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The Koringa-Kohn-Rostoker —coherent-potential-approximation method combines multiple-scattering
theory and the coherent-potential approximation to calculate the electronic structure of random substi-
tutional alloys of transition metals. In this paper we describe the generalization of this theory to de-
scribe f-electron alloys. The theory is illustrated with a calculation of the electronic structure and mag-
netic dichroism curves for a random substitutional alloy containing rare-earth or actinide elements from
erst principles.

The Koringa-Kohn-Rostoker —coherent-potential ap-
proximation (KKR-CPA) in both its nonrelativistic and
relativistic forms has been a reliable method for calculat-
ing the electronic structure of random substitutional al-
loys from first principles' for 15 years. It has proved
successful in calculating transition-metal-alloy properties
as diverse as electronic structure, alloy magnetism,
mechanical properties, order-disorder transitions, and
in the interpretation of spectroscopies. For ordered ma-
terials the KKR method for calculating electronic struc-
ture has been a standard tool for many years, and a rela-
tivistic spin-polarized version has been developed. ' '"
The next step to be taken was to develop the spin-
polarized-relativistic version of the theory (SPRKKR-
CPA) and this was achieved by Ebert and co-workers' '
and applied to calculate magnetic-dichroism spectra in
transition-metal alloys.

It comes as a surprise to discover that, despite its suc-
cess, the KKR-CPA idea has not been applied to alloys
containing rare-earth and actinide elements. This is
despite the fact that this region of the Periodic Table con-
tains some of the most fascinating topics in condensed-
matter physics such as indirect exchange magnetism,
heavy fermions, intermediate valence, localized/itinerant
transitions of the f electrons, and a vast array of exotic
magnetic structures. In this paper we remedy this situa-
tion by describing the generalization of the SPRKKR-
CPA to the study of random substitutional alloys con-
taining rare-earth and actinide elements. Furthermore,
we are then able to present a density of states calculated
from first principles for this class of materials, and we go
on to present a calculation of a magnetic-dichroism spec-
trum for such an alloy.

The CPA theory enables us to calculate configura-
tionally averaged observables in random alloys. Essen-
tially the CPA sets up a lattice of identical effective po-

CPA f [(tCPA) —1 G(k E)]—1 dk
87 Bz

where BZ means Brillouin zone. The standard expression
for the effective t matrices is

(tcPA) 1 =c(t A) 1 +(1 c)(tB) 1

+ g [(t )AA (t )AA„]rA„A„,——1 CPA —1 CPA

X [(t'),„',, —(tc' ), ', ] . (3)

The equations above form a self-consistent set that can be
solved iteratively.

The important thing to note about Eqs. (1)—(3) is that
they do not depend upon the details of the coupling of

tentials and the motion of an electron through this lattice
is the same, on the average, as the motion of an electron
in the random alloy. The potential around each lattice
site is described by a single-site scattering t matrix and
the multiple scattering is characterized by a scattering-
path operator. Consider a binary alloy containing ele-
ments A and 8 at concentrations c and (1—c), respec-
tively, and with a single atom per primitive ceH. The
CPA condition is that the average scattering from the
central site should be the same as in the pure coherent-
potential lattice. Written mathematically this gives us an
expression for the scattering-path operator of the
effective CPA medium in terms of the scattering-path
operators associated with the individual elements

~ =crAA +(1—c)rCPA A

Here A and A' are quantum numbers defining the repre-
sentation, a~A. can be calculated in terms of the usual
KKR structure constants G(k, E), and an effective
single-site scattering t matrix,
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the t matrices or the representation. This means that
they can be invoked, without change, for the relativistic
spin-polarized case where the t matrices with the same
value of the l quantum number but different values of j
are coupled. The single-site t matrices in this case con-
tain terms which are off diagonal in the quantum num-
bers and have to be calculated from the Dirac equation
for a spin-dependent potential. An efficient method for
doing this has been given by Strange and co-workers. ' '"

It has been shown by Staunton, Gyorffy, and Wein-
berger that the relativistic KKR-CPA applied to a
transition-metal alloy involves solving eleven simultane-
ous CPA equations self-consistently. When we go to the
RKKR-CPA for an f-electron alloy this number in-
creases to forty. With the lifting of degeneracies brought
about by the magnetism, the full SPRKKR-CPA yields
an effective scattering-path operator with 136 nonzero
elements of which 84 are independent. So, it is necessary
to solve 84 simultaneous CPA equations self-consistently.

It turns out that a direct implementation of Eqs.
(1)—(3) is not a computationally efficient method of solv-
ing the SPRKKR-CPA equations. Convergence is often
difficult to obtain, particularly in regions of the electronic
structure where the density of states is large and rapidly
varying. Whether convergence is obtained or not often
depends upon the arbitrary initial guess made for the
effective t matrices. Ebert, Weinberger, and Voitlander'
and Strange et a/. "have solved similar problems of con-
vergence by calculating the electronic structure at com-
plex energies and extrapolating back to the real axis using
the Cauchy-Riemann relations. However, this is not al-
ways satisfactory or desirable. Therefore we have in-
voked the procedure suggested by Ginatempo and Staun-
ton, which itself is based upon earlier work by Mills,
Gray, and Kaplan' and Butler. ' It is trivial to manipu-
late the CPA condition into the following form:

{[(rCPA) —1 (t A)
—1]—1 CPA) —1

+(1 C)I [(tCPA) —1 (tB)—1] 1 &CPA)
—1 Xc

(4)

and for a fully converged solution of the CPA Xzz. =0.
Ginatempo and Staunton show that Xzz can be
identified with the difference between the current effective
medium described by t; and the next iteration of this
quantity t;+, . X~~ can be used as a tolerance parameter
for the CPA. We find that insisting that Xzz & 10 for
every nonzero element of ~ gives a solution to the
CPA equations that is sufficiently precise for all applica-
tions. With this level of tolerance the SPRKKR-CPA
converges remarkably quickly. In regions where the den-
sity of states is low and smoothly varying, we find only
three or four iterations are required for convergence.
Where the density of states is rapidly changing, e.g., in
the f-band region in the example below, convergence can
take up to 15 iterations. This is the same as has been
found for alloys of transition-metal elements. '

We have consistently used the (A, m ) representation,
where ~ is the usual spin-angular quantum number' and
m~ is the eigenvalue of the z component of the angular-
momentum operator. Hence, in the present paper A is a

combined index representing both these quantum num-
bers. This is not necessary, however; any other represen-
tation would be equally valid, and that is why we have
used a general index to describe them.

At least up to and including l =3, a relativistic spin-
polarized CPA does not contain any new off-diagonal ele-
ments of ~ beyond those already found in a relativistic
treatment of ordered magnetic materials. This is due to
the fact that the off-diagonal elements introduced by the
CPA are just a subset of those introduced by the symme-
try breaking due to the relativistic spin-polarized treat-
ment of the scattering theory. Note also that there is
coupling that is off diagonal in the I quantum number
only between states of even l and states of odd I. The
lack of coupling of states of even I to states of odd I
reAects the fact that such states have opposite parity.

As in the ordered case, if the magnetic moment points
along one of the edges of the crystal unit cell the irreduc-
ible section of the Brillouin zone is —„of the total zone
rather than the usual —,', . This is due to the symmetry
breaking caused by the selection of a direction relative to
the crystal lattice by the magnetic moment. Therefore
the Brillouin-zone integral of Eq. (2) takes three times
longer in this case than the nonmagnetic RKKR-CPA.
The Brillouin-zone integral was performed using a ray
method as described by Stocks and Winter. ' With the
factors discussed above, and the increase in matrix size
from 18X18 to 32X32, an electronic-structure calcula-
tion for a magnetic alloy of rare-earth/actinide elements
takes about 100 times more CPU time than a standard
relativistic KKR-CPA calculation for a nonmagnetic
transition-metal alloy.

The above scheme for solving the relativistic spin-
polarized KKR-CPA equations is tractable, but ultimate-
ly it can only be judged by its ability to reproduce experi-
mentally verifiable quantities, particularly those that can-
not be obtained from a less sophisticated theory. To this
end we use the above scheme to calculate the electronic
structure of the random substitutional alloy Ceo 5Tho 5.
In Figs. 1(a) and 1(b) we show the f-electron contribution
to the density of states of ordered nonmagnetic CeTh on
a cesium chloride lattice. These were calculated using
the semirelativistic linear-muffin-tin-orbital (LMTO)
method. Clearly they are very highly structured and the
f bands on the Ce site fall about 0.1 Ry lower than those
on the Th site. There is relatively little hybridization be-
tween f states on the two sites. In Figs. 2(a) and 2(b) we
show the results for the f-electron contribution to the
density of states for disordered Ceo 5Tho 5. These were
calculated using the potential from the self-consistent
semirelativistic spin-polarized LMTO calculation on or-
dered CeTh. Comparison with Figs. 1(a) and 1(b) shows
the effect of alloying. As one would expect, the density of
states has been broadened and smoothed out so that
much of the structure has disappeared. The density of
states on both the Ce and Th sites can be seen to be split
by spin-orbit coupling into j=—', and —', bands. In the or-
dered compound the magnetic moment on the Ce site was
0.11p~ and on the Th site was 0.02p~; in the disordered
alloy this had been significantly reduced to 0.007@,~ on
the Ce site and 0.001@~ on the Th site (i.e., the magnetic
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the absorption dichroism curves for excitations from the
M,v and Mv edges of thorium in disordered Ceo 5Tho ~.
One would expect dichroism from these edges to be large
in a rare-earth or actinide material in general; however,
because of the low magnetic moment in this particular
material the dichroism signal is only of the order of a few
percent. There is a strong correspondence between the
peaks in the dichroism curves and the densities of states.
The first minimum in the M,v curve corresponds to the
j=—,

' peak in the Ce density of states. The next max-

imum corresponds to the Ce j=—', peak. The next
minimum and maximum coincide with the j=—', and —',
states on the Th site. The very first peak corresponds
with the minor peak on the low-energy side of the Th f
density of states. There is some correlation between the
MIv and Mv edges, although this is not very strong due
to the low magnetic moment of this material. In a real
experiment much of the structure in Fig. 3 would be
washed out by lifetime and instrumental resolution
eff'ects. Nonetheless in f-electron alloys where the mo-
ment is large and an itinerant view of magnetism is ap-
propriate, structure should survive in the dichroism
curves and the present theory should give a good descrip-
tion of it.

In summary, then, we have generalized the SPRKKR-
CPA to treat alloys containing rare-earth and/or actinide
elements, and have shown that this can yield fundamental
information about the nature of the electron states in
such alloys. We have used the results to show that there
is understanding to be gained on the nature of bonding,
and the effect of random-site occupancy on the magne-
tism. Also we have made a calculation of a magnetic-
dichroism curve for such an alloy.
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