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Not every conjugate point of a semi-Riemannian geodesic

is a bifurcation point

Giacomo Marchesi, Alessandro Portaluri2 and Nils Waterstraat

Abstract

We revisit an example of a semi-Riemannian geodesic that was discussed by Musso, Pe-

jsachowicz and Portaluri in 2007 to show that not every conjugate point is a bifurcation

point. We point out a mistake in their argument, showing that on this geodesic actually

every conjugate point is a bifurcation point. Finally, we provide an improved example which

yields that the claim in our title is nevertheless true.

1 Introduction

Let (M, g) be a semi-Riemannian manifold and γ : [0, 1] → M a geodesic in M . A natural
question to ask is if there are points on γ that can be reached from γ(0) by another geodesic, i.e.
if there is a geodesic γ̃ starting at γ(0) that intersects γ at a positive time t > 0. Of course, here
we require that γ and γ̃ are different in the sense that we exclude the case that γ̃(t) = γ(s · t)
for some s ∈ [0, 1]. Simple examples are antipodal points on the Riemannian spheres Sn for
n ≥ 2 which are joined by infinitely many distinct geodesics. Note that such antipodal points
are conjugate along geodesics, and in general the intuitive meaning of conjugate points suggests
that their existence is closely related to the question above.
An approach to this problem by variational bifurcation theory was made by the second author
with Piccione and Tausk in [5], and with Musso and Pejsachowicz in [4] (cf. also [6]). Roughly
speaking, a point γ(t∗) for t∗ ∈ (0, 1) is called a bifurcation point if there is a sequence {tn}n∈N

in (0, 1) converging to t∗ and geodesics γn starting at γ(0), converging to γ as n → ∞ and
such that γn(tn) = γ(tn) for all n ∈ N. Bearing in mind that the Jacobi equation along a
geodesic is the linearisation of the geodesic equation, it is readily seen from elementary Hilbert
manifold theory (cf. [3]) and the implicit function theorem that every bifurcation point is a
conjugate point. Conversely, it was shown in [5, Cor. 5.6] that every conjugate point in a
Riemannian manifold is also a bifurcation point. Moreover, the same is true for causal geodesics
in Lorentzian manifolds. The question if this also holds for spacelike geodesics was not considered
in [5]. Let us recall that there is a crucial difference between causal and spacelike geodesics in
Lorentzian manifolds. On causal geodesics there are only finitely many conjugate points as in
the Riemannian case. For spacelike geodescics, however, the situation is very different—as Helfer
showed in [1], conjugate points may accumulate. This fact clearly evokes interest in the question
of whether along spacelike geodesics likewise every conjugate point is actually a bifurcation point.
In [4] an example of a spacelike geodesic in a three dimensional conformally flat semi-Riemannian
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manifold was discussed that should answer this question in the negative. The aim of this brief
note is firstly to point out that there is a mistake in the argument in [4] and that so the question
has not yet been answered. Secondly, we use a similar approach to finally construct a geodesic
having a conjugate point which is not a bifurcation point.
As in [4], we need to consider the slightly more general setting of perturbed geodesics as in [2],
which we recall in the next section. In particular, we recall a theorem of Jacobi that relates
perturbations of geodesics and conformal transformations of metrics. In the third section we
revisit at first the two examples from [4], and for one of them we state two branches of geodesics
which show that the considered conjugate point is indeed a bifurcation point. Finally, we use
Jacobi’s theorem to investigate geodesics on a conformally flat Lorentzian manifold by studying
perturbed geodesics in three dimensional Minkowski space.

2 Geodesics, potentials and bifurcation

Let (M, g) be a semi-Riemannian manifold of finite dimension n and V : M → R a time-
independent potential. Perturbed geodesics (henceforth p-geodesics) connecting two points p, q ∈
M are critical points of the energy functional

E(γ) =
1

2

∫ b

a

g(γ′(t), γ′(t)) dt −
∫ b

a

V (γ(t)) dt

that is defined on the Hilbert manifold Ωpq of all paths γ : [a, b] → M of regularity H1 that
connect p and q. Alternatively, they are the solutions of the boundary value problem






D

dt
γ′(t) +∇V (t, γ(t)) = 0

γ(a) = p, γ(b) = q,

(1)

where ∇V denotes the gradient of the potential V with respect to the semi-Riemannian metric
g. Let us now assume that γ : [a, b] → M is a p-geodesic of the mechanical system (M, g, V )
joining two points p and q in M .

Definition 2.1. A point γ(t∗) for t∗ ∈ (a, b) is called a bifurcation point if there is a sequence
{tn}n∈N ⊂ [a, b] converging to t∗ and p-geodesics γn of (M, g, V ) such that

(i) γn(a) = γ(a), n ∈ N,

(ii) γn(tn) = γ(tn), n ∈ N,

(iii) γ′
n(a) → γ′(a) in TpM as n → ∞,

(iv) none of the γn is a restriction of γ to a subinterval of [a, b].

Let us note firstly that without condition (iv), which was not stated in the definition in [5],
clearly every γ(t) would be a bifurcation point. Secondly, that in the unperturbed case condition
(iv) is equivalent to requiring that for every n, γ′

n(a) 6= sγ′(a) for some 0 < s < 1. Finally,
condition (iii) is simply a less technical way to say that γn converges to γ in Ωpq as required in
[4].
The linearisation of the geodesic equation (1) at the solution γ is the Jacobi equation

D2

dt2
ξ(t) +R(γ′(t), ξ(t))γ′(t) +Dξ(t)∇V (t, γ(t)) = 0, (2)

2



where ξ is a vector field along γ, R is the curvature of the connection D and Dξ(t)∇V (t, γ(t)) is
the Hessian of V (t, ·) with respect to the metric g on the tangent space Tγ(t)M .
It is easily seen from elementary Hilbert manifold theory and the implicit function theorem that
every bifurcation point γ(t∗) is a conjugate point, i.e. there is a non-trivial solution of the linear
boundary value problem






D2

dt2
ξ(t) +R(γ′(t), ξ(t))γ′(t) +Dξ(t)∇V (t, γ(t)) = 0

ξ(0) = 0, ξ(t∗) = 0.

(3)

The following interesting link between geodesics and p-geodesics, that we will need in our con-
struction below, can be found in [2, Thm. 3.7.7] as Jacobi’s Theorem.

Theorem 2.2. Let V : M → R be bounded above and c > 0 such that

V (p) < c, p ∈ M.

Then the p-geodesics of the mechanical system (M, g, V ) with energy c are up to a reparametri-
sation the same as the geodesics of (M, gc) with energy 1 where

gc = (c− V )g.

3 Examples – old and new

We now discuss the two previous examples from [4], which are a perturbed and an unperturbed
semi-Riemannian geodesic, and explain why they fail to provide examples of conjugate points
that are no bifurcation points. Afterwards, we introduce two new examples which indeed show
the claim in the title of this paper.

3.1 The previous examples

Let (M, g0) be the three dimensional semi-Riemannian manifold R
3 with the metric

g0 =
d2

dx2
− d2

dy2
+

d2

dz2
.

Let us consider as in [4] the potential

V (x, y, z) =
1

2
x2 − 1

2
y2 +

1

3
x3y3,

which has as gradient with respect to g0 the vector field

∇V (x, y, z) = (x + x2y3)
∂

∂x
+ (y − x3y2)

∂

∂y

and so the equations for a geodesic perturbed by V are





x′′(t) + x(t) + x(t)2y(t)3 = 0

y′′(t) + y(t)− x(t)3y(t)2 = 0

z′′(t) = 0.

(4)
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Obviously, γ0(t) = (0, 0, t), t ∈ [0, 2π], is a geodesic connecting (0, 0, 0) and (0, 0, 2π) in M , and
(0, 0, π) is a conjugate point along γ0. However, the claim in [4], that there are no non-trivial
solutions of (4) and that consequently (0, 0, π) is not a bifurcation point, is wrong.
Indeed, the two families of functions

uα(t) = (α sin(t), 0, t) and vα(t) = (0, α sin(t), t), t ∈ [0, 2π], α ∈ R

are solutions of (4). Hence (0, 0, π) is a bifurcation point along γ0, where we even have two
families of solutions branching off from γ0.
Let us now consider Example 4.7 in [4] which attempts to show that there is a non-perturbed
geodesic in M for a metric g such that (0, 0, π) is a conjugate point but not a bifurcation point
of geodesics. Here g is the conformally flat metric g = e2ρg0, where

ρ(x, y, z) =
1

2
y2 − 1

2
x2 +

1

3
x3y3.

It is claimed that γ0(t) = (0, 0,
√
2 t) is a geodesic of energy 1 having (0, 0,

√
2 π) as a conjugate

point, which is a minor inaccuracy. Indeed γ0 is a geodesic, however depending on which interval
we consider it, it has either an energy greater than 1 or it does not contain the conjugate point
(0, 0,

√
2 π). However, as the neccessary changes to ensure an energy of 1 would only affect some

constants, the following arguments would work verbatim also in that case.
Assuming that the energy of γ0 is 1, a geodesic that is close to γ0 can be assumed to have energy
1 as well simply by changing its interval of definition slightly. By Theorem 2.2, after a possible
reparametrisation, such a geodesic γ(t) = (x(t), y(t), z(t)) close to γ0 needs to to satisfy the
p-geodesic equation





x′′(t) + 2e2ρ(x(t),y(t),z(t))(x(t) − x(t)2y(t)3) = 0

y′′(t) + 2e2ρ(x(t),y(t),z(t))(y(t) + x(t)3y(t)2) = 0

z′′(t) = 0.

(5)

If we multiply the first equation by y(t), the second by x(t), substract the results and integrate
from 0 to λ ∈ [0, 2π], it follows that every solution of (5) such that x(0) = y(0) = 0, x(λ) =
y(λ) = 0 satisfies

∫ λ

0

eρ(x(t),y(t),z(t))(x(t)2y(t)4 + x(t)4y(t)2) dt = 0. (6)

To conclude from this equality as in [4] that x ≡ y ≡ 0 is wrong, and so the previous argument is
invalid. Indeed, if we set y ≡ 0, then (6) is satisfied even though x does not need to be identical
zero.
Let us investigate the case that y ≡ 0 in (5) further. Then the second equation is satisfied
trivially, and the first one becomes

x′′(t) + 2e−x(t)2x(t) = 0. (7)

The second and third author studied in [7], [8] and [9] bifurcation of Dirichlet problems on
shrinking domains, and in the special case of ODE’s the main theorem reads as follows.

Theorem 3.1. Let g : [0, b]×R → R be a smooth function such that g(t, 0) = 0 for all t ∈ [0, b],
and let us consider for r ∈ (0, b) the family of boundary value problems

4



{
x′′(t) + g(t, x(t)) = 0, t ∈ [0, r]

x(0) = x(r) = 0
. (8)

Then there are sequences {tn}n∈N in (0, b) and {xn}n∈N in C2[0, b] such that

(i) tn → t∗ as n → ∞ for some t∗ ∈ (0, b),

(ii) xn 6= 0, n ∈ N, and xn is a solution of (8) for r = tn,

(iii) xn → 0 in C2[0, b] as n → ∞,

if and only if the boundary value problem

{
x′′(t) + f(t)x(t) = 0

x(0) = x(t∗) = 0
(9)

has a non-trivial solution where f(t) = ∂g
∂x

(t, 0).

Now the corresponding boundary value problems (9) for (7) are

{
x′′(t) + 2x(t) = 0

x(0) = x(t∗) = 0

which have a non-trivial solution for t∗ = π√
2
. Hence there are sequences {tn}n∈N in (0, 2π) and

{xn}n∈N in C2[0, 2π] such that

• tn → π√
2

and xn → 0 as n → 0,

• each xn is a non-trivial solution of (7),

• xn(0) = 0 and xn(tn) = 0 for all n ∈ N.

If we now set γn(t) = (xn(t), 0,
√
2 t), then these are p-geodesics in (M, g0,−e2ρ) which start at

γ0(0), are different from γ0, satisfy γn(tn) = γ0(tn) for n ∈ N and converge to γ0 as n → ∞.
Hence

γ0(t
∗) = γ0

(
π√
2

)
= (0, 0, π)

is a bifurcation point of p-geodesics on γ0. Let us point out, however, that we have not shown
that (0, 0, π) is also a bifurcation point of geodesics for the metric g on M . Indeed, in order to
apply Theorem 2.2 again, we would need to know that E(γn) = 1 for infinitely many n ∈ N.

3.2 The new examples

The aim is now to construct two examples of geodesics in M = R
3 which have conjugate points

that are not bifurcation points. Our examples could be easily adapted to the metric g0 used
previously, however, because of the physical motivation we prefer to work with the 3 dimensional
Minkowski metric

gM = − d2

dx2
+

d2

dy2
+

d2

dz2
.
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As in the previous section we begin with a perturbed geodesic, where we now consider the
potential

V (x, y, z) = −1

2
x2 +

1

2
y2 + x3y + xy3,

which has as gradient with respect to gM the vector field

∇V (x, y, z) = (x − y3 − 3x2y)
∂

∂x
+ (y + x3 + 3y2x)

∂

∂y
.

The equations for a geodesic perturbed by V are






x′′(t) + x(t)− y(t)3 − 3x(t)2y(t) = 0

y′′(t) + y(t) + x(t)3 + 3y(t)2x(t) = 0

z′′(t) = 0,

(10)

and again γ0(t) = (0, 0, t), t ∈ [0, 2π], is a geodesic connecting (0, 0, 0) and (0, 0, 2π) in M .
Moreover, we see that (0, 0, π) is a conjugate point along γ0, and we now claim that (0, 0, π)
is not a bifurcation point. Indeed, in our case the method from [4] works. We assume that
γ(t) = (x(t), y(t), z(t)), t ∈ [0, 2π], is a p-geodesic of (M, gM , V ) such that γ(0) = γ0(0) = (0, 0, 0)
and γ(λ) = γ0(λ) = (0, 0, λ) for some λ ∈ [0, 2π]. If we now multiply the first equation in (10) by
y(t), the second by x(t), substract the second from the first and integrate from 0 to λ, we obtain

∫ λ

0

6 x(t)2y(t)2 + y(t)4 + x(t)4 dt = 0

which indeed shows that x(t) = y(t) = 0 for all t ∈ [0, λ]. Hence γ = γ0 and there is no
bifurcation point on γ0.
Our final aim, and main result of this paper, is the construction of a non-perturbed geodesic in
M for a metric g such that (0, 0, π) is a conjugate point but not a bifurcation point of geodesics.
Again we let g be a conformally flat metric g = e2ρgM , where now the function ρ : M → R is
given by

ρ(x, y, z) =
1

2
x2 − 1

2
y2 + x3y + xy3.

If we denote by ∇0ρ the gradient of ρ with respect to gM , and by D0
XY the covariant derivative

with respect to the Levi-Civita connection with respect to gM , then the Levi-Civita connection
of (M, g) is given by

DXY = D0
XY + dρ(X)Y + dρ(Y )X − g0(X,Y )∇0ρ. (11)

Let us now consider γ0 : [0, 2π] → M , γ0(t) = (0, 0,
√
π
−1

t), which has energy

E(γ) =
1

2

∫ 2π

0

e2ρ(0,0,
√
π
−1

t)gM (γ′
0(t), γ

′
0(t)) dt = 1.

It clearly follows from (11) and the definitions of ρ and γ0 that γ0 is a geodesic joining (0, 0, 0)
and (0, 0, 2

√
π). Note that the point (0, 0, π) is on γ0, and we now claim that this is a conjugate

point.
Indeed, bearing in mind that we use as in [4] the sign convention
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R(X,Y )Z = −DXDY Z +DY DXZ +D[X,Y ]Z

for the curvature, it can be verified by a straightforward computation that on γ0

R

(
∂

∂z
,
∂

∂x

)
∂

∂z
=

∂

∂x
and R

(
∂

∂z
,
∂

∂y

)
∂

∂z
=

∂

∂y
.

As

γ′
0(t) =

1√
π

∂

∂z
,

a vector field ξ(t) = x(t) ∂
∂x

+ y(t) ∂
∂y

+ z(t) ∂
∂z

along γ0 is a Jacobi field if and only if






x′′(t) +
1

π
x(t) = 0

y′′(t) +
1

π
y(t) = 0

z′′(t) = 0

and so

γ0

(
π

3

2

)
= (0, 0, π)

is a conjugate point along γ0.
We now claim that (0, 0, π) is not a bifurcation point of geodesics along γ0. Indeed, if γ(t) =
(x(t), y(t), z(t)) is a geodesic that is sufficiently close to γ0, then we can assume after changing
its interval of definition slightly, that E(γ) = 1. Hence by Theorem 2.2, γ is a geodesic of the
mechanical system (M, gM ,−e2ρ) and so it satisfies the equations





x′′(t) + 2e2ρ(x(t),y(t),z(t))(−x(t)− y(t)3 − 3x(t)2y(t)) = 0

y′′(t) + 2e2ρ(x(t),y(t),z(t))(−y(t) + x(t)3 + 3x(t)y2(t)) = 0

z′′(t) = 0.

(12)

If we multiply the first equation by y(t), the second by x(t), substract the results and integrate
from 0 to λ ∈ [0, 2π], it follows that every solution of (12) such that u(0) = v(0) = 0, u(λ) =
v(λ) = 0 needs to satisfy

∫ λ

0

e2ρ(x(t),y(t),z(t))(6 x(t)2y(t)2 + y(t)4 + x(t)4) dt = 0.

This clearly shows that x = y = 0 and so γ = γ0 implying that there is no bifurcation point on
γ0.
The interested reader might ask why the argument that we used at the end of Section 3.1 to show
that there is a bifurcation point for p-geodesics does not work in the situation of this example.
If we set x (resp. y) equal to zero in (12) then this forces y (resp. x) to be identically zero and
so we cannot use Theorem 3.1 as above.
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