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In this paper, we present a systematic study of partial identification of two general classes of functionals
of the joint distribution of two “potential outcomes” when a bivariate sample from the joint distribution is
not available to the econometrician. Assuming the identification of the conditional marginal distributions
of potential outcomes and the distribution of the covariate vector, we show that the identified sets for
functionals in both classes are intervals and provide conditions under which the identified sets point
identify the true value of the functionals. In addition, we establish sufficient and necessary conditions
for the covariate information to be informative in the sense of shrinking the identified sets. We focus
on the application of our general results to evaluating distributional treatment effects of a binary
treatment in two commonly used frameworks in the literature for evaluating average treatment effects:
the selection on observables framework and a latent threshold-crossing model. We characterize the role
of the propensity score in the selection-on-observables framework and the role of endogenous selection
in the latent threshold-crossing model. Examples of policy parameters that our results apply include the
correlation coefficient between the potential outcomes, many inequality measures of the distribution of
treatment effects, and median of the distribution of the individual treatment effect.

Selection-on-observables
Latent threshold-crossing model

Published by Elsevier B.V.

1. Introduction

Parameters that depend on the joint distribution of two random
variables are identified when a bivariate random sample from the
joint distribution of the two variables is available. In many impor-
tant applications in economics, finance, and other disciplines, how-
ever, such a bivariate random sample is not available. This paper
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of “Potential Outcomes”. We thank Stephane Bonhomme, Yingyao Hu, Shih-
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University, IUPUI, Emory University, Caltech, and Shanghai University of Finance
and Economics for helpful comments and discussions on the previous paper.
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considers this latter situation. Specifically let Y; € ¥; and Yy € Yo
denote two real-valued continuous random variables with joint cdf
Fo(¥1,¥0),¥1 € ¥1andyo € Yo. Let 6, denote the parameter of in-
terest. It is defined as' 6, = E, [ (Y1, Yo)] € ® C R for some
real-valued measurable function u (-, -), where E, denotes the ex-
pectation taken with respect to F, (-, -).

Assuming that the conditional marginal distributions of Y7, Y
given a vector of covariates (which may contain unobserved
components) and the distribution of the covariates are identified
(Assumption (IC) in Section 3), this paper provides a systematic
study of (partial) identification of 6, for two general classes of
functions w. The first class is characterized by super-modular
functions wu (see Definition 3.1) and the second by what we
call g-indicator functions (u (Y1, Yo) = I{¢ (Y1, Yo) < &}, see
Definition 3.3 or Embrechts et al. (2005)). Building on existing
works in the probability literature on solutions to the general
Fréchet problem including a continuous version of the classical

T We will introduce and discuss a conditional version of 6, later in the paper.
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monotone rearrangement inequality,” this paper makes two
original contributions. First, we characterize the identified sets
for 6, taking into account the covariate information for both
classes of parameters and show that the identified set of the true
parameter in each class is a closed interval. Second, for parameters
corresponding to strict super-modular functions and parameters
corresponding to ¢ functions that are strictly increasing in each
argument, we establish sufficient and necessary conditions for
point identification of the true parameter as well as sufficient and
necessary conditions for the covariate to be informative in the
sense of shrinking the identified set.

These general results have immediate applications in diverse
areas including evaluation of distributional treatment effects
where Y, Yy denote the potential outcomes of a binary treatment;
bivariate option pricing where Y7, Yy are prices of the underlying
assets; and evaluation of the stop-loss premium of a portfolio
of contracts. In this paper, we focus on their applications in the
evaluation of distributional treatment effects and refer interested
readers to the on-line Supplementary Appendices for examples in
finance and insurance as well as related references.

Throughout the paper, we adopt two general frameworks
in the treatment effect literature: the selection-on-observables
framework and the latent threshold-crossing model in Heckman
and Vytlacil (2005) and Carneiro and Lee (2009). Under commonly
used assumptions in existing work to identify average treatment
effects (ATE), both frameworks satisfy our Assumption (IC) and
the general results established in this paper are applicable to both
models. Examples of 6, in the first class of parameters include
the correlation coefficient between the potential outcomes, values
of the joint distribution of the potential outcomes, and many
inequality measures of the distribution of treatment effects, see
Examples (i) and (ii) in Section 2. Members of the second class
of parameters include values of the cdf of treatment effects and
quantiles of the distribution of treatment effects.> Heckman et al.
(1997) and Abbring and Heckman (2007), among others, provide
many examples demonstrating the need for evaluating joint
distributions of potential outcomes, distributions of treatment
effects, or other features of the distributions of treatment effects
than various average treatment effects. Because of the missing
data problem, evaluating these parameters is known to pose more
challenges than evaluating average treatment effects, the latter
being the focus of most works in the treatment effect literature,
see Lee (2005), Abbring and Heckman (2007) and Heckman and
Vytlacil (2007a,b) for discussions and references. The current paper
makes several contributions to the treatment effect literature.

First, it establishes identified sets for the afore-mentioned treat-
ment effect parameters as well as sufficient and necessary condi-
tions for their point identification in the context of selection-on-
observables framework and latent threshold-crossing models. Sec-
ond, in the selection-on-observables framework, we characterize
the role of the propensity score and show that in sharp contrast to
the identification of average treatment effects which can be based
on either the observable covariates or the propensity score, the
identified sets of distributional treatment effect parameters such
as the correlation coefficient and the median of the distribution of
treatment effects using the observable covariates could be tighter
than the identified sets based on the propensity score. We provide

2 See Hardy et al. (1934), Cambanis et al. (1976), Tchen (1980), and Rachev and
Riischendorf (1998) for the first class of parameters; Makarov (1981), Riischendorf
(1982), and Frank et al. (1987), and Williamson and Downs (1990) for the second
class of parameters.

3 Although quantiles of the distribution of treatment effects cannot be written in
the form of 6, = E, [ (Y1, Yo)], their bounds follow immediately from bounds on
the cdf of treatment effects and the cdf of the portfolios. So we simply refer to them
as members of the second class of parameters.

sufficient and necessary conditions under which the two identi-
fied sets are the same. Third, we characterize the identified sets for
distributional treatment effect parameters and the role of endoge-
nous selection in the latent threshold-crossing model adopted in
Heckman and Vytlacil (2005) and Carneiro and Lee (2009) to iden-
tify average treatment effect parameters. Fourth, to illustrate the
important role played by the covariate (observable and unobserv-
able), we provide a detailed analysis of the identified set of the cor-
relation coefficient. In particular, we establish sufficient and nec-
essary conditions for its identified set to exclude O when there is
one observable covariate and when there is endogenous selection
in the context of a latent threshold-crossing model. These condi-
tions demonstrate clearly the role of the covariate information and
endogenous selection in tightening the identified set. For ideal ran-
domized experiments, Heckman et al. (1997) concluded that the
bounds on the correlation coefficient between the potential out-
comes implied by the result in Cambanis et al. (1976), i.e., with-
out covariate, are often too wide to be informative. Our results
show that (i) by exploiting information in the observable covari-
ate, these bounds can be narrowed greatly and may be informative
about the sign of the correlation coefficient when the dependence
between the potential outcomes and the observable covariate is
strong enough; and (ii) in the context of latent threshold-crossing
model with endogenous selection, the requirement on the depen-
dence between the potential outcomes and the observable covari-
ate in (i) can be weakened significantly.

This paper is related to several existing works on partial
identification of treatment effects beyond the average treatment
effect such as Manski (1997), Heckman et al. (1997), Fan and Park
(2009, 2010, 2012)), Fan and Wu (2010), Firpo and Ridder (2008),
and Fan et al. (2014). Assuming monotone treatment response,
Manski (1997) developed sharp bounds* on the distributions
of treatment effects; while assuming the availability of ideal
randomized data, Heckman et al. (1997) used the result in
Cambanis et al.(1976) to bound the correlation coefficient between
the potential outcomes and the variance of the treatment effects.
Fan et al. (2014) examined partial identification of treatment
effects under data combination.

Fan and Park (2009, 2010, 2012), Fan and Wu (2010), and Firpo
and Ridder (2008) are the most closely related papers to the current
paper. Besides studying a narrower class of parameters in Fan
and Park (2009, 2010, 2012)), they focus on ideal randomized
experiments for which only the marginal cdfs of (Yi,Yy) are
known (Assumption (I) in Section 3) or identified from the sample
information. Within this framework, (i) Fan and Park (2009, 2010)
study sharp bounds (pointwise) on the cdf of A = Y; — Yy and
their inference, from which they derive sharp bounds on the class
of D-parameters including the quantile of the distribution of A
and the class of D,-parameters including Examples (i) and (ii) in
the current paper; (ii) Fan and Park (2012) develop estimation
and inference procedures for the quantile of the distribution of
A. While Fan and Park (2009, 2010) briefly mentioned sharp
bounds on the distribution of the treatment effect and their
estimation under the selection-on-observables framework, they
neither characterized its identified set nor investigated the role
of the covariate in shrinking the identified set. In the context
of switching regime models in Heckman (1990), Fan and Wu

4 When we say bounds on a parameter 6,, we mean a lower bound and an

upper bound such that 6, lies between the lower and upper bounds. When these
bounds are achievable by some data generating process consistent with model
assumptions, they are sharp bounds. These are terminologies used in the statistics
and probability literature. In econometrics, we are interested in the identified set
of a parameter. For example, the closed interval defined by the sharp bounds on a
parameter is its identified set if each and every possible value in the interval can be
realized for some data generating process consistent with model assumptions.
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(2010) studied partial identification and (parametric) inference
for conditional distributions of treatment effects given observable
covariates.

Firpo and Ridder (2008) considered bounding a general
functional of the distribution of treatment effects A. Note that the
bounds on a general functional of the distribution of treatment
effects obtained from the bounds on the distribution of treatment
effects in Fan and Park (2009, 2010), and Firpo and Ridder (2008)
are in general not sharp, as the bounds on the distribution
of treatment effects are pointwise sharp, but not uniformly
sharp. Firpo and Ridder (2008) presented a general approach to
establishing bounds on functionals of the distribution of treatment
effects that are tighter than bounds obtained directly from bounds
on the distribution of treatment effects. However, the bounds in
Firpo and Ridder (2008) are not sharp.

The rest of this paper is organized as follows. In Section 2,
we first review the selection-on-observables framework and the
latent threshold-crossing model in Heckman and Vytlacil (2005)
and Carneiro and Lee (2009). Then we present some examples of
the parameter 6, measuring treatment effects beyond the ATE.
In Section 3, we characterize the identified sets for the class
of super-modular functions and of ¢-indicator functions under
Assumption (IC) and establish sufficient and necessary conditions
for (i) the identified sets to be singleton and (ii) the covariate to
shrink the identified sets. Section 4 examines the role of propensity
score in the context of selection-on-observables framework and
the role of endogenous selection in latent threshold-crossing
models in shrinking the identified sets. Section 5 concludes
and presents some extensions. Technical proofs are collected
in Appendix A. Appendix B outlines an inference procedure for
6, when p is super-modular and the selection-on-observables
assumption holds. Appendix C presents detailed derivations of the
results discussed in Example (i)-(IC) in Section 3 and Example (i)-
(IU) in Section 4. The on-line Supplementary Appendices contain
additional examples, references, and technical proofs for the
results in Appendix B in the current paper.

2. Identification of treatment effects with observational data

Let Y;, Yo denote the potential outcomes of a binary treatment
with an absolutely continuous joint cdf Fo(y1, ¥o0), ¥1 € Y1, Y0 €
Yo.Let Y = Y1D + Yo (1 — D) denote the realized outcome, where
D is the binary treatment indicator such that an individual with
D = 1 receives the treatment and an individual with D = 0 does
not receive the treatment.

For an observable covariate X with support X C K¢ most
treatment effect parameters of interest can be expressed as 6, =
E [ (Y1,Y9)] € ® C R for some real-valued measurable
function w (-,-) or 6, (x) = E, [ (Y1, Yy) X =x] for x € X,
where E, (-) denotes the expectation taken with respect to F, (-, -)
and E, (-|X = x) denotes the expectation taken with respect to the
conditional distribution of (Yy, Yp) given X = x. For example,
the ATE and the conditional ATE correspond to w (Y, Yy) =
Y1 — Yo. As discussed in Heckman et al. (1997), many important
policy questions cannot be addressed by ATE parameters alone.
Some examples and the corresponding functions u are given
in Section 2.2. In Section 2.1, we provide a brief review of the
selection-on-observables framework and the latent threshold-
crossing model in Heckman and Vytlacil (2005) and conditions
under which ATEs are point identified in each framework.

2.1. The selection-on-observables framework and a latent threshold-
crossing model

The Selection-on-Observables Framework To identify various av-
erage treatment effect parameters, the selection-on-observables

framework is commonly adopted in the literature, see e.g., Rosen-
baum and Rubin (1983a,b), Hahn (1998), Heckman et al. (1998a,b),
Dehejia and Wahba (1999), and Hirano et al. (2003), to name only
a few. It is characterized by Assumption (IX).

Assumption (IX). (C1) For all x € X C RY, (Y;, Yp) is jointly
independent of D conditional on X = x. (C2) For all x € X,
0 < p(x) < 1, where p(x) = Pr(D = 1|1X = X).

In Assumption (IX), (C1) is a conditional independence assump-
tion and (C2) is a common support assumption. Suppose a random
sample on (Y, X, D) is available. Then under Assumption (IX), for
all x € X, the conditional marginal cdfs of Y7, Yy given X = x de-
noted as Fi,(y|x) and Fo,(y|x) are point identified:

Fio(ylx) =Pr(Y; <yl X =x) =Pr(Y <ylX =x,D=1)and (1)
Foo(y|x) = Pr(Yo < y|X =x) =Pr(Y <y|X =x,D=0). (2)

Moreover, since the distribution of X is identified, the uncondi-
tional marginal cdfs Fy,(y), Foo(y) are also point identified. As a
result both ATE E, (A) and the conditional ATE E, (A|X = x) are
point identified.

A Latent Threshold-Crossing Model Consider the semiparametric
latent threshold-crossing model with continuous outcomes in
Heckman (1990), Heckman and Vytlacil (1999, 2001, 2005)):

Y1 =g1(X,Uy), Yo =20(X,Up), andD =1I{g (Z) — € > 0}, (3)

where X € X C ®%,Z € Z C R% are observable covariates,
Uy, Ug, € are unobservable univariate covariates, g1, g0 and g
are unknown functions, and the distribution of the unobserved
error vector (Uy, Uy, €)' is also unknown. Unlike the selection-on-
observables framework, the latent threshold-crossing model in (3)
allows for endogenous selection.

Suppose a random sample on (Y, X, Z, D) is available. Heckman
and Vytlacil (2005) provided conditions under which various
average treatment effect parameters are point identified, while
Carneiro and Lee (2009) extended the results in Heckman and
Vytlacil (2005) to the identification of distributions of (Y7, €)’ and
(Yo, €)' conditional on the observables. We restate these conditions
in Assumptions (IU) and (LS).

Assumption (IU). Assume that (i) g(Z) is a nondegenerate
random variable conditional on X; (ii) (Uy, €)’ and (Up, €) are
independent of Z conditional on X; (iii) the distribution of €
conditional on X, Z and that of g (Z) conditional on X are absolutely
continuous with respect to Lebesgue measure.

Without loss of generality, we normalize the distribution of €
conditional on X and Z to be U (0, 1), implying by Assumption (IU)-
(ii) that the distribution of € conditional on X is also U (0, 1). Let
p() = Pr(D=1|Z =2z).Then p(z) = g (z). Let #, denote the
support of p (Z) conditional on X = x € X.

Assumption (LS). For each x € X, the closure of £, is [0, 1].

Let X* = (X/, e)/. It follows from Theorem 1 in Carneiro and
Lee (2009) that under Assumptions (IU) and (LS), Fy, (y|x*) and
Foo (y|x*) are point identified from the sample information. In
particular, they showed that

Fio (vIx*) =Pr(Y <ylp(@) =p.X=x,D=1)
OPr(Y <ylp(Z)=p,X=x,D=1)
+p a
ap
Foo (y1x*) =Pr (Y <ylp(Z) =p.X =x,D=0)
OPr(Y <ylp(Z) =p,X =x,D=0)

nd (4)
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where x* = (x,p). Additionally, owing to the fact that the
distribution of ¢ conditional on X is U (0, 1) (implying that
the distribution of X* is identified), it is easy to see that the
unconditional marginal cdfs Fy,(y), Fo, (y) are also point identified
from the sample information. Again both ATE and the conditional
ATE are point identified.

Remark 2.1. Heckman and Vytlacil (1999, 2001, 2005) and
Carneiro and Lee (2009) discuss in detail Assumptions (IU) and (LS).
The main condition in Assumption (IU) is the exclusion restriction
required to handle endogenous selection. Assumption (LS) is a
large support restriction. When it fails, the conditional marginal
cdfs may not be identified but may be bounded as in Heckman and
Vytlacil (1999).

2.2. Treatment effects beyond ATE

This section provides examples of 6, which measure other
treatment effects than the ATE. In contrast to the ATE, these
parameters depend not only on the marginal cdfs of Yy, Yy but also
their copula function. In all these examples, one can consider the
conditional parameter 6, (x) as well.

Example (i) (The Correlation Coefficient). Let . (Y1, Yo) = Y1Yp and
o} = Var (Y;) < oo forj = 0, 1. Then the correlation coefficient
between Y; and Yj is given by
_ Eo[p (Y1, Yo)] — E (Y1) E (Yo)
10 o100 .

Since E (Y;) and Var (Y;) depend on the marginal distributions only,
we sometimes refer to E, [t (Y1, Yg)] as the correlation coefficient
in which case u (Y1, Yp) = Y1 Y.

Example (ii) (Distributional Treatment Effects I). Let A = Y; — Yy
denote the individual treatment effect and u (Y;, Yo) = v (A) for
some function v. Many inequality measures of the distribution of
treatment effect A can be expressed as g (E, [v (A)], wa), where
ua = E, (AQ) is the ATE, g (-, -) is increasing in its first argument,
and v (-) is continuous and convex, see Stoye (2010) and references
therein. For instance, the coefficient of variation defined as

O — VVvar, (4) E, (Az) — K4
< Ha Ha

can be writtenas g (E, [v (A)], p4), where v (A) = A? is continu-

ous and convex and g (z, un) = {/Z — 4% /[t is increasing in z. A
general class of inequality measures of the distribution of A is that
of generalized entropy measures. Let ¥ denote an even number,
v, (A) = AY,and

@) = — [ : 1}

&z, ppa)=——|——1].

! v2—v Lul

Then v,, (-) is continuous and convex. Further g, (E, [v, (4)], wa)
is a generalized entropy measure of the distribution of A.

Example (iii) (Distributional Treatment Effects II). (a) Let i (Y1, Yo)
= 1(A > 0). The proportion of people who benefit from the
treatment is given by

Eo [ (Y1, Yo)] = Pr(A > 0) =1 —Fx(0),

where F,(-) is the cdf of A. (b) Let « € (0, 1). Although the «-
quantile of the distribution of A, FA_1 (@), is strictly speaking not an
example of 6,, its bounds can be obtained by inverting the bounds
onFu (8) = E, [ (Yq, Yo)] with u (Yq, Yo) = 1(A < §), and thus
we simply refer to FA’] () as an example of 6,.

Throughout the rest of this paper, we adopt either the selection-
on-observables framework or the latent threshold-crossing model
satisfying Assumptions (IU) and (LS). In either case, the conditional
marginal cdfs of (Y7, Yg) given X* and the cdf of X* are point
identified, where X* is observable in the former case and contains
an unobservable component in the latter model. Although ATE and
the conditional ATE are point identified in both frameworks,
parameters in Examples (i)-(iii) and their conditional versions
are not point identified without further assumptions. This paper
characterizes their identified sets.

3. Partial identification of treatment effects beyond ATE

This section provides a unified analysis of identification of
6, = E,[u (Y1, Yy)] under Assumption (IC) in which X* €
X* C R denotes the vector of covariates which may contain
unobservable components. The corresponding analysis for the
conditional parameter 6, (x) = E, [ (Y1, Yo) |X = x], where X is
the observed component of X*, is discussed in Remarks 3.1 and 3.2
for super-modular and ¢-indicator functions respectively.

Assumption (IC). The conditional marginal cdfs of Yi, Yy given
X* = x* denoted as Fy, (-|x*) and Fy, (-|x*) are known for all
x* € X*. Moreover the cdf of X* denoted as Fx+, (-) is also known.

In stating Assumption (IC) and Assumption (I), we have fol-
lowed the tradition in the literature on identification by referring to
F1o (-1x%), Foo (:]x*), Fx#o (), F1o (+), and Fy, (-) as known. In specific
applications, they are point identified from model assumptions and
the sample information such as in the selection-on-observables
framework and latent threshold-crossing models reviewed in Sec-
tion 2.

Let C, (-, -|x*) denote the conditional copula of Yi, Yy given
X* = x*, where x* € X*. We note that 6, can be expressed as
the following form:

/ / w1, Yo) dF, (Y1,J’0|X*)}

=E / /M 01 ¥0) dCo (Fro (y11X*) . Foo (oIX™) |X*)} .
Under Assumption (IC), the identified set for 6, is given by
bco 0=F U/u(yl,ywdc(m (11x%).

Foo (y0|X*) |X*)

for some C (-, -|X*) € Cas.

6, =E

O = , (6)

where € denotes the class of bivariate copula functions.

Existing works such as Heckman et al. (1997) and Fan and
Park (2009, 2010, 2012) studied specific examples of 6, under
Assumption (I).

Assumption (I). The marginal cdfs of Y7, Yy denoted as Fy, (-) and
Foo () are known.
Under Assumption (I), the identified set for 6, is given by:

O = 96@19=E[//M(Y1,yO)dC(F1o(Vl),FOO(Vo))}
forsomeC (-,-) € C

(7)

The difference between the two identified sets ®;c and @,
reflects the role played by the covariate X* in shrinking the
identified set of 6,, since Assumption (IC) implies that the marginal
cdfs Fi (-) and Fy, (-) are known. In the rest of this section,
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we first characterize the identified set @ for super-modular
functions and ¢-indicator functions. Then for strict super-modular
and g-indicator functions with ¢ being strictly monotone in each
argument, we establish necessary and sufficient conditions for (i)
®c or O to be a singleton thus point identifying 6, and (ii) for X*
to be informative in the sense of shrinking the identified set for 6,,
i.e., for @ to be smaller than ©,.

3.1. A characterization of @) for super-modular functions and the
role of the covariate

We first present a definition of a super-modular’ function.

Definition 3.1. A function u (-, -) is called super-modular if for all
y1 <yjandyo <y,

1 s Yo) + 1 (V1 ¥0) — 1 (v1,¥6) — 1 (¥4, ¥0) = 0,
and sub-modular if —u (-, -) is super-modular.

If w(-,-) is absolutely continuous, then it is super-modular

if and only if W > 0 ae. Cambanis et al. (1976) pro-
vide many examples of super-modular or sub-modular func-
tions, see also Tchen (1980). The u functions in Examples (i)
and (ii) are either super-modular or sub-modular. The difference
function u (y1,¥0) = Y1 — Yo is also super-modular. Other
examples of super-modular or sub-modular functions include:
m (Y1, ¥0) = (min(y1,y0) — k), u V1, ¥0) = (V1 + Yo — k) for
some known number k, where (x) . = max (x, 0) and u (¥1, ¥o) =
min {(y1 — k1) , (Yo — ko) } for some known values k1, ko. These
are payoff functions of specific bivariate options, see the on-line
Supplementary Appendices for details.

The function u (y1,yo) = y1 — Yo is different from the other
functions above in that it is additively separable in its arguments.
The u functions in Examples (i) and (ii) belong to the class of strict
super-modular or strict sub-modular functions defined below.

Definition 3.2. A function u (-, -) is called “strict super-modular”
if it is super-modular and for all y; < ¥} and yo < yg, it holds that

w1, y0) + 1 (V. vo) — i (v1,¥) — 1 (¥, ¥0) > 0,
and strict sub-modular if —u (-, -) is strict super-modular.

It is clear that a strict super-modular or strict sub-modular
function cannot be additively separable in its arguments, but a
super-modular or sub-modular function can. Other examples of
additively separable super-modular functions include u (y1, yo) =
h1 (1) — ho (yo) for known measurable functions h; and
hg, see Firpo and Pinto (2015) for measures of treatment
effects corresponding to such functions w. In addition to the u
functions in Examples (i) and (ii), other examples of strict super-
modular or sub-modular functions w (-, -) include u (yq,¥0) =
h1(y1)ho(yo), where h; and hy are known strictly monotonic
functions. For example, Spearman’s rank correlation, ps (Y1, Yg) =
corr [F1o(Y1), Foo(Yo)], corresponds to w (1, ¥o) = F1o(y1)Foo (Vo).

3.1.1. Some basic results on &,

For a super-modular and right continuous function wu (-, -)
satisfying some regularity conditions, the identified set for 6, is a
closed interval, see e.g., Cambanis et al. (1976), Tchen (1980), and

5A super-modular function is also called a quasi-monotone function or a super-
additive function in probability and statistics literature.

Rachev and Riischendorf (1998).° To introduce it, let

F (y1,¥0) = M (Fio (1) » Foo (%)) and
F (y1,¥0) = W (Fio (1) , Foo (0)) »

where M (u, v) = max(u+v — 1, 0) and W (u, v) = min(u, v) are
the Fréchet-Hoeffding lower and upper bounds for a copula. Then
O = [GL, 0”],where

1
68 = Eo [1e (Y1, Yo)l = / w (Fp' ), Fyy' (1 — w)) du and
0

1
0" = Epeo [ (Y1, Yo)l = fo w(F' (W), Fyy' (W) du, (8)

in which Er denotes the expectation taken with respect to the joint
cdf F and F, " (u) = inf{y : Fj, (y) > u} is the quantile function of
Y;,j=0,1

If i (-, ) is additively separable in its arguments, then ' =
0Y in which case 6, is point identified for all the marginal
distribution functions Fy,, Fg, under Assumption (I). However,
when u (-, -) is not additively separable in its arguments, in general
0 # oY and 6, is only partially identified. Below we show
that under the conditions of Theorem 2 in Cambanis et al. (1976)
restated as conditions (a) and (b) in Theorem 3.1, for strict super-
modular functions w (-, -), 6, is point identified only in trivial
cases, i.e., when at least one of the marginal distributions Fy,, Fo, is
degenerate.

Theorem 3.1. Suppose that Assumption (1) holds and let 1 (y1, yo)
be a super-modular and right continuous function. Suppose that 6"
and 0Y exist (even if infinite valued) and that either of the following
conditions is satisfied: (a) 1 (y1, Yo) is symmetric and E [ (Y1, Y1)]
and E [ (Yo, Yo)] are finite (in this case, —oco < 6 < @Y <
+00); (b) there are some fixed constants y, and y, such that
E[w (Y1,¥0)] and E [ (4, Yo)] are finite and at least one of 6"
and 6V is finite. Then (i) when w (-, -) is additively separable, 6% =
0Y; (ii) when w (-, -) is strict super-modular, 6" = 0Y ifand only if at
least one of the marginal distributions F1,, Fy, is degenerate.

Following discussions in Cambanis et al. (1976), it is clear
that when random variables Yi, Yy are bounded, condition (b) is
satisfied for locally bounded functions w (y1, yo) such as those
in Examples (i) and (ii) and payoff functions of specific bivariate
options mentioned above, and if i (y1, yo) is also symmetric, then
condition (a) is also satisfied.

3.1.2. A characterization of ®;c and the role of the covariate
Let

1
O =E [/ w (Fro' (ulX*), Foo' (1 — ulX*)) du] and 9)
0

oy =E [ /0 L (F i) F (X)) du] ,

where F, ! (u|x*) = inf {y : F;, (y|x*) > u} is the quantile function
of Y; conditional on X* = «x* j = 0,1 Theorem 3.2
extends Theorem 2 in Cambanis et al. (1976) and Theorem 3.1,
characterizing the identified set for 6, under Assumption (IC) for
super-modular and right continuous functions pu.

6 Results for sub-modular functions follow straightforwardly from the corre-
sponding results for super-modular functions. To save space, we will not present
results for sub-modular functions in this paper.
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Theorem 3.2. Suppose that Assumption (IC) holds and let 1 (y1, o)
be a super-modular and right continuous function. Suppose that both
expectations in (9) exist (even if infinite valued) and that either of the
conditions (a) and (b) in Theorem 3.1 (with 6, and 6y replacing 6"
and 6V in condition (b)) is satisfied. Then

(i) the identified set for 6, = E, [ (Y1, Yo)]is O;c = [6L, Oy];

(ii) for a strict super-modular function w(-,-), 6 = 6y if
and only if at least one of the conditional marginal distributions
Fio (-]x*) , Foo (+|x*) is degenerate for almost all x* € X*.

Note that under Assumption (IC), the joint cdfs of (Y;, X*) and
(Yo, X*) are known and we expect the covariate X* to contain
information on the dependence between Y; and Yj. As a result,
compared with @, = [6*, §!], the identified set ©c = [, Oy]
should be shrunk. To show that ®@;c C @, we let’

F) (v1,y0) = E[M (Fio (y11X*) . Foo (yolX*))] and
F (y1,y0) = E[W (Fio (y11X*) , Foo (voIX*))] -

We can prove that 6, and 6y are attained when (Y7, Yp) has the cdfs
F,Ef) V1, ¥o) and Ffr) (¥1, Yo) respectively and that the identified
set O;c = [0, Oy] is identical to the set of values of Er [ (Y1, Yo)]
when F ranges over the class of all joint cdfs F(-, -) with fixed

marginals Fj, and Fy, satisfying Fi_) 1,y0) < F@uy) =<

,£+) (1, o). In other words,

O

9E@:9:E[//M(Vld’o)dc(ﬁo(w),l:m(Vo))] (10)
for some C (-, -) satisfying M* (-,) < C(-,-) < W* (-, ")
where M* (-, -) and W* (-, -) are defined as the copulas of the cdfs
F” (y1, y0) and F{ (y1, yo) respectively. Since M (-, ) < M* (-, -)
and W* (-, -) < W (-, -), it holds that ©c C 6.

For strict super-modular functions i, Theorem 3.3 establishes

sufficient and necessary conditions for ®,c = ©; or equivalently
for ®c to be a proper subset of ©,.

Theorem 3.3. Suppose that Assumption (IC) holds and let (& (y1, yo)
be a super-modular and right continuous function. Suppose that the
four expectations in (8) and (9) exist (even if infinite valued) and that
either of the conditions (a) and (b) in Theorem 3.1 is satisfied. Then
Oc C Opandif wu (-, -) is strict super-modular, then ®,c = O iff for
We-almost all (y1, yo),® it holds that

Pr (Fio (y11X*) + Foo (yoIX*) — 1 > 0) € {0, 1} and (11)
Pr (Fio (y11X*) — Foo (yoIX™) < 0) € {0, 1}. (12)

Obviously, (11) and (12) hold if both Y; and Yy are independent
of X* in which case the covariate X* does not help shrink the
identified set ®,. Also if one of Y; and Yy, say Y;, is degenerate, then
(11)and (12) hold, so ®; = O, but both sets are singleton. When
both Y; and Yj are not degenerate but for almost every x* € X*,
at least one of the conditional marginal distributions Fy, (-|x*) and
Foo (+|x*) is degenerate, then (11) and (12) will not hold and in this
case Oy is singleton but @, is not. For conditional distributions
F1o (-|x*) and Fy, (-|x*) that violate either (11) or (12), the identified
set O is a proper subset of @;, so incorporating information in

7 Measurability of M (Fi, (v11X*) , Foo (volX*)) and W (Fio (v11X*) , Foo (yoIX*))
follows from measurability of F1, (y1|X™) and Fgo (yo|X™).

8 if 1 (-, ) is super-modular and right continuous, then it uniquely determines
a non negative measure s, on the Borel subsets of the plane R? such that for
ally; < yyandyo < ¥ e (1. 1] x (0. %5]) = w01.v0) + 1 (V1. vh) —
" (yl,yé,) - U (y’,,yo). See Cambanis et al. (1976) and Rachev and Riischendorf
(1998).

X* helps shrink the identified set ®,. This can be useful when the
identified set ®), is itself not informative as we show in Example (i)-
(IC)° for the correlation coefficient between Y; and Y.

Example (i)-(IC) (Correlation Coefficient). Let the covariate X* be
univariate. For notational simplicity, we denote X* as X in this
example. Suppose the distribution of (Y}, X) is known to be a
bivariate normal distribution:

Y\ 0 of  oox)]| i_
() -+ 16)- (e ™)) =00

Then Assumption (IC) is satisfied with Y;|X = x ~ N(ojpjxx, ajz
(1-0k)).j =0.1,and X ~ N (0, 1). Obviously, ¥; ~ N (0, o2).

Suppose ojz > 0,j = 1,0. It is known that the identified set
for p1o (i.e., the correlation coefficient between Y; and Yp) under
Assumption (I)is @) = [p, pV] = [—1, 1], see also Appendix C. It
cannot identify the sign of pq9. In Appendix C, we show that under
Assumption (IC), the identified set @;c = [p;, pu], where

Pox P1X — \/(1 - ng) (1 - :012x) and

PoxP1x + \/(1 - Péx) (1 - p%x)’

which identifies the sign of p1o as long as the dependence between
(Y1, Yo) and covariate X is strong enough in the sense that péx +
p3y > 1in which pj is the correlation coefficient between Y; and
X,j = 1, 0.In addition, Example (i)-(IC) validates Theorems 3.3 and
3.2 (ii).

oL

Pu

Remark 3.1. The results in Section 3.1.2 apply directly to 6, under
the two frameworks reviewed in Section 2, i.e., the selection-on-
observables framework and the latent threshold-crossing model.
When the parameter of interest is 6, (x) for a given x € X,
the identified sets take different forms under the selection-on-
observables framework and the threshold-crossing model. Under
the selection-on-observables assumption, the identified set for
0, (x) is given by

1
[ / 1 (Fr' (ul) s o' (1= ulx)) du,
0

1
/ 1 (Fro! (ulx) . Fo,' (ulx)) du] ;
0
while in the threshold-crossing model, a straightforward extension

of the argument for Theorem 3.2(i) shows that it is the closed
interval with end points given by

1 p1
/ / w (Fp,' (ulx, €), Fo,' (1 — ulx, €)) dude and
o Jo

1 01
/ / w (Fiy! (ulx, €), Fo,' (ulx, €)) dude,
o Jo

where we used the fact that the distribution of € conditional on X is
U (0, 1).

3.2. A characterization of ®c for ¢-indicator functions and the role
of the covariate

Definition 3.3. Let ¢ denote a measurable function and p (Y1, Yo)
= I{p (Y1, Yy) <8} for a fixed § in the support of ¢ (Y1, Yp).
Moreover ¢ (-, -) is monotone in each argument. We refer to this
class of functions p as the class of ¢-indicator functions.

9 The on-line Supplementary Appendices offer another example.
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Let F, () denote the distribution function of ¢ (Y1, Yp). Then
for a fixed §, 6, = Pr(e(Yy,Yo) <8) = F,(5). Building on
the sharp bounds established in Frank et al. (1987), Williamson
and Downs (1990), and Embrechts et al. (2003),'° one can show
that for the class of functions ¢ (-, -) that are continuous and non-
decreasing in each argument,'’ the identified set for 6, under
Assumption (1) is the closed interval with end points Fyn ,(8) and
Finax,¢ (8), 1.€., O = [Finin,¢(8), Fimax,¢ (8)], where

Frin.(8) = sup max(Fi,(y) + Foo(, (8)) — 1,0) and
yeth

Frax,p(8) =1 +inng min(F,(y) + FOO(QO; (8) —1,0),
1

in which ¢, (6) = sup {yo € Yo:9 W, y0) < 6}

Making use of the above result for ¢ (Yy,Yy) = Y; — Yo,
Fan and Park (2009, 2010) provide a systematic study of partial
identification and inference for 6, = F,4 (6), while Fan and
Park (2012) construct inference procedures for FA’1 (o) in ideal
randomized experiments.

For a large class of functions ¢, Theorem 3.4 gives sufficient and
necessary conditions for F,, (8) to be point identified.

Theorem 3.4. Suppose that ¢ is continuous and strictly increasing in
each argument. Then ©; = [Fuin,, (), Fmax,¢(8)] is a singleton for all
8 if and only if at least one of the unconditional marginal distributions
F10, Foo is degenerate.

Now consider the identified set for 6, under Assumption (IC).
Let Y1 (X*) and Yo (X*) be the supports of Y; and Yy given X*,
respectively, and define

Fmin,qo (5 |X*)

= sup max{Fi,(yIX*) + Foo(p, (8IX*) IX*) — 1,0} and
yeY1(X*)

Finax, o (81X")
=1+ _inf min{F,(yIX*) + Foo (g, (31X*) IX*) — 1,0,
YEY1(X*)
(13)

where ¢, (51X*) = sup{yo € Yo(X*) o(y.y0) < 8}
Note that for a fixed § in the support of ¢ (Yq, Yp), the set
{vo € Yo x*) : @ (¥, y0) < &} for some y € Y;(x*) and x* €
X* may be empty. If so, (p} (8|x*) is defined as minus infinity.
Theorem 3.5 extends Theorem 1 in Williamson and Downs (1990)
and Theorem 3.4, see also Embrechts et al. (2003).

Theorem 3.5. Suppose that Assumption (IC) holds and that ¢ is
continuous and non-decreasing in each argument. Suppose that both
Y1 (X*) and Yo (X*) are the Borel sets generated by intervals with
both ends being measurable. Then (i) the identified set for 6, = F,, ()
is Oc = [Fry (8), Fu,y (8)], where F.y, (8) = E [Fin,»(31X*)] and
Fup (8) = E [Fmaxo(81X*)]; (i) if ¢ is strictly increasing in each
argument, then F , (8) = F, (§) = Fy, () for all § if and only if
for almost every x* € X*, at least one of the conditional marginal
distributions Fy, (-|x*) , Fo, (-|x*) is degenerate.

10 See Frank et al. (1987) for sharp bounds for the sum of two random variables,
Williamson and Downs (1990) for the four basic arithmetic operations, and
Theorem 5.1 in Frank et al. (1987) and Embrechts et al. (2003) for general non-
decreasing functions.

11 without loss of generality, we focus on the class of functions ¢ (-, -) that are
non-decreasing in each argument. The results obtained can be applied to other
types of monotone functions ¢ (-, -) by redefining either Y; or Yy appropriately. For
example, when ¢ (Y7, Yo) = Y7 — Yy which is decreasing in Yy, we redefine the two
random variables as Y; and (—Yp) to obtain a new function which is increasing in
both arguments.

Obviously supports ¥; (X*) that are given by intervals with
both ends being measurable satisfy the conditions of Theorem 3.5.
Theorem 3.5 implies that for0 < o < 1, Flzl(p (@) < FJI (@) <

FLT(; (o) extending the bounds on quantiles of treatment effects in
Fan and Park (2012) for ideal randomized experiments.

Similar to Theorem 3.3 for super-modular functions, it is
possible to establish conditions under which @, is a proper subset
of ®,. To simplify the technical argument, Theorem 3.6 provides
such a result for the case'? that Yi(x*) = Y;forj = 0,1andall

X* € X*.In this case, ¢, (8|X*) = g, (8) with probability one.

Theorem 3.6. Suppose that the conditions of Theorem 3.5 hold and
that Y; (x*) = Y for j = 0,1 and all x* € X*. Suppose that
[F1o() + Foo(g, (8)) — 1] achieves the maximum and the minimum
values at somey € Y, andy € Y., respectively. Then

[FL,w ¥, FU,(p (5)] = [Fmin,<p(8)v Fmax,w(S)]

if and only if [Fio(yIx*) + Foo (¢, (8) |x*) — 1] achieves the maxi-
mum and the minimum values uniformly at y and y for almost all
X* € X*, respectively.

One sufficient condition for the ‘iff’ condition in Theorem 3.6 is
that X* is independent of (Yy, Yp). This implies that in general using
covariates may shrink the identified set for F,(§). Theorem 3.5(ii)
provides an example demonstrating the importance of this
improvement. It says that when at least one of the potential
outcomes is a deterministic function of X*, the identified set
[FW (), Fu, (6)] is a singleton and point identifies the parameter
F,(8). However, the interval [Fminy (8), Fmaxe (8)] does not
identify F, () except in the trivial case where one of the potential
outcomes is a constant with probability one, see Theorem 3.4.

Remark 3.2. Theorem 3.5 applies directly to 6, under the two
frameworks reviewed in Section 2, ie. the selection-on-
observables framework and the latent threshold-crossing model.
When the parameter of interest is 6, (x) for a given x € X,
the identified sets take different forms under the selection-on-
observables framework and the threshold-crossing model. Un-
der the selection-on-observables assumption, the identified set
for 6, (x) is the closed interval [Fpin,g (51X = X), Fnax.o (81X = X)],
where Fin o (8|X) and Frax o (8|X) are defined in (13) with X* re-
placed by X. In the threshold-crossing model, a straightforward
extension of the argument for Theorem 3.5(i) shows that it is the

closed interval [fol Fin, (8]%, €)de, fol Fmax.¢ (81, e)de].

4. The role of the propensity score and the role of endogenous
selection

In the selection-on-observables framework, Rosenbaum and
Rubin (1983a,b) show that (Yy, Yp) is also jointly independent of D
conditional on the propensity score p (X), so the average treatment
effect can be point identified via conditioning on either X or p (X):

s =E(E[Y1]X,D=1] - E[Yy|X,D =0])
=EEMiIpX),D=1]—-E[Yolp(X),D=0]).
In contrast, for strict super-modular and right continuous functions

or p-indicator functions, the identified set based on the propensity
score p (X) may be larger than the identified set based on X.

12 By following the proof of Theorem 3.6, one can show that without the condition:
Y; (x*) = Y;forj =0, 1and allx* € X*, the stated condition in Theorem 3.6 is still
sufficient but whether it is still necessary needs to be investigated.
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Proposition 4.1 establishes a sufficient and necessary condition'*
under which the two sets are identical for strict super-modular
functions.'

Suppose u is super-modular and right continuous. Using the
propensity score, we get the identified set [6;p, Oyp], Where

1
O = E [ f w (Fr! (ulp (X)), Fop' (1 —ulp (X)) du] and
0

1
Bup = E [ f w (Fr' (ulp (X)), Fo' (ulp (X)) du} . (14)
0

If for every x € X, the conditional distribution functions of Y7, Yy
given X = x are the same as the conditional distribution functions
of Y1, Yy given p (X) = p (x), then the identified set for 6, based on
the propensity score is identical to the identified set based on X;
otherwise the former is in general larger than the latter.

Proposition 4.1. Suppose that Assumption (IX) holds. For a strict
super-modular and right continuous function w (-, -), suppose that
the four expectations in (14) and (9) with X* = X exist (even if in-
finite valued) and that either of the conditions (a) and (b) in Theo-
rem 3.1 (with 6;p and Oyp replacing 6" and Y in condition (b)) is
satisfied. Then 6;p = 0, and 6y = Oyp iff for p.-almost all (y4, yo), it
holds that

Pr (F1o ¥11X) + Foo olX) — 1 > 0Jp (X)) € {0, 1} and
Pr (F1o 11X) — Foo (¥01X) < Olp (X)) € {0, 1}. (15)

Proposition 4.1 shows that for parameter 6, defined by a strict
super-modular function, the use of the full vector of covariates X
shrinks the identified set using the propensity score p (X) unless
the conditional distributions Fj, (y1|X) , Foo (Vo|X) satisfy (15)
which holds if the conditional marginal cdfs of Y;, Yy depend on
X only through p (X)."

In the latent threshold-crossing model (3), X* = (X’, e)/ and
the lower or upper bounds in Theorem 3.2(i) are reached when the
two potential outcomes are perfectly negatively or positively de-
pendent conditional on X*. For example, if e = F (U; — Up) (where
FiscdfofU;—Up)and gy (-, -),go(-, -) are increasing (or decreasing)
respectively in U; and Uy, then Yy, Yy are perfectly positively de-
pendent conditional on X* and the upper bound is reached. When
the distribution of either Y; or Yy conditional on X* is degenerate,
the lower and upper bounds in Theorem 3.2(i) coincide and thus
point identify 6,. The following proposition follows from a similar
proof to that of Theorem 3.3 or Proposition 4.1.

Proposition 4.2. Suppose that Assumptions (IU) and (LS) hold. For a
strict super-modular and right continuous function w (-, -), suppose
that the four expectations in (16) exist (even if infinite valued)
and that either of the conditions (a) and (b) in Theorem 3.1 (with

E [ I E i), Fog (1 — u|X))du] and E[ I u(FR @ix), Ryt
(u|X))du] replacing 6" and 8V in condition (b)) is satisfied. Then

E [/01 w (Frg' (ulX*) s Foo! (1 — ulX*)) du]

1
EU w (Frg! ulX) | Fyy! (1—u|X))du:| and
0

13 we are grateful to an anonymous referee for pointing out the necessary and
sufficient condition.

14 A similar result can be established for g-indicator functions. To save space, it is
omitted from the paper.

15 For the point identified ATE, it is known that matching on the propensity score
may result in loss of efficiency, see Hahn (1998, 2004).

E [/O] w (Frg' (ulX*) , Fop! (ulX™)) du]

1
=E [/ w (Frot ulX) | Foy' (ulX)) du:| (16)
0

iff for pc-almost all (y1, yo), it holds that
Pr (Fio (y11X*) + Foo (yoIX*) — 1 > 0|X) € {0, 1} and
Pr (Fio (y11X*) — Foo (yolX*) < 0|X) € {0, 1}. (17)

Proposition 4.2 implies that in general taking into account the
self-selection process in addition to the covariate X in the latent
threshold-crossing model is more informative than using X only
unless (17) holds. For instance, if U; and Uy are independent of ¢
given X, Z, implying that both the conditional cdfs of Y;, Yy given
X* are the same as those given X, then (17) holds. Note that in the
latent threshold-crossing model, the distribution of ¢ conditional
on X is U (0, 1). Thus both expectations with respect X* in (16) can
be expressed as follows:

1
E [/ w (Fro' (ulX*) , Foo! (1 — ulX*)) du]
0
1 1
=E U / w (Fi' (ulX, v), Fo,' (1 —ulX, v)) dudv}
0 Jo
1

E [/ w (Frgt (ulX*) s Fop! (ulX*)) du]

0

1 1
=E U / w (Frg! (ulX, v), Fy' (ulX, v)) dudv] )
0 0

We now provide a detailed analysis of the identified set for
the correlation coefficient in a latent threshold-crossing model
to demonstrate the role of endogenous selection in shrinking
the identified set. When there is one observable covariate X,
Example (i)-(IC) in Section 3 establishes the condition: p2, + p2, >
1 under which the sign of the correlation coefficient is identified.
We show in Example (i)-(IU) that this condition may be weakened
in a specific latent threshold-crossing model with endogenous
selection.®

Example (i)-(IU) (Correlation Coefficient). Consider the following
special case of the latent threshold-crossing model (3):

Y1 =g1(X) + Ui, Yo =go(X) + Up, and D = I{g (Z) — € > 0}.

Since the distribution of € conditional on X is normalized to be
U (0, 1), the distribution of V = & !(¢) conditional on X is
N(0, 1), where @ (-) is the cdf of N(0, 1). Suppose that (Uy, U, €)’
is independent of Z conditional on X, implying that Assump-
tion (IU)(ii) holds. Then the joint distribution of (Uy,Uq, V, X,Z)’
can be expressed as f (uq, ug, v, x, z) = f(uy, Ug, v, X)f (z|x). Thus
we only need to consider the joint distribution of (U;,Up, V, X)'.
Let U = (Uq, Up), X* = (V,X) and assume for simplicity that
gi(X) = u; (i = 1,0) are constants and (Uy, Uy, V, X)' follows a
multivariate normal distribution:

uy 0 Y X
()~ [6)- G 3] s
In Appendix C, we demonstrate that (1) when there is
endogenous selection, the identified set for p;9, denoted by O =

[,ol(z), pl(jz)] given in (C.9) and (C.10), is smaller than that without

16 The on-line Supplementary Appendices offer another such example.
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endogenous selection as in Example (i)-(IC), denoted by @ =
[,of]), pl(f)] shownin (C.7) and (C.8); (2) as long as the correlations

between V = @ ~!(¢) and U; (i.e., p1v and pgy) are strong enough

so that p2, + p%, > 1, the bounds p” and p?’ with endogenous

selection are able to identify the sign of p;p under quite weak
conditions on the dependence between (Y7, Yy) and the observable
covariate X: p1g > 0 when poxp1x > 0 with pjypoy > 0, and
P10 < 0 when poxp1x < 0 with pypoy < 0; (3) Example (i)-(IU)
also validates Proposition 4.2.

5. Concluding remarks

In this paper, we have provided a comprehensive study of
partial identification of 6, = E,[u (Y1, Y)] for two general
classes of functions x when only partial information on the
joint distribution of (Yi, Yp) is available to the econometrician,
see Assumption (IC). We have shown that the two commonly
used frameworks to identify average treatment effects in the
literature, i.e., the selection-on-observables and latent threshold-
crossing models, satisfy Assumption (IC). The main contributions
of this paper include: (i) we establish the identified sets for
functionals in both classes under various maintained assumptions
and characterize conditions under which our identified sets point
identify the true value of the functionals; (ii) we establish sufficient
and necessary conditions for the covariate information to tighten
the identified sets without the covariate information; and (iii) we
characterize the role of the propensity score in the selection-on-
observables framework and the role of endogenous selection in the
latent threshold-crossing model.

Empirical applications of the results in this paper abound in
economics, finance, and actuarial mathematics. In the context
of evaluating treatment effects using latent threshold-crossing
model, the results in this paper allow us to go beyond the analysis
in Heckman and Vytlacil (2005), Carneiro and Lee (2009). Consider
the labor market setting studied in Vijverberg (1993) in which the
two treatment states are two different labor market sectors and
Y; is the wage offer in sector j, j = 1, 0. Assume Y; is an accurate
measure of productivity. Then the analogs of all the quantities
discussed in Vijverberg (1993) for the Gaussian Switching Regime
Model can be bounded using the results in this paper for the
latent threshold-crossing model. Examples include: (i) out of the
workers who would be more productive in sector 1, i.e., for whom
Y1 > Y, the share that is actually employed in sector 1; (ii) the
distribution of the potential outcome Y; (productivity in sector
1) of an individual with an above average Y, (productivity in
sector 0); and (iii) the distribution of the potential outcome Y;
of an individual with an above average Y, who selects into the
program. We refer interested readers to Vijverberg (1993) for more
examples.

Extensions of the results in this paper include identification
analysis for the same classes of functions when the sampling
scheme only partially identifies the conditional marginal distribu-
tion of each outcome variable and the development of valid in-
ference procedures for the distributional treatment effect parame-
ters in latent threshold-crossing models. The authors are currently
working on these.

Appendix A. Technical proofs for Sections 3 and 4

Proof of Theorem 3.1. Noting that
1/2
oY = f w (Fi,' (), Fo,' (W) du
0

1
+ / w (Fr,' ), Fo,' (W) du
1/2

1/2
= / w (Frg' ), Fy,' () du
0

1/2
+ / w(Fr' (1 =), Fo,' (1 — w)) du
0

and

1/2
o' :f w(Frg' ), Foy' (1 — ) du
0

1/2
0
we obtain
oV — gl
- /1/2 [ w(Frg' ) Fog' ) + e (F' (1= w) Fo,' (1 - w)) ]d”
o Lon (R @) Ry (V=) = p (R (1 =) o @) |7
(A1)

(i) If o (-, -) is additively separable in its arguments, then 8- = oY
follows directly from additive separability of w (-, -). (ii) If u (-, -)
is super-modular, we have

w (Frgt (), Fo' ) + e (Fi,' (1—w), Fy,' (1 —w))
—w(F' @), Foo' (1—w) — p (F,' (1—uw), Fy,' ) >0,
Yu € [0, 1]. (A2)

It then follows from (A.1) and (A.2) that 8* = #Y if and only if for
almost allu € [0, 1/2],

e (Figh @y, Fogl ) + e (Fygt (1 — ), Fogl (1 — )

—u(F' ) Fo,' (1 —w) — pu (Fy,' (1 — ), Fy,' () = 0.
(A.3)

Obviously, (A.3) holds when one of Fy, (-) and Fy, (-) is degenerate.
Now we show #! = 6V implies that at least one of F, (-) and
Foo (+) is degenerate. Suppose that both Fy, (-) and Fg, (-) are non-
degenerate. Then there are y;, yj( ( = 1, 0) satisfying: y; < yj( and

0 < Fjo (¥) < Fio (¥}) < 1. Define

uy = min {Fi, (1), 1 = Fio (¥}) , Foo 0) » 1 — Foo (v9) } -
Then 0 < u, < 1/2,and forallu € [0, u,), we have
Folw) <yj <y <F,'(1—uw).

It follows from the “strict super-modular” assumption that
(i (), Fog' ) + g (Frg' (1 =), Fo (1= w)

—u (F' ), Foy' (1 =w) — pu (Fp,' (1 —w), Fy,' (w)) > 0,
Yu € [0, u,) .

This contradicts with (A.3), a sufficient and necessary condition for
' =6Ytohold. m

Proof of Theorem 3.2. (i) For x* € X*, let 6, (x*) = E, [,u (Y1, Yo)
X* =x],

0iw) = | L (Fa ) Ft (1 — u)) du
= / /M /1, o) dM (Fio (11x*) . Foo (yolx*))

and
1
) = [ i) £ (ube))
= / fﬂ /1, Y0) AW (Fo (v11x*) , Foo (yolx*)) .
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Then 6, = E[6,(X*)] and 6y = E [0y (X*)]. It follows from
conditions in (A) and (B) that for almost all x* € X*, in case (A)
Ew (Y1, Y1) |X* = x*] and E [u (Yo, Yo) |X* = x*] are finite, and
in case (B), E [ 1 (Y1.¥o) IX* = x*], E [ (1. Yo) IX* = x*], and at
least one of 6; (x*) and 6y (x*) are finite. Thus, for both cases
(A) and (B), Theorem 2 in Cambanis et al. (abbreviated to CSS)
(1976) implies: 0; (x*) < 6, (x*) < Oy (x*) for all x* €
X*. Taking expectations with respect to X* leads to ®, C
[E(OL (X)), E(By X*)] = [6L, Oyl

Now we show that [E(6; (X*)), E(6y (X*))] C Oy, that is, for
any given V € [E(6; (X*)), E(6y (X*))], there exists a conditional
distribution F, (y1, YolX*) = Cv (F1o (V1]|x*) , Foo (yo|x*) |x*) with
marginals Fy, (y1]x*) and Fo, (yolx*) such that E[[ [ u (y1, o)
dFV(y1,y0|X*)] = V. Obviously, if V = E(6; (X*)) or E(8y (X*)),
we take C;, = M or W. Therefore, without loss of generality,
suppose E(6; (X*)) < V < E(By (X*)). If both E(6; (X*)) and
E(6y (X*)) are finite, implying for almost all x* € X* that both
0, (x*) and 0y (x*) are finite, then we can define

L V-EGXY)
E(fy (X*)) — E(6L (X*))
and
Fy(v1, Yolx*) = vW (Fio (y11x*) , Foo (yolx*))
+ (1 —=v)M (Fio (y11x*) . Foo (Yolx*)) .

Obviously, Fy (y1, yo|x*) is a joint cdf conditional on X* = x* with
marginals Fy, (y1]x*) and Fo, (yo|X*), and satisfies

€(0, 1),

/[M /1. Yo) dFy (y1. yolx*) = v6y (x*) + (1 —v) 6 (x*)

and thus

E [//M(Yldc) dFv(V1J0|X*)] = vE [0y (X*)]

+ (1—-v)E[6, (X*)] = V.

Now we consider the case that either of E(6, (X*)) and
E(6y (X*)) is infinite, say, —oo = E(6; (X*)) < E(6y (X*)) < +oc.
Notice that in case (A) we definitely have 6y = E(6y (X*)) < 4o00.
To see this, from equation (5) in CSS(1976), we have

200 (X*) = E [1n (1, Y1) IX*] + E [11 (Yo, Yo) 1X*]

- //A*Wdﬂc(yl,YO),
where

Al = Fio (V1 A YolX™) + Foo (y1 A YolX¥)
— W (Fio (y1 V ¥0lX*) , Foo (y1 A yolX*))
— W (Fio (1 AYolX*) . Foo (¥1 V y0IX™)) -

Taking expectations with respect to X* leads to

20y = E[p (Y1, YOI + E [p (Yo, Yo)] — // E[A} ] duc(y1. o).
(A4)

implying 6y < +oo in case (A) because E [u (Yq, Y7)] and
E [ (Yo, Yo)] are finite and Aj;, > O for all y;, yo and X* = x*.
Now we show that there exists a conditional joint distribution
Fo (1, Yolx*) with marginals Fy, (y1|x*) and Fy, (¥o|X*) such that
—00 < EB,(X*)) < V < E@yX*) < +oo, where
E(0y X*)) = E[[ [ 1t /1, Yo) dFo (y1, yoIX*)]. Actually, from the
proof of Lemma in CSS(1976), for each @ € (0, 1/2], we can define

. F ' (1 —ulx¥),
o) = )
,, ,

fe<u<l-a,
f0o<u<aoorl—a<u<Il,

and let F,(-,-|x*) be the joint distribution of [Ffo1 Wix*), g4
(U|x*)], where U is a uniform r.v. on (0, 1). It is easy to show that
Fo(¥1, yolx*) has marginals Fy, (y1]x*) and Fo, (yo|x*), and that

E@, (X*)) =E Ua]_a w (Fg! (ulX®), Fo' (1 — ulX*)) dui|

+E [(/Oa + /;) w (Frgt (ulX*) , Fop' (ulX™)) du:| .

Note that the first part changes from zero to E(6; (X*)) = —o0 as
o decreases from 1/2 to zero, but the second part is always finite
and goes to zero. Thus, there exists an « € (0, 1/2] such that
—00 < E(6, (X*)) < V < E(By (X*)). Similar to the argument
above, we can define

Fy(y1, Yolx*) = vW (Fio (y11X*) . Foo (yoIx*))
+ (1= v) Fo(y1, olX™)

with v = [V — E(@, X*)]/[E@y (X*)) — E(8, (X*))]. These
bounds are sharp, as they are achieved at M (Fy, (-|x*) , Foo (-|X*)),
W (F1o (-]x*) , Foo (+]x*)) respectively.

(ii) Define

A ) = (F5 () ! ()
+ w(F' (1= ulx®), Fo,' (1= ulx*))
(e () (1 - )
— w(F' (1= ulx*), Fo' (ulx*)).

Similar to (A.2) and (A.1), we have A (u|x*) > 0 for all u and x*,
and

1/2
Oy —6, =E U A (ulx*) du]
0

_ / ( /O " ) du) dFye, () = 0.

Obviously, 8y = 6, if and only if A (u|X*) = 0 with probability
one for almost allu € [0, 1/2]. When one of Fy, (-|x*) and Fy, (-|x*)
is degenerate for almost all x* € X*, we have A (ulx*) = 0
for almost all u and x*, implying 6y = 6;. Now we show under
the “strict super-modular” assumption that if 6y = 6;, then one
of Fi, (-|x*) and Fy, (-|x*) is degenerate for almost all x* € X*.
By contradiction, assuming that there is a set A C X* such that
Pr(A) > 0 and for every x* € A both Fy, (-|x*) and Fy, (:|x*) are
non-degenerate, then by a similar proof to that of Theorem 3.1(ii),
we have f01/2 A (ulx*) du > 0 for every x* € A, implying 6y — 6, >
0, which is a contradiction. M

Proof of Theorem 3.3. First, we show @, = [0;,6y] C ©; =
[6%, 6Y]. Recall definitions of F) (y1., yo), F** (1., ¥o), Fi (¥1. o)

and F,£+>(y1,y0) in Section 3.1. For every (y1,Yo), by Jensen’s
inequality, we have

F© (y1,y0) = max {E [Fio (y11X*) + Foo (volX*) — 1], 0}
< E [max {Fi, (y11X*) 4 Foo (voIX*) — 1, 0}]

=F7 (y1.0) » (A5)
and
F® (1, ¥0) = E [Foo (volX*)]
+ min {E [Fi, (y11X*) — Foo (yoIX*)], 0}
> E [Foo (yoIX*) + min {Fi, (y11X*) — Foo (volX*) , 0}]
=F" (y1.y0) - (A6)
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Under condition (a) of Theorem 3.1, it follows from Eq. (5) in
CSS(1976) that we have

20" = Elpt (1, Y0+ Elpt o, Yo)) = [ [ Awdicn. o), (A7)
where
Aw = F1o (1 A Yo) + Foo (V1 A Yo)
— FP (y1 v yo.y1 Aye) = F (y1 Ayo.y1 v yo) .
Note that E [A}, ] in (A.4) can be expressed as

E[A%] = Fio 01 A Y0) + Foo (1 A Yo)
— FP 01 VYo, y1 AYo) — FEP (1 A Yo, y1 Vv yo) -

By (A.6), we have E [A}, ] > Ay forall (1, yo). Comparing (A.4) and

(A.7)leads to 6y < 6. Similarly, we can show 6! < 6, by using the
following results:

0" = E[w (Y1, Y]+ E 1 (Yo, Yo)] — // Andic (Y1, Yo),

200 = E{u (Y1, YOI+ E[u (Yo, Yo)] — // E [Ay] dic (1. yo).,
and E [A% ] < Ay for all (y1, yo), where

Au = Fio (1 A Yo) + Foo 1 AYo) — F (1 V Yo, ¥1 A Yo)
— F7 31 Ayo.y1 Vyo) .

E[Ay] = Fio 01 A Y0) + Foo 1 AYo) = F7 (1 V Yo, ¥1 A yo)
- Ff) 1 AYo,¥1 VYo,

and (A.5) is used. Combining #* < 6, and 6, < 6V implies
O C 6.

Under condition (b) of Theorem 3.1, it follows from Eq. (9) in
CSS(1976) that

6" =E [M (Ylayo)] +E[p (1, Yo — 1 31, o)
+ f f Budite (1. y0) and (A8)

O (X*) = E [t (Y1, 30) IX*] + E [0 31, Yo) IX*] = i 571 Fo)

ffB due V1, Yo) (A.9)

where for all (y1, yo) ,

By = M(F1o (1) » Foo o)) — 1 (¥1 < y1) Foo (Vo)
— Fio 1) 1o <¥0) + 1 G <y 10 <o),
By = M (Fio (y11X*) , Foo (VoIX*)) — 1 (71 < ¥1) Foo (yolX™)
— Fio (1IX*) 130 <y0) + 1 G <y1) 1o < Yo) .-
Taking expectations between both sides of (A.9) with respect to X*,

we also have

6 =E| (YlaJ/o)] +E[n 1, Yol — w01, ¥o)

[t

where E (By;) = F” (1,50) — 1( < Y1) Fao (0) — Fio (1) 1
0o <¥0) +1(F1 <y1) 1y < yo) forall (yq, yo). Note from (A.5)
that E (B;) > By for all (y1, o). Then, by comparing (A.8) and
(A.10), we have 0! < 6,. Similarly, for the upper bounds, we can
show 6y < Y. Both 6" < 6, and 8y < OY imply O C O.

Now we present sufficient and necessary conditions for ®c =
Op. If (-, -) is strict super-modular (implying that any rectangle

(A.10)

in (y1, Yo)-plane has a positive . measure), it follows from (A.5)
and (A.6) that in both cases 6, = 0L iff F™ (y1, yo) = F© (y1, Yo)

for pc-almost all (y1,y0) and 6y = 60U iff F” (y1,y0) =
F™) (y1, yo) for pic-almost all (y1, yo). Furthermore, for 1.-almost

every (y1,¥0), F\ ) (1,%0) = FO) (1, ¥0) iff Pr(Fio (v11X*) +

Foo (YoIX*) — 1 > 0) € {0,1} and F* (y1,y0) = FP (1, ¥0)
iff Pr(F1o (11X™*) — Foo (0|X*) < 0) € {0, 1}. =

Proof of Theorem 3.4. First, we introduce some notation from the
literature, see Frank et al. (1987), Williamson and Downs (1990),
and Embrechts et al. (2003). For any bivariate copula function C
and any univariate cdfs Fy, Fy, let

oc (F1, Fo) (8) = / dC(Fy(u), Fo(v)),

{p(u,v)<é}
Tc,y (F1, Fo) (0) = sup C(Fi(u), Fp(v)), and
@(u,v)=4§

pcy (Fi,Fo) (8) = inf  CU(Fi(u), Fo(v)),

pu,v)=48
where C? is the dual of C, Ci(x,y) = x +y — C(x,y) for all
X,y € [0, 1]. Since Y;, Y are continuous random variables and ¢ is
continuous, from Theorem 5.1 of Frank et al. (1987), we have

oc.p (Fio, Foo) (8) = F, (8)

T™™,p (F10, Foo) (8) = sup max {Fy,(u) + Foo(v) — 1, 0}
@u,v)=4

= sup max { Fio(9) + Foo(@, () = 1,0} = Fin,s (9,
y

Pm.g (Fio, Foo) (8) = (p(rjl;g-:b’ [F10(u) + Foo(v) — M(F1o(u), Foo(v))]

= 1+ infmin {Fio) + Fao(¢, (6)) = 1.0} = Fras y0).

and for any § and any copula C(-, -) or joint distribution F (u, v) =
C(F1o(u), Foo(v)) with marginals F;, and Fgy,,

Fmin,go((s) = TM,p (F1o, Foo) (8) < F, ) < PM,p (Fio0, Foo) ()
= Fmax,w(a)’

where we used the assumption that Y; and Y, are continuous ran-
dom variables, implying on., (Fio, Foo) (6+) = pm,o (Fio, Foo) (8).

It is easy to verify that Funino(6) = Fy(8) = Fmaxe(8)
for all § if either Fi, or Fy, is a degenerate distribution. By
a straightforward extension of the argument used to establish
Corollary 2 of Theorem 9 in Moynihan et al. (abbreviated to MSS)
(1978), it follows that F, (6) = Fuin,,(8) implies that at least one of
the marginal distributions F,, Fo, is degenerate, and similarly this
is true for F, (§) = Fiax,¢(8). Here we only show that if neither Fy,
nor Fy, is degenerate, then F, (8) < Fnax,,(6) for some é. In fact, by
Corollary of Theorem 3 in MSS(1978), we have

F(p =0c,p (F107 FOO) =< Pc,o (FlOa FOO) = PM,p (Flo» FOO) = Fmax,(p-

(A12)

If C(Fio(u), Foo(v)) = W (Fo(u), Foo(v)) for all (u,v), then
by Theorem 6 and Corollary of Theorem 10 in MSS(1978),
respectively, we have oc g (Fio, Foo) = pw,e (Fio, Foo) and
PW,p (F10s FOO) < PM,p (Flm FOo) (because OfM(a’ b) < W(a, b)
for all (a, b) in (0,1) x (0, 1)), implying that the inequality in
(A.12) is strict. If C(Fyo(u), Foo(v)) < W(F10(1), Foo(v)) for some
(u, v), then by Theorem 8 in MSS(1978), we have oc ,, (Fio, Fp) <
oc.o (Fio, Foo), also implying that the inequality in (A.12) is
strict. W

(A11)

Proof of Theorem 3.5. First of all, we show that Fyn ,, (§|X*) and
Finax,¢ (81X*) are measurable for each §. Since the supports of
Y: and Yy given X*, Y; (X*) and Y, (X*), are the Borel sets,



Y. Fan et al. / Journal of Econometrics 197 (2017 ) 42-59 53

without loss of generality, we can assume % (X*) and Yo (X*)
are two intervals. Let %; (X*) = (Qir X*),Qr X"],j = 1,0;
and suppose that Q;; (X*) and Qjz (X*) are measurable. Obviously,
(p;, (8|X*) is also measurable for each §. Let Q@ be the set of
rationale numbers which is such that, for any real y, there is
a sequence {y,} C Q withy < y < y + 1/k (take
for instance [ky + 1] /k where [-] is the integer part). Since
P (limgyoo I(Y < yx) =1(Y <)) = 1, the Lebesgue Dominated
Convergence Theorem gives that limyjoo F1o(VkIX*) = Fio(¥IX™),
and since Py (B1X*) = ¢, (31X*) with limypee Y 81X*) =

@y BIX™), limipoo Foo(gy, | (BIX*) IX*) = Foolg, (81X™) IX*). It
then follows that

Fnin, (81X™) = lim sup max{F,(y|X*)

k100 ye(Qi (X*).QrX*)INQ
+F00((Py_1/k(8|x*)|x*) - 1,0}

— lim sup max { (Fw(y|X*) + Foo(@y 1 (BIX)IX™) — 1)
ktoo yeq

x 1y e (@u (x") e (x)]]. 0}

This implies that X* > Fpin ,(5]1X™) is measurable for any given §,
as obtained by taking limit and supremum of a countable number
of measurable functions. That X* +> Fpax ,(8|X™) is measurable
similarly follows.

(i) It follows from (A.11) that Fpi o (81X*) < F,(8|X*) <
Finax,¢ (81X™), and taking expectation with respect to X* yields

E [Finin ¢ (81X")] < F, (8) = E(Fy(81X™)) < E [Fmax o (81X™)] ,

implying that ©ic C [E [Fmino (81X*)], E [Fmax.o (81X*)]]. Now we
Show [E [Fiin,e (81X*)] . E [Frax,¢ (81X*)]] € Oc. Without loss of
generality, suppose E [Fin,y (81X*)] < E [Fmax¢(81X*)], and for
any given V € [E [Fuin,¢ (81X*)] . E [Fiax.¢ (81X™)]]. let

E [Fmax,¢(8|X*)] -V

= 0, 1].
Y [Py GXD)] = E[Fomg@ix] &

By Theorem 3 of Williamson and Downs (1990), there are copulas
CO(u, v) and €™ (u, v), depending only on the values of t =
Finin,o (81x*) and r = Fnax ,(8]x*) respectively, such that

Fuinp (S1X) = /

{pu,v)<8)

Fmax,gp(MX*) = /

{p(u.v)<é}

dC (F1o(ulx*), Foo(v|x*)) and
dC (Fio(u|x*), Foo (v[x¥)).

Define Fy(u,v|x*) = aCO(F,(ulx*), Foo(v|x*) + (1 —
a)CO (F1o(u]x*), Foo (v]x*)), which is a joint distribution condi-
tional on X* = x* with marginals Fy, (y1|x*) and Fy, (yo|x*). Then

Er, [ (s, Yo) IX* = %] = / dFy (u, vIx°)
{o(u,v) <8}

= aFmin,w(8|X*) +(0 - a)Fmax,tp(8|X*)
and thus

E(Er, [1t (Y1, Yo) X*]) = & [Frnino (81X™)]
+(1—-a)E [Fmax,go(5|X*)] =V,

implying V € Oyc.

(ii) Obviously, the sufficient condition holds. Here we show
the necessary condition, that is, when E [Fpax,(8|IX*)] =
E [Funin,¢ (81X*)], at least one of the conditional marginal distribu-
tions Fy, (+|x*) , Foo (+|x*) is degenerate for almost every x* € X*. If
not, then there exists a set A C X* such that Pr(A) > 0 and for all

x* € Aboth Fy, (-|x*) and Fy, (-|x*) are not degenerate, implying by
Theorem 3.4 that we have Fiax ¢, (81X*) > Fpin,, (8|x*) forall x* € A,
where we used the fact Fyax o (8]X*) > Fiin, (8]x*) for all x* € X*.
This leads to E[Fimax ¢ (8|X*) — Fiin,e (81X*)] > 0, a contradiction
With E [Fax,e 81X*)] = E [Frine (51X*)]. m

Proof of Theorem 3.6. We provide a proof for the lower bounds.
The proof for the upper bounds is similar and thus omitted. By
definitions of F; ,, (8), Fin, (8) and Jensen’s inequality, we obtain:

Fip 0) =E Lsu; max {FioG/1X") + Fan(gs, (6) IX*) = 1, o}]
> sup E [max {Fio(y1X") + Foo(, (8) IX*) — 1,0}

YeY

> sup max {E [Fw(yIX*) + Foolg, (8) IX™) — 1] , o}

e
= sup max {Fio(y) + Fao(#, () = 1,0} = Fin (6).
ye¥
Note that Y; (j = 1,0) are assumed to be continuous random

variables. Then, Fj,(y|X*) and Fj,(y) are continuous and thus
SUPyey, Fio(y|IX*) = 1 and SUPyey, Fi,(y) = 1, implying
supyey, {F1o(V1X*) 4 Foo (¢, (8)|X*) — 1} = 0 and sup,.cy, {F1o(y) +
FOO((p;(S)) — 1} > 0. Therefore, the inequality above becomes

Fo () =E LS“;’ [Fox*) + Fan(, ) 1X) - 1}}
€Y1

> sup E[FoyIX") + Fan(, 0) 1X*) = 1]
Y€1

= sup [Fio () + Foo(@, (9)) = 1] = Fainy ®).
yeh

Let G, (v, %) = Fio(y[x) + Foo(@, (8) [x) — 1. Then, sup,y, E[G(y,
X*)] = E[G(y,X")] and it follows from (A.13) that F; , (§) =
Finin,p (8) iff E[supyey, Gy, X*)] = E[G(y, X*)]. Since supycy,
Gy,x) =  G@,x*) for all x* € X% it implies that
E [supyey, G, X*)] = EIGF. X*)] iff sup,.y, G(y. x*) = G, )
for almost all x* € X*, that is,Flo(ylx*)—i-FoO(go;, (8) |x*)—1reaches
its maximum value uniformly at y for almost all x* € X*. ®

(A.13)

Proof of Proposition 4.1. By using Theorem 3.2(i) with X* =
p (X), we see that the identified set for 6, is [6;p, Oyp]. Similarly, by
using Theorem 3.2(i) with X* = X, we obtain the other identified
set for 6,, i.e., [0, Oy]. Following the proof of Theorem 3.3, we can
show [0, Oy] < [61p, Oup]. Denote

F' (y1,¥0) = E[M (Fio 11X) . Foo 0IX))].
Ff (v1,Y0) = EIM (Fio (v11p (X)) , Foo olp CONI,

FU (y1,0) = E[W (Fio (11X) , Foo (v0lX))], and
FY (71, ¥0) = EIW (F1o 11p (X)) , Foo olp D))

It follows from Jensen’s inequality that for all (y, yo), we have

Fg (1. ¥0) = E [max {Fy (y1]p (X)) + Fo (volp(X)) — 1, 0}]
= E[max {E [F; (11X) + Fo (o|X) — 1|p (X)], 0}]
< E[E[max {F1 (y1|X) + Fo %oX) — 1, 0} [p X)]]
= E[max {F; (y11X) + Fo (yolX) — 1, 0}]

=FL (.Y17YO)7 (A14)
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and

F§' (y1,¥0) = E [Foo (olp (X)) + min (Fy, (y1]p (X))

— Foo Golp (X)), 0)]

= E[E (Foo 0|X) |p(X)) + min (E (F1, (11X)
— Foo (olX) [P(X)) , 0)]

> E [E (Foo (¥olX) [p(X)) + E (min (Fy, (y11X)
—  Foo (0lX) , 0) [p(X))]

= E [Foo (yoIX) + min (Fy, (11X)

=FY (y1,0)

To save space, we only consider condition (b) and show 6;p < 6;.
Similar to (A.8) and (A.9), we have

Op(p (X)) = E [1 (Y1,50) Ip X)] + E [1t (71, Yo) Ip (X)]

— Foo (¥0lX) , 0)]

— G0 + / / BPyduc 1,y0) and  (A.15)
6 (X) = E [u (Y1, o) IX] 4+ E [ 31, Yo) IX]
— wn@1,Yo) + ff BXmdpe V1, Yo) , (A.16)

where for all (y1, yo) ,

BPy = M(F1o (1lp (X)) , Foo olp (X)))

— 131 < y1) Foo Wolp (X))

— Fioilp X)) 1 ¥ <yo) + 17 <y 1(Fo < Yo)
BXy = M (F1o (11X) , Foo 0lX)) — 1 (71 < y1) Foo (VolX)

— Fio11X) 1 (¥ <¥o) + 11 <y1) 1(¥o < Yo) -
Taking expectations for (A.15) and (A.16) with respect to X, we
have

Oip = E[0ip(p X)) = E [0 (Y1, ¥0) ] + E [ 34, Yo)]

A //E[BPMWC 1. y0) and (A17)
6. =E[6. ()] =E [1 (Y1.50)] + E [ 31, Yo)]
AN //E[melduc B1.30) (A18)

Note that for given yo and y1, E [Fio (y;IX) Ip X)] = Fio (jlp X))
(j = 1, 0)and thus

E [BPy] — E [BXu] = F5 (1. ¥0) — F* (1, Y0) -

By using the fact that FI§ V1,¥0) < Fr(y1,y0) for all (y1,¥o),
we have E [BPy] < E[BXy], implying by comparing (A.17) and
(A.18) that 6;p < 6 and Oip = 6, iff [[[FE (v1,¥0) — F- (v1, ¥0)]
due (¥1,¥0) = 0. For a strict super-modular function u (-, -),
implying that any rectangle in (y1, yo)-plane has a positive .
measure, we obtain that 6p = 6, iff F: (y1,¥0) = F- (y1, yo) for
c-almost all (yq, yo). Moreover, from the proof of (A.14), we see
that Ff (y1, ¥o) = F* (y1, Yo) for juc-almost all (y1, yo) if and only if
Pr{Fi, (1|1X) + Foo 7olX) —1 > 0O|p (X)} € {0, 1} for p.-almost all
¥V1,¥0). ®

Proof of Proposition 4.2. The proof is similar to that of Proposi-
tion 4.1.

Appendix B. Inference for super-modular p in the selection-
on-observables framework

We have provided a comprehensive study of partial identi-
fication of 6, under various scenarios in the paper. In this Ap-
pendix, we illustrate feasibility of inference by constructing con-
fidence sets (CSs) for 6, and its conditional version 6, (x) for strict

super-modular functions u under the selection-on-observables as-
sumption, i.e., Assumption (IX), which implies that Assumption (IC)
holds with X* = X. Technical proofs in this Appendix are relegated
to the on-line Supplementary Appendices. Asymptotically valid in-
ference procedures for 6, and 6, (x) corresponding to functions
W in other cases studied in the paper including latent threshold-
crossing models remain to be developed.

Throughout this Appendix, we use — to denote weak
convergence. All the limits are taken as the sample size goes to co.

B.1. Estimators of the bounds and assumptions

Suppose i (-, -) is strict super-modular and right continuous.
Let Q; (ulx) = F, " (ulx),j = 0, 1and

1
0L (x) = / w Q1 (ulx), Qo (1 — ulx)) du,
0

1
Oy (x) = / w(Q (ulx) , Qo (ulx)) du.
0

An application of CSS conditional on the covariate implies that
6, (x) is partially identified: 6; (x) < 6, (x) < 6y (x) and 9, (x) =
Oy (x) if and only if at least one of the conditional marginal
distributions Fy, (+|x) , Fo, (+]X) is degenerate.

Suppose a random sample {Y;, X;, D;}iL; on {Y, X, D} is avail-
able. We estimate the conditional quantile function Q; (u|x) of Y
given X = x and D = j using the local polynomial approach. Let

Lit)y=tw—-I(t<0), uel0,1]

be the quantile check function and Y4y = mini=, Y, Yoy =
maxi—1..n Y;. Consider a kernel functionK (-), a bandwidtha, > 0,
and an integer s > 1.Letx = (xq, ..., Xg) and P; (x) be the vector
which stacks the power

x’f NERER x{f,
according to the lexicographic order. Define also P(x) =
(1, Py (x)')". The local polynomial estimator of Q; (ulx), j = 0, 1, is

defined as @ (ulx) = Boj (ulx), where’l;oj (ulx) andEj (u]x) achieve
the minimum of

Ze (Y; — bo — Py (X; — %)’ by) I {D; _]}K( . x),

i=1 n n

T<ji+-4ja<s—1,

bo € [Yay. Y] -

where an appropriate convention is used to break ties.
The estimators of 9; (x), 6y (x), 6, and 6y are,

1
500 = / 1 (@) . 8y (1 — ) du
0

1
000 = [ (@ (. G ubo)
0
1 G —~ 1 S
== 000, Bu=—3 BuX).
i=1 i=1

The restriction that Q; (ulx) = bo; (lX) € [Ya), Y] is useful in
the extreme cases: u = 0 or u = 1. As discussed in Hall and van
Keilegom (2009), foru = 0, 1, the mlmmlzers boj (0]x) and boj (1]x)
may become infinite. The restriction that Q (ulx) = boj (ulx) €
[Y(l), Y(n)] is a sample version of a basic property of the population
conditional quantile Q; (u|x) which lies between the minimal and
maximal values taken by Y. Imposing these restrictions helps to get
consistent 9; (x) and Gy (x).

We assume that the support of X given D = j is the
same as that of X denoted as X. Let x be any point in X
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including its boundary. To establish the asymptotic distribution

0. (x),0y (x)) and (6;,6y), we introduce the following
assumptions. Let p; (x) = Pr(D = j|x) and f;(y|x) = 0F;(y|x)/dy,
where F;(y|x) = Fj,(y|x) is the conditional cumulative distribution
function of Y given X = x and D = j, with support 8 =

{x,y);x€ %X,y €Y =[QOlx),Q(1x)]}. Note that ¥; =
[infyex Q; (%) , supyes Qj (1[%)].

(A1) (i) The partial derivatives of F; (y|x) w.r.t. to x up to order s are
continuous over 4;, (ii) 4; is compact, fj(:|-) is continuously
differentiable over 4; and satisfies: inf(y xes; fj (V|x) > O.

(A2) (i) X|D = j is continuous with continuous probability density
functions f; (-) satisfying infyex f; (x) > 0,j = 0, 1. Further,
p () € (0, 1) is continuous over X, (ii) There is some x > 0
such that, for all € > 0 small enough, any x € X, there is
x' € X such that

B (X, ke) C B(x,€)NX,

where B (x, €) is the Euclidean ball with center x and radius
€.

(A3) u (y1, yo) is twice differentiable on ¥; x Yo with bounded
second-order partial derivatives.

(A4) (i) The kernel K (-) is non negative and Lipschitz, i.e., ‘K (x) —
K (X)| < L|x—x| foranyx,x" € R%. The kernel K (-) has a
compact support and is bounded away from 0 over the unit
ball 8 (0, 1), (ii) The bandwidth sequence a,, satisfiesa, — 0,
nad+s/log*> n — oo, and na®+¢ — 0.

Assumption (A1)(i) implies that the conditional quantile
functions Q; (ulx), j = 0,1, are continuously differentiable
with respect to (x,u) up to order s. An important implication
of Assumptions (A1)(ii) and (A2) is that the quantile density
function 1/ (f; (Q (ulx) [x) f; (x)), which is proportional to the
asymptotic variance of many nonparametric quantile estimators,
stays bounded away from infinity. Assumption (A2)(ii), which is
from Fan and Guerre (2016), ensures that the bias of the local
polynomial quantile estimators Q; (u|x) is of order O (ai) including
for x on the boundary of X and also u close to 0 and 1, see
Proposition C.3 in online Appendix C. The other assumptions are
standard, except the condition naﬁ“ /log®>n — oo in Assumption
(A4)(ii). This_condition is used to establish the asymptotic
normality of 6; and 6y and is briefly discussed after Theorem B.2.

B.2. Asymptotic normality

Leteg = (1,0,...,
basis and

0)’ denote the first vector of the canonical

-1
Ve o, (0 =€ /P ®P 'K @ 1(x+ave X) dvi|

X /P(v)P(v)’K2 W) 1(x+av e X) dvi|

-1
X /P(v)P(v)’K W) 1(x+av e X) dvi| €.

Lemma C.2 in online Appendix C shows that under Assumption
(A2)(ii), V,? a, (¥) is well-defined uniformly over the support X
provided that a, is small enough. Define also, for w; (y1,¥y0) =

au (1, Yo) /9yj,
po (Q1 (u[x), Qo (1 — ulx))
Jo (Qo (1 —ulx) [x)
po (Q1 (u[x), Qo (ulx))

Cou () = G

Gor (u) =

G (1) = w1 (Qr (ulx), Qo (1 — uIX))’
S (Qq (ulx) [x)

w1 (Qr (ulx) , Qo (ulx))
J1(Qq (ulx) [x) .

We are now ready to state the joint asymptotic normality of

(0., 00 (0))"

G () =

Theorem B.1. Suppose Assumption (IX) and (A1)-(A4) hold. Then,

foranyx € X,
J/nad (@(x)—el (x)) [ (of ®  ow (x))]
Va0 @ —0w) = N \oww ot/
with

Gor (u) Gor (v)
UL x) =

o fo®)Pr(D=0)

{mm(l—u 1—v)—(1—u)(1—v)}dudv

[ / GiL (u) Gy (v) {min (u, v) — 1
A®Pr(D=1) '

2 Gou (1) Goy (v) G (W) Gy (v)
"U(")_fo fo {fo(x)Pr(D:0)+ ]

fitoPr(D=1)
{min (u, v) — uv} dudv,

} dudv,

and

o (%) = / / Gor (1) Gou (v)
fo () Pr(D =0)
{min (1 — u, v) — (1 — u) v} dudv

/ / Gi (1) Gy (v) (m
fitoPr(D=1)
Theorem B.1 holds for all x in X, including the boundaries

of the support of the covariate X, showing in particular that

@ (x), 6y (x))/ is consistent when x lies on the boundary. The

asymptotic normality stated in Theorem B.1 holds under the
additional condition that the variance dominates the bias, that
0 (1/\/@) as ensured by Assumption (A4)(ii). The
asymptotic variance of Theorem B.1 involves the partial derivatives
of 1 (1, yo) due to the use of the Functional Delta method, the
inverse of f; (Qj (ulx) |x) which is typical of quantile estimation
asymptotics, and the inverse of fj (x) as expected from a local
polynomial method.

The proof of Theorem B.1 uses a Bahadur representation of
the local linear quantile estimator Q; (u|x) which is also useful in
other econometrics contexts, see Guerre and Sabbah (2012) and
Kong et al. (2010) among others. It is used here to derive sum
approximations for 8; and 6y,

in (u, v) — uv} dudv.

i S p—
is @, =

—~ 1<
&:ﬁ+aggmmo—ﬂ&an+nmm

4o+ logn*/* . 1
P n nag P ﬁ )

—~ 1<
Oy =0y + = (B (X) — E[6y (X)] + 1y (W)
ni3

4o+ logn 34 . 1
P n nag P ﬁ )
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where

_ b o (Qq (uX), Qo (1 —ulX))
(W) = P —
o Pr(D=0)fo(Q(1—ulX)|X)
{1(Y <Q (1 —ulX))—(1—u}du
/1 1 (Q (ulX), Qo (1 —ulX))
o Pr(D=1)f1(Q:lX)IX)
{1(Y =Qi (X)) —u}du,

1(D =0)

1D=1)

. (W):/l o (Q i) Qo X))
v o Pr(D=0)f;(QuX)X)
{1(Y < Qp |X)) — u} du
1
/ QW) @ (= uX) |
o Pr(D=1)f (QX)X)

{1(Y < Qi uX)) — u}du.

This gives the next theorem which states the asymptotic normality
of (6, ).

Theorem B.2. Suppose Assumption (IX) and (A1)-(A4) hold with
na® = o(1) and na2!/ log* n — oo. Then

Jn /QL_QL = N (0, X), where
Oy — Oy

5 — Var <9L X) + 1 (W») _

Oy (Xi) + 1y (W))

Compared to Theorems B.1 and B.2 includes two additional
bandwidth conditions, na* = o(1) and na?/log’n — oo,
which ensure that the remainder terms in the bias and Bahadur
expansions and of the local polynomial estimators Q; (u|x) are
negligible with respect to 1/4/n. Note that these two conditions
implicitly impose the smoothness condition s > 3d/2, suggesting
that the order of the local polynomial quantile estimators and
the order of differentiability of the conditional quantile function
must increase with the dimension of the covariate X. This is in
line with the qualitatively similar dependence condition needed in
Powell et al. (1989, Theorem 3.3) for average derivative estimation.
Whether the coefficient 3/2 in front of the dimension is outside the
scope of the present paper.

B.3. Variance estimation and asymptotic inference

The asymptotic variance of @ (x) ,@L (x))/ can be estimated
by plugging in the expression of oLZ (%), 05 (x), oy (x) estimators
of Pr(D =), fj (x), and q; (ulx) = 1/f (Q (ulx)|x),j = 0,1as
introduced now. Consider a univariate symmetric and Lipschitz
kernel K; (y) with a compact support and le (y)dy = 1and a
bandwidth a;, < 1/2. Define

Q (U + ainlx) — Q (ulx)

u€[0,1/2],
qux) =4 ~ Gin
Q (ulx) — Qi (u~— aln|x)7 e (1/2.1].
a1n
Y 10i=)K (X;")
f="2 _ , and
ad > 1(D; =)

i=1

— 1 N
PrD=j=_3 1(0=j, j=01
i=1

is a modification of an estimator of 9Q; (u|x) /du in Guerre
and Sabbah (2012), see also Hall and Sheather (1988) for an
unconditional version, which is well defined near the boundaries
u = 0, 1. The idea behind gj (u|x) is that Newton’s difference
quotient is an estimator of the derivative

0Q; (ulx) 1
u  f(Q ) x)

As @(u|x) is consistent for all x in X, ﬁ] (u|x) is a consistent
estimator of g; (u|x) even when x lies in the boundaries of X and
u is close to the boundary u = 0, 1. This will hold provided ay,
is negligible with respect to the consistency rate of Q; (u|x) as
assumed in the results below.

Let 612 (x) and 35 (x) be the corresponding plug-in estimators
of o2 (x) and of (x). It follows from Theorem 3.1 that 6, (x) =
Oy (x) if and only if at least one of F; (+|x) , Fo (-|X) is degenerate.
As Assumption (A1) excludes the case that at least one of
Fy (-]x) , Fo (-|x) is degenerate, we only need to consider the case
Oy (x) > O, (x). Following Horowitz and Manski (2000), define the
confidence set

q; (ulx) =

~ ~ o (x) -~ oy (x)
CSi—a ) =6, (%) — %1 Oy (x) + =Z1-a | »
V/nad nad

where z;_, is the (1 —a) quantile of the standard normal
distribution. The next theorem shows that CS;_, (x) contains the
true 6, (x) with an asymptotic probability of 1 — «.

Theorem B.3. Suppose the conditions of Theorem B.1 hold with
(logn/ (naﬁ))]/2 = 0(aip) and 0 < o < 1. Then for any x in the
interior of X,

lim inf Pr (6 (®) € CS1g () = 1—a.

n—00 0 (x) <6 (x) <Oy (x)

Compared to Theorems B.1 and B.3 does not allow for x to lie
on the boundary of the support X. This is because f; (x) is a biased

estimator of f; (x) for those x. Finding a bias correction for fj (x)
is in principle feasible using an estimation of the support X. By
contrast it is possible to find a confidence interval for 6, which is
not affected by such issues as detailed now.

Estimation of the asymptotic variance of (67 ,@\U)/ can be done

by plugging aj (ulx), gj (u|x) and Pr(/D\:j) in the expression of
r. (w) and ry (w) to obtain some estimators 7; (w) and Ty (w) of
these functions. A natural estimator of X is then

s _ 1o B0 R - (A7)
n =\ By ) +7y (W) — (§U +Ty (W)>

) +7 (W) — (B +7 (W)

x | R .
By () + 75 W) — (B0 +70 W)

Let 2,52, and o1y be the entries of > . Then a confidence set for 6,
is

~ o —~ O
(S = [9L — 71 4. By + UZ]—a:| .

vn vn

Theorem B.4. Suppose the conditions of Theorem B.2 hold with
naj'/logn — +oo, logn/ (nal) = o(a},), and 0 < a < 1.

Then
lim inf Pr(6, €CS1_y) =1—-a.

n— 00 6 <6p <0y
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Both Theorems B.3 and B.4 are pointwise results in the true
probability measure characterizing the population. To construct
asymptotically uniformly valid CSs, we could follow Imbens and
Manski (2004) and Stoye (2009). To do so, we need to allow for at
least one of F; (-|x) , Fy (-]x) to be degenerate and strengthen the
asymptotic distribution results so that they hold uniformly over a
class of distributions generating the sample information. This could
be done at the cost of increased technical complexity.

Appendix C. Algebraic derivations for Examples (i)-(IC) and (i)-
(1U)

This Appendix is self-contained. It presents Examples (i)-(IC)
and (i)-(IU) with detailed algebraic derivations.

Example (i)-(IC) (Correlation Coefficient). Let the covariate X* be
univariate. For notational simplicity, we denote X* as X in this
example. Suppose the distribution of (Y}, X) is known to be a
bivariate normal distribution:

Y o nl(© of amx\] i_
() ~[6)- (o ")) -s=0

Then Assumption (IC) is satisfied with Y;|]X = x ~ N(aj,ojxx, crj2
(1—p%)).i=0,1,and X ~ N (0, 1). Obviously, ¥; ~ N (0, o).
Suppose sz > 0,j = 1,0. Using Theorem 2 in Cambanis et al.
(1976), we get pjo = corr(Yy,Yo) € [phpY] = [-1,1],
S0 pio is not identified. Now, we know that Y;|[X = x ~
N (ojpixx, o (1= p%)) and X ~ N (0, 1). Theorem 3.2(i) yields:
pL < p1o < py, Where

OL = Pox P1X — \/(1 - Péx) (1 - /712)() and

Pu = pPoxpPix + \/(1 — pox) (1= px)-

Three conclusions are immediate. First, p' < p;, py < pY, and at
least one of the inequalities holds as a strict inequality if and only if

pox + p1x # 00r pox — p1x # 0, implying that [or, py] = [—1, 1]
iff X is independent of (Y7, Yp). This conclusion is consistent with
Theorem 3.3, since we can show that
Pr(Fio (y11X) + Foo (¥0lX) — 1> 0) € {0, 1}

for all (y1, y()) iff Pox + P1x = 0 and
Pr(Fio (y11X) — Foo (¥01X) < 0) € {0, 1}

forall (y1,y0) iff pox — p1x = 0.
In fact, noting that Fj, (y;1X) = ®[(y; — 0joX) /o;(1 — p3)/?]
(j = 1, 0), where @ is the cdf of N (0, 1), we conclude that f[or the
lower bound, F1, (¥11X) + Foo (¥o|X) — 1 > 0 is equivalent to

—0 X — O X i
@ Y1 101X - @ Yo 000X Z Vi
Ulm o0y/ 1 — iy =0.1 Ujm
Pix

Cy e |k

j=01,/1— pﬁ(
It follows from X ~ N (0, 1) that Pr(Fi,(y11X) + Foo(volX) —
1 > 0) € {0, 1} for all (y1,yo) if and only if pix/\/1 — p2, +

pox/+/1— pgx = 0, which is a condition equivalent to pox + p1x =

0. Similarly, we can show the result for the upper bound. Second,
when poxp1x > 0and p2 + p > 1, we have 0 < p; < py,
S0 pyo is positive and when poxpix < 0 and pgy + p > 1,

we have p; < py < 0, so pyg is negative. Third, pqo is point
identified (i.e, o = py = pio) if and only if p3, = 1 or
p12X = 1; this condition is equivalent to Var [Yo|X =x] = 0 or
Var [Y1|X = x] = 0 for all x, that is, at least one of the conditional
marginal distributions of Yy and Y; given X = x is degenerate (at
oo poxX and o1 p1xX respectively) for almost all x; in this case, pqg is
point identified at either poxsign (p1x) or pixsign (pgx). The third
conclusion confirms that in Theorem 3.2(ii).

Example (i)-(IC) demonstrates that when the dependence
between (Y7, Yp) and covariate X is strong enough in the sense that
p2+ p3 > 1,the identified set for p1o excludes 0 so identifies the
sign of p1o.

Example (i)-(IU) (Correlation Coefficient). Consider the following
special case of the latent threshold-crossing model (3):

Y1 =g1(X) + Uy, Yo =go(X) +Up, and D =I{g (Z) — € > 0}.

Since the distribution of € conditional on X is normalized to be
U (0, 1), the distribution of V = &~ !(¢) conditional on X is
N(0, 1), where ®(-) is the cdf of N(0, 1). Suppose that (U;, Uy, €)’
is independent of Z conditional on X, implying that Assump-
tion (IU)(ii) holds. Then the joint distribution of (Uy,Uq, V, X,Z)’
can be expressed as f (uq, ug, v, x, z) = f(uy, Ug, v, x)f (z|x). Thus
we only need to consider the joint distribution of (Uy,Up, V, X)'.

Let U = (Uq, Up)’, X* = (V, X)" and assume for simplicity that
gi(X) = u; (i = 1,0) are constants and (Uq, Uy, V, X)' follows a
multivariate normal distribution:

0 ) )
X*) ~ N ’ 11 12 ’
( ) |:(0> (221 py))
where X5 = X},
2
oy = (U 04 01002/)10)’ Ty = <gl,01v
100010 00 0Pov

1 o
X = X'C;XV .
OX Pxv Oy
Then the conditional distribution of Y
normal:

(C.1)

010X P1x
, and
000X Pox

(Y1, Yo) given X* is

Y|X* ~ N (u+ D1 25X, 2y — 21222_21221) , (C2)

where ;& = (1, o)’ and the expression for X¢; — 21222_21 X5 is
given as follows:

- a1 a4y
DIIPREN ST INLS e , C3
11 122495 2421 (aw a00> (C3)
in which
2 (1 — Pgv — PIy — Pix + 2,01v,01x/0xv>
a1 = 04 > )
1— Py
1-— 2 2 2 + 2
oo = 002 ( Pxv — Pov Po)2< povpoxva) . and
1— Py
P1vPov + Pox P1x — PovP1XPxv — Pox P1v PXV
Q10 = 0109 | P10 — 1 pz .
- Pxv

The fact that —1 < corr(Yy, Yo|X*) = aj9//a11000 < 1 implies
that p; < corr(Yy, Yo) = p10 < pu, Where

oL = (Pwﬁov + Pox P1x — Pov P1X Pxv — )OOXP'IV/OXV)
L =

17,0)2(‘/

\/(1 — iy — Py — Pix + 20w prxpxv) (1= phy — P&y — Pex + 200v Pox Pxv)

1—pgy

(C4)
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and

_ [ P Pov + Pox Pix — PovPIXPXV — Pox P1vPxV
1-pl,

\/(1 — 03y — Pl — Pix +2pwoixpxv) (1= Py — Py — P2 + 2Pov Pox Pxv)

1-p5y

+

(C5)

Case 1. Suppose U; and U, are jointly independent of V
conditional on X, Z. Then the selection-on-observables assumption
(i.e., Assumption (IX)) holds. It follows from Assumption (IU)(ii)
that U; and Uy are also jointly independent of V conditional on
X, implying that p;y — pixpxy = 0 and poy — poxpxv = O.
Both constraints follow from the fact that U* = (U, Up, V)’ |X ~
N(Eu*xx/o'x, Xy — Eu*xzxu*/o'x) where Dxyx = EU*X =
(UIUX,le 000X Pox Ux/)xv) )

2
0y 0100P10 O1P1v
_ 2
Zyx = o4 oopPov | »
1
and

Eu* — Eu*xzxu*/a)?

of (1= pix) o100 gmo - ,021X)OOX)
= a5 (1= Pix)

o1 (p1v — pixpxv)
00 (pov — pox Pxv)
1- p)%v
(C.6)

It follows from P1v — PIXPXVv = 0 and Pov — PoxPxv = 0 that the
bounds in (C.4) and (C.5) reduce to those in Example (i)-(IC):

o= p" = poxpix — \/(1 — %) (1—p)and (€7)
pu = /01(11) = PoxP1x + \/(1 - Péx) (1 - Plzx)- (C8)

It should be noted that the bounds in (C.7) and (C.8) are also those
obtained by using only the conditional distribution information
given X (that is, from —1 < corr(Yy, Yo|X) < 1, we can get
le) < corr(Yy, Yp) = p1o < ,0(1))

Case II. We now demonstrate that when there is endogenous
selection, i.e., Uy, Uy are not jointly independent of V conditional
on X, Z, the bounds in (C.7) and (C.8) may be tightened. Consider
the special case of pxy = 0. In this case, the bounds p; and py in
(C.4) and (C.5) reduce to:

) = (p1veov + Pox P1x)

— (1= 0% = 03) (1= 03y — ) and (C9)

= (p1vpov + Pox P1x)

+ (=03 = p%) (1
A straightforward calculation shows that (i) ,oL(l) < pf) and
,ol(Jz) < ,o((]]), implying that on the one hand, with endogenous
selection (i.e.,, p;jy #* 0 and pgy # 0) the identified set
would be tightened; on the other hand, the identified set based
on more conditional distribution information (i.e., given X* =
(V,X)") should be smaller than that based on less conditional

distribution information (i.e., given X only), (ii) pL(l) = p?

iff pvy/1— Pl + Pov = py iff
Pw\/l — Py — pOV\/l — pix =0.

The result (ii) can also be obtained from Proposition 4.2. Here
we show it only for the case of p(z) = pl(,l). Note from (C.2)

that Yj|X* ~ N[, q;] and F, (yIX*) = @ [(y; — i) / /T3]

= Phv = Pix)- (C10)

1—p% = 0and py

(i = 1,0), where ¥ = p; + [byV + bixX] with by = oj(o —
pixpxv)/(1 — pg,) and by = oj(pix — pv pxv)/ox (1 — pgy), and
a; (j = 1, 0)are defined in (C.3). Then Fy, (y1|X*) —Foo (JolX*) < 0
is equivalent to (y1 — u})//ain < (Yo — ug)/+/0oo, specifically,
yi— Yo~ ko _ ( biv  boy )

/a1 4/ oo /11 +/ oo

bix box )
+ — X. (C11)
(«/(111 4/ Qoo
Obviously, since V|X ~ N(0, 1) when pxy = 0, Pr(F1O 11X™)
— Foo (VolX*) < 0|X) € {0, 1} for all (y1, yo) if and only if the
coefficient of V in (C.11) is equal to zero, that is, byy/\/a;1 —

bov/+/G00 = 0. This condition can be reduced to pv/1 — pgx —

povy/1— pix = 0 when pxy

and p]%( < 1, as long as U; and Uy are not jointly independent of V
conditional on X (i.e., p1v # 0 or poy # 0), the identified set can
be strictly tightened.

The bounds p(z) and pf,z) with endogenous selection are able
to identify the sign of pjp under quite weak conditions on the
dependence between (Yi, Yp) and the observable covariate X. It
follows from (C.9) and (C.10) that when pqv pov + pox01x > 0 and

'O%X (1 - pgv) + péx (1 - P]zv) + 201v Pov Pox P1x
+ 0%, + 03 —1>0,

= 0. In conclusion, with pxy = 0

(C.12)

< pl(lz) implying that pqo is positive; when

P1vpPov + poxpix < 0and (C.12) holds, we have p(z) < ,o{,z) <0,
implying a negative pqo. From (C.12), we can see that as long as the
correlations between V = @ ~!(¢) and U; (i.e., piv and poy) are
strong enough so that pgv + plzv > 1, we can identify the sign of
p10 under quite weak conditions on pgx and pqx: p1g > 0 when
poxp1x = 0 with pyypoy > 0, and pip < 0 when poxp1x < 0
with pypoy < 0. Obviously, these conditions on pox and pix
(i.e., poxp1x = 0 or pgxp1x < 0) cannot identify the sign of pyg
without endogenous selection.

we have 0 < ,0(2)

Appendix D. Supplementary data

Supplementary material related to this article can be found
online at http://dx.doi.org/10.1016/j.jeconom.2016.10.005.
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