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A Bayesian Partition Model for
Customer Attrition

C. J.HOGGART andJ.E. GRIFFIN
Knowledge Lab, NCR

Abstract: This paperpresentsa nonlinearBayesianmodel for covariatesin a
survival modelwith a surviving fraction. The work is a direct extensionof the
cureratemodelof Chenet al. (1999).In theirmodelthecovariatesdependnatu-
rally on thecureratethrougha generalisedlinearmodel.We usea moreflexible
localmodelof thecovariatesutilizing theBayesianpartitionmodelof Holmeset
al. (1999).Weapplythemodelto a largeretailbankingdatasetandcompareour
resultswith thegeneralisedlinearmodelusedby Chenet al. (1999).

Keywords: SURVIVAL ANALYSIS, CURE RATE MODEL, PARTITION MODEL,
DATA-MINING .

1. INTRODUCTION

A commonproblemfacedby banksis customerattrition. By this we simply meancus-
tomersleaving the bank. We are interestedin the casewherecustomerattrition occurs
aftera particularevent, for example,customersmay leave a bankafterpayingoff a loan.
If we canpredictwho will leave the bankandwhen,thenactioncanbe taken to prevent
customersleaving.

This problemhasdirect parallelswith survival analysis. Ratherthanpredictingthe
time to deathof a patientafterobservingthepatienthasa diseasewe areinterestedin the
time to a customerleaving the bankafter an event. Thereis a vast literatureon survival
models,however typical modelsassumethatall patientswill eventuallydie from thedis-
ease.This is not appropriatefor our problemasherewe believe that a proportionof the
customerswill not leavethebankdueto theeventof interest.In medicinethis is equivalent
to a proportionof thepatientsbeingcured.

A popularcure rate model is the mixture model introducedby Berksonand Gage
(1952).Their modelassumesaproportion� of thepopulationis curedandmodelthenon-
curedfractionwith survivor function

�������	�
. This leadsto thefollowing survivor function

for thepopulation �
���	��� �� �	��� � ��� � ���	���
Thismodelhasbeenextensivelydiscussedin thestatisticalliterature,howeverit hasseveral
drawbackswhich arediscussedin Chenet al. (1999). They have developedanalternative�����



Bayesiancureratemodelwhich in contrastis computationallyattractive, hasan intuitive
interpretationandhasaproportionalhazardsstructurewith covariates.

We extendthe work of Chenet al. (1999)asfollows. The modeldescribedin their
papermodelsthecureratethroughageneralisedlinearmodel(GLM) of thecovariates.For
extra flexibility we modelthe covariateeffect locally usingthe Bayesianpartition model
(BPM) of Holmeset al. (1999). The extensionto local modellingmaintainsthe propor-
tionalhazardsstructureandalsoresultsin a computationallyfasteralgorithm.

In section2 we describethe cureratemodeof Chenet al. (1999),statesomeof its
basicpropertiesandoutlinehow covariatescanbeincorporatedusinga GLM. In section3
weoutlinetheBPM anddescribehow to samplefrom it. Section4 describesourextension
to localmodellingof thecovariatesandhow posteriorinferencecanbemadeusingMCMC.
In section5 weanalysedatasuppliedby abankusingacureratemodelwherethecovariate
effect is modelledusinga GLM anda BPM. Section6 containsa brief discussionof the
work describedin thispaper.

2. THE CURERATE MODEL

In this sectionwe describethe cureratemodelof Chenet al. (1999). Their modelwas
appliedto a cancertrial andis built aroundmodellingan unknown numberof cancerous
cells. If apatienthasnocancerouscellsthey arecuredandasthenumberof cancerouscells
increasesthe risk increases.More generallythe modelcanbeviewedasa latentvariable
model which maintainsthe proportionalhazardsstructure. In the bankingcontext, the
latentvariablescaptureheterogeneityin therisk of leaving thebankacrossthepopulation.
We referto thelatentvariablesasrisks.

Wenow describethemodel.Thenumberof unknownrisks,denotedby � , is modelled
asaPoissondistributionwith mean� . Thetimeto failuredueto risk � is denotedby ��� . The
modelassumestherandomvariables������� ��� � � � � �!� areiid with a commondistribution
function " �#�	�$�%�&�'�
���	�

andare independentof � . With � risks the probability of
survival to time

�
is ( � �*),+ � � � � � �-��./+ �	�

. Sincethe ��� ’s are independent( � �*),+� � �!� � ��� . + �	�*�0�
���	� . . Thesurvivor functionis givenby theexpectationof
�
���	� . with

respectto � , �213���	�*�
E.'4 �
���	� .65�879:�;=< �
���	� : � :>@?BADC�E=F � ��G� ADC�E=F � �  � �
�#�	� G � ADC�E@F � ��" �#�	� G � �H�I�

Thecureor remainingfractionof (1) is givenby� 1 �KJL�*� ( � � �NMO��� A CPEQF � ��G �
It follows that asthe meannumberof risks � increasesthe remainingfraction decreases
andtendsto 0 as �SR J

. Thedensitycorrespondingto (1) is givenbyT 1 ���	��� � TU���	� A C�E=F � ��" �#�	� G �
���WV



We notethat
TX1��#�	�

is nota properdensitysinceit doesnot integrateto 1, similarly
�213���	�

is
not apropersurvivor function.Thehazardfunctionis givenbyY 1��#�	�*� � TU�#�	���

Chenet al. (1999)model � , theparameterof thePoissondistribution,with a GLM� � ADC�E=FXZ\[^] G
where] is avectorof _S` �

regressioncoefficientsincludinganinterceptand Z is avector
of covariates.Chenet al. (1999)chooseto model

TU���	�
independentlyof the covariates.

With this assumptionit is clearthat
Y 1a���	�

hasa proportionalhazardsstructure.
Chenet al. (1999)show thata uniform improperprior on ] givesa properposterior

distribution. Theposteriordistributionof theunknown parameterscanbesampledfrom in
aGibbssampler. Samplingfrom thefull conditionaldistributionsof b andc3d��Pe �f� � �!� � �g_
is not standard,however thedensitiesarelog-concaveandthustheadaptiverejectionsam-
pler of Gilks andWild (1992)canbeused.

3. THE BAYESIAN PARTITION MODEL

TheBayesianpartitionmodel(BPM) (Holmeset al. , 1999)is a genericapproachto clas-
sificationandregressionproblems.Theinput spaceis dividedinto disjoint regionsdefined
by a tessellationstructureh . For examplethe authorsuseVoronoi tessellations.Within
eachregion the observationsareassumedto comefrom a “simple”, conjugatemodel,for
example,the multinomial modelwith a Dirichlet prior for classificationproblems. The
parametersareassumedto be independentbetweeneachregion. Themarginal likelihood
for the tessellationstructureis then the productof the marginal likelihoodswithin each
regionandsincethemodelis conjugatetheseareavailableanalytically. Thepredictivesur-
facefor any giventessellationstructurewill bedisjointat thetessellationboundariesbut is
smoothedby mixing over theposteriordistributionof tessellationstructures.

In data-miningproblemswepreferto divide theinputspacewith hyperplanesparallel
to theaxeswhich take theform i � � b for somedimension� of the input spaceandsplit
point b , anduselocal modelswhoseparametersdo not dependon the covariates. This
resultsin the following computationallyattractive properties. Firstly, calculationof the
marginal likelihooddoesnot involveexpensiveoperationssuchasmatrix inversion,which
would be necessaryfor a local linear regressionmodel. Secondly, sincethe local model
doesnot dependon covariates,thehyperplaneswill effectively performvariableselection
by only splitting on thosevariablesfor which thereis a significanteffect on the output
variable. Thirdly, allocationto clustersis muchquicker thanfor theVoronoi tessellation.
For

>
hyperplanesa point’sallocationcanbecalculatedusing

>
operations.In comparison

theVoronoitessellationinvolves_ > calculationswhere_ is thenumberof covariates.
The model is fitted usinga Metropolis-Hastingssamplerdirectly on the distribution_ � hkjHl �

, where l is the data. This is possiblebecausethe conjugatemodelsallow the
marginal likelihoodof thedatagiventhepartitionstructure,_ � lmjnh �

, to becalculatedan-
alytically. A hybrid Metropolis-Hastingssamplerwith variousdimension-jumpingmoves
is usedto exploretheposteriordistribution _ � hkj	l ��o _ � lmjHh � _ � h �

.
In practicetheprior for thehyperplanesis independentbetweendimensionsandwithin

a dimensionhasprobability
�Iprq

at eachobserved covariate,where
q

is the numberof���ts



observations. This prior ensuresthat the hyperplanesfall within the convex hull of the
data.

3.1. Computational strategy

ThehyperplaneBPM usingtheprior describedin theprevioussectioncanbeimplemented
usinga hybridMetropolis-Hastingssamplerwith threepossiblemoves:u A new partition canbeaddedto the modelby randomlychoosinga dimension

and thenproposinga split point from the prior distribution, i.e. the empirical
distributionof thatdimension.u A partitioncanberemovedat randomfrom themodel.u A partitioncanbemovedby redrawing its split point from theprior distribution,
i.e. theempiricaldistributionof thatdimension.

A proposednew tessellationstructureh [ is acceptedwith probability

b � h [ �	h ���Nvxwzy|{}� � _ � lfjnh [ � _ � h [ �_ � lmjnh � _ � h ��~ �
The numberof partition is assigneda geometricprior to encouragemodelswith fewer
partitions.

4. LOCAL EXTENSIONTO THE CURERATE MODEL

In thissectionwedescribetheextensionto localmodellingof thecovariateeffectusingthe
BPM. The orthogonalhyperplanetessellationh defines� disjoint regions ��)r� � �!� ����� ,
whicheachhaveaPoissonmodelfor � with constantparametervalues� �m� ��)I� �!� � �	�r� �

.
Theconjugateprior for thePoissonmodelis thegammadistribution. Thereare

q ) � � �!� � q �
observationsin eachregion and

q
observationsin total,

q'��q ) �� �!�O q � . Again the
covariateeffect is modelledthrough� alonemaintainingtheproportionalhazardsstructure.

We now definethe other notationrequiredto describethe model. We denotethe
failuretime of the � th customerin � d by

� ��d , where
� ��d mayberight censored.We define

theindicatorvariable� ��d whichis 1 if
� ��d is uncensoredand0 if

� ��d is censored.Thenumber
of risksfor the ��e -th customeris denotedby �&��d , e �m� � � � � �	� , � �m� � � � � � q d . For brevity
of notationwe take thevectors� and � to denotethesetof all observationsandthematrixZ to denoteall of thecovariates.

Eachrisk is modelledasaWeibull distributiondefinedas

We
�#� j	b*�-� �}� �2b �	�3� ) ADC�E�� � � �	�3� )�� � � + M ��bk+ M �U��+ Ma�

If
T

and
�

arethe densityandsurvivor functionsrespectively of the Weibull distribution
andPn

� � jn� � is the probability massfunction of the Poissondistribution with mean� the

�����



full modelcanbewrittenas_ � �r�-��j	����b}�����	h ��� ��d ; )6�r��� ; ) �
��� ��d}jHb}��� � .�� � �B� � � � �S��d TU��� ��d}jHb}��� �	� � � �� ��d ; ) ADC�E|  � � � �9 � ; ) � ��d � � � � )��d ¡ � ��� ; )*¢ � ��d �2b � � � � )��d £ � � �_ � �%j	���	h ��� ��d ; ) �r��� ; ) Pn
� �S��d}jn�!d �

_ � �xjnh ��� ��d ; ) Ga
� � d jn¤ < �	¤ ) �D�

We assignh a geometricprior distribution _ � h �¥�
Ge

�#¦§�
andusedefault prior distri-

butions for the parametersof the Weibull distribution: _ � b �¥�
Ga

� b < ��b�) � and _ � � �¥�
Ga

� � < ���@) � . To summarisethehyperparametersof themodelare b < ��bU)r��� < �-�B)r�	¤ < �	¤�)I� ¦
and ¨ which wedenoteby © .

4.1. Computational strategy

Thefull conditionaldistributionsof b and � requiredby theGibbssamplerto draw from
theposteriordistribution of themodelparametersareidenticalto thosefor theGLM and
are _ � �&jHb}���ª�	h«��©��	�I��� ���

Ga ¬@�® � <
 �9 � ; ) � � ��� )  �9 � ; ) � � �	��*¯

_ � b°j	�������	h«��©��	�I��� ��o b�±x²�^³P´ � � ¬ ��� ; ) � � �� ¯ � ADC�E|  � � �9 � ; ) �&� � �� ¡ _ � b ���
Theotherfull conditionalsare_ � � ��d j�b*�-�Q�-����h���©����r��� ����{ Pn 4 �&��d}jH� d A CPEQF � � � ���d G 5 � if � ��d �NM

Pn 4 � ��d �µ� jn� d ADC�E=F � � � ���d G 5 � if � ��d �f�
_ � ����h¶j	b*�-�Q��h���©����r��� ��� _ � h¶j��m�-© � ��d ; ) _ � �!d}jnh«������© �

where

_ � �!d*jHh�������© ���
Ga ¬ �!d  ¤

<  q dW�	¤�)  �W�9 � ; ) �&��d ¯_ � h¶j��ª��©�� Z ��o _ � �x)I� � �!� ��� � jHh � _ � h �� _ � h � ��d ; ) _ � �|)Kd�� � �!� ��� �r� d}jnh �D�
���O·



Thejoint density_ � �|)Kd�� � � � ��� �r� d}jnh �
is themarginal likelihoodof latentvariablesin thee th partition.This is straightforwardto evaluate

_ � �x)I� � �!� ��� � jH¤ < �	¤�) ���0¸ ��� ; ) _ � �S�ajH� � _ � ��jH¤ < �	¤�) ��¹ �� �º �� ; ) �S� ? ¤=»r¼)½ � ¤ < � ½ � ¤ < µ¾ �� ; ) �S� �� ¤Q)  q�� » ¼	¿ ± ²�z³O´ .�� �
Given this marginal likelihood the tessellationstructurecan be sampledfrom using a
Metropolis-Hastingsalgorithm(Hastings,1970)within theGibbssampler.

5. EXAMPLE

Oneof our bankingpartnerscollecteddataon customerswho paidoff their mortgagebe-
tweenJanuary1st andDecember31st. The bankhadnoticedthat thesecustomerswere
morelikely to leave thebankandwantedto learnwhich of thesecustomersleft andwhen.

Theresultspresentedin this paperweregeneratedfrom a subsetof thecustomerco-
variatescollectedby thebank.For eachcustomerwehadthefollowing information

AGE: ageof customer
GENDER: genderof customer
QUIT: indicateswhetheror not thecustomerhasleft thebank
END DATE: dateof endof thecustomerrelationship
M NUMB: numberof loansclosedin year
CARDS: numberof debitcards.

For eachloanclosedwe hadthefollowing information
F AMOUNT: how muchwaspaidwhentheaccountwasclosed
TYPE: typeof mortgage
ORIGCLOS: planneddateof closureof theloan
DATE CLO: datewhenloanwasactuallyclosedÀ ORIGCLOS
S AMOUNT: initial sizeof mortgage.

Thusthe target is the numberof daysbetweenDATE CLO andEND DATE, those
customerswho did not leave the bankwerecensoredon December31st. The variables
ORIGCLOSand DATE CLO were combinedto give the numberof daysthe customer
pre-emptedtheplanneddatefor closingtheloan.

We analysedthedatausingboththeGLM andtheBPM to modelthecovariatesand
comparedour results.Thepriorsfor b and � wereGa

� b < �ÁM3�z� ��b < �ÁMa�^�I�
andGa

� � < �M3�z� �-� < �'M3�z�X�
respectively in boththeBPM andGLM. DenisonandHolmes(2001)shrink

thepartitionspecificparameters� � to theempiricalmean.However, we foundthatfor our
datasetcrossvalidationscoreswererobust to a rangeof priors for � . Within this range
thenumberof partitionsincreasedastheprior varianceof � decreased.We took a vague
Ga

� ¤ < �Â� �	¤ ) �Â�I�
prior. A geometricdistribution with mean10 wastaken for _ � h �

.
An improper, flat prior for ] wastakenin theGLM. Thedatawasstandardizedfor model
interpretationandto stabilizetheposteriorcomputation.

Figs. 1 and2 show Kaplan-Meier, BPM andGLM survivor functionsof customers
in two cases:Case1, with onedebit card,oneclosedaccount,a final paymentof 0 and

����Ã



mortgagetype0; Case2,customerswith nodebitcards,oneclosedaccount,afinal payment
of 0 andmortgagetype1. It is clearthatBPM modelsthedata(theKaplan-Meierestimate)
morecloselythantheGLM.
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Figure 1. Survivor functions for Case 1.
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Figure 2. Survivor functions for Case 2.

TheBPM comparedfavourablywith theGLM in atwo waycrossvalidation.Thedata
setof 41,979customerswassplit into a setof 21,000customersanda setof 20,979cus-
tomers,to performthecrossvalidation.For eachcrossvalidationsetwe comparedthepos-
terior predictive of onesetof observationsconditionalon theothersetundereachmodel.
This wasevaluatedusingthefollowing Rao-Blackwellised(GelfandandSmith,1990)es-
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timate

_ � � [ ��� [ jn�I��� ��� �Å Æ9d ; ) _ � � [ �-� [ j	b�Ç d�È ���QÇ d�È �-� Ç d�È �
where

_ � � [ �-� [ j	b*�-�Q�-� ��� ��� ; ) 79:�;=< _ ��� [� ��� [� jHb}������� � � > � _ � � � � > jn� � �
where

� � [ ��� [ � is the testdataand
Å

is the numberof iterations.The resultsaregiven in
Table1.

Table 1. Log posterior predictives under the BPM and GLM.

BPM GLM

Set1 -4753.27 -5050.10

Set2 -4582.70 -4869.00

Theprobabilityof splitting on theeightcustomercovariatesin theBayesianorthog-
onal hyperplanepartition modelareshown in Table2. The modelrarely splits on AGE,
S AMOUNT, and‘pre-empt’time indicatingthatthesecovariatesarenot informative.

Table 2. Probability of partitioning on each variable.

AGE GENDER CARDS M NUMB

0.00 0.35 1.00 1.00

S AMOUNT F AMOUNT ‘pre-empttime’ TYPE

0.00 1.00 0.00 1.00

Table3 shows the predictedcure rate for 3 differentvaluesof customercovariates
undertheBPM andGLM andtheempiricalcurerate.Theempiricalcureratewasnaively
calculatedastheproportionof customersstill with thebank.Thecurerateis overestimated
dueto censoring.Threelevelsof final paymentwerelookedat, É 0, É 1,000and É 50,000(the
empiricalcurerateswerecalculatedby takingobservationsaround É 1,000and É 50,000).
We canseefrom Table3 that thecureratehasa nonlinearrelationshipwith F AMOUNT
anddependsonwhetheror notF AMOUNT is 0. TheBPM is well suitedto automatically
detectingthis typeof relationship,which theGLM strugglesto model.�W� M



Table 3. Estimated cure rates from the GLM and BPM models.

CARDS M NUMB F AMOUNT TYPE GLM BPM Empirical`ÊÉ 1,000 curerate curerate curerate

0 1 0 1 0.7445 0.5027 0.5514
0 1 1 1 0.7508 0.9174 0.9288
0 1 50 1 0.9368 0.9174 0.9052

Tables4 and5 show posteriorestimatesof the Weibull parametersof the BPM and
the parametersof the GLM respectively. All of the regressioncoefficientsof the GLM
except cBË�Ì�.§Í*Ì�Î have significantposteriormassaway from 0. Sincethe datais nor-
malizedwe cancomparethe relative sizesof thesecoefficients. The effectsof CARDS,
M NUMB, F AMOUNT andTYPE werepicked up by the BPM, however the effectsof
AGE,S AMOUNT and‘pre-empttime’ werenot. Thiswasprobablybecausetheseeffects
arerelatively small. Thestandarddeviationsof theparametersof theWeibull distribution
aresmallerfor theBPM thantheGLM dueto theimprovedfit of theBPM.

Table 4. Posterior estimates for the Weibull parameters of the BPM.

Posterior Posterior 95%HPD
Parameter mean SD intervalb 0.4968 0.0103

�gM3� VP·�·rV � Ma� s � · �X�� 0.2628 0.0111
�gM3� �rV�VP� � Ma� ��Ã�ÃtÃ �

6. DISCUSSION

We have shown that a nonparametricextensionto the model of Chenet al. (1999) can
leadto betterpredictiveperformancein bankingproblemswhilst retainingtheproportional
hazardsstructure.An attractive featureof the orthogonalhyperplaneBPM is the natural
incorporationof covariateselection.Eachhyperplanesplits thedatabaseon only oneco-
variateandsohyperplanesareonly includedwhenthecovariateaffectsthemodelfit. This
resultsin theorthogonalhyperplaneversionof theBPM beingcomputationallyattractive
whenonly a smallproportionof thecovariatesareusefulfor prediction.This is oftenthe
casein bankingproblemswheredatabasesarevery large.

Computationallythe orthogonalhyperplaneBPM scalesas Ï ��q � �
, where

q
is the

numberof customersand � is the numberof partitions. In contrastthe GLM scalesasÏ ��q _ � , where _ is the numberof covariates. In our experiencethe numberof partitions
is relatively smallandtheorthogonalhyperplaneBPM is faster. Samplingfor ] usingthe
adaptiverejectionsamplerhasbeenreplacedby samplingfor thetessellationstructureand
the � parametersfor eachpartition,bothof whicharestraightforward.�W� �



Table 5. Posterior estimates for the GLM parameters.

Posterior Posterior 95%HPD
Parameter mean SD intervalb 0.5160 0.0156

�gM3� VtÃts�Ä � Ma� sWVt��V �� 0.2455 0.0149
�gM3� � � Ã�V � Ma� �O·WsWV �c < -4.5270 0.0751

�	� V � �O·rVt� � � V � �tÃ��tÄ �cBÐ Ë�Ì -0.1148 0.0340
�	��M3�z� ÃOsrV � ��Ma� M s � s �c Ë�Ì�.ÑÍ�Ì�Î 0.0538 0.0380
�	��M3� M3� Ã M � Ma�^� �WÄ Mt�c2Ò�Ð Î=Í}Ó -1.6706 0.0606

�	����� ·rÄO� M � ���t� sts M � �c Æ .�Ô ÆxÕ -0.1608 0.0527
�	��M3� �W�t� � � ��Ma� M s�s �X�c Ó Ð ÆxÖ Ô@.Ñ× -0.2395 0.0380
�	��M3� � � �WÄ � ��Ma�^� � � s �c2Ø Ð ÆxÖ Ô@.Ñ× -1.2365 0.0748
�	����� ��ÃO� M � ���t� M Ät� �X�c 1DÙ-Ú � Ú � 1�Û

0.0937 0.0149
�gM3� M � M V � Ma�^�t� Ä �X�c2×@Ü�ÝQÌ -0.2240 0.0233

�	��M3� �W�tÃ�Ã � ��Ma�^� ·�·WÄ �
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