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We provide numerical evidence that a px − ipy paired Bonderson-Slingerland (BS) non-Abelian
hierarchy state is a strong candidate for the observed ν = 12/5 quantum Hall plateau. We confirm
the existence of a gapped incompressible ν = 12/5 quantum Hall state with shift S = 2 on the
sphere, matching that of the BS state. The exact ground state of the Coulomb interaction at S = 2
is shown to have large overlap with the BS trial wave function. Larger overlaps are obtained with
BS-type wave functions that are hierarchical descendants of general px − ipy weakly-paired states at
ν = 5/2. We perform a finite size scaling analysis of the ground state energies for ν = 12/5 states at
shifts corresponding to the BS (S = 2) and 3-clustered Read-Rezayi (S = −2) universality classes.
This analysis reveals very tight competition between these two non-Abelian topological orders.
PACS numbers: 73.43.-f, 71.10.Pm, 05.30.Pr, 03.65.Vf

Fractional quantum Hall (FQH) physics in the lowest
Landau level (LLL) is well understood in terms of the
Laughlin states [1] and the Haldane-Halperin (HH) hierarchy states [2, 3], which can equivalently be described
using Jain’s composite fermion (CF) approach [4, 5].
The first appearance [6, 7] of an even-denominator FQH
plateau at ν = 5/2 made it clear that the physics of the
second Landau level (2LL) could be even more interesting. Numerical studies [8–12] support the non-Abelian
px − ipy paired Moore-Read (MR) state [13] (and its
particle-hole conjugate, MR) as the correct description
of the ν = 5/2 FQH state. At first, it seemed that this
exceptional filling fraction was just an anomaly that appeared amongst other “standard” odd-denominator FQH
states at ν = 7/3, 8/3, and 14/5. Later, a well-developed
FQH state at ν = 12/5 also emerged [14–16], and it was
numerically shown that, in addition to the Abelian HH
state, the particle-hole conjugate of the non-Abelian 3clustered Read-Rezayi (RR) state [17, 18] is also a viable
candidate for ν = 12/5.
Recently, a non-Abelian hierarchy of states constructed
over the ν = 5/2 MR state was proposed [19] as candidates for all observed 2LL FQH plateaus, as well as
filling fractions with features of potentially developing
FQH states, such as ν = 19/8 [14–16]. These BondersonSlingerland (BS) states exhibit the same px − ipy pairing
and non-Abelian nature as the parent MR state. This indicates that the pairing physics of the ν = 5/2 “anomaly”
could in fact also characterize other 2LL states, via the
hierarchy/CF physics seen in the LLL.
Non-Abelian FQH states represent entirely new phases
of matter and could potentially be used for topologicallyprotected quantum computation (TQC) [20, 21]. The 3clustered RR state would be ideal for TQC as it can

provide computationally universal gates from braiding
alone, whereas the px − ipy paired states (e.g. MR and
BS) cannot, requiring at least one supplementary unprotected gate. Hence, the BS and RR ν = 12/5 states have
vastly different levels of utility for quantum computation.
(The Abelian HH state is essentially useless for TQC).
In this Letter, we provide numerical evidence establishing a BS state as a competitive candidate at ν = 12/5.
To study its validity and compare it with the HH and
RR candidates, we use a combination of powerful numerical techniques on the sphere: exact diagonalization,
variational Monte Carlo, and the density matrix renormalization group method of [11] (see also [22]).
The BS state that we study as a candidate for ν = 12/5
can also be described using a CF type formulation [19],
with ground-state trial wave function [35]
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where PLLL is the projection onto the LLL, χn is the
wave function of n filled Landau levels (n < 0 corre(MR)
sponding to negative flux), Ψ1
is the bosonic ν = 1
(CF)
is the
MR ground-state wave function [13], and Ψ 2
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ν = 2/3 CF ground-state wave function [4]. This BS state
has shift S = 2 on the sphere, where Nφ = ν −1 Ne − S is
the relation between the number of flux quanta Nφ and
the number of electrons Ne . The HH and RR states at
ν = 12/5, respectively, have S = 4 and −2 on the sphere.
An important signature of a FQH state with groundstate at Nφ is the existence of a charge excitation gap
∆ (Nφ ) = ENφ +1 + ENφ −1 − 2ENφ ,

(2)

where EN is the ground-state energy of the system with
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FIG. 1: Excitation gaps (in units of e2 /ℓ0 , where ℓ0 =
p
~c/eB is the magnetic length) for systems of Ne = 14 electrons. a) Charge gaps ∆ as a function of magnetic flux Nφ .
Values corresponding to candidate states are labeled. b) and
c) Charge gaps ∆ and neutral gaps ∆n under variation of
the pseudopotential V1 around the Coulomb point at fluxes
corresponding to ν = 12/5 at shifts S = 4, 2, and −2.

N fluxes. ∆/n is the energy to create a quasiholequasielectron pair, where n fundamental quasiholes are
produced per flux. (n = 2 for the HH, BS, and RR states
at ν = 12/5.) The existence of charge gaps may help to
identify the shifts of competitive candidate states.
In Fig. 1a), we show a scan of the charge gap as a
function of Nφ , for Ne = 14 at the Coulomb point. We
can identify different states according to their shifts and
label the ν = 5/2 MR state, the ν = 12/5 HH, BS, and
RR states, and the ν = 7/3 Laughlin (L7/3 ) state. We
find gaps for ν = 12/5 states at S = 2 and S = −2,
but not at S = 4. A similar scan for Ne = 10 and 12,
which was also performed in [23], reveals a charge gap
for a ν = 12/5 state with S = 2. Possible charge gaps for
ν = 12/5 states with S = 4 and S = −2 are obscured at
these smaller system sizes by aliasing with the MR and
L7/3 states, respectively [36].
In Fig. 1b), we show the behavior of the charge gap as
a function of the pseudopotential V1 varied around the
Coulomb point (δV1 = 0), for Ne = 14. This exhibits the
generally observed behavior where increasing V1 destroys
the non-Abelian clustered states (BS and RR) and stabilizes the Abelian state (HH). We note that the S = 2
and −2 states both show a strong charge gap in the same
range of δV1 , including the Coulomb point.
In Fig. 1c), we show the neutral gap ∆n , i.e. the gap
above the ground state at a given Nφ , as a function of
the pseudopotential V1 varied around the Coulomb point,
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FIG. 2: Squared overlaps for Ne = 8, 10, 12, and 14 between the exact diagonalization ground-state and: a) the BS
ground-state wave function of Eq. (1), and b) the BS groundstate with optimized pair-wave function of Eq. (3). Error
bars represent the statistical uncertainty of the Monte-Carlo
sampling of the overlap integral. Inset: The pair correlation
function for the ν = 12/5 state with S = 2 at the Coulomb
point for Ne = 12, 14, and 16.

for Ne = 14. The behavior is very similar to that of
the charge gaps, but the neutral gaps remain open closer
to the transition (around δV1 = 0.025) from the region
where the S = 2 and −2 states are stabilized and where
the S = 4 state is stabilized.
To further investigate the characteristics of the ν =
12/5 state with S = 2, we calculate the pair correlation
function g (r) obtained from exact diagonalization. The
results at the Coulomb point are displayed in the inset
to Fig. 2 and show strongly damped long-distance oscillations indicative of an incompressible state. We also
see a slight “shoulder” at small r, which becomes more
pronounced as δV1 decreases. Such shoulders are present
for the MR and RR states [17, 24], and are considered a
characteristic of non-Abelian clustered states.
To provide direct evidence that the incompressible
states we find at S = 2 (for small system sizes) are in
the BS state’s universality class, we compute the overlap of the trial wave function of Eq. (1) with the exact ground-state wave function obtained at S = 2 on
the sphere. As shown in Fig. 2a), these overlaps reach
as high as 0.989(2) for Ne = 8 and remain as large as
0.83(2) at δV1 = 0 for Ne = 14, the largest system considered, where there are 11, 463 states in the L2 = 0
subspace. Again, we manipulated the first pseudopotential coefficient V1 around the Coulomb potential of a thin
2DEG in 2LL to obtain a simple parametrization of the
relevant interactions. The largest values of the overlap
are obtained at slightly positive values of δV1 ≃ 0.01.
Our numerical evaluation of the overlap integrals were
undertaken by Monte-Carlo sampling in position space.
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Eq. (1) was generated as a Slater determinant of individually projected CF orbitals [25] at negative effective
flux [26]. The rate-limiting step is the evaluation of the
exact wave function, which requires calculating a number
of Slater determinants equal to the dimension DLz =0 of
the Lz = 0 subspace (DLz =0 ≃ 1.9 × 107 for Ne = 14).
The MR state may be regarded as one representative
of an entire family of weakly paired CF states [10, 27].
This is also true for the BS states that are derived from
the MR state. Other representatives in either class of
paired states can be obtained explicitly by varying the
pair wave function [10]. In this approach, we introduce
a number of variational parameters gk and replace the
px − ipy pair wave function as follows:
"
#
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(3)
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where φ̃k (zi ) =
(zi ) Ji ] are the projected CF
orbitals, and Ji = k6=i (zi − zk ). On the sphere, the
expansion in Eq. (3) involves monopole harmonics (for
details, see [28], App. A) and the number of relevant
parameters gk is small (no more than five for the system
sizes considered) [10].
Fig. 2b) shows the overlaps between the exact ν =
12/5 ground-state at shift S = 2 and the BS states with
pair wave functions optimized to yield maximum overlap.
Comparing to the results in Fig. 2a), we find that the
overlap peaks increase significantly, become wider, and
shift to slightly higher δV1 . The overlaps now reach as
high as 0.990(2) for Ne = 8 and climb to 0.92(3) for our
largest system (Ne = 14) at δV1 = 0.02.
In the region where the overlap with the BS state is
non-zero, the spectrum has non-zero neutral gap [see
Fig. 1c)] above a homogeneous L2 = 0 ground-state. The
overlap of the BS state decreases for large δV1 , where the
HH state is stabilized. In some cases (i.e. Ne = 10
and 14) the overlap drops discontinuously to zero around
δV1 = 0.03, indicating level crossings in the ground-state.
This transition point slightly differs from that of the
charge excitation gap shown in Fig. 1b), which closes
near δV1 = 0.01. However, one may expect the S = 2
charge gap to close prematurely as δV1 approaches the
region where the S = 4 state is stabilized, because there
will be competition at S = 3 (which is used to evaluate
the charge gaps) between the excited states of the BS
and HH universality classes. Hence, this mismatch is a
finite-size effect that should disappear in large systems
where phase transitions are sharply defined.
The large overlaps between the gapped, incompressible FQH state that we found at ν = 12/5 with S = 2
and the BS state’s trial wave functions provide strong
evidence of its universality class and establishes the BS
state as a good candidate for the observed ν = 12/5 FQH
state [14–16], joining the ranks of RR and potentially HH

as the primary contenders. Naturally, one would like to
pit these states against each other in order to predict a
favored candidate. However, directly comparing groundstate energies or gaps at a given value of Ne small does
not provide a valid assessment, as finite-size effects are
significant. To be physically meaningful, energetics must
be analyzed in the thermodynamic limit Ne → ∞.
For very large Ne , the energetically favored universality class of a given filling fraction always wins out. In
this case, changing Nφ results in the creation of quasiparticles, but the states remain in the same universality
class. For the small values of Ne considered in numerical
studies, however, changing Nφ can have very significant
effects. Indeed, we have demonstrated that the ν = 12/5
states with S = 2 and −2 (a difference of 4 fluxes) represent different universality classes for small system sizes.
Thus, we can compare the competing ν = 12/5 FQH
states by extrapolating (from small Ne ) the ground-state
energy per electron of the Coulomb Hamiltonian for shifts
S = 2 and −2 to the thermodynamic limit. (We do
not consider S = 4 here, since it does not have a good
FQH state at the Coulomb point.) To aid this finite
size scaling
analysis, we use the rescaled magnetic length
p
ℓ′0 = ν (Nφ − 2) /Ne ℓ0 (where the −2 accounts for being in the 2LL) and units of energy e2 /ℓ′0 , which are
meant to correct the effects of curvature in finite-sized
spherical systems and make the energy behavior linear
in 1/Ne [29]. Using a least-squares fit to linearly extrapolate the rescaled ground-state energies per electron
from Ne = 8, . . . , 16 to the thermodynamic limit, we find
E/Ne = −0.3440(17) and −0.3434(5) for S = 2 and −2,
respectively. These are very close and within extrapolation errors of each other, so a clear favorite cannot
be identified. In principle, the thermodynamic extrapolation of ground-state energies could have given significantly different results for S = 2 and −2, so we interpret
this as an indication that the BS and RR states are in
close competition.
In view of this, it is likely that physical effects not yet
taken into account will play an important role in determining which state is actually favored and experimentally
realized. In a first attempt to include some of these effects, we have modeled the system for finite well width
d by using pseudopotentials for an infinite square well in
the spherical geometry. Results for the Ne → ∞ extrapolation of the ν = 12/5 Coulomb ground-state energies
with S = 2 and −2 for well width d = 1, . . . , 3 (measured in units of ℓ′0 ) from system sizes Ne = 8, . . . , 16
are given in Table I. The S = 2 and S = −2 extrapolated energies are always within extrapolation errors of
each other, again demonstrating the close competition of
the BS and RR states. Clearly, further numerical studies
including Landau level mixing, spin, and a treatment of
layer thickness that enlarges the Hilbert space with vertically excited subbands are desirable, but beyond the
scope of this paper.
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d
0
1
2
3

S=2
−0.3440(17)
−0.3100(14)
−0.2853(11)
−0.2657(9)

S = −2
−0.3434(5)
−0.3096(5)
−0.2852(5)
−0.2659(5)

TABLE I: Extrapolated ground-state energies for Coulomb
interactions in finite wells of width d at ν = 12/5 for S = 2
and −2 (corresponding to the BS and RR states).

Another way to more directly compare different states
of the same filling fraction is to examine them on the
torus, where there is no shift. This was done in [18] for a
particle-hole symmetric system at ν = 13/5 for Ne = 15
and 18. The results exhibit ground-state degeneracy on
the torus that agrees with the HH state for most of the
parameter space, and best agrees with the RR state in a
small region near the Coulomb point. However, the gap
is not large in this region, and close inspection reveals
low lying states that may be identified as BS groundstates [30]. This again indicates that the inclusion of
additional important physical effects may be significant
in determining which state is actually energetically favored. Furthermore, no scaling analysis was carried out
in [18], so its prediction for the thermodynamic limit is
unclear and a large Ne level crossing in favor of another
candidate is not ruled out.
It will be very interesting to see which state(s) experiments support as correctly describing the ν = 12/5
and other 2LL FQH plateaus. Given the results of our
analysis, one may even speculate that more than one
of the proposed states could turn out to be experimentally obtainable by realizing different physical regimes at
ν = 12/5. Experiments that measure the electric charge
of the fundamental quasihole will not distinguish between
HH, BS, and RR for ν = 12/5, since these all have charge
e/5 fundamental quasiholes. Experiments that probe
scaling behavior or thermal conductance may potentially
be able to distinguish between these states [31], but are
typically complicated by non-universal edge physics. Interference experiments, however, should be able to unambiguously distinguish between these possibilities [32, 33].
Such interference experiments have recently been implemented for ν = 5/2 [34], providing evidence supporting a
non-Abelian state. Hopefully, experimental evidence on
the nature of ν = 12/5 will emerge soon.
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