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Abstract 1

In this paper, we propose a novel nonparametric estimator of the correlation coefficient, 2

obtained as the root of the cubic score equation of a locally weighted Gaussian likelihood. 3

The estimator is nonparametric in the functional form of the correlation but assumes a 4

conditional bivariate Gaussian working model with standardised margins: pointwise con- 5

sistency requires only correctly specified conditional moments, whereas Gaussianity deter- 6

mines the asymptotic variance. Furthermore, we adopt a local linear smoothing technique 7

to correct the boundary effects, which are common in nonparametric estimation. We estab- 8

lish the consistency and asymptotic normality of the proposed estimator and demonstrate 9

its performance through simulation studies with non-Gaussian data. Additionally, we 10

apply our method to a single-participant resting-state MEG recording, estimating time- 11

varying power-envelope correlations in six frequency bands and comparing them with 12

static and sliding-window correlations. 13

Keywords: nonparametric estimation; cubic equation; Yeo-7 network; dynamic functional 14

connectivity; time-varying correlation 15

1. Introduction 16

Human brain activity exhibits temporal dynamics, with the coupling between brain 17

regions changing across multiple timescales in response to cognitive tasks, brain states, 18

and disease progression [1–3]. Functional connectivity (FC), which characterises the sta- 19

tistical dependence between regional brain signals, has become an important framework 20

for investigating the organisation of brain function, disease-related network abnormali- 21

ties, and potential biomarkers [4–6]. Unlike fMRI, which relies on haemodynamic signals, 22

MEG directly measures the magnetic fields generated by neuronal currents and provides 23

millisecond-level temporal resolution for tracking transient changes in oscillatory phase 24

and amplitude [7–9]. It therefore offers a particularly fine-grained temporal basis for in- 25

vestigating dynamic functional connectivity (dFC), beyond what can be captured by static 26

measures based on time-averaged connectivity [8,9]. Consequently, recent research has in- 27

creasingly shifted from static functional connectivity towards dFC, with growing interest 28

in characterising time-varying patterns of brain networks, transitions between connectiv- 29

ity states, and their associations with cognitive processes and clinical phenotypes [1,6,10]. 30

In neuropsychiatric and neurodegenerative disorders, alterations in brain network or- 31

ganisation may precede or accompany the emergence of clinical symptoms. In Alzheimer’s 32
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disease (AD), for example, MEG studies have reported detectable alterations in the com- 33

plexity of dynamic brain networks, transitions between connectivity states, and frequency- 34

specific coupling, with some of these features showing potential for distinguishing pa- 35

tients from healthy controls [3,11]. These findings suggest that dFC may provide com- 36

plementary information for early detection, disease stratification, and the assessment of 37

disease progression. Consequently, current research into dynamic functional connectiv- 38

ity is broadly categorised into two complementary strands: fMRI-based approaches and 39

MEG-based approaches, which are discussed in the sections that follow. 40

Dynamic functional connectivity based on fMRI. Owing to its relatively high spatial 41

resolution and the availability of extensive publicly accessible datasets, fMRI has been the 42

predominant data source for dFC research [12,13]. Over the past five years, fMRI-based 43

dFC studies have expanded beyond static, time-averaged connectivity towards the char- 44

acterisation of time-varying organisation and disease-related network abnormalities [14– 45

16]. Consequently, attention in this field is increasingly shifting away from classification 46

accuracy alone towards the stability, interpretability, and cross-dataset reproducibility of 47

dynamic abnormality patterns. 48

Dynamic functional connectivity based on MEG. With millisecond-level temporal 49

resolution, MEG is particularly well suited to investigating rapid neuronal oscillations 50

and interactions between spatially distributed brain regions [6,8,17]. In recent years, MEG- 51

based functional connectivity research has progressed from analyses of single-frequency 52

bands or static group differences towards the joint characterisation of multiple frequency 53

bands, time-varying connectivity states, and the temporal complexity of network dynam- 54

ics [10]. Within the Alzheimer’s disease spectrum, previous studies have reported an over- 55

all reduction or reorganisation of MEG-derived dFC, with differences particularly involv- 56

ing the α and β bands, frontotemporal regions, and the default mode network, as well 57

as associations with cognitive function and structural alterations [11]. Measures of dy- 58

namic network complexity, state-transition characteristics, and multi-band deep-learning 59

features have also shown potential for patient classification and early prediction of clinical 60

progression [3]. 61

Families of electrophysiological connectivity estimators. Connectivity measures for 62

source-reconstructed MEG and EEG can be broadly divided into two families [18]. Phase- 63

based measures estimate the consistency of phase differences between band-limited sig- 64

nals, such as the phase-locking value (PLV) [19], the imaginary part of coherency (IC) [20], 65

the phase-lag index (PLI) and its weighted version (wPLI) [21,22], and the phase linearity 66

measurement (PLM) [23]; PLI, wPLI and PLM discard zero-lag coupling and are therefore 67

insensitive to instantaneous source leakage. Amplitude-based measures, in contrast, quan- 68

tify the co-fluctuation of band-limited amplitude or power envelopes. The amplitude- or 69

power-envelope correlation (AEC/PEC), computed after leakage correction by symmetric 70

orthogonalisation [4,6,24], has been reported as one of the most reproducible MEG connec- 71

tivity metrics [25] and is partly dissociated from phase coupling [26]. Time-resolved ver- 72

sions of these measures are usually obtained with sliding windows, with hidden Markov 73

models of the envelopes or of the phase coupling [27,28], or with instantaneous Hilbert- 74

based measures [29]. Sliding-window estimates, however, depend strongly on the win- 75

dow length and can fluctuate even when the underlying process is stationary, which has 76

motivated surrogate-based tests of dynamic connectivity [30–33]. Table 1 summarises 77

these families. 78
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Table 1. Families of MEG/EEG functional connectivity estimators.

Measure Family Zero-lag leakage Typical time-resolved vari-
ant

PLV [19] phase sensitive sliding window; instanta-
neous phase difference

IC [20] phase insensitive sliding window

PLI / wPLI [21,22] phase insensitive sliding window; HMM
phase states [28]

PLM [23] phase insensitive sliding window

AEC / PEC [4,24] amplitude corrected sliding window; HMM on
envelopes [27]

Proposed CL estimator amplitude corrected kernel smoothing, pair-
specific bandwidth

Nevertheless, existing MEG-dFC analyses predominantly rely on sliding-window ap- 79

proaches, epoch-based aggregation, amplitude-envelope correlations, phase synchronisa- 80

tion, or adaptive segmentation methods, and the resulting estimates remain sensitive to 81

choices of window length and time-frequency smoothing [3,10]. To improve the estima- 82

tion of direct connectivity and the characterisation of information flow, recent work has 83

incorporated structural connectivity priors, partial coherence analysis, and time-lagged 84

multidimensional pattern connectivity approaches [34]. Overall, MEG-dFC research is 85

moving beyond demonstrating the presence of connectivity abnormalities towards the 86

robust extraction, statistical interpretation, and independent validation of dynamic ab- 87

normality patterns. However, statistical inference frameworks that fully exploit the high 88

temporal resolution of MEG data remain underdeveloped. 89

The estimator proposed here belongs to the amplitude-based family. It can be viewed 90

as a likelihood-based kernel generalisation of sliding-window PEC, in which the rectan- 91

gular window is replaced by a smooth kernel whose width is chosen by blocked cross- 92

validation separately for every pair of regions. The estimate always lies in (−1, 1), and it 93

is corrected for boundary bias at the start and end of the recording, where sliding windows 94

must be truncated; its bias, variance and convergence rate are known. Existing nonpara- 95

metric approaches to time-varying correlation, including sliding-window Pearson corre- 96

lation, Nadaraya–Watson smoothing and local polynomial likelihood [35–39], either lack 97

one of these properties or become computationally demanding when applied to all region 98

pairs of a whole-brain parcellation. We therefore aim to provide a pairwise, data-adaptive 99

and statistically characterised time-varying PEC estimator that is fast enough for tens of 100

thousands of region pairs. The estimator does not measure phase coupling, and we do not 101

propose it as a replacement for phase-based measures. 102

Concretely, we combine kernel-weighted local maximum likelihood with a cubic esti- 103

mating equation for the correlation, determine a bandwidth separately for each pair, and 104

assemble the pairwise estimates into a time-varying correlation matrix. Because indepen- 105

dently estimated pairwise correlations need not form a valid correlation matrix, the as- 106

sembled matrix is corrected to be positive definite before network-level summaries are 107

computed (Section 4). 108

The proposed estimator retains desirable asymptotic properties, including consis- 109

tency and asymptotic normality, while allowing the bandwidth to adapt to the local charac- 110

teristics of each variable pair. This pair-specific bandwidth selection provides greater flex- 111

ibility than a single globally optimised bandwidth and is particularly advantageous for 112

high-dimensional applications in which the underlying dependence structure may vary 113

substantially across variable pairs. 114
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The rest of this paper is organised as follows. In Section 2, we introduce the pro- 115

posed nonparametric estimation method for time-varying correlation coefficients. Sec- 116

tion 3 presents simulation studies to evaluate the performance of the proposed method. 117

In Section 4, we apply the method to MEG data for dynamic functional connectivity anal- 118

ysis. Finally, Section 5 concludes the paper and discusses future research directions. 119

2. Methodology 120

2.1. Overview 121

We begin with a high-level description of the estimation procedure. Section 2.2 in- 122

troduces the local Gaussian working likelihood, whose score equation is a cubic in the 123

correlation ρ with kernel-weighted coefficients An and Bn. The assumptions are stated in 124

Section 2.3, and consistency and asymptotic normality are established in Section 2.4. A 125

local-linear version of Bn removes the first-order boundary bias (Definition 1, Theorem 5). 126

For multichannel data, the estimator is applied separately to every pair of channels, each 127

with its own bandwidth, and the pairwise estimates are assembled into a correlation ma- 128

trix that is corrected to be positive definite. Algorithm 1 outlines the complete procedure 129

as used for the MEG data in Section 4. 130

Algorithm 1 (Pairwise time-varying correlation for multichannel series). Input: log- 131

envelopes yr(tk), r = 1, . . . , p, k = 1, . . . , T; Gaussian kernel K truncated at ±4σ; bandwidth 132

grid H and a constant-correlation option; cross-validation gap g; pilot scale σp; truncation con- 133

stant ε. 134

(1) Standardise: xr = (yr − mr)/sr, with kernel-weighted local mean mr and standard devia- 135

tion sr at scale σp. 136

(2) Select the bandwidth: for each pair (r, q) and each h ∈ H, compute An(t) (local constant) 137

and BCL
n (t) (local linear) at the validation times with the kernel set to zero on |t − tk| ≤ g, 138

and evaluate the Gaussian predictive log-likelihood; do the same for the constant-correlation 139

model; set hrq to the best candidate (coarse grid, then local refinement). 140

(3) Estimate: with the full kernel at hrq, compute An(t) and BCL
n (t) for all t; if the cubic (13) 141

has no root in (−1, 1), truncate BCL
n to ±(1 − ε)An/2; solve for ρ̂rq(t). 142

(4) Assemble: for each t, form R̂(t); if it is not positive definite, clip its eigenvalues at 10−6
143

and rescale to unit diagonal. 144

(5) Summarise: mean squared correlation r2(t); Yeo-7 network averages of Fisher-z values (no 145

thresholding). 146

Output: {ρ̂rq(t)}, {hrq}, {R̂(t)}. 147

2.2. Model and Estimator 148

Let (Ui, Xi), Xi = (Xi1, Xi2)
>, i = 1, . . . , n, be i.i.d. copies of (U, X), where U ∈ [−1, 1] 149

has density fU and, conditional on U = u, X = (X1, X2)
> follows a bivariate normal 150

distribution with mean zero and covariance matrix Σ(ρ(u)): 151

X = (X1, X2)
> | (U = u) ∼ N(0, Σ(ρ(u))), Σ(ρ(u)) =

(
1 ρ(u)

ρ(u) 1

)
, ρ(u) ∈ (−1, 1). 152

The model assumes that, conditionally on U = u, both variables have mean zero and 153

unit variance, so that Σ(ρ(u)) is a correlation matrix. These are local conditions: they hold 154

after global standardisation only if the marginal means and variances do not vary with 155

u. In applications we therefore centre and scale each series locally before estimation (Sec- 156

tion 4.2). The Gaussian form is a working model used to derive the estimating equation; 157

Remark 2 states which results depend on it. The goal is to estimate the correlation function 158
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ρ(u) nonparametrically. Define the negative Gaussian log-likelihood contribution (up to 159

irrelevant constants) 160

ℓ(x; ρ) =
x2

1 + x2
2 − 2ρx1x2

1 − ρ2 + log(1 − ρ2), x = (x1, x2)
> ∈ R2, ρ ∈ (−1, 1). 161

The kernel-weighted local criterion at u0 is 162

Qn(ρ; u0) =
1
n

n

∑
i=1

Kh(Ui − u0) ℓ(Xi; ρ), Kh(t) =
1
h

K(t/h), 163

where K(·) is the kernel function. Define the local weighted MLE as 164

ρ̂(u0) ∈ arg min
ρ∈(−1,1)

Qn(ρ; u0). 165

One can differentiate Qn with respect to ρ, set it to zero, and simplify to get the cubic score 166

equation as follows: 167

ρ3 − Bn(u0)ρ
2 +

(
An(u0)− 1

)
ρ − Bn(u0) = 0, (1) 168

where An, Bn are the kernel-weighted quantities below. We write g(ρ; A, B) = ρ3 − Bρ2 + 169

(A − 1)ρ − B, so that (1) reads g(ρ; An(u0), Bn(u0)) = 0: 170

An(u0) =
∑n

i=1(X2
i1 + X2

i2)Kh(Ui − u0)

∑n
i=1 Kh(Ui − u0)

, Bn(u0) =
∑n

i=1 Xi1Xi2Kh(Ui − u0)

∑n
i=1 Kh(Ui − u0)

. 171

Coincidentally, the Nadaraya–Watson estimator of the correlation coefficient is exactly the 172

ratio of these two quantities: 173

ρ̂NW(u0) =
2 ∑n

i=1 Xi1Xi2Kh(Ui − u0)

∑n
i=1(X2

i1 + X2
i2)Kh(Ui − u0)

=
2Bn(u0)

An(u0)
. (2) 174

The corresponding population quantities are A(u0) = E
[
X2

1 + X2
2 | U = u0

]
, B(u0) = 175

E[X1X2 | U = u0]. Because Σ(ρ(u)) is a correlation matrix for every u, we have 176

A(u) ≡ 2 for all u, B(u0) = ρ(u0). (3) 177

Here u0 can be regarded as a fixed point in the design interval while u is a generic 178

point in the design interval; we write ρ0 = ρ(u0). The fact that A(·) is exactly constant 179

drives almost everything in the theory of consistency and limit distribution. Especially, 180

if An(u0) = 2, one real root of (1) is equal to Bn(u0). For an estimator of the correlation 181

coefficient, Kendall et al. [40] pointed out that there is at least one real root of equation (1) 182

lying in the interval [−1, 1]. Let ρ̂(u0) be the real root of cubic equation (1) that minimises 183

Qn(ρ; u0); we call it the cubic-equation (CE) estimator. Next, we will develop the theory 184

of uniform consistency of the estimator ρ̂(u0) over compact subsets of the design interval 185

(−1, 1), limit distribution, optimal bandwidth selection and the convergence rate of the 186

estimator ρ̂(u0). Besides, we also discuss the boundary behaviour of the estimator ρ̂(u0) 187

and propose a method to correct the boundary effects. 188

2.3. Assumptions 189

(A1) Kernel. K is a symmetric, bounded, and Lipschitz continuous probability density 190

function with compact support [−1, 1], K ≧ 0, µ1(K) =
∫

tK(t)dt = 0, µ2(K) = 191∫
t2K(t)dt < ∞, R(K) =

∫
K2(t)dt < ∞. 192
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(A2) Design Density. The density fU of U is bounded away from zero and infinity on 193

[−1, 1], i.e., 0 < fmin ≦ fU(u) ≦ fmax < ∞. In the interior of [−1, 1], fU is twice 194

continuously differentiable with bounded second derivative; at ±1, fU has finite 195

one-sided derivatives. 196

(A3) Smoothness and Range of the Correlation Function. ρ ∈ C2[−1, 1], with 197

supu |ρ′(u)| < ∞, supu |ρ′′(u)| < ∞, and there is η ∈ (0, 1) such that 198

supu∈[−1,1] |ρ(u)| ≦ 1 − η. The last condition keeps the true curve a fixed distance 199

away from the boundary ±1 of the parameter space, so that Σ(ρ(u)) is uniformly 200

positive definite and log{1 − ρ(u)2} ≧ log(2η − η2) > −∞. 201

(A4) Kernel Bandwidth. The kernel bandwidth h satisfies h → 0 and nh → ∞ as 202

n → ∞; for the uniform statements, we require nh/ log(1/h) → ∞. 203

(A5) Moment Condition. For k = 1, 2 and all u ∈ [−1, 1], E[Xk | U = u] = 0 and 204

E[X2
k | U = u] = 1; moreover supu∈[−1,1] E

[
(X2

1 + X2
2)

4 | U = u
]
< ∞ and the 205

conditional moments of (X1, X2) up to order four are continuous in u. 206

(A6) {(Ui, Xi)}n
i=1 are i.i.d. observations. 207

For moment condition (A5), Under the Gaussian working model the first two conditions 208

hold by construction, because Σ(ρ(u)) is a correlation matrix, and the moment bound 209

holds because Gaussian moments are polynomials in ρ(u). Pointwise consistency of ρ̂(u0) 210

requires only the first two conditions; the uniform statements in Theorems 1 and 2 also use 211

the sub-exponential conditional tails of X2
k and X1X2 implied by the Gaussian model, and 212

the variance formulas in Theorems 3–5 use its fourth moments (Remark 2). Theorems 3–5 213

assume the conditional Gaussian model of Section 2 in addition to (A1)–(A6). The theory 214

is developed for a random design. For an equally spaced fixed design with independent 215

errors the same results hold with fU ≡ 1/2 [41]; for serially dependent data, as in Section 4, 216

the variance formulas do not apply. These assumptions are standard in the literature of 217

nonparametric regression and kernel smoothing, ensuring the well-definedness of the es- 218

timation problem and the validity of asymptotic results; see Fan et al. [35], Fan and Gijbels 219

[36], Fan et al. [37], Fan and Yao [38], Staniswalis and Lee [39]. 220

2.4. Theory 221

Theorem 1. Under the assumptions (A1)-(A6), for any δ > 0, we have 222

sup
u0∈[−1+δ,1−δ]

|An(u0)− 2| p−→ 0, sup
u0∈[−1+δ,1−δ]

|Bn(u0)− ρ(u0)|
p−→ 0. 223

Proof. Immediate from Lemma 2 in the online supplementary material together with Equa- 224

tion (3) (A(u) ≡ 2, B(u0) = ρ(u0)), and the assumption (A4) which guarantees 225√
log(1/h)/(nh) + h2 → 0. 226

Theorem 1 upgrades pointwise consistency of the coefficients of the cubic equation to 227

uniform convergence over compact subsets of the design interval. This stronger form of 228

convergence ensures that the root-continuity argument holds uniformly rather than just 229

pointwise, in u0. 230

For finite-sample, the cubic equation may have 3 real roots, or 1 real root and 2 com- 231

plex roots. The following proposition shows that the cubic equation has at least one real 232

root in (−1, 1) for all u0 in compact subsets of the design interval. 233

Proposition 1. For every n and every u0 with ∑i wi(u0) > 0, where wi(u0) = Kh(Ui − u0), the 234

empirical cubic gn(ρ; u0) := g(ρ; An(u0), Bn(u0)) = 0 has at least one real root in [−1, 1]. 235

The proof, given in the online supplementary material, uses only the non-negativity 236

of the weights: averaging (Xi1 ± Xi2)
2 ≥ 0 gives |Bn(u0)| ≤ An(u0)/2, so that gn(1; u0) ≥ 237
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0 ≥ gn(−1; u0), and the intermediate value theorem yields a root in [−1, 1]. This es- 238

tablishes the empirical, finite-sample analogue of the classical population-level result 239

by Kendall et al. [40]. Crucially, our proof demonstrates that this relationship holds exactly 240

for any non-negative kernel weights, without relying on asymptotic approximations. 241

Theorem 2. Uniform Consistency of ρ̂(u0). Under Assumptions (A1)–(A6), for any δ > 0 242

and compact set Uδ = [−1 + δ, 1 − δ], we have 243

sup
u0∈Uδ

∣∣ρ̂(u0)− ρ(u0)
∣∣ p−→ 0, n → ∞. 244

Theorem 2 establishes that the estimator ρ̂(u0) converges uniformly to the true corre- 245

lation function ρ(u0) over compact subsets of the design interval. The main idea of proof 246

is to first show that the population cubic equation has a unique simple root ρ0, then use 247

the uniform convergence of the empirical coefficients to the population coefficients (Theo- 248

rem 1) and the continuity of roots of polynomials, i.e., Rouché’s theorem, [42], to conclude 249

that the empirical root ρ̂(u0) converges uniformly to ρ(u0), the proof details of Theorem 2 250

is in the online supplementary material. Having shown that ρ̂(u0) is uniformly consistent, 251

we next examine its limiting distribution. The derivation is carried out separately for in- 252

terior points and for boundary points of the design interval, reflecting the fact that the 253

asymptotic behaviour differs between these two regions. 254

Theorem 3. Interior Asymptotic Normality. Under Assumptions (A1)–(A6), for any fixed 255

interior point u0 ∈ (−1, 1) with h → 0 and nh → ∞, we have 256

√
nh
(

ρ̂(u0)− ρ(u0)− Biasρ(u0)
)

d−→ N

(
0,

R(K)
fU(u0)

·
(
1 − ρ(u0)

2)2

1 + ρ(u0)2

)
, (4) 257

where the bias term is 258

Biasρ(u0) =
h2µ2(K)

2

[
ρ′′(u0) + 2

f ′U(u0)

fU(u0)
ρ′(u0)

]
. (5) 259

Remark 1. The asymptotic variance in (4) has the form R(K)/
(

fU(u0)I(ρ0)
)
, where I(ρ) = 260

(1 + ρ2)/(1 − ρ2)2 is the Fisher information for the correlation parameter ρ in a bivariate normal 261

distribution with known unit marginal variances. This coincides with the general local-likelihood 262

theory for nonparametric varying-coefficient models [35,39], providing an independent verification 263

of the calculations. 264

Remark 2 (Role of the Gaussian working model). The consistency argument does not actually 265

require Gaussianity. Under the moment conditions E[Xk | U = u] = 0, E[X2
k | U = u] = 1 266

and E[X1X2 | U = u] = ρ(u), the population cubic factorises as (ρ − ρ0)(ρ
2 + 1) for any 267

conditional distribution, so ρ̂(u0) is pointwise consistent. The uniform consistency result over 268

compact sets additionally relies on sub-exponential conditional tails of X2
k and X1X2, unless a 269

stronger bandwidth condition is imposed. Gaussianity only affects the asymptotic variance; if the 270

conditional distribution is not Gaussian, the linearisation used in the proof of Theorem 3 gives the 271

asymptotic variance 272

R(K)
fU(u0)

Var
{

X1X2 −
ρ0

1 + ρ2
0
(X2

1 + X2
2)
∣∣∣U = u0

}
, 273

which equals the variance in (4) under normality. For an elliptical distribution with kurtosis pa- 274

rameter κ (EX4
1 = 3(1 + κ)), the variance factor (1 − ρ2

0)
2/(1 + ρ2

0) becomes (1 + κ)
(1−ρ2

0)
2

1+ρ2
0

+ 275
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κ
ρ2

0(1−ρ2
0)

2

(1+ρ2
0)

2 . The unit-variance condition, by contrast, is essential. If both conditional variances 276

equal s(u) 6= 1, the root is biased, to first order in s − 1, by −(s − 1)ρ0(1 − ρ2
0)/(1 + ρ2

0), 277

whereas the Nadaraya–Watson ratio 2Bn/An is invariant to a common scale. 278

Theorem 4. Boundary Asymptotic Normality. Under Assumptions (A1)–(A6), let u0 = 279

−1 + ch for fixed c ∈ [0, ∞) (left boundary), with h → 0 and nh → ∞. Define the truncated 280

kernel moments 281

µj(K, c) =
∫ 1

−c
tjK(t)dt, R(K, c) =

∫ 1

−c
K(t)2 dt. (6) 282

Then 283

√
nh
(

ρ̂(u0)− ρ(u0)− hρ′(u0)
µ1(K, c)
µ0(K, c)

)
d−→ N

(
0,

R(K, c)
µ0(K, c)2 fU(−1+)

·
(
1 − ρ(u0)

2)2

1 + ρ(u0)2

)
.

(7) 284

The corresponding result holds symmetrically for the right boundary u0 = 1 − ch. 285

Remark 3. The qualitative difference between Theorem 3 and Theorem 4 is the order of bias: O(h2) 286

in the interior versus O(h) at the boundary. This is a first-order boundary effect characteristic of 287

local-constant (Nadaraya–Watson) type estimators. Higher-order kernels or local-linear modifica- 288

tions can reduce the boundary bias to O(h2). 289

The asymptotic bias-variance trade-off in Theorems 3 and 4 determines the optimal 290

bandwidth selection and the resulting convergence rates. The following corollary charac- 291

terises these optimal rates. 292

Corollary 1. Optimal Bandwidth and Convergence Rates. Under Assumptions (A1)–(A6), 293

the optimal bandwidth and convergence rates differ between interior and boundary points as fol- 294

lows: 295

(i) For interior points u0 ∈ (−1, 1), the asymptotic mean squared error AMSE(h) = 296

E[(ρ̂(u0)− ρ(u0))
2] is minimised at 297

hint
opt =

(
C2(u0)

4C1(u0) n

)1/5

� n−1/5, (8) 298

where 299

C1(u0) =

(
µ2(K)

2

)2[
ρ′′(u0) + 2

f ′U(u0)

fU(u0)
ρ′(u0)

]2
, 300

C2(u0) =
R(K)
fU(u0)

·
(
1 − ρ(u0)

2)2

1 + ρ(u0)2 . 301

At this bandwidth, AMSE(hint
opt) � n−4/5 and ρ̂(u0)− ρ(u0) = Op(n−2/5). 302

(ii) For boundary points u0 = −1 + ch with fixed c ∈ [0, ∞), the optimal bandwidth is 303

hbd
opt =

(
C4

2C3 n

)1/3
� n−1/3, (9) 304
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where 305

C3 =
[
ρ′(u0)

µ1(K, c)
µ0(K, c)

]2
, 306

C4 =
R(K, c)

µ0(K, c)2 fU(−1+)
·
(
1 − ρ(u0)

2)2

1 + ρ(u0)2 . 307

At this bandwidth, AMSE(hbd
opt) � n−2/3 and ρ̂(u0)− ρ(u0) = Op(n−1/3). 308

Remark 4. The boundary convergence rate n−1/3 is strictly slower than the interior rate n−2/5. 309

This is the standard penalty for local-constant smoothing at design boundaries, where the bias is 310

O(h) rather than O(h2). This penalty can be eliminated by using local-linear likelihood methods, 311

which achieve O(h2) bias uniformly across the domain, including at boundaries. 312

Next, we address the boundary rate discrepancy. The suboptimal n−1/3 convergence 313

rate at boundaries is not inherent to the cubic-equation framework itself, but rather a con- 314

sequence of using the Nadaraya–Watson estimator for Bn(u0). We develop a boundary- 315

corrected variant using a local linear method that restores the faster n−2/5 rate uniformly 316

across the entire design interval, including boundary points. 317

The Nadaraya–Watson estimator Bn(u0) estimates ρ(u0) = E[X1X2 | U = u0] using 318

a truncated kernel whose first moment µ1(K, c) in (6) is nonzero once the window [u0 − 319

h, u0 + h] is truncated by the boundary U ≥ −1. In contrast, An(u0) suffers no bias at any 320

order, because the population function A(u) ≡ 2 is constant; thus An(u0) estimates a zero 321

derivative, and kernel asymmetry is irrelevant. Consequently, the boundary correction 322

need only modify Bn(u0). 323

This is precisely the situation addressed by local-linear kernel regression [37,38,41,43, 324

44]. While the Nadaraya–Watson smoother exhibits O(h) design bias at boundaries, the 325

local-linear smoother achieves O(h2) bias uniformly across the support, including bound- 326

aries. This automatic boundary correction is a well-known advantage of local polynomial 327

methods. Because B(u0) = ρ(u0) is the regression function of X1X2 on U, we can replace 328

Bn(u0) by its local-linear approximation in the cubic equation without altering the consis- 329

tency and asymptotic normality arguments previously established. 330

We define the boundary-corrected estimator by replacing the Nadaraya–Watson com- 331

ponent Bn(u0) with a local-linear fit, while retaining the local-constant estimator for 332

An(u0). 333

Definition 1 (Boundary-Corrected Estimator). For u0 ∈ [−1, 1], define (â, b̂) as the minimiser 334

of the local weighted least squares criterion 335

(â, b̂) = arg min
a,b

n

∑
i=1

Kh(Ui − u0)
[

Xi1Xi2 − a − b(Ui − u0)
]2

, (10) 336

and set BCL
n (u0) := â. 337

Explicitly, let 338

Ŝj(u0) =
1
n

n

∑
i=1

Kh(Ui − u0)(Ui − u0)
j, 339

T̂j(u0) =
1
n

n

∑
i=1

Kh(Ui − u0)(Ui − u0)
jXi1Xi2, j = 0, 1, 2. 340
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Then 341

BCL
n (u0) =

Ŝ2(u0)T̂0(u0)− Ŝ1(u0)T̂1(u0)

Ŝ2(u0)Ŝ0(u0)− Ŝ1(u0)2
=

1
n

n

∑
i=1

ωi(u0) Xi1Xi2, (11) 342

where 343

ωi(u0) = Kh(Ui − u0)
Ŝ2(u0)− Ŝ1(u0)(Ui − u0)

Ŝ2(u0)Ŝ0(u0)− Ŝ1(u0)2
(12) 344

are the equivalent kernel weights. Unlike the Nadaraya–Watson weights Kh(Ui − u0) ≥ 0, these 345

weights can be negative near the boundary, which is the mechanism that eliminates the first-order 346

bias. 347

Define the boundary-corrected estimator ρ̂CL(u0) as the unique real root in (−1, 1) of the 348

modified cubic equation 349

ρ3 − BCL
n (u0)ρ

2 +
(

An(u0)− 1
)
ρ − BCL

n (u0) = 0, (13) 350

where An(u0) remains the local-constant estimator defined previously. 351

The local-linear estimator BCL
n (u0) can equivalently be viewed as a local-constant es- 352

timator using a boundary-corrected kernel. At the population level, the weights in (11) 353

correspond to the boundary kernel 354

K∗(t; c) :=
S2(c)− S1(c) t

S0(c)S2(c)− S1(c)2 K(t), t ∈ [−c, 1], (14) 355

where, as a shorthand for the truncated moments of (6), 356

Sj(c) := µj(K, c), j = 0, 1, 2, 3, (15) 357

and c parameterises the distance from the left boundary via u0 = −1 + ch. This con- 358

struction is analogous to the Müller and Gasser–Müller boundary kernels [45,46]. The key 359

property of K∗(t; c) is that it satisfies the moment conditions 360

∫ 1

−c
K∗(t; c)dt = 1,

∫ 1

−c
t K∗(t; c)dt = 0, (16) 361

which hold exactly for every c ≥ 0. The zero first moment is what eliminates the O(h) bias 362

term, regardless of the degree of truncation. 363

Remark 5. As u0 moves into the interior, c → ∞ and the kernel support becomes effectively 364

symmetric. By Assumption (A1), S1(c) → µ1(K) = 0, so K∗(t; c) → K(t). The boundary 365

correction vanishes precisely where it is not needed, ensuring continuity between boundary and 366

interior behaviour. 367

We now establish that the local-linear modification eliminates the O(h) boundary bias. 368

Because An(u0) and BCL
n (u0) are built with different effective kernels near the boundary, 369

namely the normalised truncated kernel K̄(t; c) := K(t)/µ0(K, c) and the boundary ker- 370

nel K∗(t; c), the asymptotic variance must account for their joint fluctuation. Combining 371

Lemmas 4 and 5 in the online supplementary material with a linearisation of the cubic 372

equation, we obtain the following result. 373

Theorem 5. Under the Gaussian model of Section 2 and Assumptions (A1)–(A6), let u0 = −1 + 374

ch with c ≥ 0 fixed, h → 0, nh → ∞ and nh5 = O(1). Then 375

√
nh
(

ρ̂CL(u0)− ρ0 − BiasCL
ρ (u0)

)
d−→ N

(
0, VCL(u0, c)

)
, (17) 376
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where 377

BiasCL
ρ (u0) =

h2

2
ρ′′(u0) µ2(K∗, c), (18) 378

379

VCL(u0, c) =
1

fU(−1+)

[(
1 − ρ2

0
)2

1 + ρ2
0

R(K∗, c) +
4ρ2

0
1 + ρ2

0
∆(c)

]
, (19) 380

with µ2(K∗, c) =
∫ 1
−c t2K∗(t; c)dt, R(K∗, c) =

∫ 1
−c K∗(t; c)2 dt and ∆(c) =

∫ 1
−c{K∗(t; c) − 381

K̄(t; c)}2 dt. 382

Sketch of proof. Write αn = An(u0)− 2 and βn = BCL
n (u0)− ρ0. Substituting An = 2+ αn 383

and BCL
n = ρ0 + βn into (13) gives, for every ρ, g(ρ; An, BCL

n ) = (ρ − ρ0)(ρ
2 + 1) + αnρ − 384

βn(ρ2 + 1). Hence the root satisfies the exact identity 385

ρ̂CL(u0)− ρ0 = βn −
ρ̂CL(u0)

1 + ρ̂CL(u0)2 αn = βn −
ρ0

1 + ρ2
0

αn + op
(
(nh)−1/2), 386

where the second step uses consistency, αn = Op((nh)−1/2) and the fact that ρ 7→ ρ/(1 + 387

ρ2) is 1-Lipschitz. Since A(u) ≡ 2, E[αn | U1, . . . , Un] = 0 exactly, so the bias comes 388

from βn alone (Lemma 4 in the online supplementary material). The stochastic parts of 389

αn and βn are linear smoothers with equivalent kernels K̄ and K∗, and they are jointly 390

asymptotically normal with the covariance given in Lemma 5 in the online supplementary 391

material, which involves the cross term
∫ 1
−c K̄K∗. The variance of βn − ρ0αn/(1 + ρ2

0) then 392

simplifies to (19), using (1 + ρ2
0)

2 = (1 − ρ2
0)

2 + 4ρ2
0. Existence and uniqueness of the 393

real root near ρ0 follow from the same Rouché-theorem argument as in Theorem 2, which 394

requires only (An, BCL
n )

p−→ (2, ρ0). The full proof is given in the online supplementary 395

material. 396

Remark 6. The second term in (19) reflects the fact that An and BCL
n use different sets of weights. 397

Writing K∗ − K̄ = S1(c){S1(c) − S0(c)t}K(t)/[S0(c){S0(c)S2(c) − S1(c)2}], the difference 398

simplifies to 399

∆(c) =
S1(c)2

S0(c)2{S0(c)S2(c)− S1(c)2}2

∫ 1

−c
K(t)2{S1(c)− S0(c)t}2 dt ≥ 0, 400

which vanishes in the interior, where c ≥ 1, S0 = 1, S1 = 0 and K∗ = K̄ = K, so that The- 401

orem 5 reduces to Theorem 3; ∆(c) also vanishes when ρ0 = 0. In the interior, the fluctua- 402

tions of An therefore partly cancel those of Bn, reducing the variance from (1 + ρ2
0)R(K)/ fU 403

to (1 − ρ2
0)

2R(K)/{(1 + ρ2
0) fU}, whereas at the boundary this cancellation is only partial. The 404

correction is not negligible when |ρ0| is large. For the Epanechnikov kernel at c = 0, for example, 405

VCL exceeds its first term by factors of 1.23, 1.93, 2.84 and 47.9 for ρ0 = 0.3, 0.5, 0.6 and 0.9. A 406

Monte Carlo check of (19) is reported in the online supplementary material. 407

Remark 7. The critical feature of Theorem 5 is that the bias is O(h2) uniformly for all c ≥ 0, 408

from the extreme boundary (c = 0) through the deep interior (c → ∞). This stands in contrast 409

to Theorem 4, where boundary bias was O(h), necessitating a slower optimal bandwidth. 410

The uniform O(h2) bias in Theorem 5 restores the faster convergence rate at boundary 411

points. The asymptotic mean squared error is 412

AMSECL(h; u0) = h4 C∗
1 (u0, c) +

1
nh

C∗
2 (u0, c), (20) 413
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where 414

C∗
1 (u0, c) =

1
4

[
ρ′′(u0)µ2(K∗, c)

]2
, (21) 415

C∗
2 (u0, c) = VCL(u0, c) as defined in (19). (22) 416

This has the same h4 + 1/(nh) structure as the interior case in Corollary 1. Minimizing (20) 417

yields 418

hCL
opt(u0, c) =

(
C∗

2 (u0, c)
4C∗

1 (u0, c) n

)1/5

� n−1/5, (23) 419

with corresponding convergence rate 420

ρ̂CL(u0)− ρ(u0) = Op
(
n−2/5). (24) 421

Corollary 2. Under Assumptions (A1)–(A6), the boundary-corrected estimator ρ̂CL(u0) achieves 422

the optimal rate n−2/5 uniformly across the entire design interval [−1, 1], including boundary 423

points. The optimal bandwidth is hCL
opt � n−1/5 uniformly, eliminating the boundary penalty 424

present in the local-constant estimator. 425

To summarise the improvement, the local-linear correction raises the boundary con- 426

vergence rate from n−1/3 to n−2/5, matching the interior rate. Only the finite-sample 427

constants C∗
1 (u0, c) and C∗

2 (u0, c) depend on boundary proximity through µ2(K∗, c) and 428

VCL(u0, c); the polynomial orders in n and h are uniform across the support. 429

Finite-sample existence guarantee. The deterministic existence result in Proposi- 430

tion 1 relied on the nonnegativity of the Nadaraya–Watson weights, which ensured that 431

|Bn(u0)| ≤ An(u0)/2 because 2|Xi1Xi2| ≤ X2
i1 + X2

i2. The local-linear weights (12) may 432

be negative, however, so this bound does not necessarily hold in finite samples, and (13) 433

can then fail to have a root in [−1, 1]. This does not affect the asymptotic theory: by Theo- 434

rem 5, a unique real root near ρ(u0) ∈ (−1, 1) exists with probability approaching one. In 435

practice, when (13) has no root in (−1, 1), we truncate BCL
n (u0) to ±(1 − ε)An(u0)/2 with 436

ε = 10−3, which guarantees a root in (−1, 1) and pins the estimate near the truncation 437

bound. This truncation does not affect the asymptotic theory, since the probability that it is 438

needed tends to zero. In the rerun simulations the truncation was used in 7.64% of evalua- 439

tions at n = 100 and 2.89% at n = 3200, decreasing monotonically with n. It was markedly 440

more frequent under the boundary sampling strategy S2 (12.18% at n = 100, 5.28% at 441

n = 3200) than under the uniform strategy S1 (3.10% at n = 100, 0.50% at n = 3200); the 442

full breakdown is given in the online supplementary material. 443

3. Simulation Study 444

In this section, we conduct a series of simulation studies to compare the performance 445

of the estimation method based on solving the cubic equation with the other methods. The 446

estimators we consider in this section include the Nadaraya-Watson estimator in (2), the 447

cubic-equation-based estimator established in Section 2, the cubic-equation-based estima- 448

tor with boundary correction using local linear adjustments, and the direct local linear esti- 449

mator described in the online supplementary material. We call these four estimators NW, 450

CE, CL, and LL, respectively. LL denotes the local-linear likelihood estimator in which 451

tanh−1 ρ(u) is approximated linearly around u0 and the kernel-weighted Gaussian likeli- 452

hood is maximised (details in the online supplementary material). 453

Correlation Function In this simulation study, we consider using the underlying 454

correlation functions as follows: parabolic function ρ(u) = 1 − 2u2, sinusoidal function 455

ρ(u) = sin(πu/2), Cosine function ρ(u) = cos(πu/2), cubic function ρ(u) = u3, linear 456
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function ρ(u) = u, exponential function ρ(u) = (exp(u)− exp(−1))/(exp(1)− exp(−1)), 457

upper half semi-circle ρ(u) =
√

1 − u2, normalised inverse sinusoidal function 2/π ∗ 458

arcsin(u) and the third Chebyshev polynomial ρ(u) = 4u3 − 3u. For simplicity, we denote 459

them in order as F1, F2, F3, F4, F5, F6, F7, F8, F9. These correlation functions represent a 460

wide range of correlation structures, including monotonic, non-monotonic, and oscilla- 461

tory behaviours. The choice of these functions allows us to evaluate the performance 462

of the four estimators under various scenarios that may arise in practical applications, 463

see Figure 1(a). To satisfy Assumption (A3), every function is used in the rescaled form 464

ρc(u) = 0.999999 ρ(u), so that supu |ρc(u)| = 0.999999 (η = 10−6); the rescaling keeps 465

Σ(ρc(u)) non-singular at every u and leaves shape, monotonicity and turning points un- 466

changed, but because η is small, functions that approach ±1 probe the estimators close to 467

the limit of (A3); throughout this section, the true correlation function ρ(·) refers to this 468

rescaled version. F7 and F8 have unbounded first derivatives at u = ±1 and therefore 469

violate the smoothness part of (A3) even after rescaling; we retain them as stress tests of 470

the estimators outside the conditions of the theory. 471

Kernel Function We use Gaussian, Epanechnikov, Triangular, Uniform, Quadratic, 472

and Triweight kernel functions in the simulation study, see Figure 1(b). For simplicity, we 473

denote them in order as K1, K2, K3, K4, K5, K6 respectively. 474

−1.00 −0.75 −0.50 −0.25 0.00 0.25 0.50 0.75 1.00
u

−1.0

−0.5

0.0

0.5

1.0

ρ c
(u

)
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Sinusoidal
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Cubic
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Semi-circle
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Chebyshev polynomial

(a)
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Triangular
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Quadratic
Triweight

(b)

Figure 1. Correlation and Kernel Functions: (a) The Underlying Correlation Functions (rescaled by
0.999999). (b) The Kernel Functions.

Data generation and parameter settings The sample size n is set to 100, 200, 400, 475

800, 1600 and 3200. Given the underlying correlation function and kernel function, we 476

first generate the Ui, i = 1, 2, . . . , n from the Uniform distribution U (−1, 1), then for each 477

Ui, randomly generate the Xi1, Xi2 from the bivariate normal distribution with zero mean 478

and covariance matrix

[
1 ρ(Ui)

ρ(Ui) 1

]
. Once we obtain the observations (Ui, Xi1, Xi2), 479

we apply the four estimators to estimate the correlation function. The optimal band- 480

width is selected via grid search over 100 points spaced logarithmically from 10−3 to 481

100. To evaluate the performance of the four estimators at boundaries, we adopt two 482

sampling strategies: (i) randomly sample utest
j , j = 1, 2, . . . , m from the Uniform distri- 483

bution U (−1, 1), and (ii) randomly sample 25%, 50%, 25% of utest
j , j = 1, 2, . . . , m from 484

the Uniform distributions U (−1,−0.9], U (−0.9, 0.9) and U [0.9, 1) respectively. The first 485

strategy allows us to evaluate the performance of the four estimators across the entire 486

support, while the second strategy focuses on the boundary regions. We use the mean 487

squared error (MSE) to evaluate the performance of the four estimators, which is defined 488

as MSE = 1
m ∑m

j=1(ρ̂(u
test
j ) − ρ(utest

j ))2, where m is the number of test points. We set 489

m = 100 in this simulation. The total number of combinations of the sample size, the 490

correlation functions, kernel functions and sampling strategies is 6*9*6*2=648. For each 491
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combination, we repeat the simulation 200 times to obtain the MSE for each estimator. 492

Furthermore, we also record the computation time for each estimator to evaluate their 493

computational efficiency. 494

The effect of sample size Figure 2 shows the log-transformed MSEs of four meth- 495

ods under the two sampling strategies against the different sample size. The “uniform” 496

and “boundary” sampling strategies are denoted as “S1” and “S2” respectively in the 497

rest of this section. Given the sample size n, for every combination of methods and sam- 498

pling strategies, we estimate the kernel density of the log-transformed MSEs by pooling 499

them from across 9 correlation functions, 6 kernel functions, and 200 replications. The 500

left dot on the kernel density estimation (KDE) is the corresponding median of the log- 501

transformed MSEs. The KDE is estimated as follows: we adopt a univariate Gaussian 502

KDE; the bandwidth is selected according to the normal-reference rule h = 1.06σ̂N−1/5, 503

where N = 9 × 6 × 200 = 10, 800 and σ̂ is the standard deviation of log-transformed 504

MSEs [47]. The resulting KDEs are used solely to provide a smoothed visual representa- 505

tion of the empirical distributions and are not used for formal statistical inference. 506

Figure 2 highlights several important facts. 507

• For every combination of estimation method and sampling strategy, the MSE de- 508

creases as the sample size increases, in agreement with the theoretical results estab- 509

lished in Section 2. For example, under the NW+S1 configuration, the MSE decreases 510

from approximately 10−1.75 at n = 100 to nearly 10−3.0 at n = 3200 in Figure 2. 511

• When comparing the two sampling strategies, we find that, for every combination 512

of estimation method and sample size, the uniform sampling strategy (S1) consis- 513

tently yields a more favourable distribution of the MSE than the boundary sampling 514

strategy (S2). This pattern is consistent across all combinations of methods and sam- 515

ple sizes. This result is largely attributable to the differences in the design of sam- 516

pling strategies. S2 draws 50% of the test points from the narrow boundary regions 517

(−1,−0.9] ∪ [0.9, 1), which are more challenging for estimation due to the boundary 518

effects. In contrast, S1 samples across the entire support, leading to a more balanced 519

representation of the correlation function and thus lower MSEs. The scheme of S2 520

is introduced specifically to assess the effectiveness of the boundary correction in 521

LL and CL methods. Figure 2 provide clear evidence that the boundary correction 522

indeed reduces the estimation error. For instance, when n = 200, the vertical dis- 523

tance between the median MSEs of LL under S1 and S2 (represented by two green 524

dots) is substantially smaller than that of NW under S1 and S2 (represented by two 525

blue dots). Similarly, the vertical distance between the median MSEs of CL under 526

S1 and S2 (represented by two orange dots) is smaller than that of CE under S1 and 527

S2 (represented by two red dots). This indicates that the boundary correction effec- 528

tively mitigates the additional estimation error induced by boundary sampling. A 529

more detailed assessment of the boundary effect is provided later, based on the MSE 530

calculated specifically from test points in the boundary regions. 531

• From a method comparison perspective, NW and CE do not incorporate boundary 532

correction, while LL and CL do. Consequently, the latter two methods consistently 533

outperform the former two in terms of MSE, regardless of the sampling strategy 534

adopted. A more detailed comparison of the four methods is provided later in this 535

section. 536
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Figure 2. The MSEs of four methods (NW, LL, CE and CL) against the sample size n. Both the x-axis
and y-axis are plotted on logarithmic scales to accommodate the wide range of the data and improve
visual clarity. “S1” and “S2” represent the uniform sampling strategy and boundary strategy, respec-
tively. For each sample size n, the specic method and sampling strategy, the kernel density of the
log-transformed MSEs is estimated from pooled MSE values across 9 correlation functions, 6 kernel
functions, and 200 replications. The dot on the left of each kernel density function represents the
corresponding median value of the log-transformed MSE.

Furthermore, we generate the heatmap of the median logarithmic MSEs across differ- 537

ent correlation functions and kernel functions for each combination of estimation method, 538

sampling strategy, and sample size in Figure S3 of the online supplementary material. This 539

heatmap provides a comprehensive overview of the performance of the four methods un- 540

der various experimental settings, allowing for a more detailed comparison beyond the 541

sample size analysis presented earlier. 542

The boundary correction In order to specifically evaluate the performance of the 543

four estimators in the boundary regions, we calculate the MSEs based on the test points 544

sampled from the boundary regions (−1,−0.9] ∪ [0.9, 1) under the boundary sampling 545

strategy. The boundary MSEs for each estimator in the boundary regions are defined as 546

follows: 547

MSEB =
1

mB
∑
j∈J

(ρ̂(utest
j )− ρ(utest

j ))2, 548

where J := {j|utest
j ∈ (−1,−0.9] ∪ [0.9, 1)} and mB is the cardinality of set J . The bound- 549

ary MSEs of the four methods against the sample size n are shown in Figure 3. Similar 550

to Figure 2, for each sample size n, the violin boxplot of boundary MSEs is based on the 551

pooled boundary MSEB values across 9 correlation functions, 6 kernel functions, and 200 552

replications. From Figure 3, we can observe that the boundary MSEs of LL and CL are 553

consistently lower than those of NW and CE across all sample sizes. This indicates that 554

the boundary correction implemented in LL and CL effectively reduces the estimation er- 555

ror in the boundary regions, confirming the theoretical results established in Section 2. LL 556

attains the smallest boundary MSE for n ≤ 1600, which is consistent with Theorem 5: the 557

boundary variance of CL contains the additional term in (19), whereas LL does not suffer 558

from this mismatch of weights. CL nevertheless improves on CE and NW at every sample 559

size, because at their optimal bandwidths the O(h) boundary bias of the local-constant 560

estimators dominates. 561
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Figure 3. The boundary MSEs of four methods (NW, LL, CE and CL) against the sample size n. Both
the x-axis and y-axis are plotted on logarithmic scales to accommodate the wide range of the data
and improve visual clarity. For each sample size n, the specic method and sampling strategy, the
violin boxplot is based on the pooled MSEB values across 9 correlation functions, 6 kernel functions,
200 replications.

The time consumption Figure 4 presents heatmaps of the time consumption across 562

different methods, sample sizes, sampling strategies, correlation functions, and kernel 563

functions. The horizontal axis consists of the 54 combinations of correlation functions 564

and kernel functions, while the vertical axis represents the 48 combinations of estima- 565

tion methods, sample sizes, and sampling strategies. Each cell reports the median time 566

consumption over the 200 simulation replications for a given combination of correlation 567

function, kernel function, method, sample size, and sampling strategy. Darker shading 568

indicates a larger median time consumption. Among the four methods, LL consistently 569

incurs the highest computational cost. For all methods, time consumption increases with 570

sample size, reflecting the expected decline in computational efficiency as the sample size 571

increases. In contrast, the choice of correlation function and kernel function has relatively 572

little effect on the time consumption. 573
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Figure 4. Heatmap of the median time consumption (in seconds) for each combination of estima-
tion method, sample size, sampling strategy, correlation function, and kernel function, with darker
shading indicating larger time consumption.

To further examine how time consumption varies with sample size, we take the me- 574

dian time consumption across the 9 correlation functions, 6 kernel functions, and 200 sim- 575

ulation replications, and plot time consumption against sample size for the eight combi- 576

nations of method and sampling strategy. The resulting plots are shown in Figure 5(a). 577

The solid line with square markers represents the median time consumption under sam- 578

pling strategy S1 as a function of sample size, whereas the dashed line with star markers 579

represents the corresponding median under sampling strategy S2. The 95% empirical con- 580

fidence intervals are also shown using different colours, with their boundaries indicated 581

by solid and dashed lines for S1 and S2, respectively. As expected, the time consumption 582

increases with sample size for all methods and under both sampling strategies. Moreover, 583

S2 consistently requires more time consumption than S1 across all sample sizes and meth- 584

ods. This difference is attributable to the greater number of test points located near the 585

boundaries under S2, which increases the computational burden associated with estima- 586

tion in the boundary regions. 587

To provide a more direct illustration of the trade-off between estimation accuracy 588

and computational efficiency, we plot the accuracy-speed trade-off for the four methods, 589

as shown in Figure 5(b). Each point represents the median time consumption plotted 590

against the median MSE. From this perspective, a particularly noteworthy result occurs 591

when n=3200: CL achieves a lower MSE than LL while requiring substantially less time 592

consumption. Overall, LL provides the highest estimation accuracy but at the greatest 593

computational cost. In contrast, CL offers a more favourable balance between accuracy 594

and computational efficiency and, in some settings, even outperforms LL in both respects. 595

NW and CE are computationally more efficient, but this advantage comes at the cost of 596

lower estimation accuracy. 597
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Figure 5. Computational cost of the four estimation methods and their trade-off with estimation
accuracy. (a) Median time consumption as a function of sample size for the four methods under
the sampling strategies S1 and S2, showing that time consumption increases with sample size and
is larger under S2; (b) the accuracy-speed trade-off, where each point plots the median time con-
sumption against the median MSE, illustrating that LL achieves the highest accuracy at the greatest
computational cost while CL offers the most favourable balance.

How to choose the method? In practice, estimation accuracy alone is insufficient; 598

the associated computational burden imposes a critical constraint, particularly in online 599

or high-throughput settings. For instance, in typical MEG source reconstruction, the sam- 600

pling rate is often 1000 Hz, yielding 1000 time points per second, amounting to 600,000 601

time points over a 10-minute recording. Even when downsampled to 100 Hz, this still 602

results in 60,000 observation points, and the combinatorial pairing across cortical regions 603

further inflates the total computational load, making algorithmic efficiency a primary prac- 604

tical concern. 605

To balance statistical precision against computational cost, we summarise each 606

method by rank-based indices computed over the 648 configurations ν = (n, F, K, S) ∈ C. 607

For each configuration ν, we take the median MSE and the median runtime of each method 608

m ∈ {NW, LL, CE, CL} over its 200 replications, and rank the four methods within config- 609

uration ν on each criterion, with rank 1 assigned to the best method. Averaging these 610

configuration-wise ranks over all configurations gives the mean MSE rank R̄MSE
m and the 611

mean runtime rank R̄time
m , and averaging the average of the two ranks within each configu- 612

ration gives the dual rank R̄dual
m , which weights accuracy and speed equally. For a weight 613

w ∈ [0, 1] on accuracy, the effective score effm(w) averages, over configurations, w times 614

the min–max normalised log10 median MSE plus 1 − w times the min–max normalised 615

log10 median runtime, where the normalisation is across the four methods within each 616

configuration; the four methods are then ranked by this score for each w ∈ {0.1, . . . , 0.9} 617

to obtain the effective rank Reff
m (w). For all three indices, a smaller value indicates a bet- 618

ter method, and their exact definitions are given in the online supplementary material. 619

The resulting rankings in Table 2 provide a comprehensive picture of how the methods 620

compare under varying preferences for accuracy versus computational efficiency. We can 621

observe that CL exhibits the most robust overall performance: it attains the best effective 622

rank Reff
m (w) for all weights w = 0.4 to 0.8 and ranks second at w = 0.3 and w = 0.9, and 623

it also achieves the smallest dual rank R̄dual
m = 2.402, indicating a strong balance between 624

estimation accuracy and computational cost. LL delivers the highest estimation accuracy, 625

as reflected by the smallest mean MSE rank R̄MSE
m = 1.465, but its dual rank R̄dual

m = 2.732 626

is the least favourable among the four methods owing to its substantially higher computa- 627
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tional cost; consequently, LL attains the top effective rank only when accuracy is assigned 628

the largest weight (w = 0.9). NW is computationally the most efficient (w = 0.1, 0.2, 0.3), 629

yielding the second-best dual rank R̄dual
m = 2.430, yet it suffers from the worst estimation 630

accuracy (R̄MSE
m = 3.860), and its effective rank deteriorates as w increases, so that it is 631

only attractive when computational speed is prioritised over precision. CE performs mod- 632

erately on both dimensions, occupying an intermediate position in the effective ranking 633

across all weights. 634

Table 2. The ranking of the four methods in terms of MSE, dual criterion, and effective score rank
under different weights w.

Method R̄MSE
m R̄dual

m
Reff

m with different weight

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

CL 1.804 2.402 3 3 2 1 1 1 1 1 2
LL 1.465 2.732 4 4 4 4 4 2 2 2 1
CE 2.872 2.436 2 2 3 3 3 3 3 3 3
NW 3.860 2.430 1 1 1 2 2 4 4 4 4

Wilcoxon Signed-rank Analysis: CL vs LL In this section, we perform one-sided 635

paired Wilcoxon signed-rank tests to compare the performance of the CL and LL methods 636

across all simulation cells. The tests are conducted by pairing Monte Carlo replicates via 637

the repetition index, with the alternative hypothesis that CL has smaller mean squared 638

error (MSE) than LL. To be concrete, let MSECL
r,ν and MSELL

r,ν denote the MSEs of the CL and 639

LL methods, respectively, for the r-th repetition in the ν-th simulation cell. For each cell 640

ν ∈ C, we define the paired differences dr,ν := MSECL
r,ν − MSELL

r,ν . The one-sided paired 641

Wilcoxon signed-rank test is then applied to test whether CL is better than LL in terms of 642

MSE: 643

H0 : median(dr,ν) ≥ 0 vs H1 : median(dr,ν) < 0. 644

For each simulation cell ν, we report the one-sided p-value (pν), and mean difference 645

d̄ν := 1
200 ∑200

r=1 dr,ν. A cell is marked as “CL better” if pν < 0.05 and d̄ν < 0. To sum- 646

marise the overall performance across all simulation cells, we unify significance and direc- 647

tion by the transformed score sν := − log10(pν) · sign(d̄ν). The resulting scores can then 648

be visualised using heatmaps in Figure 6(a). Furthermore, we compute the significance 649

win rate, defined as the proportion of cells where CL is significantly better than LL, and 650

demonstrate it in Figure 6(b). 651
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Figure 6. Wilcoxon signed-rank test results for CL vs LL across simulation cells. (a) The heatmap of
Wilcoxon signed-rank test transformed scores for CL vs LL across simulation cells. (b) The signifi-
cance win rate of CL over LL across simulation cells.

Across 648 simulation cells, 213 show nominal significance (pν < 0.05), of which 212 652

favoured CL over LL and 1 favoured LL over CL. The sole case favouring LL over CL 653

is (F6, K1, S2, n = 800), with p = 0.0385 and d̄ = 7.136 × 10−5. Furthermore, we apply 654

BH-FDR at q = 0.05 over 648 cells and yield 203 discoveries, all of which favour CL over 655

LL. Results are robust to BH-FDR correction. The proportion of CL-favouring significant 656

cells increases with sample size (from 12.96% at n = 100 to 60.19% at n = 3200), and is 657

markedly higher under S1 than S2 (47.53% vs 17.90%). 658

Robustness to non-Gaussian data To examine Remark 2 in finite samples, we re- 659

peated the simulation for F1, F2 and F5 with the Epanechnikov kernel, n ∈ {400, 1600} 660

and both test-point strategies. The data were generated as (X1, X2) = Σ1/2(ρc(U))W, 661

where W followed either a multivariate t5 distribution scaled to unit variances, which has 662

heavy tails and does not satisfy the eighth moment condition in (A5), or independent stan- 663

dardised Gamma(2) components (skewness
√

2, excess kurtosis 3); in both cases Σ1/2 is 664

the symmetric square root, so the conditional correlation remains ρc(U). Compared with 665

the Gaussian design, the median MSE of every estimator increased under both departures. 666

For the Gamma(2) design the median ratios were 1.00–1.08 for NW, 1.09–1.18 for CE and 667

1.21–1.31 for CL, and for the t5 design they were 1.57–1.75 for NW, 1.49–1.91 for CE and 668
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1.72–2.14 for CL; the heavy-tailed design thus cost all three estimators roughly a factor of 669

two. The ranking of the estimators changed little: CL kept the smallest median MSE in 670

20 of the 24 combinations, and the only reorderings occurred under the skewed design, 671

where NW and CE exchanged places (NW ranking first in one cell), whereas under the t5 672

design the ranking was unchanged in every cell. 673

4. Real Data Analysis 674

Magnetoencephalography (MEG) provides a non-invasive measure of the magnetic 675

fields generated by neuronal currents in the cerebral cortex, with millisecond-scale tem- 676

poral resolution, making it particularly well suited for investigating the dynamic organi- 677

sation of functional brain network [48,49]. In resting-state MEG studies, power envelope 678

correlation (PEC) has become a widely used approach for quantifying the synchrony of 679

low-frequency (<1 Hz) fluctuations in the amplitudes of neural oscillations across cortical 680

regions [4–6,50]. A key finding from this line of research is that the power envelopes of 681

band-limited neural oscillations exhibit significant and reproducible correlations between 682

distinct brain regions. These inter-regional correlations are thought to reflect the spatial 683

organisation of resting-state functional networks, including the default mode and visual 684

networks [4,6,50]. 685

Traditional PEC estimates functional connectivity by computing the Pearson corre- 686

lation coefficient between power-envelope time series over the entire recording period, 687

thereby yielding a static, time-invariant measure of connectivity: 688

ρrq = corr
(
er(t), eq(t)

)
=

∑t
(
er(t)− ēr

)(
eq(t)− ēq

)√
∑t
(
er(t)− ēr

)2
∑t
(
eq(t)− ēq

)2
, 689

where er(t) denotes the power envelope of the r-th ROI at time t. However, functional 690

connectivity in the resting brain is inherently dynamic, with the strength of inter-regional 691

coupling varying over time [4,49]. The nonparametric correlation estimator CL proposed 692

in this study extends the conventional static correlation framework by incorporating time 693

t into the observation model, thereby representing the correlation as a smooth function 694

ρ(t). This formulation allows the strength of functional connectivity to vary continuously 695

over time, without imposing a specific parametric form on its temporal evolution. In 696

the MEG application, ρ̂(t) provides a nonparametric estimate of time-varying functional 697

connectivity between pairs of ROIs. 698

In this case study, we use MEG data from the Cam-CAN dataset [51] to demonstrate 699

the practical utility of the proposed nonparametric correlation estimation method. The 700

Cam-CAN dataset contains resting-state MEG recordings from healthy adults across a 701

broad range of ages. The recordings were acquired at a sampling frequency of 1000 Hz 702

and lasted 8 min 40 s, providing a rich temporal profile of ongoing neural activity. To 703

provide a clear illustration of the proposed method, we focused on a single participant 704

(sub-CC110033). 705

Our analysis has two distinct aims. The first is to show that the estimator can be ap- 706

plied to whole-brain MEG data and yields interpretable network summaries (Sections 4.1, 707

4.2 and 4.4). The second is to examine whether its statistical properties (time-varying 708

estimation, pair-specific bandwidths and boundary correction) make a measurable differ- 709

ence compared with conventional approaches. To this end, we benchmark the estimator 710

against static and sliding-window correlation (Section 4.3), run a surrogate test of the es- 711

timated fluctuations (online supplementary material), and report each network result in 712

Section 4.4 together with its sliding-window and static counterparts. Since only one par- 713

ticipant is analysed, the network results should be read as a proof of concept rather than 714

as population-level findings. 715
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To keep the computational burden manageable, we restricted the analysis to a mod- 716

erate number of brain regions. Instead of the commonly used 68-region DesikanKilliany 717

(DK) atlas [52], we adopted the 200-region Schaefer Local-Global Parcellation rather than 718

its 1000-region counterpart [13]. Because functional network organisation can vary sub- 719

stantially across frequency bands [16,53–55], we followed the conventional classification 720

of neural oscillations and extracted power envelopes separately for six frequency bands: 721

delta (1-4 Hz), theta (4-8 Hz), alpha (8-12 Hz), beta (12-40 Hz), slow gamma (40-80 Hz), 722

and fast gamma (80-120 Hz) [56–58]. The extracted power envelopes were subsequently 723

log-transformed and used as input to the proposed nonparametric correlation estimation 724

method. 725

We first describe the procedure for extracting power envelopes from the raw MEG 726

recordings and then demonstrate how the proposed method can be applied to these real- 727

world data. 728

4.1. Power Envelope Extraction 729

We first prepare the raw data required for the analysis. Specifically, we utilize the 730

resting-state MEG recording, which has been preprocessed using MaxFilter to implement 731

the Signal Space Separation (SSS), alongside the corresponding empty-room recording for 732

environmental noise estimation. The spatial alignment between the MEG sensor space and 733

the structural MRI space is achieved using a pre-calculated MEGMRI coregistration trans- 734

formation matrix. Because the experimental recordings have already undergone the SSS 735

procedure [59,60], Maxwell filtering is not repeated in the subsequent analysis pipeline. 736

Data preprocessing The preprocessing pipeline consists of the following steps. (1) 737

Channel selection and bad-channel handling. For both the experimental and empty-room 738

recordings, we retained only MEG channels and excluded channels marked as “bads”. 739

We then restricted both datasets to their common set of channels to ensure consistency 740

in the subsequent noise covariance estimation. The empty-room data were reordered to 741

match the channel ordering of the experimental recording. (2) Band-pass filtering. To re- 742

move very slow drifts while retaining the lowest frequency range of interest (14 Hz), both 743

recordings were high-pass filtered at 0.5 Hz using a zero-phase FIR filter designed with 744

‘firwin‘ [8,61]. This cutoff preserves the lowest frequencies of the delta band without intro- 745

ducing substantial attenuation. (3) Power line noise removal. Notch filters were applied 746

at 50, 100, and 150 Hz to suppress power-line interference and its harmonics. 747

Source Reconstruction and Atlas Mapping. It consists of four main steps: 748

1. Anatomical processing and source space. The T1-weighted structural MRI was pro- 749

cessed with FreeSurfer [12] to reconstruct the cortical surfaces. An “oct6” source- 750

space discretisation was then used to generate a cortical source grid containing ap- 751

proximately 8,196 vertices, with 4,098 vertices per hemisphere. 752

2. Boundary element model and forward solution. The geometry of the volume con- 753

ductor was encapsulated by a single-layer Boundary Element Method (BEM) model. 754

The inner skull surface boundary was automatically segmented from structural T1- 755

weighted MRI data utilising the watershed algorithm [62] via FreeSurfer. Inside 756

this bounding surface, the brain tissue compartment was treated as a homogeneous 757

and isotropic volume conductor with a standard consensus conductivity assigned at 758

0.3 S/m [63,64]. To establish the forward solution, the MEG sensor locations were 759

aligned with the structural MRI coordinate space via an MEG-MRI coregistration 760

transform based on anatomical fiducials and digitised headshape points. Subse- 761

quently, the source-to-sensor gain matrix (lead-field matrix) was computed using 762

the single-layer BEM framework [7]. To prevent mathematical singularity and nu- 763

merical instability in closer sensors, a minimum source-to-sensor distance boundary 764
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of 5 mm was enforced during the forward field calculation [65]. Both the forward 765

solution and the source space were cached to avoid unnecessary recomputation. 766

3. Noise covariance and inverse operator. The noise covariance matrix, Σ̂n, was esti- 767

mated from the empty-room recording. A minimum-norm inverse operator was then 768

constructed using a loose orientation constraint of 0.2, depth weighting of 0.8, and 769

an assumed signal-to-noise ratio (SNR) of 3 [17,66]. The inverse solution was com- 770

puted using dynamic statistical parametric mapping (dSPM) [67–69]. The regulari- 771

sation parameter was determined from the assumed SNR as λ2 = 1
SNR2 = 1

9 . After 772

whitening the sensor-space data, dSPM obtains cortical current estimates through the 773

minimum-norm solution and subsequently normalises them by their estimated noise 774

sensitivity. The resulting estimates therefore have an approximately unit-variance t- 775

statistic interpretation [68,69]. 776

4. Broadband Source Reconstruction and ROI Time Series. The inverse operator 777

was applied to the broadband MEG data following 0.5 Hz high-pass filtering. To 778

constrain the inverse solution to the physiologically relevant anatomy, a cortical 779

surface normal constraint was employed to project the estimated current vectors 780

exclusively onto the local surface normals, reflecting the anatomical alignment of 781

macroscopically oriented cortical pyramidal cells [66,70]. This produced continu- 782

ous cortical source estimates S(r, t). The source estimates were then parcellated 783

according to the Schaefer-200 cortical atlas [13]. To extract a single representative 784

time course for each region of interest (ROI), we applied an orientation-aligned sign- 785

flipping averaging procedure [1]. Specifically, the ROI-level time series was defined 786

as xr(t) = 1
nr

∑j∈ROIr σjŜ(rj, t), where nr denotes the number of vertices in ROI r, 787

and σj ∈ {−1,+1} is a sign-flip factor determined by the orientation of the surface 788

normal at vertex j. This procedure addresses the complex folding geometry of the 789

cortex; it mathematically flips the sign of time series from vertices whose local sur- 790

face normals oppose the dominant orientation of the ROI, thereby preventing phase 791

cancellation and ensuring an accurate, robust representation of regional population 792

activity [1,71]. 793

Source Leakage Correction Because the forward-model point-spread functions of 794

neighbouring sources overlap on the cortex, the time course reconstructed for a given 795

parcel contains contributions from the surrounding tissue, an effect known as spatial leak- 796

age. Leakage inflates and distorts inter-regional correlation estimates, and a standard rem- 797

edy in MEG connectomics is to whiten the parcel-level signals by symmetric orthogonal- 798

ization [24]. Let X denote the R × T matrix of band-limited ROI time courses, with the 799

R = 200 rows corresponding to the Schaefer parcels and each row centred over time. The 800

symmetric orthogonalisation applies the inverse matrix square root of the row covariance, 801

Xorth =
(
XX>)− 1

2 X, (25) 802

which, for full-rank X, decorrelates the ROI signals while rotating them as little as possible, 803

in a least-squares sense, from the original time courses. 804

The full-rank construction does not apply to the present data. The 200 parcels are re- 805

constructed from MEG measurements of limited effective rank, and the row-standardised 806

band-limited ROI matrices show a pronounced singular-value gap: in the delta band, for 807

instance, the relative spectrum falls from 3.7 × 10−2 to 2.0 × 10−7 between the 70th and 808

71st singular values. The row covariance XX> is therefore numerically singular, and the 809

inverse square root in (25) is unstable. We instead used a rank-aware, rank-truncated 810

Löwdin orthogonalisation. Truncating the eigenvalue spectrum to the band-specific ranks 811

selected below redistributes the variance associated with the discarded dimensions among 812
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the retained components, thereby inflating the retained eigenvalues and potentially alter- 813

ing the magnitude of the leakage correction [24]. Writing the singular value decomposition 814

of the row-centred, row-standardised ROI matrix as X = USV> with s1 ≥ s2 ≥ · · · ≥ sR, 815

and denoting by Ur, Sr and Vr the leading r singular vectors and values, the leakage- 816

corrected signals are 817

Xorth = UrV>
r =

(
UrS2

r U>
r
)− 1

2 X, (26) 818

the Moore–Penrose analogue of (25) restricted to the retained subspace. All 200 rows are 819

kept; the truncation confines the corrected signals to an r-dimensional subspace in which 820

they are mutually uncorrelated, so that the row Gram matrix XorthX>
orth is a rank-r projector 821

rather than the identity. The correction is therefore best described as a rank-deficient modi- 822

fication of the standard symmetric orthogonalization, not as an ordinary 200-dimensional 823

orthogonalization. Because the truncation does not preserve row norms, each corrected 824

row was rescaled to restore the root-mean-square amplitude of the original ROI signal, so 825

that the envelopes computed below retain the between-region amplitude structure of the 826

source estimates. 827

The effective rank was selected separately for each frequency band from the archived 828

rank diagnostics and took the values 154 (delta), 165 (theta), 162 (alpha), 166 (beta) and 170 829

(slow and fast gamma). The full singular spectrum, the selected rank, the explained vari- 830

ance and the gap ratio were saved for every band as diagnostics alongside the envelope 831

data. 832

Power envelopes were derived from the leakage-corrected, band-limited signals 833

by the Hilbert transform: for a band-limited signal x(t) the instantaneous power is 834

|x(t) + i H[x(t)]|2 [9]. To retain the slow amplitude modulations that carry resting-state 835

network structure [4], the power was smoothed with a Gaussian kernel of standard devi- 836

ation 132.5 ms. The smoother has gain 0.71 at 1 Hz, 0.25 at 2 Hz and 1.7 × 10−4 at 5 Hz, 837

so that fluctuations faster than about 1 Hz are progressively attenuated, and those above 838

3 Hz are essentially removed. Because the kernel is non-negative, the smoothed power 839

cannot become negative, unlike a finite-impulse-response low-pass filter, which can un- 840

dershoot zero where the power is small. The smoothed power was decimated to 10 Hz, 841

which shortens each series from 574,000 to 5,740 samples, and log-transformed. Because 842

the envelopes were derived from dSPM estimates, they represent noise-normalised rather 843

than absolute source power. For the delta band (1–4 Hz) the envelope bandwidth is com- 844

parable to the carrier frequency, so delta envelopes should be interpreted with caution. 845

The log-envelopes remain moderately non-Gaussian (skewness from −0.42 to 4.02, excess 846

kurtosis from −0.14 to 28.16 across regions, with per-band medians of 0.29–5.28 for the 847

excess kurtosis; Q–Q plots in the online supplementary material). 848

4.2. Pairwise Correlation Estimation 849

Standardisation and estimand. Let yr(t) = log er(t) be the log-envelope of region 850

r at the sampling times tk = k/10 s. Because the estimator assumes zero conditional 851

mean and unit conditional variance (Section 2), each series was centred and scaled locally, 852

xr(t) = {yr(t) − mr(t)}/sr(t), where mr and sr are the Gaussian-kernel weighted mean 853

and standard deviation with pilot scale σp = 60 s, normalised at the edges. This removes 854

slow drifts (periods longer than about seven minutes) and slow changes in variance, but 855

leaves the local means at the much shorter time scales of the correlation bandwidths intact. 856

The methods compared below therefore target related but distinct quantities. For a pair of 857

regions (r, q), write A(t) = E[x2
r + x2

q | t], B(t) = E[xrxq | t] and µr(t) = E[xr | t] at the 858

scale of the bandwidth. Then CL and CE estimate the root of the population cubic with co- 859

efficients A(t) and B(t), which equals B(t) when A(t) = 2; NW estimates 2B(t)/A(t); and 860

the kernel local Pearson correlation (KLP) and the sliding-window correlation estimate 861
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{B(t)− µr(t)µq(t)}/{vr(t)vq(t)}1/2, where vr and vq are the local variances. All coincide 862

with ρ(t) when the local means vanish and the local variances equal one; otherwise CL 863

measures the local second-moment association of the standardised series. Sensitivity anal- 864

yses with global standardisation, with σp = 30 s and with a rank-based inverse-normal 865

transformation are summarised in the online supplementary material. 866

Pairwise estimation and bandwidth selection. For each of the 19,900 region pairs we 867

computed the boundary-corrected estimator of Definition 1: An(t) is the local-constant 868

average of x2
r + x2

q , BCL
n (t) the local-linear estimate of xrxq (Eq. (11)), and ρ̂(t) the root 869

of (13). All kernel sums were computed by fast Fourier transforms with zero padding, 870

so the estimates at the start and end of the recording use the truncated kernel, as in the 871

theory. The bandwidth hrq of each pair was chosen by blocked cross-validation [72]: at 872

every fifth sample (1,148 validation times, including the edges) the Gaussian predictive 873

log-likelihood was evaluated with the kernel set to zero within ±1.0 s of the validation 874

time, so that the prediction does not use the serially dependent neighbouring samples (the 875

autocorrelation of the envelope products falls below 0.1 within 0.5–0.8 s). The candidate 876

set consisted of twelve logarithmically spaced bandwidths from 1.5×1.0 to 60 s, followed 877

by a local refinement, together with a constant-correlation model. The constant-correlation 878

option is a model-selection device that compares a constant ρ with a smooth ρ(·) by the 879

same criterion; it is not a bandwidth covered by Theorems 3–5. Bandwidths smaller than 880

about 1.5×1.0 cannot be assessed by this criterion. 881

Correlation matrices and network summaries. For each band and time point the 882

19,900 estimates were assembled into a 200 × 200 matrix. Where this matrix was not 883

positive definite (97–100% of time points, 99.5% overall), its eigenvalues were clipped 884

at 10−6 and the matrix was rescaled to unit diagonal. This is a fast approximation of 885

the nearest-correlation-matrix projection of Higham [73], not an implementation of it; it 886

changed the off-diagonal entries by 0.0019–0.0114 on average across bands (overall mean 887

0.0056). As a summary of overall coupling we report the mean squared off-diagonal cor- 888

relation r2(t); for a correlation matrix, the eigenvalue variance reported in the original 889

submission equals (p − 1) r2(t). Yeo-7 network-level values were obtained by averag- 890

ing Fisher-z-transformed correlations over all region pairs of each network pair, without 891

thresholding. 892

4.3. Comparison with Static and Sliding-Window Correlation 893

We compared CL with the following established alternatives, all computed from the 894

same envelopes: (i) static power-envelope correlation (PEC), the Pearson correlation of the 895

log-envelopes over the whole recording; (ii) static amplitude-envelope correlation (AEC) 896

of the untransformed amplitude envelopes; (iii) sliding-window Pearson correlation (SW) 897

with windows of 10, 30 and 60 s and (iv) with a window w∗ tuned for each pair; (v) the 898

kernel local Pearson correlation (KLP), which uses the same Gaussian kernel as CL but 899

centres and scales the series locally at the bandwidth; (vi) CL with a single bandwidth for 900

all pairs (the median of hrq); and (vii) CE, i.e. CL without boundary correction. Compar- 901

isons (v)–(vii) isolate, respectively, the effects of local centring, of pair-specific bandwidths 902

and of the boundary correction. Near the edges of the recording the sliding windows are 903

truncated. 904

To compare methods without favouring the one whose tuning criterion is used for 905

evaluation, we split the recording into alternating 30 s blocks A and B. All tuning parame- 906

ters (hrq including the constant-correlation option, the global bandwidth, w∗, and the KLP 907

bandwidth) were selected on A by the blocked criterion of Section 4.2, and the Gaussian 908

predictive log-likelihood was evaluated on B; the roles of A and B were then swapped and 909

the two folds averaged. Table 3 reports, for each band, the median over pairs of the paired 910
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difference in held-out log-likelihood and the agreement of the time-averaged CL estimate 911

with static PEC. Across bands, the time-averaged CL estimate agreed closely with static 912

PEC (r = 0.978–0.994, Table 3), so the time-varying estimator reproduces the static con- 913

nectivity when averaged over time. The constant-correlation model was preferred over 914

a time-varying fit for 79.7–89.1% of region pairs. Selecting a separate bandwidth for each 915

pair improved the held-out likelihood relative to a single global bandwidth in all six bands, 916

by a small amount in the delta, theta and alpha bands (median difference 0.0028–0.0042) 917

and more substantially in the gamma bands (0.0644 in slow gamma and 0.2594 in fast 918

gamma). Compared with the tuned sliding window, KLP and the static model, CL per- 919

formed comparably in the delta, theta, alpha and beta bands, whereas in the two gamma 920

bands the alternatives attained somewhat better held-out likelihoods (median differences 921

−0.03 to −0.12), indicating that for these bands the pair-specific smooth fits do not im- 922

prove out-of-sample prediction. Because the region pairs share regions, the Wilcoxon tests 923

over pairs are descriptive. The remaining comparisons—the agreement with static AEC, 924

the correlation between the CL trajectory and fixed sliding windows of 10, 30 and 60 s, and 925

the boundary-correction ablation CE—are reported in the online supplementary material. 926

Table 3. Benchmark of CL against alternatives. Columns 2–5 report, for each band, the median
over 19,900 region pairs of the held-out negative log-likelihood difference NLL(other)− NLL(CL),
evaluated on a nested 30 s block split, so positive values favour CL; “global” denotes CL with a
single bandwidth for all pairs. Column 6 reports the correlation between the time-averaged CL
estimate and static PEC, and column 7 the percentage of pairs for which the constant-correlation
model was selected.

Band global SW(w∗) KLP static r(CL,PEC) % const.

Delta +0.0042 +0.0000 +0.0000 +0.0000 0.992 85.3
Theta +0.0028 +0.0000 +0.0000 +0.0000 0.978 79.7
Alpha +0.0029 +0.0001 +0.0000 +0.0000 0.994 81.2
Beta +0.0067 +0.0003 +0.0002 -0.0008 0.994 89.1
Slow gamma +0.0644 -0.0328 -0.0331 -0.0360 0.990 86.1
Fast gamma +0.2594 -0.1148 -0.1172 -0.1173 0.989 86.6
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4.4. Dynamic Network Organisation 927
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Figure 7. Eigenvalue variance of the dynamic correlation matrices in the delta band, which equals
(p − 1) r2(t), for CL (solid), the tuned sliding window (dashed) and the static PEC matrix (dotted).
Chord diagrams show the CL Yeo-7 network matrices at 10, 110, 210, 310, 410 and 510 s; for display
only, links below the median of each matrix are hidden. Networks: Visual, Somatomotor (Som-
Mot), Dorsal Attention (DAN), Ventral Attention (VAN), Limbic, Frontoparietal (FPN) and Default
(DMN).
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Figure 8. Eigenvalue variance of the dynamic correlation matrices in the fast gamma band, which
equals (p − 1) r2(t), for CL (solid), the tuned sliding window (dashed) and the static PEC matrix
(dotted). Chord diagrams show the CL Yeo-7 network matrices at 10, 110, 210, 310, 410 and 510 s;
for display only, links below the median of each matrix are hidden. Networks: Visual, Somatomo-
tor (SomMot), Dorsal Attention (DAN), Ventral Attention (VAN), Limbic, Frontoparietal (FPN) and
Default (DMN).

Figures 7 and 8 show, for the delta and fast-gamma bands, the eigenvalue variance 928

of the CL correlation matrices over time. For a correlation matrix this equals (p − 1) r2(t) 929

and thus summarises the overall strength of coupling; the beta, alpha, theta and slow- 930

gamma bands are shown in Figures S4–S7 of the online supplementary material. In the 931

delta band the eigenvalue variance ranged from 1.91 to 2.89, and in the fast-gamma band 932

from 29.60 to 52.33; for theta, alpha, beta and slow gamma the ranges were 2.46–3.75, 3.84– 933

4.89, 20.77–27.45 and 25.20–44.34. Overall coupling therefore increased from the slow to 934

the fast bands, and the temporal fluctuations were largest in the two gamma bands. Each 935

figure also shows the conventional counterparts. The CL trajectory fluctuates around the 936

static PEC value (time average 2.14 versus static 2.14 in delta and 49.35 versus 52.86 in fast 937

gamma), and its course over time agrees with that of the tuned sliding window (correla- 938

tion between the two trajectories 0.87 in delta and 0.61 in fast gamma; the sliding window 939

shows larger excursions). The overall coupling identified by CL is therefore consistent 940

with that of conventional approaches; the differences that are specific to CL concern the 941

pair-specific smoothing and the estimates at the edges of the recording, which are quanti- 942

fied in Section 4.3. 943
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The chord diagrams show the CL Yeo-7 network matrices at six time points. In 944

the delta band the strongest couplings involved the limbic network—with the default- 945

mode, ventral-attention and frontoparietal networks—and the weakest involved the vi- 946

sual network with the somatomotor and dorsal-attention networks, a pattern that was sta- 947

ble across the six time points. In the fast-gamma band the same hierarchy reappeared at 948

much higher coupling strengths and with larger temporal variation, whereas in the alpha 949

band the strongest couplings involved the somatomotor network and the visual network 950

showed the weakest coupling; Figure S5 of the online supplementary material shows the 951

slow-gamma band. Averaged over time, the CL network matrix agrees with the static PEC 952

network matrix (correlation over the 28 network pairs 0.86 to 1.00 across bands). The dif- 953

ferences between bands are therefore already present in static connectivity; what CL adds 954

is how these network patterns vary within the recording. 955

Periodicity Analysis To assess whether the observed temporal variations in func- 956

tional connectivity exhibited significant periodicity, we applied an autoregressive (AR)- 957

based global periodicity test to each network-pair connectivity time series. This procedure 958

was designed to account for the substantial temporal dependence expected in dynamic 959

functional connectivity [33,74–77]. For each frequency band and each pair of Yeo-7 func- 960

tional networks, the resulting connectivity time series was first centred and standardised. 961

An AR(p) model was then fitted to the standardised series yt, 962

yt = c +
p

∑
ℓ=1

ϕℓyt−ℓ + εt, 963

where the autoregressive order p was selected by minimising the Akaike information cri- 964

terion (AIC) over p = 1, . . . , 20. The fitted autoregressive coefficients were subsequently 965

used to whiten both the observed connectivity series and the design matrices. 966

To test for periodic components over a prespecified range of connectivity fluctuation 967

frequencies, we considered a grid of 500 equally spaced frequencies within the interval 968

corresponding to periods of 5–300 s, i.e. f ∈ [1/300, 1/5]Hz. For each candidate frequency 969

f , we compared a null model containing only an intercept with a harmonic model, 970

X1( f ) =
[
1 cos(2π f t) sin(2π f t)

]
, X0 = 1. 971

Let L ∈ Rne f f ×T denote the whitening matrix, where ne f f is the effective number of obser- 972

vations after accounting for the AR model and T is the total number of time points. Hence, 973

the whitened response and design matrix are: 974

ỹ = Ly ∈ Rne f f , X̃1( f ) = LX1( f ) ∈ Rne f f ×3, X̃0 = LX0 ∈ Rne f f ×1. 975

After AR whitening, the two nested models ỹ ∼ X̃1( f ) and ỹ ∼ X̃0 were fitted by least 976

squares and compared using the statistic 977

F( f ) =
[RSS0( f )− RSS1( f )]/2

RSS1( f )/(neff − 3)
, 978

which, under the corresponding model assumptions, was evaluated against an F2,neff−3 979

distribution. The frequency providing the strongest evidence for a periodic component 980

was defined as f̂AR = arg min f p( f ), pAR = min f p( f ), where p( f ) is the p-value corre- 981

sponding to the F-statistic F( f ). The corresponding dominant period was calculated as 982

T̂AR = 1/ f̂AR. Finally, the resulting pAR values were adjusted for multiple comparisons 983

across all frequency-band and network-pair combinations using the Benjamini–Hochberg 984
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false discovery rate (FDR) procedure, yielding qAR values. Connectivity fluctuations were 985

considered statistically significant when qAR < 0.005. 986

Kernel smoothing and AR whitening can make a smooth stationary series appear 987

periodic, so the nominal qAR values are not directly interpretable. To calibrate the test, we 988

applied the same pipeline (CL at the bandwidths selected on the observed data, network 989

averaging, the AR test and the Benjamini–Hochberg adjustment over the 168 band–pair 990

combinations) to 19 stationary surrogates of the log-envelopes, generated by multivariate 991

phase randomisation, which preserves all auto- and cross-spectra and hence the static 992

correlations [78]. A band is taken to show evidence of periodic coupling only if its number 993

of significant network pairs exceeds that of the surrogates, and we report the Monte Carlo 994

p-value pMC = (1 + #{s : ns ≥ nobs})/20. For comparison, the same test was also applied 995

to the network series of the tuned sliding window. 996
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Figure 9. Periodicity analysis of the Yeo-7 network time series. An autoregressive (AR) global peri-
odicity test over periods of 5–300 s is applied to each of the 168 frequency-band–network-pair time
series, and the resulting pAR values are adjusted by the Benjamini–Hochberg procedure over the
168 combinations; a network pair is declared significant when qAR < 0.005. (a) Number of network
pairs (out of 28) with a significant periodic component in each frequency band, for CL and the tuned
sliding window (SW), together with the median and range over 19 stationary phase-randomised
surrogates, which preserve all auto- and cross-spectra and hence the static correlations and are used
to calibrate the test. (b) Dominant periods T̂AR of the significant CL network pairs.

The results are illustrated in Figure 9. For CL, 80 of the 168 band–pair combinations 997

showed a nominally significant periodic component (delta 11/28, theta 7/28, alpha 4/28, 998

beta 24/28, slow gamma 10/28 and fast gamma 24/28), compared with a median of 5–21 999

significant pairs per band (range 0–28) in the stationary surrogates and all 28 pairs in every 1000

band for the tuned sliding window. The Monte Carlo p-values were pMC = 0.90 (delta), 1001

1.00 (theta), 1.00 (alpha), 0.35 (beta), 0.90 (slow gamma) and 0.20 (fast gamma). In no band 1002

did the number of periodic network pairs exceed that obtained from stationary surrogates. 1003

The nominal periodicity of the network series is therefore explained by the smoothing and 1004

the autocorrelation of the series, and we do not interpret the dominant periods. 1005

5. Conclusion and Discussion 1006

In this paper, we proposed a nonparametric correlation estimator via solving a cubic 1007

equation (CE) to carry out the time-varying correlation analysis in MEG power envelope. 1008

Furthermore, we also corrected the boundary effects by implementation of the local linear 1009

regression (CL) method. The proposed estimator is nonparametric with respect to the 1010

temporal evolution of the correlation, imposing no parametric form on ρ(·); it is, however, 1011

derived from a conditional bivariate Gaussian working model with zero means and unit 1012

variances, so the data must be centred and scaled before use, and its variance formulae rely 1013

on normality (Remark 2). We not only provided the theoretical properties of the proposed 1014
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estimators (CE and CL), but also conducted extensive simulation studies to demonstrate 1015

their superior performance over the existing methods. Considering the trade-off between 1016

MSE and computational cost, we recommend using the CL method for large-scale time- 1017

varying correlation analysis, as the CL method reduces computational cost relative to the 1018

LL method, while simultaneously preserving a similar level of MSE. 1019

We applied the CL method to one subject’s real MEG scan from the Cam-CAN dataset. 1020

Following a series of preprocessing steps, including channel selection, band-pass filter- 1021

ing, power-line noise removal, anatomical processing, boundary element modelling, and 1022

computation of the forward solution, we obtained the source-space time series for the 1023

entire recording. These source estimates were subsequently parcellated according to the 1024

Schaefer-200 cortical atlas to obtain regional time series for the 200 cortical ROIs. Before ex- 1025

tracting the power envelopes, we applied source leakage correction following established 1026

procedures in the literature. 1027

Once the power envelopes had been obtained, we applied CL to all 19,900 region 1028

pairs in six frequency bands to construct dynamic correlation matrices, and compared 1029

them with static and sliding-window correlations. Overall coupling was weakest in the 1030

delta, theta and alpha bands and strongest in the beta and gamma bands, with the time- 1031

averaged (p − 1) r2(t) rising from 2.14 (delta), 2.97 (theta) and 4.27 (alpha) to 26.34 (beta), 1032

41.60 (slow gamma) and 49.35 (fast gamma). The Yeo-7 network summaries varied within 1033

the recording in each band, and their strength increased from the slower to the faster 1034

bands. These results show that the approach can be applied to whole-brain MEG data. 1035

More broadly, the proposed framework offers a flexible nonparametric way of characteris- 1036

ing temporally evolving dependence structures, without imposing a restrictive parametric 1037

form on the underlying correlation dynamics. 1038

From statistical properties to the MEG results. The MEG analysis served two pur- 1039

poses, which we kept separate: showing that the estimator can be applied to whole-brain 1040

resting-state MEG (Section 4.4), and examining whether its statistical properties make a 1041

measurable difference relative to conventional approaches (Section 4.3 and the online sup- 1042

plementary material). Each property maps onto a specific comparison. (i) Time-varying 1043

estimation. A smooth ρ(t) was compared with a constant correlation selected by the same 1044

criterion: 79.7–89.1% of region pairs preferred a constant correlation, and among the re- 1045

maining pairs the smooth fit did not improve the held-out likelihood relative to the con- 1046

stant model (median difference −0.0013 to −0.0228, Table 3); the estimated fluctuations 1047

exceeded those of stationary surrogates in the delta, theta, alpha and slow-gamma bands 1048

(p = 0.01–0.03) but not in the beta and fast-gamma bands (p = 0.06–0.08; online supple- 1049

mentary material), and the periodicity of the network series did not exceed its surrogate 1050

calibration. (ii) Pair-specific bandwidths. The selected bandwidths ranged from 19.7 to 60 s 1051

(10th–90th percentiles) and differed between within- and between-network pairs only in 1052

the beta band (Kruskal–Wallis p < 10−6); relative to a single bandwidth for all pairs, held- 1053

out prediction improved in all six bands. (iii) Boundary correction. CL provides estimates 1054

within the first and last 30 s of the recording, where the sliding window must be trun- 1055

cated; the price is a larger variance at the edges (Theorem 5, Remark 6 and the MEG-like 1056

simulation in the online supplementary material), so estimates near the edges should be 1057

read with this in mind. Where CL and the conventional approaches agree—for the time- 1058

averaged connectivity and the overall course of coupling—the MEG results corroborate 1059

known resting-state structure rather than reveal new phenomena; where they differ, the 1060

comparisons above indicate which property of the estimator is responsible. Because only 1061

one participant was analysed, none of these results is a population-level finding. 1062

Limitations The proposed methodology also has several limitations that should be ac- 1063

knowledged. First, the proposed framework is derived under a conditional bivariate Gaus- 1064
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sian working model with zero conditional means and unit conditional variances. The zero- 1065

mean and unit-variance conditions are required for identification and must be enforced by 1066

standardisation; Gaussianity itself is used for the stated asymptotic variances and for the 1067

uniform consistency argument, whereas pointwise consistency holds under the moment 1068

conditions alone (Remark 2). Although a logarithmic transformation and local standardi- 1069

sation are applied before correlation estimation, we do not perform an additional formal 1070

assessment of normality. In practical applications, we recommend that the distributional 1071

assumptions be carefully assessed, and the normality of the transformed data be examined 1072

where appropriate, before applying the proposed method. If the normality test fails on the 1073

transformed data, a further discussion on transformation for heavy tailed data should be 1074

considered. We also acknowledge that the current theoretical analysis is developed un- 1075

der an i.i.d. framework with unit marginal variances. These assumptions are primarily 1076

adopted to make the asymptotic analysis of the cubic estimating equation tractable and 1077

to isolate the statistical properties of the proposed nonparametric correlation estimator. 1078

Some non-i.i.d cases were fully discussed in Zhang and Li [79], Li [80]. The theoretical 1079

results are based on an i.i.d. unit variance setting and do not fully account for temporal 1080

dependence, bandwidth estimation, and multiple pairwise estimation effects, which we 1081

leave as important extensions for future work. 1082

Second, because the proposed correlation estimator is constructed independently for 1083

each pair of variables, the resulting correlation matrix is not guaranteed to be positive 1084

definite. Enforcing positive definiteness at the estimation stage would require the same 1085

bandwidth to be used across all matrix entries. Although such a strategy could preserve 1086

the positive-definite structure of the estimated correlation matrix, it would introduce other 1087

important drawbacks. In particular, the computational cost would increase substantially 1088

because the bandwidth would need to be jointly selected across all variable pairs, and 1089

the resulting bandwidth could be dominated by the sparsest or most difficult-to-estimate 1090

pairs [80]. We therefore adopt a compromise in which the correlations are estimated in- 1091

dependently for each pair, allowing the pairwise estimation problems to be readily par- 1092

allelised, and the resulting matrix is subsequently projected onto the nearest correlation 1093

matrix. While this strategy provides a practical balance between computational efficiency 1094

and matrix validity, the projection step inevitably introduces some distortion to the esti- 1095

mated pairwise correlations [73]. The extent to which this projection affects downstream 1096

statistical inference and the preservation of the underlying dependence structure has not 1097

been fully investigated in the present study and warrants further investigation. 1098

Third, the proposed nonparametric correlation estimator is based on a local smooth- 1099

ing framework and may therefore become less stable when the sample size is small. This 1100

limitation is less consequential for high-frequency data, where numerous observations are 1101

typically available, such as financial transaction data, MEG, and EEG recordings. 1102

Fourth, the bandwidth selection procedure employed in this study is based on cross- 1103

validation. Although we have introduced several computational optimisations to improve 1104

its efficiency, bandwidth selection may still impose a considerable computational burden, 1105

particularly for large-scale datasets involving numerous variable pairs or observations. 1106

Fifth, in terms of estimation accuracy, the CL method remains slightly less accurate 1107

than the LL method in some settings. This represents a trade-off between computational 1108

efficiency and statistical accuracy that should be considered when selecting an estimator 1109

for a particular application. 1110

Finally, the proposed nonparametric correlation estimator was developed for con- 1111

tinuously distributed data. Its direct application to discrete-valued data is therefore not 1112

currently supported and would require appropriate modifications to the estimation proce- 1113
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dure. This limitation is inherent to the current formulation of the estimator and represents 1114

an important direction for future methodological development. 1115

Scope, Generalisability, and Future Directions In this study, we focused on time- 1116

varying correlation analysis based on power envelopes, as this framework has been widely 1117

used in neuroscience and provides a useful measure of functional interactions between 1118

brain regions. Nevertheless, the proposed nonparametric correlation estimation method 1119

is not restricted to power envelope connectivity and can, in principle, be extended to 1120

other forms of time-varying dependence analysis. For example, it could be applied to 1121

time-varying measures of phase synchronisation, coherence, phase-locking value (PLV), 1122

weighted phase-lag index (wPLI), imaginary coherence, and other measures of frequency- 1123

specific functional connectivity [81]. It could also be adapted to time-varying amplitude- 1124

envelope connectivity and cross-frequency coupling measures. Future work could inves- 1125

tigate these extensions to assess the general applicability and robustness of the proposed 1126

methodology across different representations of dynamic functional connectivity. 1127

We used the variance of the eigenvalues as a summary measure because it provides 1128

a compact characterisation of the overall connectivity strength of a time-varying correla- 1129

tion matrix. Other graph-theoretic and matrix-based measures, such as mean connectivity 1130

strength, mean clustering coefficient, average path length, network density, and global ef- 1131

ficiency, could also be used to provide a more comprehensive characterisation of the tem- 1132

poral evolution of functional connectivity. Owing to space limitations, we do not report 1133

these additional analyses in detail here. They nevertheless provide natural extensions for 1134

future analyses and could offer complementary perspectives on the temporal organisation 1135

of the estimated correlation matrices. 1136

The analysis of the time-varying correlation matrices across the six frequency bands 1137

revealed clear frequency-dependent differences in the overall connectivity structure. At 1138

the same time, some similarities in connectivity patterns were also observed across differ- 1139

ent frequency bands, suggesting that frequency-specific network organisation may coexist 1140

with common features of large-scale functional architecture. These observations are con- 1141

sistent with the view that functional brain networks exhibit both frequency-specific and 1142

frequency-general characteristics. However, the present analysis was based on MEG data 1143

from a single participant, and the observed patterns should therefore not be interpreted 1144

as representative of the general population. Analyses based on a substantially larger co- 1145

hort will be required to assess the robustness, reproducibility, and generalisability of these 1146

findings, as well as to determine whether the observed frequency-specific patterns are 1147

consistent across individuals. 1148

Finally, the MEG data analysed in this study were acquired during the resting state. 1149

An important direction for future research would therefore be to apply the proposed 1150

methodology to task-based MEG or EEG recordings. Such analyses could provide an 1151

opportunity to investigate how functional connectivity between brain regions changes dy- 1152

namically in response to different cognitive demands and whether the proposed nonpara- 1153

metric framework can capture task-related transitions in functional network organisation. 1154

Extending the methodology to task-evoked and other experimentally controlled settings 1155

would also provide a further test of its ability to characterise dynamic dependence struc- 1156

tures under different neural and behavioural conditions. 1157

Author Contributions: Conceptualization, S.Y., G.G., J.Z., A.G. and J.L.; methodology, S.Y., G.G., 1158

J.Z., A.G. and J.L.; software, S.Y. and J.L.; validation, S.Y. and J.L.; formal analysis, S.Y. and J.L.; 1159

investigation, S.Y. and J.L.; resources, S.Y. and J.L.; data curation, S.Y.; writing—original draft prepa- 1160

ration, S.Y. and J.L.; writing—review and editing, S.Y., G.G., J.Z., A.G. and J.L.; visualization, J.L.; 1161

supervision, J.L.; project administration, J.L.; funding acquisition, S.Y. and J.L.. All authors have 1162

read and agreed to the published version of the manuscript. 1163

https://doi.org/10.3390/app1010000

https://doi.org/10.3390/app1010000


Version October 24, 2026 submitted to Appl. Sci. 34 of 37

Funding: This research was funded by the Fourth Cohort of Young and Middle-aged Academic 1164

and Technical Talent Candidates at Lijiang Culture and Tourism College, grant number: 2026xshb02. 1165

This research was aslo supported by the EPSRC project: From Covariance Regressions to Nonpara- 1166

metric Dynamic Causal Modelling (CoreDCM), grant number: EP/X038297/1. 1167

Data Availability Statement: The subject data comes from the Cambridge Centre for Ageing and 1168

Neuroscience (Cam-CAN) dataset [51]. The simulation code is available on the GitHub repository: 1169

nonparametric_correlation_estimator_cubic. 1170

Acknowledgments: During the preparation of this manuscript/study, the authors used ChatGPT 1171

5.3 and DeepSeek 4.1 for the purposes of deploying AI-assisted tools for language translation, lan- 1172

guage editing and polishing, and grammar checking. The authors have reviewed and edited the 1173

output and take full responsibility for the content of this publication. 1174

Conflicts of Interest: The authors declare no conflicts of interest. 1175

References 1176

1. Woolrich, M.W.; Baker, A.; Luckhoo, H.; Mohseni, H.; Barnes, G.; Brookes, M.; Rezek, I. Dynamic State Allocation for MEG 1177

Source Reconstruction. NeuroImage 2013, 77, 77–92. https://doi.org/10.1016/j.neuroimage.2013.03.036. 1178

2. Favaretto, C.; Allegra, M.; Deco, G.; Metcalf, N.V.; Griffis, J.C.; Shulman, G.L.; Brovelli, A.; Corbetta, M. Subcortical-Cortical 1179

Dynamical States of the Human Brain and Their Breakdown in Stroke. Nature Communications 2022, 13, 1–17. https://doi.org/ 1180

10.1038/s41467-022-32304-1. 1181

3. Jin, H.; Ranasinghe, K.G.; Prabhu, P.; Dale, C.; Gao, Y.; Kudo, K.; Vossel, K.; Raj, A.; Nagarajan, S.S.; Jiang, F. Dynamic Functional 1182

Connectivity MEG Features of Alzheimer’s Disease. NeuroImage 2023, 281, 1–30. https://doi.org/10.1016/j.neuroimage.2023.1 1183

20358. 1184

4. Hipp, J.F.; Hawellek, D.J.; Corbetta, M.; Siegel, M.; Engel, A.K. Large-Scale Cortical Correlation Structure of Spontaneous 1185

Oscillatory Activity. Nature Neuroscience 2012, 15, 884–890. https://doi.org/10.1038/nn.3101. 1186

5. O’Neill, G.C.; Barratt, E.L.; Hunt, B.A.E.; Tewarie, P.K.; Brookes, M.J. Measuring Electrophysiological Connectivity by Power 1187

Envelope Correlation: A Technical Review on MEG Methods. Physics in Medicine and Biology 2015, 60, R271–295. https: 1188

//doi.org/10.1088/0031-9155/60/21/R271. 1189

6. Brookes, M.J.; Woolrich, M.; Luckhoo, H.; Price, D.; Hale, J.R.; Stephenson, M.C.; Barnes, G.R.; Smith, S.M.; Morris, P.G. Inves- 1190

tigating the Electrophysiological Basis of Resting State Networks Using Magnetoencephalography. Proceedings of the National 1191

Academy of Sciences of the United States of America 2011, 108, 16783–16788. https://doi.org/10.1073/pnas.1112685108. 1192

7. Hämäläinen, M.S.; Sarvas, J. Realistic Conductivity Geometry Model of the Human Head for Interpretation of Neuromagnetic 1193

Data. IEEE transactions on bio-medical engineering 1989, 36, 165–171. https://doi.org/10.1109/10.16463. 1194

8. Gramfort, A. MEG and EEG Data Analysis with MNE-Python. Frontiers in Neuroscience 2013, 7, 1–13. https://doi.org/10.3389/ 1195

fnins.2013.00267. 1196

9. Bruns, A. Fourier-, Hilbert- and Wavelet-Based Signal Analysis: Are They Really Different Approaches? Journal of Neuroscience 1197

Methods 2004, 137, 321–332. https://doi.org/10.1016/j.jneumeth.2004.03.002. 1198

10. Coelli, S.; Corda, M.; Bianchi, A.M. The Time-Varying Brain: A Comprehensive Review of Dynamic Functional Connectivity 1199

Analysis in EEG and MEG. Journal of Neural Engineering 2025, 22, 1–20. https://doi.org/10.1088/1741-2552/ae1258. 1200

11. Carrasco-Gómez, M.; García-Colomo, A.; Cabrera-Álvarez, J.; Bruña, R.; Santos, A.; Maestú, F. Dynamics of Brain Connectivity 1201

across the Alzheimer’s Disease Spectrum through Magnetoencephalography. Scientific Reports 2026, 16, 1–13. https://doi.org/ 1202

10.1038/s41598-025-30718-7. 1203

12. Fischl, B. FreeSurfer. NeuroImage 2012, 62, 774–781. https://doi.org/10.1016/j.neuroimage.2012.01.021. 1204

13. Schaefer, A.; Kong, R.; Gordon, E.M.; Laumann, T.O.; Zuo, X.N.; Holmes, A.J.; Eickhoff, S.B.; Yeo, B.T.T. Local-Global Parcellation 1205

of the Human Cerebral Cortex from Intrinsic Functional Connectivity MRI. Cerebral Cortex 2018, 28, 3095–3114. https://doi. 1206

org/10.1093/cercor/bhx179. 1207

14. Wen, S.; Wang, J.; Liu, W.; Meng, X.; Jiao, Z. Spatio-Temporal Dynamic Functional Brain Network for Mild Cognitive Impairment 1208

Analysis. Frontiers in Neuroscience 2025, 19, 1–15. https://doi.org/10.3389/fnins.2025.1597777. 1209

15. Zhang, J.; Lyu, Y.; Yu, X.; Zhang, L.; Cao, C.; Chen, T.; Chen, M.; Zhuang, Y.; Liu, T.; Zhu, D. Classification of Mild Cognitive 1210

Impairment Based on Dynamic Functional Connectivity Using Spatio-Temporal Transformer. Proceedings. IEEE International 1211

Symposium on Biomedical Imaging 2025, 2025, 1–12. https://doi.org/10.1109/isbi60581.2025.10980922. 1212

16. Kajimura, S.; Margulies, D.; Smallwood, J. Frequency-Specific Brain Network Architecture in Resting-State fMRI. Scientific 1213

Reports 2023, 13, 1–9. https://doi.org/10.1038/s41598-023-29321-5. 1214

https://doi.org/10.3390/app1010000

https://cam-can.mrc-cbu.cam.ac.uk/dataset/
https://cam-can.mrc-cbu.cam.ac.uk/dataset/
https://cam-can.mrc-cbu.cam.ac.uk/dataset/
https://github.com/Jieli12/nonparametric_correlation_estimator_cubic
https://github.com/Jieli12/nonparametric_correlation_estimator_cubic
https://github.com/Jieli12/nonparametric_correlation_estimator_cubic
https://doi.org/10.1016/j.neuroimage.2013.03.036
https://doi.org/10.1038/s41467-022-32304-1
https://doi.org/10.1038/s41467-022-32304-1
https://doi.org/10.1038/s41467-022-32304-1
https://doi.org/10.1016/j.neuroimage.2023.120358
https://doi.org/10.1016/j.neuroimage.2023.120358
https://doi.org/10.1016/j.neuroimage.2023.120358
https://doi.org/10.1038/nn.3101
https://doi.org/10.1088/0031-9155/60/21/R271
https://doi.org/10.1088/0031-9155/60/21/R271
https://doi.org/10.1088/0031-9155/60/21/R271
https://doi.org/10.1073/pnas.1112685108
https://doi.org/10.1109/10.16463
https://doi.org/10.3389/fnins.2013.00267
https://doi.org/10.3389/fnins.2013.00267
https://doi.org/10.3389/fnins.2013.00267
https://doi.org/10.1016/j.jneumeth.2004.03.002
https://doi.org/10.1088/1741-2552/ae1258
https://doi.org/10.1038/s41598-025-30718-7
https://doi.org/10.1038/s41598-025-30718-7
https://doi.org/10.1038/s41598-025-30718-7
https://doi.org/10.1016/j.neuroimage.2012.01.021
https://doi.org/10.1093/cercor/bhx179
https://doi.org/10.1093/cercor/bhx179
https://doi.org/10.1093/cercor/bhx179
https://doi.org/10.3389/fnins.2025.1597777
https://doi.org/10.1109/isbi60581.2025.10980922
https://doi.org/10.1038/s41598-023-29321-5
https://doi.org/10.3390/app1010000


Version October 24, 2026 submitted to Appl. Sci. 35 of 37

17. Lin, F.H.; Witzel, T.; Hämäläinen, M.S.; Dale, A.M.; Belliveau, J.W.; Stufflebeam, S.M. Spectral Spatiotemporal Imaging of 1215

Cortical Oscillations and Interactions in the Human Brain. NeuroImage 2004, 23, 582–595. https://doi.org/10.1016/j.neuroimage. 1216

2004.04.027. 1217

18. O’Neill, G.C.; Tewarie, P.; Vidaurre, D.; Liuzzi, L.; Woolrich, M.W.; Brookes, M.J. Dynamics of Large-Scale Electrophysiological 1218

Networks: A Technical Review. NeuroImage 2018, 180, 559–576. https://doi.org/10.1016/j.neuroimage.2017.10.003. 1219

19. Lachaux, J.P.; Rodriguez, E.; Martinerie, J.; Varela, F.J. Measuring Phase Synchrony in Brain Signals. Human Brain Mapping 1999, 1220

8, 194–208. https://doi.org/10.1002/(SICI)1097-0193(1999)8:4<194::AID-HBM4>3.0.CO;2-C. 1221

20. Nolte, G.; Bai, O.; Wheaton, L.; Mari, Z.; Vorbach, S.; Hallett, M. Identifying True Brain Interaction from EEG Data Using the 1222

Imaginary Part of Coherency. Clinical Neurophysiology 2004, 115, 2292–2307. https://doi.org/10.1016/j.clinph.2004.04.029. 1223

21. Stam, C.J.; Nolte, G.; Daffertshofer, A. Phase Lag Index: Assessment of Functional Connectivity from Multi Channel EEG and 1224

MEG with Diminished Bias from Common Sources. Human Brain Mapping 2007, 28, 1178–1193. https://doi.org/10.1002/hbm. 1225

20346. 1226

22. Vinck, M.; Oostenveld, R.; van Wingerden, M.; Battaglia, F.; Pennartz, C.M.A. An Improved Index of Phase-Synchronization for 1227

Electrophysiological Data in the Presence of Volume-Conduction, Noise and Sample-Size Bias. NeuroImage 2011, 55, 1548–1565. 1228

https://doi.org/10.1016/j.neuroimage.2011.01.055. 1229

23. Baselice, F.; Sorriso, A.; Rucco, R.; Sorrentino, P. Phase Linearity Measurement: A Novel Index for Brain Functional Connectivity. 1230

IEEE Transactions on Medical Imaging 2019, 38, 873–882. https://doi.org/10.1109/TMI.2018.2873423. 1231

24. Colclough, G.; Brookes, M.; Smith, S.; Woolrich, M. A Symmetric Multivariate Leakage Correction for MEG Connectomes. 1232

Neuroimage 2015, 117, 439–448. https://doi.org/10.1016/j.neuroimage.2015.03.071. 1233

25. Colclough, G.L.; Woolrich, M.W.; Tewarie, P.K.; Brookes, M.J.; Quinn, A.J.; Smith, S.M. How Reliable Are MEG Resting-State 1234

Connectivity Metrics? NeuroImage 2016, 138, 284–293. https://doi.org/10.1016/j.neuroimage.2016.05.070. 1235

26. Siems, M.; Siegel, M. Dissociated Neuronal Phase- and Amplitude-Coupling Patterns in the Human Brain. NeuroImage 2020, 1236

209, 116538. https://doi.org/10.1016/j.neuroimage.2020.116538. 1237

27. Baker, A.P.; Brookes, M.J.; Rezek, I.A.; Smith, S.M.; Behrens, T.; Probert Smith, P.J.; Woolrich, M. Fast Transient Networks in 1238

Spontaneous Human Brain Activity. eLife 2014, 3, e01867. https://doi.org/10.7554/eLife.01867. 1239

28. Vidaurre, D.; Hunt, L.T.; Quinn, A.J.; Hunt, B.A.E.; Brookes, M.J.; Nobre, A.C.; Woolrich, M.W. Spontaneous Cortical Activity 1240

Transiently Organises into Frequency Specific Phase-Coupling Networks. Nature Communications 2018, 9, 2987. https://doi. 1241

org/10.1038/s41467-018-05316-z. 1242

29. Tewarie, P.; Liuzzi, L.; O’Neill, G.C.; Quinn, A.J.; Griffa, A.; Woolrich, M.W.; Stam, C.J.; Hillebrand, A.; Brookes, M.J. Tracking 1243

Dynamic Brain Networks Using High Temporal Resolution MEG Measures of Functional Connectivity. NeuroImage 2019, 200, 38– 1244

50. https://doi.org/10.1016/j.neuroimage.2019.06.006. 1245

30. Leonardi, N.; Van De Ville, D. On Spurious and Real Fluctuations of Dynamic Functional Connectivity during Rest. NeuroImage 1246

2015, 104, 430–436. https://doi.org/10.1016/j.neuroimage.2014.09.007. 1247

31. Hindriks, R.; Adhikari, M.H.; Murayama, Y.; Ganzetti, M.; Mantini, D.; Logothetis, N.K.; Deco, G. Can Sliding-Window Corre- 1248

lations Reveal Dynamic Functional Connectivity in Resting-State fMRI? NeuroImage 2016, 127, 242–256. https://doi.org/10.101 1249

6/j.neuroimage.2015.11.055. 1250

32. Zalesky, A.; Breakspear, M. Towards a Statistical Test for Functional Connectivity Dynamics. NeuroImage 2015, 114, 466–470. 1251

https://doi.org/10.1016/j.neuroimage.2015.03.047. 1252

33. Liégeois, R.; Laumann, T.O.; Snyder, A.Z.; Zhou, J.; Yeo, B.T.T. Interpreting Temporal Fluctuations in Resting-State Functional 1253

Connectivity MRI. NeuroImage 2017, 163, 437–455. https://doi.org/10.1016/j.neuroimage.2017.09.012. 1254

34. Rahimi, S.; Jackson, R.; Farahibozorg, S.R.; Hauk, O. Time-Lagged Multidimensional Pattern Connectivity (TL-MDPC): An 1255

EEG/MEG Pattern Transformation Based Functional Connectivity Metric. NeuroImage 2023, 270, 1–16. https://doi.org/10.101 1256

6/j.neuroimage.2023.119958. 1257

35. Fan, J.; Heckman, N.E.; Wand, M.P. Local Polynomial Kernel Regression for Generalized Linear Models and Quasi-Likelihood 1258

Functions. Journal of the American Statistical Association 1995, 90, 141–150. https://doi.org/10.1080/01621459.1995.10476496. 1259

36. Fan, J.; Gijbels, I. Data-Driven Bandwidth Selection in Local Polynomial Fitting: Variable Bandwidth and Spatial Adaptation. 1260

Journal of the Royal Statistical Society. Series B (Methodological) 1995, 57, 371–394. https://doi.org/10.1111/j.2517-6161.1995.tb020 1261

34.x. 1262

37. Fan, J.; Yao, Q.; Tong, H. Estimation of Conditional Densities and Sensitivity Measures in Nonlinear Dynamical Systems. 1263

Biometrika 1996, 83, 189–206. https://doi.org/10.1093/biomet/83.1.189. 1264

38. Fan, J.; Yao, Q. Efficient Estimation of Conditional Variance Functions in Stochastic Regression. Biometrika 1998, 85, 645–660. 1265

https://doi.org/10.1093/biomet/85.3.645. 1266

39. Staniswalis, J.G.; Lee, J.J. Nonparametric Regression Analysis of Longitudinal Data. Journal of the American Statistical Association 1267

1998, 93, 1403–1418. https://doi.org/10.2307/2670055. 1268

https://doi.org/10.3390/app1010000

https://doi.org/10.1016/j.neuroimage.2004.04.027
https://doi.org/10.1016/j.neuroimage.2004.04.027
https://doi.org/10.1016/j.neuroimage.2004.04.027
https://doi.org/10.1016/j.neuroimage.2017.10.003
https://doi.org/10.1002/(SICI)1097-0193(1999)8:4<194::AID-HBM4>3.0.CO;2-C
https://doi.org/10.1016/j.clinph.2004.04.029
https://doi.org/10.1002/hbm.20346
https://doi.org/10.1002/hbm.20346
https://doi.org/10.1002/hbm.20346
https://doi.org/10.1016/j.neuroimage.2011.01.055
https://doi.org/10.1109/TMI.2018.2873423
https://doi.org/10.1016/j.neuroimage.2015.03.071
https://doi.org/10.1016/j.neuroimage.2016.05.070
https://doi.org/10.1016/j.neuroimage.2020.116538
https://doi.org/10.7554/eLife.01867
https://doi.org/10.1038/s41467-018-05316-z
https://doi.org/10.1038/s41467-018-05316-z
https://doi.org/10.1038/s41467-018-05316-z
https://doi.org/10.1016/j.neuroimage.2019.06.006
https://doi.org/10.1016/j.neuroimage.2014.09.007
https://doi.org/10.1016/j.neuroimage.2015.11.055
https://doi.org/10.1016/j.neuroimage.2015.11.055
https://doi.org/10.1016/j.neuroimage.2015.11.055
https://doi.org/10.1016/j.neuroimage.2015.03.047
https://doi.org/10.1016/j.neuroimage.2017.09.012
https://doi.org/10.1016/j.neuroimage.2023.119958
https://doi.org/10.1016/j.neuroimage.2023.119958
https://doi.org/10.1016/j.neuroimage.2023.119958
https://doi.org/10.1080/01621459.1995.10476496
https://doi.org/10.1111/j.2517-6161.1995.tb02034.x
https://doi.org/10.1111/j.2517-6161.1995.tb02034.x
https://doi.org/10.1111/j.2517-6161.1995.tb02034.x
https://doi.org/10.1093/biomet/83.1.189
https://doi.org/10.1093/biomet/85.3.645
https://doi.org/10.2307/2670055
https://doi.org/10.3390/app1010000


Version October 24, 2026 submitted to Appl. Sci. 36 of 37

40. Kendall, M.G.; Stuart, A.; Ord, J.K.; Stuart, A.; Kendall, M.G. Inference and Relationship, 3 ed.; Number 2 in The Advanced Theory 1269

of Statistics, Griffin: London, 1973. 1270

41. Fan, J.; Gijbels, I. Local Polynomial Modelling and Its Applications, 1 ed.; Number 66 in Monographs on Statistics and Applied 1271

Probability, Chapman & Hall / CRC: Boca Raton, 1996. 1272

42. Ahlfors, L.V. Complex Analysis: An Introduction to the Theory on Analytic Functions of One Complex Variable, 3 ed.; International 1273

Series in Pure and Applied Mathematics, McGraw-Hill: New York, 2007. 1274

43. Fan, J. Design-Adaptive Nonparametric Regression. Journal of the American Statistical Association 1992, 87, 998–1004. https: 1275

//doi.org/10.1080/01621459.1992.10476255. 1276

44. Ruppert, D.; Wand, M.P. Multivariate Locally Weighted Least Squares Regression. Annals of Statistics 1994, 22, 1346–1370. 1277

https://doi.org/10.1214/aos/1176325632. 1278

45. Müller, H.G. Smooth Optimum Kernel Estimators near Endpoints. Biometrika 1991, 78, 521–530. https://doi.org/10.1093/ 1279

biomet/78.3.521. 1280

46. Gasser, T.; Sroka, L.; Jennen-steinmetz, C. Residual Variance and Residual Pattern in Nonlinear Regression. Biometrika 1986, 1281

73, 625–633. https://doi.org/10.1093/biomet/73.3.625. 1282

47. Silverman, B.W. Density Estimation for Statistics and Data Analysis; CRC Press, 1986. 1283

48. Schoffelen, J.M.; Gross, J. Source Connectivity Analysis with MEG and EEG. Human Brain Mapping 2009, 30, 1857–1865. https: 1284

//doi.org/10.1002/hbm.20745. 1285

49. Bastos, A.M.; Schoffelen, J.M. A Tutorial Review of Functional Connectivity Analysis Methods and Their Interpretational Pitfalls. 1286

Frontiers in Systems Neuroscience 2016, 9. 1287

50. Liu, Z.; Fukunaga, M.; de Zwart, J.A.; Duyn, J.H. Large-Scale Spontaneous Fluctuations and Correlations in Brain Electrical 1288

Activity Observed with Magnetoencephalography. NeuroImage 2010, 51, 102–111. https://doi.org/10.1016/j.neuroimage.2010 1289

.01.092. 1290

51. Cam-CAN.; Shafto, M.A.; Tyler, L.K.; Dixon, M.; Taylor, J.R.; Rowe, J.B.; Cusack, R.; Calder, A.J.; Marslen-Wilson, W.D.; Duncan, 1291

J.; et al. The Cambridge Centre for Ageing and Neuroscience (Cam-CAN) Study Protocol: A Cross-Sectional, Lifespan, Multidis- 1292

ciplinary Examination of Healthy Cognitive Ageing. BMC Neurology 2014, 14, 204. https://doi.org/10.1186/s12883-014-0204-1. 1293

52. Desikan, R.S.; Ségonne, F.; Fischl, B.; Quinn, B.T.; Dickerson, B.C.; Blacker, D.; Buckner, R.L.; Dale, A.M.; Maguire, R.P.; Hyman, 1294

B.T.; et al. An Automated Labeling System for Subdividing the Human Cerebral Cortex on MRI Scans into Gyral Based Regions 1295

of Interest. NeuroImage 2006, 31, 968–980. https://doi.org/10.1016/j.neuroimage.2006.01.021. 1296

53. Guglielmi, A.V.; Cisotto, G.; Erseghe, T.; Badia, L. Frequency-Dependent Functional Connectivity of Brain Networks at Resting- 1297

State. In Proceedings of the 2022 14th Biomedical Engineering International Conference (BMEiCON), 2022, pp. 1–5. https: 1298

//doi.org/10.1109/BMEiCON56653.2022.10012100. 1299

54. Zink, N.; Mückschel, M.; Beste, C. Resting-State EEG Dynamics Reveals Differences in Network Organization and Its Fluctuation 1300

between Frequency Bands. Neuroscience 2021, 453, 43–56. https://doi.org/10.1016/j.neuroscience.2020.11.037. 1301

55. Conti, M.; D’Onofrio, V.; Lorenzon, L.; Grassi, L.L.; Mascioli, D.; Ferrari, V.; Simonetta, C.; Pavan, S.; Di Giuliano, F.; Pierantozzi, 1302

M.; et al. Frequency- and Network-Specific Changes in Functional Connectivity Reflect Pathophysiological Mechanisms across 1303

Parkinson’s Disease Stages. Annals of Neurology 2026, 100, 319–333. https://doi.org/10.1002/ana.78262. 1304

56. Colgin, L.L.; Denninger, T.; Fyhn, M.; Hafting, T.; Bonnevie, T.; Jensen, O.; Moser, M.B.; Moser, E.I. Frequency of Gamma 1305

Oscillations Routes Flow of Information in the Hippocampus. Nature 2009, 462, 353–357. https://doi.org/10.1038/nature08573. 1306

57. Buzsáki, G. Rhythms of the Brain, 1 ed.; Oxford University Press: New York, New York, 2011. 1307

58. Zheng, C.; Bieri, K.W.; Hsiao, Y.T.; Colgin, L.L. Spatial Sequence Coding Differs during Slow and Fast Gamma Rhythms in the 1308

Hippocampus. Neuron 2016, 89, 398–408. https://doi.org/10.1016/j.neuron.2015.12.005. 1309

59. Taulu, S.; Simola, J.; Kajola, M. Applications of the Signal Space Separation Method. IEEE Transactions on Signal Processing 2005, 1310

53, 3359–3372. https://doi.org/10.1109/TSP.2005.853302. 1311

60. Taulu, S.; Simola, J. Spatiotemporal Signal Space Separation Method for Rejecting Nearby Interference in MEG Measurements. 1312

Physics in Medicine and Biology 2006, 51, 1759–1768. https://doi.org/10.1088/0031-9155/51/7/008. 1313

61. Widmann, A.; Schröger, E.; Maess, B. Digital Filter Design for Electrophysiological Data – a Practical Approach. Journal of 1314

Neuroscience Methods 2015, 250, 34–46. https://doi.org/10.1016/j.jneumeth.2014.08.002. 1315

62. Ségonne, F.; Dale, A.M.; Busa, E.; Glessner, M.; Salat, D.; Hahn, H.K.; Fischl, B. A Hybrid Approach to the Skull Stripping 1316

Problem in MRI. NeuroImage 2004, 22, 1060–1075. https://doi.org/10.1016/j.neuroimage.2004.03.032. 1317

63. Geddes, L.A.; Baker, L.E. The Specific Resistance of Biological Material—A Compendium of Data for the Biomedical Engineer 1318

and Physiologist. Medical and biological engineering 1967, 5, 271–293. https://doi.org/10.1007/BF02474537. 1319

64. Vorwerk, J.; Cho, J.H.; Rampp, S.; Hamer, H.; Knösche, T.R.; Wolters, C.H. A Guideline for Head Volume Conductor Modeling 1320

in EEG and MEG. NeuroImage 2014, 100, 590–607. https://doi.org/10.1016/j.neuroimage.2014.06.040. 1321

https://doi.org/10.3390/app1010000

https://doi.org/10.1080/01621459.1992.10476255
https://doi.org/10.1080/01621459.1992.10476255
https://doi.org/10.1080/01621459.1992.10476255
https://doi.org/10.1214/aos/1176325632
https://doi.org/10.1093/biomet/78.3.521
https://doi.org/10.1093/biomet/78.3.521
https://doi.org/10.1093/biomet/78.3.521
https://doi.org/10.1093/biomet/73.3.625
https://doi.org/10.1002/hbm.20745
https://doi.org/10.1002/hbm.20745
https://doi.org/10.1002/hbm.20745
https://doi.org/10.1016/j.neuroimage.2010.01.092
https://doi.org/10.1016/j.neuroimage.2010.01.092
https://doi.org/10.1016/j.neuroimage.2010.01.092
https://doi.org/10.1186/s12883-014-0204-1
https://doi.org/10.1016/j.neuroimage.2006.01.021
https://doi.org/10.1109/BMEiCON56653.2022.10012100
https://doi.org/10.1109/BMEiCON56653.2022.10012100
https://doi.org/10.1109/BMEiCON56653.2022.10012100
https://doi.org/10.1016/j.neuroscience.2020.11.037
https://doi.org/10.1002/ana.78262
https://doi.org/10.1038/nature08573
https://doi.org/10.1016/j.neuron.2015.12.005
https://doi.org/10.1109/TSP.2005.853302
https://doi.org/10.1088/0031-9155/51/7/008
https://doi.org/10.1016/j.jneumeth.2014.08.002
https://doi.org/10.1016/j.neuroimage.2004.03.032
https://doi.org/10.1007/BF02474537
https://doi.org/10.1016/j.neuroimage.2014.06.040
https://doi.org/10.3390/app1010000


Version October 24, 2026 submitted to Appl. Sci. 37 of 37

65. Huang, M.X.; Yurgil, K.A.; Robb, A.; Angeles, A.; Diwakar, M.; Risbrough, V.B.; Nichols, S.L.; McLay, R.; Theilmann, R.J.; Song, 1322

T.; et al. Voxel-Wise Resting-State MEG Source Magnitude Imaging Study Reveals Neurocircuitry Abnormality in Active-Duty 1323

Service Members and Veterans with PTSD. NeuroImage : Clinical 2014, 5, 408–419. https://doi.org/10.1016/j.nicl.2014.08.004. 1324

66. Lin, F.H.; Witzel, T.; Ahlfors, S.P.; Stufflebeam, S.M.; Belliveau, J.W.; Hämäläinen, M.S. Assessing and Improving the Spatial 1325

Accuracy in MEG Source Localization by Depth-Weighted Minimum-Norm Estimates. NeuroImage 2006, 31, 160–171. https: 1326

//doi.org/10.1016/j.neuroimage.2005.11.054. 1327

67. Hämäläinen, M.S.; Ilmoniemi, R.J. Interpreting Magnetic Fields of the Brain: Minimum Norm Estimates. Medical & Biological 1328

Engineering & Computing 1994, 32, 35–42. https://doi.org/10.1007/BF02512476. 1329

68. Dale, A.M.; Liu, A.K.; Fischl, B.R.; Buckner, R.L.; Belliveau, J.W.; Lewine, J.D.; Halgren, E. Dynamic Statistical Parametric 1330

Mapping: Combining fMRI and MEG for High-Resolution Imaging of Cortical Activity. Neuron 2000, 26, 55–67. https://doi. 1331

org/10.1016/s0896-6273(00)81138-1. 1332

69. Marinkovic, K.; Dhond, R.P.; Dale, A.M.; Glessner, M.; Carr, V.; Halgren, E. Spatiotemporal Dynamics of Modality-Specific and 1333

Supramodal Word Processing. Neuron 2003, 38, 487–497. https://doi.org/10.1016/s0896-6273(03)00197-1. 1334

70. Dale, A.M.; Sereno, M.I. Improved Localizadon of Cortical Activity by Combining EEG and MEG with MRI Cortical Surface 1335

Reconstruction: A Linear Approach. Journal of Cognitive Neuroscience 1993, 5, 162–176. https://doi.org/10.1162/jocn.1993.5.2.1 1336

62. 1337

71. Ahlfors, S.P.; Han, J.; Belliveau, J.W.; Hämäläinen, M.S. Sensitivity of MEG and EEG to Source Orientation. Brain Topography 1338

2010, 23, 227–232. https://doi.org/10.1007/s10548-010-0154-x. 1339

72. Burman, P.; Chow, E.; Nolan, D. A Cross-Validatory Method for Dependent Data. Biometrika 1994, 81, 351–358. https://doi. 1340

org/10.2307/2336965. 1341

73. Higham, N.J. Computing the Nearest Correlation Matrix—a Problem from Finance. IMA Journal of Numerical Analysis 2002, 1342

22, 329–343. https://doi.org/10.1093/imanum/22.3.329. 1343

74. Xu, L.; Choi, S.; Zhao, Y.; Li, M.; Rogers, B.P.; Anderson, A.; Gore, J.C.; Gao, Y.; Ding, Z. Seasonal Variations of Functional 1344

Connectivity of Human Brains. Scientific Reports 2023, 13, 1–12. https://doi.org/10.1038/s41598-023-43152-4. 1345

75. Eklund, A.; Andersson, M.; Knutsson, H. Fast Random Permutation Tests Enable Objective Evaluation of Methods for Single- 1346

Subject fMRI Analysis. International Journal of Biomedical Imaging 2011, 2011, 1–15. https://doi.org/10.1155/2011/627947. 1347

76. Choe, A.S.; Jones, C.K.; Joel, S.E.; Muschelli, J.; Belegu, V.; Caffo, B.S.; Lindquist, M.A.; van Zijl, P.C.M.; Pekar, J.J. Reproducibility 1348

and Temporal Structure in Weekly Resting-State fMRI over a Period of 3.5 Years. PLOS ONE 2015, 10, 1–29. https://doi.org/10 1349

.1371/journal.pone.0140134. 1350

77. van Es, M.W.J.; Higgins, C.; Gohil, C.; Quinn, A.J.; Vidaurre, D.; Woolrich, M.W. Large-Scale Cortical Functional Networks Are 1351

Organized in Structured Cycles. Nature Neuroscience 2025, 28, 2118–2128. https://doi.org/10.1038/s41593-025-02052-8. 1352

78. Prichard, D.; Theiler, J. Generating Surrogate Data for Time Series with Several Simultaneously Measured Variables. Physical 1353

Review Letters 1994, 73, 951–954. https://doi.org/10.1103/PhysRevLett.73.951. 1354

79. Zhang, J.; Li, J. Factorized Estimation of High-dimensional Nonparametric Covariance Models. Scandinavian Journal of Statistics 1355

2022, 49, 542–567. https://doi.org/10.1111/sjos.12529. 1356

80. Li, J. Statistical Inference for High-dimensional Nonparametric Models 2021. https://doi.org/10.22024/UNIKENT/01.02.8992 1357

5. 1358

81. Liu, Z.Q.; Luppi, A.I.; Hansen, J.Y.; Tian, Y.E.; Zalesky, A.; Yeo, B.T.T.; Fulcher, B.D.; Misic, B. Benchmarking Methods for 1359

Mapping Functional Connectivity in the Brain. Nature Methods 2025, 22, 1593–1602. https://doi.org/10.1038/s41592-025-02704 1360

-4. 1361

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual 1362

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury 1363

to people or property resulting from any ideas, methods, instructions or products referred to in the content. 1364

https://doi.org/10.3390/app1010000

https://doi.org/10.1016/j.nicl.2014.08.004
https://doi.org/10.1016/j.neuroimage.2005.11.054
https://doi.org/10.1016/j.neuroimage.2005.11.054
https://doi.org/10.1016/j.neuroimage.2005.11.054
https://doi.org/10.1007/BF02512476
https://doi.org/10.1016/s0896-6273(00)81138-1
https://doi.org/10.1016/s0896-6273(00)81138-1
https://doi.org/10.1016/s0896-6273(00)81138-1
https://doi.org/10.1016/s0896-6273(03)00197-1
https://doi.org/10.1162/jocn.1993.5.2.162
https://doi.org/10.1162/jocn.1993.5.2.162
https://doi.org/10.1162/jocn.1993.5.2.162
https://doi.org/10.1007/s10548-010-0154-x
https://doi.org/10.2307/2336965
https://doi.org/10.2307/2336965
https://doi.org/10.2307/2336965
https://doi.org/10.1093/imanum/22.3.329
https://doi.org/10.1038/s41598-023-43152-4
https://doi.org/10.1155/2011/627947
https://doi.org/10.1371/journal.pone.0140134
https://doi.org/10.1371/journal.pone.0140134
https://doi.org/10.1371/journal.pone.0140134
https://doi.org/10.1038/s41593-025-02052-8
https://doi.org/10.1103/PhysRevLett.73.951
https://doi.org/10.1111/sjos.12529
https://doi.org/10.22024/UNIKENT/01.02.89925
https://doi.org/10.22024/UNIKENT/01.02.89925
https://doi.org/10.22024/UNIKENT/01.02.89925
https://doi.org/10.1038/s41592-025-02704-4
https://doi.org/10.1038/s41592-025-02704-4
https://doi.org/10.1038/s41592-025-02704-4
https://doi.org/10.3390/app1010000

