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Abstract

We consider the semiclassical generalized Freud weight function
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wy(z;t) = |z| exp(—z* + ta?), A>-1, zeR

We analyse the asymptotic behaviour of the sequences of monic polynomials that are orthogonal with respect to
wx(x;t), as well as the asymptotic behaviour of the recurrence coefficient, when the degree, or alternatively, the
parameter ¢, tend to infinity. We also investigate existence and uniqueness of positive solutions of the nonlinear
discrete equation satisfied by the recurrence coefficients and prove properties of the zeros of the generalized Freud
polynomials.

1 Introduction

The study of polynomials orthogonal on unbounded intervals with respect to general exponential-type weights exp{—Q(x)},
with Q(z) a polynomial of the form Q(z) = |z|%, with o € N, began with Géza Freud in the 1960’s (for details see

[23, 24, 54, 55] as well as the monographs by Levin and Lubinsky [37] and Mhaskar [49]). Earlier Freud [24, 25] in-
vestigated the asymptotic behaviour of the recurrence coefficients for special classes of weights by a technique giving

rise to an infinite system of nonlinear equations called Freud equations for these coefficients, cf. [45, 46]. If the monic
orthogonal polynomials {p, (z)}22, satisfying the three-term recurrence relation

Pnt1(x) = xpp(x) — Brpn—1(x), (1.1)

with p_1(x) = 0 and po(x) = 1, are related to the weight w(z) = exp(—z*) on the whole real line, then the Freud
equations are reduced to (cf. [5, 25, 36, 44, 52, 53, 55])

4B (Bn-1+ Bn + Bny1) = n, (1.2a)

with initial conditions -
f_oo 72 exp(—x4) dzx F(%) (1.2b)
2 exp(—at)dz  T(3) '
We remark that equation (1.2a) was first derived by Shohat [60, equation (39), p. 407]. Nevai [53] proved that there is
a unique positive solution to the problem (1.2).

Freud [24], via the Freud equations, conjectured that the asymptotic behaviour of recurrence coefficients 3,, in the
recurrence relation (1.1) satisfied by the polynomials {p,,(z)}>2, orthogonal with respect to the weight

BOZO, 51:

w(z) = |x|)‘ exp(—|z|™), m e N, (1.3)
with A > —1, could be described by

(i INg! 1 2/m
lim £ _ [DemTA+ gm) 170 (1.4)
n—o0 p2/m F(m + 1)




We note that Freud [24] proved the result for orthonormal polynomials whilst (1.4) is for monic orthogonal polynomi-
als. Freud showed that if the limit exists for m € 2Z, then it is equal to the expression in (1.4) but could only prove the
existence of the limit (1.4) for m = 2,4, 6. Significant progress in the study of orthogonal polynomials associated with
Freud weights was made when Magnus [44] proved the validity of Freud’s conjecture for the recurrence coefficients
when m is an even positive integer and weight

w(z) = exp{—Q(z)}, (1.5)

where () is an even degree polynomial with positive leading coefficient. A more general proof of Freud’s conjecture
of the recursion coefficients for exponential weights is due to Lubinsky, Mhaskar, and Saff [43]; see also [15, 23, 24,
55]. Deift et al. [16] discuss the asymptotics of orthogonal polynomials with respect to the weight (1.5) using a
Riemann-Hilbert approach.

Bauldry, Mété, and Nevai [5] showed that the convergent solutions of a system of smooth recurrence equations,
whose Jacobian matrix satisfies a certain non-unimodularity condition, can be approximated by asymptotic expansions
and they provide an application to approximate the recurrence coefficients associated with polynomials orthogonal
with respect to the weight (1.5), where Q(x) is an even degree polynomial with positive leading coefficient. Further,
Bauldry, Maté, Nevai and Zaslavsky obtained asymptotic expansions for the recurrence coefficients of a larger class
of orthogonal polynomials with exponential-type weights, cf. [48, Theorem 1, p. 496] and [5, Theorem 5.1, p. 223].

In a more general setting, a function of the form (1.5) is called a Freud-type weight if Q(x) is an even, non-negative
and continuous real valued function defined on the real line that satisfies certain conditions involving its derivatives of
first and second order. Orthogonal polynomials with Freud-type weights as well as generalisations of the weight (1.5)
in the form

w,(2) = o] exp{-Q(x)}, (L6)
for v > —1, were studied by Levin and Lubinsky [37]. Lubinsky [42], see also [40, 41], explored various types
of asymptotics for polynomials orthogonal on finite and unbounded intervals, which includes a special treatment of
polynomials in the Freud class. Levin and Lubinsky [37, 38] obtained many interesting properties of polynomials
orthogonal with respect to the weight function (1.6) on the interval [0, k), where k¥ < oo, including infinite-finite
range inequalities, estimates for the Christoffel function, estimates for the largest zero, estimates for the spacing
between zeros, estimates for the weighted orthogonal polynomials and estimates for the derivatives of the orthogonal
polynomials.

Kasuga and Sakai [34] also considered generalized Freud-type weights of the form (1.6). Their results are similar
to those for the Freud weight (1.5) obtained by Levin and Lubinsky [37]. They also showed that the zeros of the
generalized Freud polynomials can be used to construct higher order Hermite-Fejer interpolation polynomials, which
have their own applications in approximation theory [35]. Damelin [15] used Freud equations to obtain the main term
in the asymptotic expansion of the recurrence coefficients associated with orthogonal polynomials with respect to the
weight (1.6). The asymptotics of zeros of polynomials orthogonal with respect to the weight (1.6) were also derived
by Kriecherbauer and McLaughlin [36]. Wong and Zhang [66] discussed the asymptotics of polynomials orthogonal
with respect to the weight (1.6) when Q(z) is an even polynomial of degree 2m. Using the results of Kriecherbauer
and McLaughlin [36], Alfaro et al. [1] derived Mehler-Heine type asymptotic formulae for orthonormal polynomials
with respect to the weight

Wem () = 2™ exp (—2|z]*), (1.7)

form e ZT and a > 1.
Bleher and Its [8, 9] found several asymptotic results for semiclassical orthogonal polynomials with respect to the
weight
w(z) = exp{—NV(x)}, (1.8)

where V(z) = ga* + 3t2?, with g and ¢ parameters, via a Riemann-Hilbert approach and applied these to prove the
universality of the local distribution of eigenvalues in the matrix model with the double-well quartic interaction in the
presence of two cuts, see also Wong and Zhang [65].

Magnus [45] discussed the nonlinear discrete equation satisfied by the recurrence coefficients in the three-term
recurrence relations for polynomials orthogonal with respect to exponential weights (1.5) and he found the relation of
such equations to discrete equations for potentials such as Q(x) = 2* and Q(z) = x%. Magnus [46] showed that the
coefficients in the three-term recurrence relation for the Freud weight [24]

w(x;t) = exp (—x4 + tx2) , r € R, (1.9)
with ¢ € R a parameter, can be expressed in terms of simultaneous solutions, g,,, of the discrete equation

In(qn-1+ qn + Gnt1) + 2tq, = n, (1.10)



which is discrete P; (dPr) — see equation (1.17) below for a more general version — as earlier shown by Bonan and
Nevai [10, p. 135], and the fourth Painlevé equation (Prv)

d?¢ 1 (dq\® 3, ) ) B

eq9_ (% b 4 22— A =, 1.11

e Zq(dz +5¢ + 4z +2(2 )q+q (1.11)
where A = —Ln and B = —1n?, with n € ZT. This connection between the recurrence coefficients for the Freud
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weight (1.9) and simultaneous solutions of (1.10) and (1.11) is due to Kitaev, see also [21, 22]. Subsequently, this

relation was studied by Bassom, Clarkson, and Hicks [4], who wrote tables of simultaneous solutions of Pry (1.11)
and dP; (1.10) in terms of parabolic cylinder functions, and later by Grammaticos and Ramani [26]. The relationship
between solutions of Py (1.11) and dP; (1.10) is reflected in the striking similarity of the results for Pyy (1.11) in
[4, 51, 58] and those for dP; (1.10) in [26]. Bonan and Nevai [10] proved that there is a unique positive solution of the
discrete equation (1.10) with initial conditions

[, 2 exp(—a* + ta?) da

-0, = .
Po A 75 exp(—zt + t2?) do

In [14], we considered the generalized Freud weight
wy(z;t) = |z exp(—z?* + ta?), z R, (1.12)

with A > —1 and ¢ € R parameters and gave explicit expressions for the moments of this weight (1.12). The first
moment is

o0
wo(t; N) = / 2|2 exp (—a* + ta?) dz
—00

rix+1
= QETn/z‘) exp (5t%) D_x_1(— 3V21), (1.13)
where D,,(§) is the parabolic cylinder function with integral representation, cf. [57, §12.5(1)]
exp(—38%) [* _,_
D,(§) = 1"(3)/ sV exp (—3s% — &s) ds, Re(v) <0,
- 0
and the higher moments are

oo
pan(t; A) = / 2"z exp (—2? + t2?) dx = po(t; A +n),

— 00

ton—1(t; \) = / x2"_1|x\2/\+1 exp (—x4 + txz) dz =0,

for n > 1. The weight function (1.12) is (weakly) differentiable on the non-compact support R and satisfies the
distributional equation, known as Pearson equation (see [62]),

d . B(z) - Al(x)
ﬁlnw)\(x,t) = Aw

with A(z) and B(z) polynomials of minimal degree, so

A(z) ==z, B(z) = —4a* +2ta® + 2\ + 3.

220 +1
= —4a® + 2tz + + ,
T

Since deg(A) = 1 and deg(B) = 4, the polynomial sequence {S,(z;t)}52,, representing the sequence of monic
polynomials orthogonal with respect to (1.12), is said to constitute a family of semiclassical orthogonal polynomials
[13,27, 29, 28, 47].
Monic orthogonal polynomials with respect to the symmetric weight (1.12) satisfy the three-term recurrence rela-
tion
xSp(x;t) = Spt1(z;t) + Bn(t; A)Sn—1(z; %) (1.14)
where 3, (t; ) > 0, S_1(x;t) =0, So(z;t) = 1, Bo(t; \) = 0 and
Bi(t:N) = pa(t; \) 7 a? |  exp (—at + ta?) da
NSV 25 |zl exp (—at + ta?) da
D_y(~ 3vay)
Do (- V2L

= 1t+1v2 (1.15)




see §2 for further details. Several sequences of monic orthogonal polynomials related to the weight (1.12) and its

extensions have been studied in the literature. For instance, fort = 0, A = —%, the asymptotic and analytic properties
of the corresponding orthogonal polynomials were studied in [53], while the case whent > 0 and A = —% is discussed
in [3].

The recurrence coefficients in the three-term recurrence relations associated with semiclassical orthogonal polyno-
mials can often be expressed in terms of solutions of the Painlevé equations and associated discrete Painlevé equations.
As shown in [14], the recurrence coefficients 5, (¢; A) in the three term recurrence relation (1.14) are related to solu-
tions of Pry (1.11) and satisfy the equation

2

d;fz" = ﬁ <dj;> + 383 B2+ (32— 1A4,)Bn + jgn, (1.16)
where the parameters A,, and B,, are given by

(A2n> B (—2)\ —n— 1> (AQnH) _ ( A—n )

Bo, ) —2n? ’ Boni1)  \—2(A+n+1)2

as well as the nonlinear discrete equation
4Bn (Bae1 + Bn + Brs1 — 5t) =n+ (2A + 1)A,,, (1.17)

where A,, := %[1 — (—1)™], which is the general discrete Py (dP;). We remark that the nonlinear discrete equation

(1.17) appears in the paper by Freud [24, equation (23), p. 5]; see also [2, §2] for a historical review of the origin and
study of equation (1.17). Joshi and Lustri [33] studied the asymptotic behaviour of the first discrete Painlevé equation
(1.17) in the limit as n — o0, see also [32, 64].

The moments of certain semiclassical weights provide the link between the weight and the associated Painlevé
equation as shown in [13]. In [14] this was used to obtain the explicit expressions for the recurrence coefficients
Bn(t; \) in the three term recurrence relation (1.14) given by

_d n To(t; A+ 1)
S dt To(t; )
d To+1 (65 A)

an(t:2) = Ly TpttBA) 1.18b
Boni1(t:2) dt (A L) (1.18b)

Ban(t; N) (1.182)

for n > 0, where 7,,(¢; A) is the Hankel determinant given by
itk n—l
1) = det | ()|
/" 3,k=0

with 7o(¢; A) = 1 and po(t; \) given by (1.13).

Following our earlier work in [14], here we are concerned with the asymptotic behaviour of the recurrence coeffi-
cient of the three-term recurrence relation satisfied by the generalized Freud polynomials and the asymptotic properties
of the polynomials themselves. We review some pertinent results from [14] in §2. In §3 we consider the case where
the parameter ¢ — oo whilst in §4 we investigate the asymptotic behaviour as the degree n of the polynomials tends to
oo. Existence and uniqueness of positive solutions of the nonlinear discrete equation (1.17) are discussed in §5 where
we prove that unique, positive solutions exist for all ¢ € R. Properties of the zeros of generalized Freud polynomials
are investigated in §6.



2 Generalized Freud polynomials

The first few recurrence coefficients 3, (¢; A) are given by

Bi(t; A) = @a(1),

Balt; A) = 3t — OA(t) + ;cxi(i)’
. B >\+ 1 (I))\(t)

Ba(t; A) = C205(t)  2B3(t) —tPA(t) —A— 1
- B t q)A(t)

Ba(t; A) = 2\ +2) . 203 (t) — t®A(t) — A — 1

A+ D[+ 22X+ 4)Pa(t) + (A + 1)¢]
200+ 2)[2A +2)@3 (1) — (A + 1)t@A(t) — (A + 1))

where
d
D,\(t) = Eln {D,Afl( — %\/515) exp (%tg)}
_1
=3t+3V2 Doa(=3v2Y)

Do~ V2N

It was shown in [14] that as ¢ — oo

t A
(I’)\(t)zi-‘r?“r

2A(1-2) , 4AA-1)(2A-3)

t3 t5 + O(t77)'

Hence, as t — oo
1 24X 822 1)

- _ s _ = e S -7
dr(t) t 13 + t5 +O(™).

(2.1a)

(2.1b)

2.1c)

(2.1d)

(2.2)

Plots of 8, (t; A), forn = 1,2,...,10, with A = % are given in Figure 2.1. We see that there is completely different
behaviour for 5,,(t; \) as ¢ — oo, depending on whether 7 is even or odd, which is reflected in Lemma 2.1. The
different behaviour for (3,,(¢; A) depending on whether n is even or odd can be explained by the fact that 5, (¢; A) and
Ban+1(t; A) satisfy different explicit expressions (1.18), as well as different differential equations (1.16) and difference

equations (1.17).

ﬂgn_l(t;A), 77,:1,2,...,5 52n(t,>\), n:1,2,...,5

Figure 2.1: Plots of the recurrence coefficients B2, —1(¢; A) and B2, (¢; A), for n = 1 (black), n = 2 (red), n = 3

(blue), n = 4 (green) and n = 5 (purple), with A = 3.



Lemma 2.1. Ast — oo, the recurrence coefficient By, (t; ) has the asymptotic expansion

M2\ —n + 1)

n
Bon(t; N) = ?ft—3+(9(t’5),
t A— 2(A2 — 4\ 22—
Bant1(t; ) = 3 + 7 n_X n;n n) +0(t™°),

forn € N. Further, ast — —o0o

n  2n(2A+3n+1)

Bon(t; N) = — 3 +0(t7?),
Ad4+n+1 20+n+1)(A+3n+2 _
fana(t:3) = - 2L 2 ) Ly o).
Proof. See [14, Lemma 8] O

Using the recurrence relation (1.14), with 3,,(¢; A) given by (2.1), the first few polynomials S, (z; ¢) are given by

Si(x;t) = x,
So(w;t) = 2 — @5(1),
NGRS
TN B
Su(wit) = ot — 2003 (t) — (P +2)@a(t) — (A + 1)t 2
I 2[202(t) — t®(t) — A — 1]
20\ +2)P3(t) — (A + 1)tPr(t) — (A +1)?
B 2[202(t) — t®(t) — X — 1] ’

S3(z;t) =

with @, (¢) given by (2.2). Plots of the polynomials S, (x;t), n = 3,4,...,8, with A = %, fort = 0,1,...,4, are
given in Figure 2.2. These show that the magnitude of the roots of S,,(x;t) increases as ¢ increases (see Theorem
6.2 for further details and a proof). In fact, as shown in §3 below, the roots of Sa,, (x;t) and Sap41(z;%)/x tend to
+(1t)1/2 ast — oo. Plots of the polynomials S, (z;t), n = 3,4,...,8, with A = 1, attimest = 0, 1,...,5 are given
in Figure 2.3, which illustrates the interlacing of the roots of successive polynomials, as discussed in Theorem 6.2.

3 Asymptotic properties of generalized Freud Polynomials as £ — oo

In this section we are concerned with the behaviour of the generalized Freud polynomials .S, (z; t) as ¢ — co. From
Lemma 2.1 we see that

: . — : . _ 1
tli)rgo ﬂQn(ta >\) - Oa th—zrolo 62n+1(ta )\) - Qta

ie.
tlirgo Bn(t; )‘) = %[1 - (_1)n]t'

Lemma 3.1. Suppose that the monic polynomials §n(x, t) are generated by the three-term recurrence relation
28, (23 t) = Spg1 (1) + Bu(t)Snc (231), 3.1)
where [3,(t) = 11— (=1)"]t, with So(x;t) = 1. Then
§2n(x;t) = (2% - %t)", §2n+1(x;t) =x(x? — %t)". (3.2)
Proof. From the three-term recurrence relation (3.1) we have

§2n+1(m;t) = l"gzn(l’; t),
§2n+2(m;t) = xggn_‘_l(z; t) — %tggn(l';t) = (172 - %t)gzn(:c;t).

Since So(z;t) = 1 then the result immediately follows. O



In the limit as ¢ — oo, we expect that the generalized Freud polynomials S,,(x;¢) will tend to the polynomials
Sp(x;t), see Remark 3.3 below. To show this we first define the polynomials @, (y;¢) and @, (y) as follows

Qn(yst) = ()28, (32 yst), (3.32)
Qnl(y) = (20)7"28, ((3t)/2 y;t), (3.3b)

so from (3.2) we have _ B
Qoni1(y) =y(@® = 1" Qan(y) = (> — 1™ (3.4)

Plots of polynomials Q,,(y;t), n = 3,4,...,12, for t = 20 are given in Figure 3.1.

Theorem 3.2. Suppose that Qo (y;t) and @Qn(y) are given by (3.3) and (3.4), respectively, then as t — oo

2nAQ2n—2(y) + n(n — 1)Qan—4(y)
12
2”()‘ + 1)@2n,—1(y) + n(n — 1)@27:,—3(?4)
12

Qan(y;t) = Qanly) —

+0O(t7Y), (3.52)

Qont1(yit) = Qonsa(y) —

+0 (™). (3.5b)

Proof. As Sy (z;t) satisfies the three-term recurrence relation (1.14), then using (3.3) we see that Q,,(y;t) satisfies
the three-term recurrence relation

26, (t; N)

Qni1(y;t) = yQn(y;t) — anfl(gﬁt)'

We shall prove (3.5) by induction. By definition Q1 (y;t) = vy, Qo(y:t) = 1, Q1(y) = y and

281 (t; A 20, (t
Q2(y;t) = yQu(y;t) — %Qo(y;t) =y - %
@2(2/) = y2 - 1a
therefore
Q2 = @2 +1- 2@%
~ 2(t X 22(\-1) _
Q2+1t{z+tt3+0(t 5)}
~ 2\
:Q2*§+O(t74)
~2\Q
=Q2 — t§0 +0 (t_4)
which shows (3.5a) is true for n = 1. Also, by definition
209 (t; A
Qs(y;t) = yQa(y;t) — %Ql(y;t)
20, (t 2 t A+1
AR S B R ERUXURE o)
A+1
= y(y2 - 1) - (t(I))\(t>)y

and so, since Q3 = y(y2 — 1), then

t t 3
= Q3 — 2()‘; o (t™)
_ ég . 2()‘ ':21)621 +0 (t74)

which shows (3.5b) is true forn = 1.



Next suppose that (3.5a) is true. Since

t -

Bont1 = = +

n -3
5 - +O(t7?),

then

Qan+2 = yQant1 — 2621&7”“@271

—y {@%H _2n(A+ 1)an71t—; n(n —1)Qan_s ‘o (t_4)}

N {1 + M +0 (t4)} {ém _ 2nAQan—2 + Z;(n —1)Q2n-1 Lo (t4)}
= yé2n+1 - éQn — 2()\ — n)é2n + 2n(>\ —’;Q]')yQan - 2%)\@27172

RN s g — A o B

_n(n )[Z/Q?52 3 — Q2 4]—1-(9(15 1
Gy~ 2= n)Qon + 2n(\ + 1)[22n + Qon-s) = 200Q2n-z  nln— 22)@%_2 -
= Qonta — 2(n + 1)AQ2n + n(n + 1)Q20—2 Lo (1Y)

t2
which is (3.5a) for n — n + 1, where we have used the relation
vamel = @2m + @277172-
Now we suppose that (3.5b) is true. From Lemma 2.1 we have

n+1

Bansa = —— +0(17%),
and so
Qo = YQanrz — 22, .,
_ {@n+2 20+ 1)\ —;n(n +D)Qon2 (,;4)} _ w {@Znﬂ +0 (t_2)}
Oy 20 D@ 20 123@/@% tn(n+ DyQan-a |, ()
_ Gpny 20 DO Dt il Dot

t2
which is (3.5b) for n — n + 1, where we have used the relation yégm = ©2m+1. Hence the result follows by

induction. O

Remark 3.3. Suppose that the monic polynomials S, (z; t) are given by (3.2) and the monic polynomials S,, (z; t) are
generated by the three-term recurrence relation (1.14). Then formally, as t — oo,

Son(z;t) = (2% — 36)" = Sop (a3 1),
Sont1(w;t) = (2 — §1)" = Sania(a31).

In other words, if the positive zeros of Sy, (x,t) are denoted by z,, (A, t) for k = 1,2,..., |n/2], where |m] is the
largest integer smaller than m, we have,

lim @, (A, t) = 3, k=1,2,...,|n/2].
t—o00

Since the zeros are symmetric with respect to the origin, the negative zeros of .S, (x;t) approach —%t in the limit as
t — 00.



4 Asymptotic properties of generalized Freud Polynomials as n — oo

4.1 Asymptotics for the recurrence coefficient 5, (¢; \) as n — oo

The asymptotic expansion of (3, (¢; \) in (1.14) satisfying (1.17) for the special case when ¢ = 0 and A = —% was
studied by Lew and Quarles [39], see also [53, 56]. The asymptotics for the more general case when ¢ € R and
A= —% were given by Clarke and Shizgal [12] in the context of bimode polynomials. In the next theorem we provide
the asymptotic expansion of 3,,(¢; A) in (1.14) as n — oo, for ¢, A € R.

Theorem 4.1. Let t, A € R, then as n — o0, the recurrence coefficient (3,, associated with monic generalized Freud
polynomials satisfying the nonlinear discrete equation (1.17), i.e.

B (Bnt1 + Bn + Bt — 2t) = Lin+ (2A + 1)A,),

where A, = $[1 — (—1)"], has the asymptotic expansion

/
Bt ) = V3nl/? {1 V3t 2412020+ 1A,

6 6nl/2 24n

2420+ DA + 48[3(2) + 1)2A2 — 1]
1152n2

+0(n5/2)}7

ie.

Ban(t; A) = (4.1a)

6nt/? 6t 2 448
Vonl2 ] VG 1O}
6 12n1/2 " 48n  4608n2

Ban+1(t; A) =

6 6(2n +1)1/2 24(2n +1)
2420 + D+ 96(607 + 61 4 1)
1152(2n + 1)2

Proof. We begin by finding the first term in the asymptotic expansion. The recurrence coefficient 3,, associated with
(1.12) is positive and diverges as n — co (cf. [14]) which suggests that as n — oo

fBn ~ Bn’, (4.2)

V3 (2n +1)1/2 {1 V3t 2+ 122X + 1)

+ O(n—5/2)} . (4.1b)

with 7 > 0 and B a constant. Substituting the asymptotic form (4.2) into (1.17) we obtain
3B’n®" — :tBn" ~ i[n+ (2A + 1)A,].
Since we require this equation to hold for all n = 1,2,..., it follows that r = %, B = % 3 and so the leading
behaviour is given by
B ~ % 3nl/2,

Next we suppose that as n — 0o

V3nl/? i br

Bn =~ 75 (4.3)
k=0
with by = 1. Substituting this together with
V3(n+1)1/?2 & b
Pn1 = ( 6 ) Z k/2
= (nt1)
1/2 b 21 b by F 4by — 1
_ V3n 1 2 3 8bg F 4bo Jr(9(7175/2) ’
6 nt/2 2n n3/2 8n?

as n — oo, which are obtained by letting n — n £ 1 in (4.3) and doing an asymptotic expansion, into (1.17), doing
an asymptotic expansion and equating powers of n gives

by — £V3t =0,

b + %b? - %\/37551 - %An =0,

bs + biba — 2V/3tby = 0,

by + bibs + 3b3 — £V31ths — 55 =0,



which have solution

T+ 240,87 4+ 48(3A2 — 3)

3t 2+ 124,
b1:£7 b2:+T7 b3:0a b4

1152

b

Hence, letting A, = £[1 — (—1)"], we formally obtain the asymptotic expansions (4.1). From the nonlinear discrete

equation (1.17) we obtain

/BEL - %tﬁn + Bn, (ﬂn+1 + /Bn—l) = %[n + (2)\ + I)An]a

and so
Br— LB, < iln+(2A+1)A,]

since Bn (ﬂn—‘rl + Bn—l) > 07 as 5n = hn/hn—l > 07 where

hy = / S2 (25 t)wy (23 1) da.

Therefore
0<Bn < ft+3y/n+it2+@2A+1)A,
EEVIRWTE {1 N 1424 (22+ 1)An} 1/2
= gn'/? 4§t + Ca ;i)l\/j S i G i +7(i\41r/21)An]m
m=2
where

(—=1)m™*(2m — 3)!
am = )
22m=lm! (m — 2)!

which completes the proof.

Corollary 4.2. Assume that 3,,(t; \) satisfies (1.17). Then, for t, A € R:

(i) the sequence { Bnt; A) } is bounded;
\/’Tl n=1
(i) Tim Pn(EN) _ V3
Remarks 4.3.

)

4.5)

1. Bleher and Its [8] studied the limit of the recurrence coefficient R,, as n, N — oo when the ratio n/N tends to

a positive constant, for the polynomials P, (x) orthogonal with respect to the weight
w(z) = exp{—NV(x)}, r € R,

with
V(z) = 1ga* + 1T2?, g >0,

satisfying the three-term recurrence relation
2P, (z) = Ppy1(x) + Ry Po—1(z),
where R,, satisfies the Freud equation
n=NR, [T+ g(Rnt1+ Rn+ Rn_1)], n>1.
Consider equation (1.17) with A = —1, i.e.

6n (Bn—i-l + Bn + ﬂn_l - %t) = %TL

10

(4.62)

(4.6b)

.7

(4.8)



The relationship between equations (4.7) and (4.8) is given by

_ 26n __ /9
Rn—m, T = \th. (4.9)

as is easily verified. In [8] it is shown that R,, satisfies the inequality

T + /T2 + 4ng/N
0< R, < + +ng/.

29

Applying the transformation (4.9) to this yields

0 < fBn < t+31/n+ 32,

2. Nevai [52, 53] and later Freud [24] proved that the recurrence coefficient associated with the special case of the
symmetric weight (1.12) where A = f% and ¢t = 0 has the same limit as the one in Corollary 4.2 (ii). Corollary
4.2 (ii) therefore proves an extension of Freud’s conjecture (1.4) for recurrence coefficients associated with the
weight (1.3) to recurrence coefficients satisfying (1.17) associated with the weight (1.12) for m = 4.

which is (4.5) with A = —%.

3. Recently Joshi and Lustri [33] studied the asymptotic behaviour of the first discrete Painlevé equation (1.17)
in the limit as n — oo. Using an asymptotic series expansion, they identified two types of solutions which
are pole-free within some sector of the complex plane containing the positive real axis and used exponential
asymptotic techniques to determine Stokes phenomena effects in these solutions (see also [32, 64]).

In [15], Damelin considers asymptotics of recurrence coefficients associated with weights |x|? exp{—Q(z)} where
Q(x) is an even polynomial of fixed degree.

Theorem 4.4. Fort,\ € R, the recurrence coefficients [3,,(t; X) in (1.17) satisfy

Bn(t; A _

where a,, is the Mhaskar-Rakhmanov-Saff number [50, 59] which is the unique positive solution of the equation

2 [ antQ (ant)

= — ————2dt
™ Jo V1 —1¢2
for Q(x) = z* — ta?.
Proof. A proof of (4.10a) and (4.10b) can be found in [15, Thm. 2.1]. O

4.2 Asymptotics for the generalized Freud polynomials as n — oo

Linear second-order differential equations, which are at the heart of much of special function theory, can be used in
various ways to obtain asymptotic approximations and inequalities. The differential equation satisfied by generalized
Freud polynomials orthogonal with respect to the weight (1.12) was obtained in [14].

Theorem 4.5. Monic orthogonal polynomials Sy, (xz;t) with respect to generalized Freud weight (1.12) satisfy the
differential equation

2
dd:g" (z3t) + Ry (3 t)%(x; t) + T (w5 t) Sy (25t) = 0, (4.11)
where
N 2A+1 2
R, (x;t) = —4a° 4 2tz + o %t+/6n+5n+17 (4.12a)
T (z5t) = 4nz® 4+ 4B, 4+ 168, (Bn + Brs1 — 51)(Bn + Ba—1 — 3t)
83,12 + (2A + 1)[1 — (=1)"] N
— 402X +1)(—1 "
22 — 3t + B+ Buia TARH DL
1
+ @A+ 11— (=1)"] (t - M) . (4.12b)

11



Proof. See [14, Thm. 6]. O

Remark 4.6. The differential equation (4.11) for the special case where A = —% and ¢t replaced by 2t is given in [3,
eqn. (6)] though, in their notation, the statement on p. 104 needs to be corrected to read

2
t _ 2 2 2 2 2
Sn(‘r) - 4an |:4'7: <an—1 +ag, + Gpt1 — t— 22 —t+ a% + ai+1>

+4(al +as,y —t) (a2 +a2 —t) +1].

Differential systems satisfied by weights (4.6a), where V() is an even polynomial with positive leading coeffi-
cient, are discussed by Bertola ef al. [6, 7].

In [8, 9], Bleher and Its discuss semiclassical asymptotics of orthogonal polynomials P, (x) with respect to the
weight (4.6) using a combination of formal semiclassical WKB-type analysis of linear differential and nonlinear dis-
crete equations, and rigorous asymptotics of a Riemann-Hilbert problem together with the nonlinear steepest descent
method due to Deift and Zhou [17, 18], where the latter technique provides a justification of the former. A similar
rigorous asymptotic analysis of monic orthogonal polynomials S,,(x;t) with respect to the generalized Freud weight
(1.12) lies beyond the scope of this paper and we shall not pursue this further here.

We shall however make some remarks about equation (4.11) for n large. Since from Theorem 4.1 we have 3,, =
1V3n 4+ O(1) as n — oo, it follows from (4.12) that

220 +1
Ry (z;t) = —42® + 2tx + Ty O(n~1?), (4.13a)
T (x:t) = (3n)%2 + O(n), (4.13b)
and so we consider the equation
28, 5 A+ 1\ dS, 4 sma
2 <4x — 2tx — . > T + (3n) 128, =0. (4.14)

Equation (4.14) is equivalent to the Biconfluent Heun equation, cf. [57, §31.12]

Zé—(l—f—&—&—z)j?—&-(a—j)uzo,

through the transformation

~

Sn(l',t, A) :U(Z;O{7’y,5,q)7 =
with parameters
a =0, v=—1-=X, 52—%\/512 q=—3 6n3/2.

Note that if in equation (4.14) we make the transformation S, (z) = w(¢), with ¢ = (%n)g’/ 4, then in the limit as

n — 00 wWe obtain
Pw 22+ 1dw

ac T At

0,

which has solution
w(C) = {e1a(¢) + c2J-A(O)} ¢,

with Jy(¢) the Bessel function. This suggests that there might be Mehler-Heine type asymptotic formulae for the
polynomials S,,(z;t) as n — oo, though we shall not investigate this further here.

S Existence and uniqueness of positive solutions

A natural question to ask is whether (1.17) has many real solutions satisfying the initial condition Sy = 0. Several
papers, including [39, 53, 62] provide an answer for the case where ¢ = 0. In a recent paper by Alsulami et al. [2],
existence and uniqueness of a positive solution are discussed for the nonlinear second-order difference equations of
the type

Bn (‘ﬂb,lﬂ'n—&-l + Un,Oﬂn + O'n,—lﬂn—l) + EnfBn = Ly S.D

with initial conditions 8y € R, 31 > 0, x, € R and mild conditions on the coefficients 0, ;, j = —1,0,1. An
excellent historical overview of the problem and its solution is given.

12



Theorem 5.1. For A > —1 and By = 0, there exists a unique B1(t; \) > 0 such that {5,,(t; \) }nen defined by the
nonlinear discrete equation

ﬂn (ﬂn-{-l + 571 + ﬁn—l - %t) = %[n + (2>\ + 1)An]7 (5'2)

[1 — (=1)"), is a positive sequence and the solution arises when [31(t; \) is given by (1.15), i.e.

NS
D_x- 1(—*\ft)

Proof. The nonlinear discrete equation (5.2) is the special case of (5.1) with

with A\,

=1
2

Bi(t; A) = @y ()—1t+1xf (5.3)

Jn,l = Jn,O = O'n,fl = 1, Rp = —%t. gn = i[n —+ (2)\ =+ 1)An],

with A, = 3[1 — (=1)"]. The existence of 31 (t; ) > 0 such that (5.2) is a positive sequence follows immediately
from [2, Thm. 4.1]. The uniqueness of solutions of (5.1) is discussed in [2, Thm. 5.2], though the conditions in the
theorem require that ¢ < 0, A > —1 and Sy = 0 in our case. To show uniqueness for ¢ € R, consider the nonlinear
discrete equation (5.2) with general initial conditions Sy = 0 and 5, = > A(t;9), where

@ cos()D_x( — 3v2t) —sin(¥)D_»(3v21)
2

- cos(¥)D_x_1( — $v2t) +sin(¥)D_r_1(5V21)

By (;0) = (5.4)

t
2

with 0 < 9 < 77 a parameter; if 1 5m < ¥ < 7 then 3 has a pole at a finite value of ¢. Since the parabolic cylinder
function D, (2) has the following asymptotlcs as z — oo, cf. [57, §12.9]

z¥ exp(— {1+(’) _2)} as 2z — 0o,

D,(z) = p (5.5
=) F\(/i)(—z)_” Yexp(22°){14+0(z7%)}, as z— —o0,

then as t — +oo, C/I;)\(t; 1J) has the asymptotics

N Lt+0(t), as t— oo,
PA(t;0) =9 A+1
*%Jr(?( %, as t— —oo,
O)\(1;0) = 3t + O™, as t— 400, if 0<v<inm,
)\ + ]. -3
&b\(t;%ﬂ): fTJrO(t ), as t— oo,
st4+O(t™), as ¢t — —oo,
Consequently 51 = d A(t;¥) > 0 forall t € R if and only if ¥ = 0, which proves the desired results. This result is
illustrated in Figure 5.1 where 31 = ®,(¢; 1), is plotted for various values of 1. O
Remarks 5.2.

1. The rationale for considering 5 given by (5.4) is that ®,(¢) given by (2.2) satisfies the Riccati equation

d®

which has general solution @ (£; 9). Letting ®(t) = ¢'(t)/¢(t) in (5.7) gives

d? de
—C_ L 1 1
2 2tdt (A+ ) =0,

which has general solution
olt) = {erD 1 (= 5v21) + Dy (2V21) exp(32),

with ¢ and co arbitrary constants. Since only the ratio of ¢; and ¢y is relevant then we set ¢; = cos® and
co = sin .
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2. The solution of the nonlinear discrete equation (5.2) with initial conditions 5y = 0 and ; given by (5.3) appears

to depend on the sign of ¢. In Figure 5.2 the points (n, 3,,) are plotted for various choices of t. These show
that 3,,(t; A) approaches a limit as n — oo in different ways depending on whether t < Oort > 0. If t < 0
then the behaviour is similar irrespective of the value of ¢ and the plots suggest that {32y, } nen and {B2n+1 }nen
are both monotonically increasing sequences. However if ¢ > 0, the plots suggest that { s, } and {32,,+1} are
both monotonically increasing sequences for n > n*, for some n* dependent on ¢. The plots were generated in
MAPLE using 250 digits accuracy.

. The solution of the nonlinear discrete equation (5.2) is highly sensitive to the initial conditions. This is illustrated
in Figure 5.3 where the points (n, 3,,) are plotted for the initial conditions

by = 0, B1=®i(t) +¢,

where @, (t) is given by (2.2), and € € {0,10~%, —10~*}, for various choices of ¢. The plots clearly show that
a small change in (3 gives rise to very different behaviour for 3,,. The plots were also generated in MAPLE

using 250 digits accuracy.

6 Properties of the zeros of generalized Freud polynomials

In this section we begin by proving some properties for the zeros of semiclassical Laguerre polynomials (cf. [13]) and
then extend this to obtain analogous results for the zeros of monic generalized Freud polynomials, which arise from a
symmetrization of semiclassical Laguerre polynomials (cf. [14, 19]). For a discussion of the asymptotic behaviour as

n — oo for the recurrence coefficients and orthogonal polynomials with respect to the Laguerre-type weight
w(z) = 2 exp{—Q(z)}, A>—1, zeRT,

with Q(x) a polynomial with positive leading coefficient, see Vanlessen [63].

As shown in [13], the monic semiclassical Laguerre polynomials Lﬁ,’\ ) (z;t), orthogonal with respect to the weight

w(x;t) = 2 exp(—a2 + tz), A>—1, zeR* (6.1)
satisfy the three-term recurrence relation
L) (@) = o = @)L (w58) = Ba(® LY, (230) (6:2)
where
an(t) = $an(2) + 51, (6.3a)
~ dq,
Bulh) = =321 —162(2) — 2aa(2) + $2+ I, (6.3b)
with z = %t. Here
d \I/n+1 )\(Z)
n = -2 — lp =22
anlz) = =2t I
satisfies Pry (1.11) with parameters (A4, B) = (2n + A + 1, —2A?) and
dia d" 1y
\Iln = [ DU R T B B v = 17
A =w (B2 0(2)
where
D_A_l( — \/iz) exp (%22), if AgN,

¥a(z) = T dm :
m(iz—m {[1+erf(z)] exp(®)}, if A=méeN,

with erf(z) the error function, since the parabolic cylinder function D_,,, 1 (z) is expressed in terms of error functions

form € N, cf. [57, §12.7(ii)].
Theorem 6.1. Let Lg}‘ ) (x;t) denote the monic semiclassical Laguerre polynomials orthogonal with respect to
w(z;t) = 2> exp(—2® + tz), x€RT.

Then, for A\ > —l and t € R, the zeros x1,, < Top < -+ < Tpp ofLSL)‘)(J:; t)
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(i) are real, distinct and

0< Ti,n < Tin—1 < T2.n <o < Tn—1,n < Tn—1,n—1 < Tnns (64)

(ii) strictly increase with both t and \;
(iii) satisfy
Ap < T1p < &n—l < ZTpn < b’!La

where

ap = 1;}22_1 {%(&k +ag-1) — %\/(ak +ag-1)? + 4Cn§k} ;

b, = max {é(&k“rak—l)‘f';\/(ak+&k—1)2+4cngk}v

1<k<n-—1

with ¢, = 4 cos? (nL_H) +¢€, e >0, and a,, and En given by (6.3).
Proof.

(1) The proofs for classical orthogonal polynomials, where ¢ = 0 (see, for example, [61, Thm 3.3.1 and 3.3.2]),
work without change.

(i) Since for the semiclassical Laguerre weight (6.1)

0
E> Inw(z;t) =lnx

is an increasing function of z, it follows from Markov’s monotonicity theorem (cf. [61, Theorem 6.12.1] that
the zeros of Lgf‘) (x;t) increase as A increases. Similarly, since

— lnw(z;t) =z,

ot

increases with z, it follows that the zeros of LS{\) (z;t) increase as ¢ increases.

(iii) The inner bound ¢, for the extreme zeros follows from [20, Cor. 2.2] together with (6.2) and (6.4) since
Br—1(t) does not depend on . The outer bounds a,, and b,, for the extreme zeros x1 ,, and x,, ,, respectively,
follow from the approach based on the Wall-Wetzel Theorem, introduced by Ismail and Li [30] (see also [29])

by applying their Theorems 2 and 3 to the three term recurrence relation (6.2).
O

Asymptotic properties of the extreme zeros of generalized Freud polynomials related to the weight (1.3) were
studied by Freud [25] and Nevai [55]. Subsequently, Kasuga and Sakai [34] extended and generalized these results.

Next we prove some properties of zeros of generalized Freud polynomials associated with the weight (1.12). The
weight (1.12) is even and it is well-known that, in this case, the zeros of the corresponding orthogonal polynomials are
symmetric about the origin. This implies that the positive and the negative zeros have opposing monotonicity and, as
a result of this symmetry, it suffices to study the monotonicity and bounds of the positive zeros.

Theorem 6.2. Let S, (x;t) be the monic generalized Freud polynomials orthogonal with respect to the weight (1.12),
ie.
w(z;t) = |2 exp(—a + t2?),

and let x, 1 (A1) < 2p (N 1) < -+ < 2y /2] (A, t) denote the positive zeros of Sy (x;t) (recall |m)] is the largest
integer smaller than m). Then, for A > —1l andt € R

(i) the zeros of Sy, (x;t) are real and distinct and

0< xn,1()\,t) < xn_m(/\,t) < l‘mg(/\, t) <...
< Tt [(n—1)/2] (M 1) < Ty 21 (A, 1);

(ii) the vth zero x,, ., (A, t), for a fixed value of v, is an increasing function of both X and t;

15



(iii) the largest zero satisfies the inequality

Tn,[n/2] ()\7 t) < ma V Cn Bk (ta A)a (6.5)

1<k<n—1

where ¢,, = 4 cos® <nil> +e& &> 0, and B,(t; \) is given by (1.13).

Proof.

(1) This follows from Theorem 6.1(i) using the relation (cf. [11, 14, 19])
Son(z;t) :Lﬁj) (z2;1), Sont1(x;t) = xL£L>‘+1)(x2; t).

between the semiclassical Laguerre polynomials L%’\) (z;t) and the generalized Freud polynomials S, (x; t).
(i1) The monotonicity of the positive zeros with respect to the parameters A and ¢ follows from [31, Theorem 2.1]
since for the generalized Freud weight (1.12)

2

—Ihw(z;t) =2Inz, Inw(z;t) = a2,

O\ ot

both increase with x.

(iii) The inequality (6.5) for the largest zero x|, 2| (), t) follows by applying [30, Theorem 2 and 3] to the three
term recurrence relation (1.14).
O

7 Conclusion

In this paper we have analysed the asymptotic behaviour of generalized Freud polynomials, orthogonal with respect
to the generalized Freud weight (1.12), in two different contexts. Firstly, we obtained asymptotic results for the
polynomials when the parameter ¢ involved in the semiclassical perturbation of the weight tends to £00. Next, we
considered the strong asymptotics of the coefficients (3,, in the three-term recurrence relation (1.14) satisfied by the
generalized Freud polynomials .S, (z; ¢) as the degree n tends to infinity and investigated the asymptotic behaviour of
the polynomials themselves as the degree increases. We showed that unique, positive solutions of the nonlinear discrete
equation (1.17) satisfied by the recurrence coefficients exist for all ¢ € R but that these solutions are very sensitive
to the initial conditions. We also proved various properties of the zeros of generalized Freud polynomials. The
closed form expressions for the recurrence coefficients obtained in [14] allowed the investigation of the properties of
generalized Freud polynomials in this paper. A natural extension of this work would be an investigation of asymptotic
properties using limiting relations satisfied by the polynomials as the parameter A tends to co.
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Sy (x;t) Sg(w;t)

Figure 2.2: Plots of the polynomials S,,(z;t), n = 3,4,...,8 for t = 0 (black), t = 1 (red), t = 2 (blue), t = 3
(green) and t = 4 (purple), with A = 1.
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N

Figure 2.3: Plots of the polynomials Ss(z;t) (black), Sy(z;t) (red), Ss(x;t) (blue), Sg(z;t) (green) for t =
0,1,...,5, with A = £,
s by Pg) 2
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Qan—1(y;1) Qa2n(y;t)

Figure 3.1: Plots of polynomials Q2,1 (y;t) and Q2. (y;t), for n = 1 (black), n = 2 (red), n = 3 (blue), n = 4
(green) and n = 5 (purple), when ¢t = 20, with A = %
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Figure 3.2: Plots of the polynomials Q,, (y; 5, 1) (blue), Q,,(y; 10, 3) (red) and Qn(y) (black) forn =4,5, ...
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Figure 5.1: Plots of 3; = ®,(¢; ) as given by (5.4), with A = 1, for ¥ = 0 (black), ¥ = L (red), ¥ = L (blue),
9= %w (green) and ¥ = %’/T (purple).
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Figure 5.2: Plots of the points (n, 8,,) where (3, satisfies (5.2) with initial conditions Sy = 0 and (; given by (5.3),

for various choices of ¢, with A = %
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Figure 5.3: Plots of the points (n, §8,) where 3, satisfies (5.2) with initial conditions Sy = 0 and 8; = P, (¢) + ¢,
with @, (¢) given by (2.2), and ¢ = 0, £107%, for t = 0, &5 and \ = %
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