bound occurrences of a variable in a predicate.
This ensures the correctness of the following frequently used proof rule of 3-
elimination, also called the one-point rule (for existential quantification): Jz :
Tex=1tAp(x) = teTAp(t), provided that z is not free in ¢. This law
states that if we are required to demonstrate the existence of a variable and a



2.2. Logic, Sets, Types, Relations, Functions 13

suitable instantiation is given, then we can eliminate the existential quantifier.
This law is often used in the simplification of preconditions of operations.

2.2.2 Sets

Set theory is the other cornerstone of the Z notation, in fact, the name Z is
derived from Zermelo-Fraenkel set theory. Membership — € and its converse — &,
empty set — &, subset — C, and equality — = are defined as usual.

Sets can be given by listing their elements, like in {red, green, yellow}, or by set
comprehension. For instance, {n : T | p} is the set of all n in T satisfying
the predicate p, e.g. {n : Z | n > 0} describes the set of all natural numbers.
Furthermore, {z : S | P(z) ® Q(z)} is the set of all z of type S satisfying the
predicate P such that @ is satisfied, too. Note, P(z) is omitted when P(z) = true
and Q(z) is omitted when @(z) = true. The size of a finite set is determined
by its cardinality (#), e.g. #{red, green, yellow} = 3, considering all elements of
this set are distinct.

Furthermore, we can use the common set operators, like power set construc-
tion — P, Cartesian product — X, set union — U, set intersection — N and set
difference — \. These operators are all defined as usual. For example, P S is
the set of all subsets of S, e.g. P{red, green} = {&, {red}, {green}, {red, green}},
and the Cartesian product S x T is the set of ordered pairs whose first ele-
ment is in S and whose second element is in T, e.g. {1,2} x {red, green} =
{(1, red), (1, green), (2, red), (2, green) }.

2.2.3 Types

Z is a typed language or, in logical terms, it is based on many-sorted first-order
predicate calculus. Every expression in Z has a unique type assigned. Basically,
types constrain the use of any kind of value. For example, when z is declared
as z : S then the type of z is the largest set containing S. Thus, types are sets
and every set is contained in exactly one type. Note, however, that the symbol
@ denotes the empty set of all possible types.

Types are important because they allow to detect a wide range of specification
mistakes. For example, (1,2) € N is a type error in Z, because (1,2) is a tuple
whereas N is a set of numbers, not of tuples. The type system of Z is decidable,
thus it is possible to calculate automatically the types of expressions and to check
whether they make sense. There are several tools (see Section 2.6) to support
type checking.
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Built-in Type. Z provides a single built-in type A, called arithmos, supplying
values for use in specifying number systems. For example, the integer numbers
are defined as Z : P A, thus the set of integers, 7Z, is a subset of A. The set of
natural numbers is defined as N : PZ, thus the number 7 is not of type N but
of type Z and subsequently of type A. The type A has been introduced by the
current Z standard. Before, the set of integers, Z, was considered to be the only
given type and it is still common to consider Z as the “super-type” as done here.

Note, Z has no built-in Boolean type, though a type B consisting of true and false
is, for illustrative purpose, frequently used. This, however, is strictly speaking a
type error, because, in Z, true and false are defined as predicates, not expressions.

Given sets. Although Z provides only a single built-in type, a specifier has a
number of ways to define new types relevant to the particular specification. One
way is to simply declare them. A given set is a declaration of the form

[TYPE)|

introducing a new type TYPE. For example,
[NAME, BOOK|

defines two new sets NAME and BOOK. At this stage, no further information
about values or relationships between these sets are given.

Type construction. Starting with existing types there are various ways to
construct new types. The power set operator P is an elementary type constructor
often used. For example, the set {alice, bob, charlie} is of type P NAME, given
that each of the names is in the set NAME, i.e. of type NAME. The Cartesian
product is another frequently used type constructor. For example, NAME x N
is a type consisting of ordered pairs, e.g. (alice,2) is of type NAME x N.

Free types. Another important type constructor is the free type. Basically,
free types can be transformed into other Z constructs. However, it makes it
easier to describe certain structures, in particular recursive structures like lists
and trees. Here, we only consider free types over constants. For example,

Report ::= Ok | Failure

denotes a type Report containing exactly two different constants Ok and Failure.
Alternatively, this could have been defined by a given type [Report] and the
constraint Ok, Failure : Report | Ok # Failure AN Yz : Report ¢ z = Ok V © =
Failure. For more details on free type construction see (Spivey, 1992, pp. 82).

Another kind of type in the Z notation is the so called schema type, which we
will introduce in Section 2.3.7 after presenting the notion of a schema.
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2.2.4 Relations

Relations are among the most important and most extensively used mathematical
constructs in Z. A relation is a set of ordered pairs. X <+ Y denotes the set of all
relations between the sets X and Y, that is, the set of all sets of ordered pairs
whose first elements are members of X and whose second elements are members
of Y. X < Y is defined as P(X x Y). When defining relations, the maplet
notation z — y is often used for (z, y).

Assume that our sets of names contains {alice, bob, charlie} C NAME. Then we
can define a relation letters describing the number of letters in the name, e.g.
letters == {alice — 5, bob — 3, charlie — T}.

For any ordered pair first and second component projection, denoted first and
second are provided. For example, first (alice,b) = alice and second (bob,3) = 3.
The domain of a relation R : X <+ Y is the set of first components of the ordered
pairs in R, i.e. dom R = {p : R e first p}. The range of the relation R is the set
of second components of the ordered pairs in R, i.e. tan R = {p : R e second p}.
For example, given the relation letters we have dom letters = {alice, bob, charlie}
and ran letters = {3,5,7}.

Often, it is useful not to consider the whole of the domain or range of a set
but restricted subsets. The domain restriction of a relation R : X <> Y by a set
S : P X, denoted S<R, is the set of pairs in R whose first components are in S, i.e.
S<R=A{r:Refirst r € S}. Forexample, {alice, charlie} < letters = {alice —
5, charlie — T}. The domain anti-restriction, or domain subtraction, of a relation
R:X < Y by aset §:PX is the set of pairs whose first components are not in
R,ie. SR ={r:Refirst r ¢ S}. Similarly defined are range restriction and
range subtraction of a relation R : X <+ Y byaset T : P Y, denoted R> T and
R & T respectively, but with respect to the second component of R.

It is often useful to specify that a relation only changed marginally. Applications
of such operation include, for example, database updates. For a relation this
means to replace some of the pairs by new ones. The operation to do this is
called overriding. If R and S are both relations between X and Y, the relational
overriding of R by S is the whole of S together with those members of R that have
no first components that are in the domain of S, i.e. R® S = ((dom S) <9 R)US.
For example, letters @ {alice — 6} = {alice — 6, bob — 3, charlie — T}. Note, if
the domains of the relations R and S are disjoint then overriding coincides with
set union, e.g. letters @ {dan — 3} = letters U {dan — 3} = {alice — 5, bob
3, charlie — 7, dan — 3}.

There are many more operators on relations defined in the Z standard. Arguably,
there are even more important operators than the presented ones. However, we
have only introduced those that will be valuable to us subsequently. We refer to
the aforementioned textbooks for more information.
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2.2.5 Functions

Functions are relations with particular properties, namely that each element in
the domain is mapped to at most one element of the range. Therefore, the
operators above and all the other relational operators are all defined for functions,
too. There are different kinds of functions distinguished by further properties.
Each kind of function has a name and a symbol assigned.

The set of all partial functions X -+ Y from X to Y is the set of all relations
between X and Y such that each z in X is related to at most one y in Y.
Basically, the terms “function” and “partial function” are used synonymously. A
function f from X to Y issaid to be total, denoted f : X — Y, ifdomf = X, i.e.
if it relates each member of X to exactly one member of Y. For example, we can
write count : NAME — N for a function count such that count(n) returns the
numbers of letters in a given name n, or names : N + P NAME for a function
that returns all the names of a given length. Every name has a number of letters
it consists of, hence count is total but there is at least one natural number such
that there cannot be a name of that length, hence names is partial.

Functions have additional properties. They can be injective, surjective or bijec-
tive. A function from X to Y is injective, if each y in Y is related to no more
than one z in X. A function from X to Y is surjective, if its range is equal to
Y. A function is bijective, if it is both injective and surjective. Thus, count is a
total injective function and names is a partial surjective function.

This concludes our introduction to some basic background. We introduced the
syntax of the logic of Z and some notation from set theory. We covered Z’s type
constructors as well as the use of relations and functions in Z. Next we turn to
the main feature of Z to structure specifications.

2.3 Schemas in Z

The Z specifications we consider will be written in the (usual) “states-and-
operations” style. In this style a system is given by operations describing the
change of the state of the system. The state of the system and the operations
upon it are written using Z schemas structuring the specification into manageable
components.

Schema boxes are the most recognizable feature of Z. They provide a structuring
mechanism for the powerful mathematical language introduced above. Basically,
the specification of a particular operation can be written as one predicate. How-
ever, it would be rather difficult to understand the meaning of such a predicate
at once. Therefore, it is useful to break it into smaller, manageable, components.
That is what schemas are for.
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2.3.1 Schema Syntax

A schema consists of a set of declarations and constraints upon them. For exam-
ple, the schema

__ Library
users : P NAME
borrowed : NAME + P BOOK

users C dom borrowed

introduces users which are a collection of something called NAMFE and borrowed,
a function that assigns to something from the set NAME a subset of whatever
the set BOOK contains. Furthermore, the predicate constrains the set users to
be a subset of the domain of the function borrowed.

In general, a schema box consists of a schema name, a set of declarations above

a short line, and a predicate below.

__ SchemaName
declaration

predicate

The declarations can be split across lines, like above, or they may be put on
the same line, separated by semicolon. A predicate split across lines denotes a
conjunction, unless another operator is used. For example,

_ Ezample; _ Ezample,
n:4; x:% n:Z
n<5 A/
x> 10 (n<5)V

(z > 10)

the predicate in Example; means (n < 5) A (z > 10) whereas the predicate in
Exampley stands for (n < 5) V (z > 10). We also use indentation to structure
predicates appropriately.

Note, that the predicate can be true. Then it is omitted from the schema and
the schema only provides the declarations. For example, the schema

System
message : Report
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introduces something named message of type Report, i.e. something that can be
Ok or Failure, without any further constraints attached.

Schemas can also be written in horizontal form, e.g.

OkReport == [message : Report | message = OFk]

describes that the thing message of type Report should be assigned Ok. The
horizontal notation is used for two reasons. On the one hand, the naming of the
schema is made more explicit and, on the other hand, they are more compact in
notation.

In general, Z schemas are accompanied by a description in natural language to
clarify the meaning of the schema. For example, the schema Library describes
a simple library systems consisting of users who can borrow books. Unless the
natural description is given all the components of a schema can be interpreted
quite freely, they are only symbols.

2.3.2 Axiomatic Schemas

Axiomatic schemas are used to introduce new objects into a specification which
are subject to constraints. These objects will be known throughout the specifi-
cation, i.e. they are global. For example, the schema

‘ heat_mazx, heat_min : Z

heat_max = 65
heat_min = 45

introduces two global constants heat_maz and heat_min of integer type with
unique values assigned. In general an axiomatic schema looks like

‘ declaration

‘ predicate

Again, the predicate is optional. If it is not given, it is considered to be set
to true. An axiomatic schema without a predicate just introduces new global
names.

Free types, as introduced above, are formally defined using axiomatic schemas.
The earlier definition of

Report := Ok | Failure

is an abbreviation for
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[Report]

‘ Ok, Failure : Report

Ok # Failure
Vi : Report ¢ x = Ok V x = Fuailure

2.3.3 Generic Schemas

We said already that the symbol @ denotes the empty set for all possible types,
thus the symbol @ is defined generically, that is, it has a definition using type
parameters. For example,

= [X]

makesum : (X < Z) > 7Z

Ve:X; y:2; 2: (X Z)e
makesum & =0 A

makesum {(z,y)} =y A
makesum ({(z,y)} U 2) = y + makesum (2 \ {(z,y)})

defines a function makesum that can take any set of pairs, where the first compo-
nent is generic but the second component is an integer. The function makesum
then calculates the sum of all the second components, regardless of what the first
components are.

The advantage of generic schemas is their re-usability. Once defined, they apply
to many different situations. For example, most operators on sets are defined
generically, so that the type of the elements does not matter. However, when
using such generic definition at a later stage in the specification, actual sets must
be provided to replace the type parameter. Replacing the generic parameter by
actual sets is called instantiation. Sometimes the actual sets can be inferred from
the context, in some circumstances they must be provided explicitly. In any case,
the value for the generic parameter must be clear.

2.3.4 Schema Inclusion

A schema can be included in another schema to form a composed schema. This
approach supports structuring of specifications. For example, we define a schema
with extra restrictions, like
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— RestrictedLibrary
Library

YV u : users o #(borrowed(u)) <7

by including the schema Library and imposing the condition that no user can
have more than 7 books on loan. Such a schema is equivalent to one obtained by
expanding all declarations and conjoining all predicates, e.g.

— RestrictedLibrary
users : PNAME
borrowed : NAME -+ P BOOK

users C dom borrowed
YV u : users o #(borrowed(u)) <7

Similarly, we can create a new schema by schema inclusion and additionally pro-
viding new components and constraints on them. The entire schema then consists
of the expansion of the included schema together with the new components and
the conjunction of all the predicates.

2.3.5 Decorations and Conventions

In this subsection we record some of the conventions of notation that are often
used when writing Z specifications. These conventions include the identification of
before and after states, operations on those states and input and output variables.
The conventions are permitted but not enforced by the Z standard, though they
are documented in it, too.

Primed Variables. FEach operation in Z is described as a relation between
states, namely the before and after state of the operation. It is therefore necessary
to distinguish between the values of state variables before the operation and their
values afterwards. The convention in Z is to use unprimed variables, like z, to
denote values before the operation and to decorate variables with a dash, like z’,
to denote values after the operation. Note, however, that the schema predicate
can also refer to any global constants.

Primed Schemas. Variables have to be in scope of the operation. If the state
has been described in a schema S, then including S in the declaration part of the
operation schema brings the state variables into scope. The after-state variables
are similarly introduced by including S’. This is a schema obtained from S by



2.3. Schemas in Z 21

decorating every variable in the signature of S with a dash, and replacing every
occurrence of such a variable in the predicate part of S by its dashed counterpart.
Thus, operations can be described in Z by a schema of the form

— Op
S
Sl

Note, the variables from the signature of S are the only ones which are primed.
Global constants, types etc. remain unprimed. If S contains a variable which has
already been decorated in some way, then an extra dash is added to the existing
decoration.

Delta. The inclusion of primed and unprimed copies of the state schema is so
common that abbreviation for its use are introduced. The abbreviation AS ==
[S, 5] is used to denote the general inclusion of primed and unprimed state
schema, thus the operation schema becomes

—Op
AS

For example,

__AddUser
A Library
name? : NAME

name? ¢ users
users' = users U {name?}
borrowed' = borrowed

This use of A is only a convention. Occasionally some authors like to include
additional restrictions in their A-schemas, for example that a particular state
component never changes. For instance, if S contained a component z, but
none of the operations ever changed z, then AS could be defined by AS ==
[S,S8" | 2/ = z], thus making it unnecessary to include z’ = z in each operation
description. Note, however, that we will not use this feature here.
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Xi. When enquiry operations, like reading variables, are being described, it is
often necessary to specify that no change of state should occur. With the current
notation this has to be done explicitly by stating for each component that its
after-state value is the same as its before-state value. This is inconvenient and
can be avoided using the =-convention. Unless it has been explicitly defined
to mean something else, references to =S5 are treated as being equivalent to
[S,8"|6S = 6S"], where the meaning of 0 is explained below.

Inputs and outputs. Often, it is convenient to describe relations between
inputs and outputs as well. The input values of an operation are provided by
‘the environment’, and the outputs are returned to the environment. Commonly
an additional suffix is used to distinguish a variable intended as an input (?) or
an output (1), thus for example, name? denotes an input, and result! denotes an
output.

2.3.6 Normalisation

Earlier, we introduced the Z type system. We mentioned that a type can be
constructed from a given type by constraining it. Normalisation is the process of
making such constraints explicit. Schema normalisation will produce an equiva-
lent schema where all components are declared to be members of their “maximal”
type, rather than of a set contained in those. Consider a schema S with com-
ponents z; : Xi; ...; z, : X, such that the type of z; is T;. The normalisation
of S is obtained by replacing all declarations of z; : X; by z; : T; and conjoining
z; € X; with the predicate of S.

For example, the normalisation of the schema S1 is given by the schema 52.

51 52
a,a' N a,a 7
() <a<(a+1)? aeNANd EN
(') <a<(d+1)>

Schema normalisation plays an important role when combining schemas using
the schema calculus.

2.3.7 Schemas as Types

So far we have not made explicit the meaning of a schema. Basically, a schema
denotes a set which is contained in some type. The elements of such a set are
called bindings. The type of these bindings is the signature of the schema, which,
viewed as a set, is the largest set of bindings containing all elements of the schema.
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There is a special operator to construct bindings in a context where all the com-
ponent names are declared. This is the #-operator. For example,

O Library = ( users == users, borrowed == borrowed |)

The two occurrences of the names have rather different meanings. The first is
local to the binding, just the name of a schema component. The second must
refer to a value, namely the value of the variable of that name which must be in
context. For example, when applying 6 to a decorated schema, like

O Library’ = (| users == users', borrowed == borrowed’ |)

it becomes evident that the first name is local and thus not subject to the deco-
ration.

A common use of the #-operator is to turn an operation into a relation between
states. If we have an operation Op on AState, then its relational interpretation
is given by the set comprehension

{Op e (0State — OState’)}

This means that for each possible binding of Op a pair consisting of the included
bindings of the before state State and those for the after state State’ is included.
Thus, each operation can be easily interpreted as a relation of before and after
states. For example, given the operation succ == [n,n' : N | n’ = n+ 1] then its
relational interpretation is the set of pairs {({ n ==0),(n==1)),(( n ==

1), {n==2)),(n==2),{n==3Y)),...}.

2.4 The Z Schema Calculus

The main building blocks of a Z specification are schemas. They are used to
structure the specification and the systems under consideration. Much of the
power of the Z notation derives from the ability to combine schemas. We already
witnessed schema inclusion as such a construct. The Z notation, however, pro-
vides more operators to combine schema, some of which we present below. The
collection and the use of these operators is called the schema calculus.

Combining schemas is subject to one restriction, namely that their declarations
are compatible. This includes that the same names are used for the same meaning
and, mostly, that the schemas are normalised. Remember, a type definition
implicitly contributes not only to the declaration but also to the predicate of the
schema.

In this section we consider the application of the schema operators to at most two
schemas. This is not a restriction as the operators can be applied successively.
For illustrative purpose we use the schemas U == [Decly | predy| and V ==
[Decly | predy] with their declaration and predicate part.
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2.4.1 Renaming

Renaming schema components is another way to achieve the compatibility of
the schema declarations. Schema components can be renamed, provided that
the new name is not part of the declaration of the schema. The renaming of a
component p by a ¢ in a schema U is denoted U[q/p], thus every occurrence of
p will be replaced by ¢, except if p is bound inside the predicate of the schema.
For example, we have

— RestrictedLibrary[members [users]
members : P NAME
borrowed : NAME - P BOOK

members C dom borrowed
YV u : members o #(borrowed(u)) <7

2.4.2 Schema Negation

For any schema U, the schema negation — U, is obtained by keeping the decla-
ration of U and negating the predicate, i.e.

= U == [Decly | — predy]

Note, schema negation requires normalisation. For example, the negation of
Ul ==z :N|pred(z)]is [z : Z | © ¢ N A = pred(z)] for some predicate pred
containing .

Schema negation on its own is not often used in practice. However, it can play
its part in simplifying schema expression when applying schema conjunction and
schema disjunction. The schema calculus, like predicate logic, obeys the de Mor-
gan laws and thus some schema simplifications can be expressed using schema
negation.

2.4.3 Schema Conjunction

Schema conjunction is closely related to schema inclusion. The schema resulting
from the conjunction of the schemas U and V contains both U and V and
nothing else, thus

UNV ==[U; V]| ==[Decly; Decly | predy A predy]
i.e. the predicates of U and V are conjoined and the declarations are merged

appropriately. Schema conjunction does not need normalisation due to the prop-
erties of conjunction and normalisation.
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However, it is only well-defined when components have compatible types. If the
same variable is declared in both schemas but belongs to different sets, then
the intersection of those sets needs to be taken. For example, [z : N] A [z :
{-1,1}] == [z : NN {=1,1}] == [z : {1}]. If the sets are not compatible,
like in [z : N] and [z : NAME], then the intersection is empty and thus schema
conjunction is undefined.

Schema conjunction allows one to specify different aspects of a system separately.
It can be usefully applied both on operation and on state schemas to combine
those aspects to form a complete description, thus it is used to combine require-
ments.

For example, the schema OkOp describes that an operation has been successful

and it is defined by OkOp == [message! : Report | message! = Ok]. Then
expanding OkAddUser == AddUser A OkOp is the schema
__ OkAddUser
A Library
name? : NAME

message! : Report

name? & users

users' = users U {name?}
borrowed' = borrowed
message! = Ok

2.4.4 Schema Disjunction

Schema disjunction is rarely used on state schemas. It is often applied on op-
eration schemas to handle separate cases, in particular error handling and other
exceptions, thus to develop total operations, i.e. operations that have no con-
straints upon their applicability. For example, given the operation OkAddUser
and the following schema

— FailAddUser
= Library
name? : NAME
message! : Report

name? € users
message! = Failure

reporting a Failure if the given name? is already contained in the set users, then
combining both via disjunction results in a total operation, i.e. TotalAddUser ==
OkAddUser V FailAddUser.
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Schema disjunction is constructed similarly to conjunction, i.e. combine the dec-
larations and apply disjunction to the predicates, thus schema disjunction for two
schemas U and V is defined as

UV V == [Decly; Decly | predy V predy]

provided both schemas U and V are normalised. This is necessary to ensure that
common component names have not only compatible but identical types. This
requirement also follows meta-theoretically because we required normalisation
for schema negation and schema disjunction can be expressed in terms of schema
conjunction and schema negation.

2.4.5 Schema Implication and Equivalence

Schema implication and equivalence have the usual meaning. They are defined
as

U=V=-UVYV

provided the schemas U and V are normalised and

UeV=U=VAV=U

Both operators are rarely used to combine schemas. However, they prove useful
to validate refinement conditions or other relations between operations. For ex-
ample, for two operations Op; and Ops on the same state whose only component
is  : X, the predicate Vz,z' : X o Op; = Op, states that the effect of Op; is
consistent with Opy and Vz,z' : X e Op; < Op, states that the effects of both
operations are identical. Note, that we quantify over the schema component,
which is explained next.

2.4.6 Schema Quantification

The schema quantification of a schema U results in a new schema V' containing a
subset of the components of U in its declaration, with a predicate that is obtained
from U by quantifying over the removed components. Quantification is used to
express universal or existential properties of the given schema, like in refinement
or in precondition calculation.
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Existential Quantification. Given a schema U == [z : X; Decly | predy]
where Decly consists of declarations but for z : X, then the existential quantifi-
cation over z in U is

Jz: X ¢ U == [Decly | 3z : X o predy]

Thus, dz : X e U is a schema on all components of U except z. Examples of
the value and usage of existential quantification in Z are given below.

Universal Quantification. It is also possible to universally quantify over
schemas. This happens less frequently than existential quantification but proves
valuable when considering refinement. Given a schema U == [z : X; Decly |
predy| where Decly consists of declarations but for z : X, then the universal
quantification over z in U is

Vi:X e U==[Decly |Vz:X e predy]

Thus, Vz : X e U is a schema on all components of U but z.

2.4.7 Schema Hiding, Projection and Composition

The following three schema operators are defined using schema quantification and
possibly other schema operators. They are abbreviations to ease the construction
of specifications.

Schema Hiding. Hiding of variables (z; : Xi,...,z, : X,) from a schema U,
denoted U \ (21,..., 1), is basically identical to existential quantification as such
that U \ (21, ..., z,) stands for the existential quantification of the schema U over
the components z; to z,, i.e.

U\(xl,...,xn):Elxl:Xl,...,xn:Xno U

Schema Projection. Schema projection of a schema U on a schema V', de-
noted U [ V, combines the schemas using conjunction but hides all components
from U except those that are part of V. Formally,

UlV=UAV)\(z1,...,7)

where (z1,...,12,) are components of U not shared by V.
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Schema Composition. This operation describes the effect of one operation
followed by another, i.e. it is an operation that begins in the before state of
an operation Op; and ends in the after state of an operation Ops. It is only
meaningful when applied to operation schemas on the same state. The schema
composition of two operations Op; and Ops is denoted Op; § Op,.

For example, consider the specification of the cursor movement in an editor buffer
given by (Jackson, 1995). The operations csrRight and csrLeft both operate over
the state File which represents the buffer. Consider the operation csrRight is
applicable, then applying csrLeft after csrRight should result in the same position
of the cursor as before, i.e. csrRight § csrLeft = =File. Thus, composition can
also be used to validate the usefulness of some definitions in the specification.

Consider State' to be the state after the operation Op; was performed. This is
also the state immediately before operation Ops. Lets call this intermediate state
State”. Then composition is defined as

Op; § Opy = 3 State” o
(3 State’ o [Opy; State” | OState’ = 0State”]) A
(3 State o [Opy; State” | State = 6State”])

which is the conjunction of both operations where the intermediate state is hid-
den. Schema composition can be calculated using renaming and hiding, e.g.

Op1§ Opy = (Opi[2" 2} A Opla” /2]) \ (s”)

for all state components. Note, schema composition does not connect inputs and
outputs of an operation, which is called piping but not discussed here.

2.4.8 Precondition Calculation

The precondition of an operation characterises all the states and inputs to which
the operation can be applied such that there is an after state and output which
are related to the states and inputs by the operation. In some specification
languages, like VDM (Jones, 1990), preconditions and postconditions are given
explicitly. However, this does not apply to Z. In order to make a precondition of
a given operation explicit one needs to calculate it.

The precondition, pre Op, of an operation Op == [AState; ins?; outs! | pred] on
a state State with inputs ins? and outputs outs! is defined by

pre Op = 3 State’; outs! @ Op

Thus, pre Op is another schema on State and ins?, indicating on which before
states and inputs the operation is applicable. The precondition is, based on
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this definition, a rather abstract predicate. This predicate is usually simplified
applying, for example, the one-point rule and other equivalences. An algorithm
for calculating a precondition is given by (Woodcock and Davies, 1996, pp. 206).

For example, the precondition for the operation AddUser is pre AddUser =
3 Library' e AddUser, which can be simplified to the schema [Library; name? :
NAME | name? & users].

Discussing the issue of the precondition leads also to consider the notion of a
postcondition. Note, Z does not use a single characterisation of the postcondition
of an operation. However, in order to apply the refinement calculus (King, 1990),
a notion of postcondition was adapted. Given an operation schema Op ==
[AState | pred] satisfying the condition pred = pre Op, and a condition P, then
P is considered to be a postcondition of Op if pre Op A P < pred. In particular
this holds if P is equivalent to pred itself, however, other valid postconditions
may exist. The notion post Op is used to refer to some possible postcondition of
Op.

2.5 Refinement in Z

So far we are able to write a formal specification in the Z notation. While
this is a valuable task in its own right we also want to be able to develop a
specification towards an implementation. The process of development from an
abstract specification towards a more concrete representation is called refinement.
To (Woodcock and Davies, 1996), refinement is all about improving specifications.
It involves the removal of non-determinism, or uncertainty. A refinement is said to
be acceptable provided it is impossible for an observer to notice the replacement.

2.5.1 Operation Refinement

(Derrick and Boiten, 2001) use the term simple refinement to describe the re-
finement of operations where the state schema does not change. This notation is
commonly considered as operation refinement. However, simple refinement is a
more general concept than operation refinement.

Operations in Z are, basically, binary relations over a state space relating a be-
fore state and an after state. Operations can be, if necessary, interpreted as
total relations. Figure 2.1 shows two graphical representations of the operation
Op ={(0,0),(0,1),(2,2)} over the state {0,1,2}. The dotted lines represent the
application of the operation for before states that are outside the domain.

Basically, there are two interpretations possible for applying an operation out-
side the domain. The first graph represents the contractual interpretation in Z,
whereas the second one considers the blocking interpretation. Depending on the
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Figure 2.1: Relational Interpretations of the Operation Op = {(0,0), (0,1), (2,2)}
over the state {0,1,2}

chosen interpretation, totalisation binds all states not in the domain to all others
and L, a distinguished state representing non-termination, or it binds all states
not in the domain only to L.

In the contractual interpretation the domain of the operation describes the area
in which the operation should be guaranteed to deliver a well-defined result as
described by the relation. This area is commonly referred to as the precondition
of the operation. Outside the domain, however, the operation may be applied but
can return any value, including an undefined one. In the blocking interpretation
operations may not be applied outside their domain. Applying the operation
anyway leads to an undefined result. In this context, the precondition is often
called the guard of the operation.

Consider a particular before state s. A substitution of the operation AOp by
an operation COp would be unnoticed if either (1) s is in the domain of AOp,
then the after state for COp should be one of the possibilities in the range of
AOp. Furthermore, this means that s should also be in the domain of COp
otherwise | would be allowed by COp but not by AOp; or (2) in the contractual
interpretation, if s is not in the domain of AOp, then any possible after state
for C'Op is acceptable. This, in turn, means that s may, or may not, be in the
domain of COp.

This intuition is formalised in the following way. An operation COp is an oper-
ation refinement of an operation AOp over the same state space State and with
the same inputs 27 : X and the same outputs y!: Y, if and only if

Applicability
Y State; z7: X e pre AOp + pre COp
Correctness

V State; State’; x7: X; y!: Y epre AOp A COp+ AOp
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Note, we use the turnstile notation as it is more general than implication. We
will find in subsequent chapters that consequence and implication are not always
interchangeable as in standard predicate logic. The correctness rule above ap-
plies within the standard, contractual, interpretation of a Z operation. In the
alternative, blocking interpretation, the correctness rule becomes

V State; State'; x7:X; y!:Y ¢« COpE AOp

There are a few special cases worth considering. First, an operation does not
necessarily have to have inputs and outputs. The applicability and correctness
conditions simplify accordingly. Furthermore, if the precondition of the concrete
and abstract operation are the same, i.e. pre AOp = pre COp then COp is an
operation refinement of AOp if and only if

V State; State’ @ COp = AOp

i.e. the correctness condition was simplified using Op = pre Op A Op. Note, this
holds in both the blocking and the contractual interpretation.

Schema conjunction is one way of obtaining operation refinements. This au-
tomatically guarantees correctness and only applicability needs to be checked.
Thus, the operation AOp A X, for operations X and AOp both over AState, is
an operation refinement of AOp if and only if

V State ® pre AOp I pre(AOp A X)

For example, in Subsection 2.4.3 we formed the schema OkAddUser by a con-
junction of the schemas AddUser and OkOp and, indeed, we can verify that
OkAddUser is an operation refinement of AddUser using the Z/EVES proof tool.

=> try \forall Library @ \pre AddUser \implies \pre OkAddUser;
=> prove by reduce;

Proving gives ...

true

In the contractual interpretation, operation refinement allows preconditions to
be weakened and non-determinism to be reduced. The applicability condition
requires that the concrete operation is defined everywhere the abstract operation
was defined. It allows, however, that the concrete operation is defined where
the abstract operation was not. The correctness condition requires the concrete
operation to map into the range of the abstract operation everywhere the abstract
operation is defined. It does not require, however, to cover the whole range of
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the abstract operation, i.e. it is not necessary for the concrete operation to be
identical to the abstract operation.

For example, the operation TotalAddUser is an operation refinement of the oper-
ation AddUser. The operation TotalAddUser is applicable everywhere AddUser
was defined. Additionally, it is also defined in case the user name? is already a
member of the library.

=> try \pre AddUser \shows \pre TotalAddUser;
=> prove by reduce;

Proving gives ...

true

Furthermore, the operation TotalAddUser performs every task that AddUser does
but more. We already showed that OkAddUser is an operation refinement of
AddUser. Because the preconditions of FailAddUser and OkAddUser are disjoint
correctness follows immediately.

=> try \pre AddUser \land TotalAddUser \implies AddUser;
=> prove by reduce;

Proving gives ...

true

Besides operation refinement (Derrick and Boiten, 2001) consider two more cases
of simple refinements. These are concerned with establishing and imposing in-
variants. Since we are not using such refinements in our work we will not discuss
them here.

2.5.2 Data Refinement

In data refinement we are concerned about a more concrete representation of the
state. Data refinement, however, is not much considered in this work. Neverthe-
less, we refer to it and thus we present briefly what data refinement is about. For
a thorough introduction to data refinement we recommend (Derrick and Boiten,
2001). Note, for illustrative purpose we consider here only operations with no
inputs or outputs.

Simple, operation, refinement was restricted to operations over the same state.
However, to move closer to an implementation the definition of the state needs to
be refined too. For example, in an abstract specification we use sets frequently,
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however, a more concrete representation contains lists or arrays instead. Note,
changing the data representation will also affect the operations over them.

The standard definition of data refinement for Z schemas whose operations are
total relations is now commonly given by using simulations. A simulation is also
known as a retrieve relation or abstraction relation. Basically, there are two forms
of simulation, called upward and downward simulation.

AOp AOp

AState AState’ AState AState’
5 A A
v v

! !

CState Cop CState CState cop CState

Figure 2.2: Refinement Using Downward and Upward Simulation

Figure 2.2 shows two commutative diagrams representing downward and upward
simulation. The abstraction R is a relation, the arrows labelling R and R’ just
indicate the direction to follow around the diagram.

The first diagram describes that the application of the relation R followed by the
operation COp can be matched by the operation AOp followed by a mapping R'.
In the second graph the simulation is reversed, i.e. the effect of COp followed by
R’ can be matched by R followed by AOp. In either case, valid applications of the
concrete operation can be simulated by applications of the abstract operation.

For Z schemas AOp and COp without input or output, the relation R on AState A
CState is a downward simulation from AOp to COp if

Initialisation

V CState’ @ Clnit = 3 AState’ @ Alnit AN R
Applicability
YV AState; CState; @ pre AOp A R F pre COp

Correctness

YV AState; CState; CState' o
pre AOp AN R A COp = 3 AState’ @ R' N AOp
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Note, these rules assume the standard, contractual, interpretation of Z operations.
In the blocking interpretation, the correctness rule becomes

V AState; CState; CState’ @ R AN COp =3 AState’ @ R' N AOp

This formalisation of downward simulation extends the notion of operation re-
finement by considering initialisation and also changes in the state space. The
intuition behind applicability and correctness remain the same apart from con-
sidering the change of state space, which is described by the retrieve relation
R.

Downward simulation is the most common way of checking data refinement. How-
ever, it has been found that there are valid refinements that cannot be verified
using downward simulation but using upward simulation. Upward as well as
downward simulation are sound, i.e. if an upward or downward simulation exists
between conformal operations AOp and COp then COp is a data refinement of
AOp. However, upward and downward simulation are only jointly complete, i.e.
refinements are possible which require both kinds of simulations for their proof.

Note, we do not consider data refinement any further in this work. However, we
are interested in applying our work to data refinement in the future.

2.6 Tool Support for Z

There are a number of tools available to support the Z notation. These tools offer
various degrees of assistance in type setting 7Z specifications and pretty printing,
syntax and type checking, theorem proving and specification animation. The
following list of tools is a small sample and certainly not complete. We refer to
the Z home page for more details.

oz.sty is a IXTEX macro for Object-Z from the SVRC (Software Verification
Research Centre) at the University of Queensland. We used this style to type-set
the Z notation in this thesis.

FuZZ is a printing and type-checking system for Z specifications. Using FuZZ
together with KTEX you can input Z specifications as ASCII file, process them for
laser printing, check specifications for their conformance to the Z language rules
and produce a listing of schemas with components and their types. The FuZZ
distribution contains a special IXTEX font of Z symbols and a library containing
the standard mathematical tool-kit. FuZZ is fully compatible with the reference
manual by (Spivey, 1992). Using FuZZ requires a licence.

ZTC - the Z Type Checker — can determine if there are syntactical and typing
errors in Z specifications. It is intended to be compliant to (Spivey, 1992). ZTC
accepts as input specifications written in EXTEX using the oz or zed packages, or
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its own ZSL notation which is an ASCII version of the Z syntax by the author of
Z'TC. It is available free of charge for educational and non-profit uses.

Formaliser is a syntax-directed Z editor and interactive type checker. It provides
the facilities to interactively query attributes and to view all identifiers with
their types. Formaliser is a what-you-see-is-what-you-get type of editor showing
all Z symbols as they appear printed. Documents can be exported to IXTEX or
its true-type Z font can be used to create MS-Word documents. Formaliser is
a commercial tool, developed at Logica (UK), which runs under the Windows
operating system.

ProofPower is a specification and proof tool based on an implementation of
Higher Order Logic (HOL). It provides support for specification and proof in Z
using a semantic embedding of Z in HOL. The distribution provides an interface
of ProofPower to TEX and IXTEX, an X Windows front-end, the HOL as well as Z
specification and proof development system and, finally, the DAZ tool supporting
refinement from Z to the SPARK subset of Ada. ProofPower is available free
for academic and personal, non-commercial use from Lemma One (http://www.
lemma-one.com/ProofPower/).

CADIiZ is a set of integrated tools for preparing, type checking and analysing Z
specifications, which is available free of charge from the University of York (UK).
It gives direct support for the (ISO/IEC 13568, 2002) Standard Z notation and
evolves accordingly. A Z specification is prepared using KETEX or troff mark-up
and imported into CADiZ. The CADIiZ toolset then provides syntax, scope and
type checking, type-setting and specification browsing. It allows to prove conjec-
tures interactively. It provides different decision procedures, like model checking
and resolution. Furthermore, the expansion of schemas and an elementary re-
finement editor are supported. CADiZ received a BCS Award for outstanding
technological achievement in the computing field.

Z/EVES supports the analysis of Z specifications by providing syntax and type
checking, schema expansion, precondition calculation, domain checking and gen-
eral theorem proving. It supports almost the entire Z notation and includes the
mathematical toolkit as given by (Spivey, 1992). The Z/EVES theorem prover
provides powerful automated reasoning as well as interactive proof development.
Users with little experience in theorem proving can use the tool, too. Syntax
and type checking, schema expansion and precondition calculation require little
interaction.

In the current version (2.1) Z/EVES also includes a graphical user interface that
allows Z specifications to be entered, edited, and analysed in their typeset form.
It supports the incremental analysis of specifications and it manages the syn-
chronisation of the analysis with modifications to the specification. Z/EVES can
be obtain from ORA Canada (http://www.ora.on.ca/z-eves/) free of charge



2.7. Formal Methods and Notations related to Z 36

for educational use. It runs under the Linux, Windows and Solaris operating
systems.

Z/EVES, as decribed by (Saaltink, 1997), is the tool we used to analyse the spec-
ifications given in this thesis. We used the tool to type-check all specifications as
well as to calculate preconditions, to check properties and to validate refinement
conditions.

Recently a new Community Z Tools Initiative (CZT) has been proposed to join
the effort of developing a coherent and extensive set of Z tools and as such to
support further application of Z in industry.

2.7 Formal Methods and Notations related to Z

7 has some relatives in the world of formal methods and formal notations. As
such, we assume that some of the work presented in this thesis may also apply
to the notations presented below. The chosen relatives are closely related to Z.
The development of Z has benefited from and contributed to the development of
these notations. For example, Jean-Raymond Abrial developed Z while being in
Oxford together with Cliff Jones, who was largely involved in the development of
the Vienna Development Method (VDM). Later, Abrial developed the B-Method,
most certainly building upon his experiences gained earlier.

2.7.1 The B-Method

The B-Method has been developed by Jean-Raymond Abrial, also the originator
of the Z notation, and others. The B-Method is described in The B-Book by
(Abrial, 1996). It is a method because it is aimed at the development of program
code from a specification which is given in B’s own Abstract Machine Notation.
The B-Method includes extensive tool support, notably the B-Toolkit by B-Core
Ltd and Atelier B. The B-Method has been applied in many significant industrial
projects.

The basic building block of a B specification is an abstract machine. The B-
Method supports the development of large specifications from small ones by pro-
viding a number of structuring mechanisms. B and Z are both based on the same
underlying logic and set theory. The B calculus, however, is based on Dijkstra’s
guarded command language. In B, preconditions are stated explicitly and so is
non-determinism. The postcondition in B looks like an assignment in program-
ming languages but its semantics is based on substitution on the state, like in
VDM and Z. B provides also a guard construct, thus facilitating both guarded
and precondition interpretation. Note, too, that the B-Method incorporates a
particular notion of refinement within its language definition.
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(Schneider, 2001) provides a textbook introduction to the B-Method. He covers
the B approach to software development from specification through refinement,
to implementation and code generation, considering verification at each step.

In comparison to (Abrial, 1996), he also covers tool support, in particular the
B-Toolkit.

2.7.2 The Vienna Development Method

The Vienna Development Method is a set of techniques for modelling computing
systems, analysing those models and progressing to detailed design and coding.
It originated at the IBM Vienna Laboratory in the mid-1970s. The notation
and tools have been continuously developed since and are applied on a wide
range of systems. VDM is a method because it emphasises the development of
program code and provides the necessary mechanisms. (Jones, 1990) provided
one of the standard references, introducing the reader to the systematic software

development using VDM and (Jones and Shaw, 1990) present a collection of case
studies in VDM.

VDM is based on a three-valued logic, which allows treatment of undefinedness
of partial functions not explicitly cared for in Z or B. Furthermore, in VDM,
preconditions and postconditions are given explicitly, which does not apply to Z.
The advantage is an additional consistency check whether the real precondition
of the operation corresponds to the stated one. Invariants in VDM, however, are
assumed to be an implicit part of every pre- and postcondition.

B, VDM and Z were compared in the literature by (Bicarregui and Ritchie,
1995), providing a comparison of the VDM and B notations, (Hayes et al.,
1993), emphasising on understanding the differences between VDM and Z, and
http://www.b-core.com/ZVdmB.html comparing all three notations. There
are also a VDM+B project at Imperial College and a Z+VDM project at
SVRC aimed at combining these notations. More information on VDM, like
tools, bibliography and application database can be found on its home page:
http://www.csr.ncl.ac.uk/vdm/.

2.7.3 Object-Z

Object-Z is an extension of the formal specification language Z, retaining existing
syntax and semantics, to accommodate object orientation. The main reason for
this extension is to improve the clarity of large specifications through enhanced
structuring. It also facilitates modular verification and refinement.

A 7 specification, as presented above, defines a number of state and operation
schemas. A state schema introduces the variables and defines the relationship



2.8. Summary 38

between their values. An operation schema defines the relationship between the
before and after states corresponding to one or more state schemas. One of
the disadvantages of Z is that one is required to examine the signature of all
operations to inferring those operation schemas that may affect a particular state
schema. In large specifications this is rather impracticable.

Object-Z overcomes this problem by introducing a new class structure which
encapsulates a single state schema with all the operations which may affect that
state. Each class can be examined and understood in isolation. An Object-Z
specification of a system comprises a number of class definitions possibly related
by inheritance, a mechanism for class adaptation by modification or extension,
and instantiation.

Differences of Z and Object-Z include that the scope of global type and constant
definitions in Object-Z is limited to the class in which they are defined. Fur-
thermore, an operation schema extends the notion of a schema in Z by adding
to it a A-list. The A-list holds the primary variables which the operation may
change when it is applied to an object of the class. All other primary variables
remain unchanged. This results also in a different treatment of the precondition
of operations. In Z, being outside the precondition leads to divergence, i.e. the
operation can perform anything. In Object-Z, however, operations are blocked
outside the precondition and thus cannot change the environment, unless they
have been explicitly declared in a so called Delta-list. Note, too, that Object-Z
has an operational semantics, unlike Z.

For an introduction to Object-Z the work by (Duke et al., 1994) is recommended.
(Stepney et al., 1992) provide a collection of papers describing various approaches
of object orientation in Z, including Object-Z. (Smith, 2000) published a reference
manual in the style of (Spivey, 1992).

2.8 Summary

Z is a formal specification notation useful for describing computing systems. Z
is a model-based notation. A system is modeled by representing its state, i.e.
its components and constraints upon them, and operations that can change the
state, thus modelling the behaviour of a system. Note, Z is not intended to specify
non-functional requirements, like usability, performance, program code size and
reliability. It is also not intended for the description of timed or concurrent
behaviour.

In this chapter we introduced some basics of the Z specification notation. We
covered the logic of Z and the underlying set theory. We went on to introduce
the concept of types and their usage in Z. Furthermore, we presented the main
features of Z, its schemas notation and the schema calculus, used to modify
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and combine schemas. Next, we gave some insight into refinement in Z, the
development of a more concrete specification from an abstract one. Finally, we
introduced some Z tools and other specification notations related to Z.

Details related to the Z notation including information on publications, the Z
standardisation process, Z courses, tool support, and other material can be found
on the Z home page: http://www.comlab.ox.ac.uk/archive/z.html.



Chapter 3

Inconsistency and
Underdefinedness in Z

We are faced on an almost daily basis with inconsistent and incomplete knowl-
edge. We have learnt to live with it and to manage it. This does not imply that
we accept the status quo and stagnate. Both kinds of deficiencies provide a tool
for development and guide research. Most importantly, however, we are able to
tolerate both problems until they can be solved. Meanwhile we make use of them
to derive as much possible and useful information as we can.

The Z notation is a specification language based on classical logic. Classical logic,
however, is not well-designed to handle inconsistent and incomplete knowledge.
Inconsistency, for example, leads to the problem of triviality, i.e. that everything
can be inferred from a single inconsistency. Z specifications can also be trivialised
by inconsistencies. So far, research on handling inconsistency in Z focused mainly
on detecting and eradicating them.

Software development, however, requires a more lightweight approach to incon-
sistencies. On the one hand, they frequently appear in large projects and con-
stant focus on detecting and eradicating inconsistencies is expensive. On the
other hand, removing one inconsistency might introduce another one and thus,
it is claimed, complete consistent specifications might not be reached in practice.
Consequently, inconsistencies need to be managed as we do it on a regular basis
too. Thus, Z needs to be extended to facilitate such inconsistency management.

In Z operations are, in general, partial relations. In the traditional interpretation,
an operation applied outside its domain can result in any behaviour, thus for any
component in the scope of the operation a definite value cannot be known. Al-
ternatively, in the guarded interpretation, no change of the components occur. It
has been observed that a combination of both interpretations is sometimes con-
venient to allow both modelling of refusals and under-specification. We propose
an extension to Z to incorporate both interpretations.
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3.1 Introduction

Inconsistencies are a matter of every day life. We are constantly challenged by
contradicting information. Sometimes we are able to resolve the inconsistency
right away; sometimes, however, we have to live with inconsistencies. In such
a case we tend not to derive any useless results from it. Often it is quite the
contrary and inconsistencies lead to new discoveries. This process suggests that
the logic we use to reason in everyday life is able to deal with inconsistencies in
a useful manner.

—~

Valentine, 1998), however, states:

Consistency is essential for a Z specification to have any useful mean-
ing.

Thus, inconsistent Z specifications are meaningless or useless. This is, however,
contrary to practical situations because, as (Ghezzi and Nuseibeh, 1998) found,

Inconsistencies are inevitable in large projects. [...] A completely
consistent state may never be reached in practice

This leads to the conclusion that Z should not be used to specify large projects in
practice because they would potentially be inconsistent and thus the specification
is meaningless. The problem is, that the Z notation cannot deal appropriately
with inconsistent situations.

This impracticality is certainly not desired by the Z community. Research on
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