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Abstract10

Importance measures are very useful for reliability enhancement of engineered sys-11

tems at both design and maintenance phases, and they have therefore been extensively12

studied. The existing importance measures are largely introduced from the perspective13

of system structure, reliability, and maintenance related costs. It is known that three14

types of component dependence: stochastic, economic, and structural, exist in many15

engineering scenarios and have to be taken into account in optimising maintenance16

policies. Neglecting this tripartite dependence may result in erroneous evaluations of17

the benefit, time, and cost associated with a maintenance policy, thereby causing neg-18

ative consequences. Nevertheless, to the best of our knowledge, all the three types of19

dependence measures are not considered jointly in the existing importance measures.20

To fill this research gap, a novel importance measure accounting for all the three types21

of dependence is proposed in this paper and further extend it to a joint importance22

measure of two components to quantify their interaction due to tripartite component23

dependence. Some interesting properties regarding the proposed importance measures,24

such as the relationship between both importance measures, the influence of the ne-25

glect of stochastic dependence, the monotonicity of the proposed measures, and the26

value range of the joint importance measure, are proved. Illustrative examples, includ-27

ing a numerical case and a landing gear system, illustrate the proposed importance28

measures and show that the proposed measures can effectively quantify the effective-29

ness of maintenance policies when the maintenance on a multi-component system is30

affected by the tripartite component dependence.31

Keywords: Importance measures; stochastic dependence; structural dependence; economic32

dependence.33

1 Introduction34

Engineered systems are subject to inevitable degradation resulting from usage and environ-35

mental factors, causing system failure and thus incurring economic losses and safety risks36

*Corresponding author: yuliu@uestc.edu.cn
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for personnel (Lisnianski and Levitin, 2003; Wu et al., 2022). Such degradations can be37

deferred by performing maintenance (Hashemi and Asadi, 2021; Wu and Asadi, 2024; Peng38

et al., 2021). For a multi-component system, reliability importance measures can priori-39

tise components for maintenance and have been therefore extensively studied to support40

decision-makers in obtaining an optimal maintenance policy (Chen and Feng, 2022; Du41

et al., 2025).42

It is worth noting that the optimization of maintenance policies for a multi-component43

system can inevitably encounters three types of component dependence: stochastic (Zhang44

et al., 2023; Xu et al., 2024), structural (Zhou et al., 2015), and economic (Bansal et al.,45

2025; Kivanç et al., 2024). Stochastic dependence, also referred to as failure interaction46

or probabilistic dependence, is caused by common cause failures (Mi et al., 2018), loading47

sharing (Keizer et al., 2018; Fang and Li, 2016), and cascading failures (Guo et al., 2017),48

and it is identified through analyzing the correlated failures or degradation data from mon-49

itoring the degradation coupling between paired components(Wu et al., 2023). It implies50

that the state of one component can influence that of the other components. Neglecting51

the stochastic interrelations among components may result in a biased estimate of their re-52

liability, thereby reducing the effectiveness of maintenance policies (Do et al., 2015). In the53

maintenance of a particular component, the constraints imposed by the system’s structure54

often require the disassembly of its preceding components or sub-assemblies. This con-55

straint relationship is termed structural dependence (Dao and Zuo, 2017), and it is found56

through disassembly precedence relationships documented in maintenance manuals (Zhou57

et al., 2015). The disassembly of a system takes the maintenance personnel’s time and,58

therefore, incurs additional costs. Failing to take account of the structural dependence will59

cause an underestimation of the time required for maintenance, leading to the inability60

to complete the scheduled maintenance policy in a timely manner (Leppinen et al., 2025).61

Maintenance of multiple components may also relate to economic dependence due to the62

share of facilities, materials, and personnel (Yang et al., 2020). The economic dependence63

is presented through shared maintenance costs and facilities (Keizer et al., 2018). When64

economic dependence is not considered, the total cost of the maintenance schedule be-65

comes higher, because downtime losses are repeatedly incurred or opportunities for joint66

maintenance are missed (Oakley et al., 2022). Consequently, ignoring the aforementioned67

tripartite dependence in maintenance optimization may result in erroneous evaluations of68

system reliability, maintenance time, and maintenance cost. It is thus imperative to put69

forth an importance measure that comprehensively incorporates the three types of compo-70
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nent dependence together to evaluate the effectiveness of maintaining components.71

This paper proposes a novel importance measure to assess the effectiveness of maintain-72

ing one component for a multi-component system with the consideration of three distinct73

dimensions of component dependence (3D). The importance measure will be referred to as74

3D importance measure hereafter. The concept of the three dimensions of dependence was75

a result of a critical and comprehensive literature review (Nicolai and Dekker, 2008). We76

therefore believe that 3D importance measure is representative and suitable for both the77

academia and practitioners. It should be noted that the maintenance of one component at78

a time is common in many engineering applications where maintenance tasks are executed79

sequentially due to disassembly precedence and limited maintenance resources (Leppinen80

et al., 2025; Geurtsen et al., 2023). Meanwhile, a joint importance measure of two compo-81

nents is introduced to evaluate the interaction of both components. The joint importance82

measure will be referred to as joint 3D importance measure. The contributions of this paper83

are listed in the following:84

1) To the best of our knowledge, this is the first paper that proposes a 3D importance85

measure accounting for three types of dependence in maintenance optimization: the86

component degradation interaction caused by stochastic dependence, the disassembly87

sequence induced by structural dependence, and the shared costs due to economic de-88

pendence.89

2) A joint 3D importance measure of two components is extended via the proposed 3D90

importance measure to quantify the effect of the importance measure of maintaining91

one component due to the change of maintaining another component.92

3) Some interesting and important properties of 3D importance measures, including the re-93

lationship between both 3D importance measures, the influence of the neglect of stochas-94

tic dependence, the monotonicity of the proposed measures, and the value range of joint95

3D importance measure, are proved.96

The remainder of this paper is rolled out as follows. Section 2 conducts a literature97

review. Section 3 devotes to describing the notations and assumptions. Section 4 demon-98

strates the procedure steps of the both 3D importance measures. Section 5 examines the99

effectiveness of the proposed method via a case study on a landing gear system. Section 6100

concludes the paper and proposes future research.101
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2 Literature Review102

Although system performance is determined by the collective behavior of all components,103

the concept of importance measures can quantify the influence of individual components104

on the overall system performance (Dui et al., 2023). Importance measures in reliability105

engineering are extensively studied to identify the weakest component of a system and sup-106

port system enhancement activities. These measures can also provide valuable information107

to facilitate the system’s reliable and efficient operation at different phases. Importance108

measures used at the system maintenance phase help engineers minimize maintenance costs109

and prolong the lifetime of the system. In the literature, there are enormous studies investi-110

gating the importance measures of components in the context of multi-component systems111

(see (Chen and Feng, 2022; Dui and Wu, 2024; Aven et al., 2025), for instance). Based112

on the types of system states, the component importance measure can be evaluated for113

binary-state systems (Miziu la and Navarro, 2019), multi-state systems (Cao et al., 2024),114

and continuous-state systems (Peng et al., 2012). It can also be time-dependent (Zhu and115

Boushaba, 2017) or time-independent (Borgonovo et al., 2016), depending on whether the116

importance measure is changed over time. Time-independent importance measures can be117

further divided into a comprehensive consideration of component significance across various118

time frames, such as mean time to failure (MTTF) based (Borgonovo et al., 2016), Barlow-119

Proschan (Barlow and Proschan, 1975), time-independent lifetime based (Kuo and Zhu,120

2012), and the system’s topological structure based importance measures (Meng, 1996).121

From the perspective of the number of components evaluated, existing literature focuses122

on the perspectives of a single component (Wu et al., 2022), pairs of components (Yi and123

Balakrishnan, 2024), and sets of components (Dui et al., 2017). Additionally, a multitude124

of studied works have conducted on importance measures from diverse viewpoints of sys-125

tem utility, encompassing reliability-based (Borgonovo et al., 2016), cost-based (Wu and126

Coolen, 2013; Dui et al., 2017), and resilience-based (Xu et al., 2020; Dui and Wu, 2024).127

It is worth noting that some papers on the importance measures within three types128

of component dependence in a separate manner. Economic dependence can be catego-129

rized into positive setup (Chen and Feng, 2022) and negative downtime costs (Do and130

Bérenguer, 2020). For example, Chen and Feng (2022) introduced a group importance131

measure to jointly combine system reliability and maintenance cost, considering the saved132

setup cost among a group of components. Do and Bérenguer (2022) designed an importance133

measure to evaluate the improvement of the system’s residual useful life via the replace-134
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ment of one component, extending to consider total maintenance cost with a positive setup135

cost. Do and Bérenguer (2020) introduced a time-dependent conditional reliability-based136

importance measure for multi-component systems and extend it by analyzing economic137

dependence and incorporating maintenance cost. According to the principles of compo-138

nent failure interdependence, stochastic dependence has different modeling methods, such139

as load sharing, failure-induced damage, and common-mode deterioration. For example,140

Arriaza et al. (2023) extended a variance-based importance for coherent systems with de-141

pendent and heterogeneous components, modeling the dependence structure via copulas to142

account for stochastic dependence among component lifetimes. Cao et al. (2024) developed143

importance measures for multi-state systems by explicitly modeling hierarchical depen-144

dences among components, thereby capturing stochastic interactions induced by correlated145

degradation or failure mechanisms. Yi and Balakrishnan (2024) designed two importance146

measures to evaluate the importance of shared components for semi-coherent systems. It is147

unfortunate that, presently, no literature addresses structural dependence in the evaluation148

of component importance. Yet, some studies have taken into account the relative impor-149

tance of components in the topological structure of the system. For example, Nguyen et al.150

(2017) designed a maintenance threshold that was established via the structural impor-151

tance measure. Salmasnia et al. (2024) leveraged a structural importance measure to assess152

component condition and to guide the joint optimization of maintenance and production153

strategies.154

The foregoing literature on the importance measures has solely considered economic or155

stochastic dependence without the consideration of structural dependence. Furthermore, it156

has not comprehensively taken into account multiple types of component dependence. The157

proposed 3D importance measure jointly incorporates stochastic, economic, and structural158

dependence. Indeed, ignoring tripartite dependence may result in erroneous evaluations159

of system reliability, maintenance time, and maintenance cost, thereby impeding the im-160

plementation of maintenance activities. This integrated formulation enables a more com-161

prehensive evaluation of component significance under practical maintenance constraints,162

where cost sharing, disassembly order, and degradation interaction coexist. To the best of163

our knowledge, none of the existing works proposed importance measures with three types164

of component dependence.165
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3 Problem Descriptions and Model Assumptions166

The reliability of an engineered system can be improved by maintaining its components.167

Importance measures can be utilized during the system maintenance phase to plan effective168

maintenance policies. In the procedure of maintaining components, the presence of stochas-169

tic, economic, and structural dependence between components need considering. Without170

loss of generality, we make the following assumptions.171

1) Each component encompasses two states: working and failed.172

2) The stochastic dependence exists among components. The system concludes both sta-173

tistically independent and stochastically dependent components. Suppose that the reli-174

ability of each component is dependent with one other component at most. The failure175

intensity function of one component increases due to the failure of its dependent com-176

ponent.177

3) A minimal maintenance activity is conducted to restore the state of a component, which178

only brings the component from a failed state back to an operational state without179

altering its age.180

4) The associated costs include a maintenance cost of the component and a fixed setup181

cost. If components share the same maintenance facility, then the fixed setup cost is182

accounted for only once, reflecting the economic dependence among components.183

5) Due to the structural dependence, the maintenance of a component requires the prelim-184

inary disassembly of preceding nodes including components and sub-assemblies.185

These assumptions are adopted to balance modeling realism and analytical tractability186

in maintenance decision-making applications. In many engineering maintenance settings,187

decisions are primarily driven by observable failure events, limited maintenance resources,188

shared maintenance facilities, and accessibility constraints, which justify the use of binary-189

state representations, minimal repair policies, and dependence structures reflecting stochas-190

tic, economic, and structural interactions.191

If some assumptions are violated in practice, the proposed framework can be adapted192

accordingly. For example, (1) multi-state degradation behavior can be incorporated by193

extending the state space, (2) more complex dependence patterns can be modeled through194

generalized transition intensities or graphical dependence structures; (3) alternative main-195

tenance policies such as perfect or imperfect repair can be accommodated by modifying196
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state-transition probabilities, and (4) dynamic or uncertain cost and disassembly relation-197

ships can be represented through time-dependent or stochastic parameters. These exten-198

sions do not alter the core importance formulation but modify the underlying transition199

quantities used in the analysis.200

The symbol definitions corresponding to the assumptions are as follows.201

1) The system under study is composed of m components. Cℓ(t) denotes the state of202

component ℓ at time instant t. Cℓ(t) = 1 represents component ℓ is working and Cℓ(t) =203

0 represents component ℓ is failed.204

2) The system state at time t, denoted by S(t), is determined by its components’ states205

and its structure function, that is, S(t) = ϕ(C(t)) = ϕ(C1(t), . . . , Cm(t)), where C(t)206

denotes the components’ state combination at time t, and ϕ(·) is the system’s structure207

function. The state space of the system is denoted by S(t) = {0, 1}.208

3) The initial failure intensity function of component ℓ is denoted by λℓ(t). The failure209

intensity function of component ℓ increases to λ̄ℓ(t) due to the failure of its dependent210

component, where λ̄ℓ(t) > λℓ(t). Suppose that there are m1 pairs of stochastic depen-211

dent components and m2 stochastic independent components, and thus 2m1 +m2 = m.212

D = {d1,1, d1,2; d2,1, d2,2; . . . ; dm1 ,1
, dm1 ,2

} denotes the serial number set of the depen-213

dent components, where di,1 and di,2 is the serial numbers of the ith pair of dependent214

components, respectively. I = {d1, . . . , dm2
} encompasses the serial number set of the in-215

dependent components, where di is the serial number of the ith independent component.216

D ∪ I = {1, . . . ,m} represents the complete set of components.217

4) The maintenance cost of component ℓ is denoted by cℓ. The fixed setup cost of compo-218

nent ℓ is ceh(ℓ), where h(ℓ) is the serial number of the maintenance facility for component219

ℓ.220

5) The disassembly sequence of component ℓ is denoted by dℓ.221

4 The Proposed Importance Measure222

This section will propose a novel 3D importance measure, which incorporates three types223

of dependence: stochastic, economic, and structural dependence. Meanwhile, a joint 3D224

importance measure of two components is extended by the proposed importance measure225

to evaluate their interaction. A nomenclature table is added in Appendix O to summarize226

all key symbols.227
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4.1 Procedure of 3D importance measure228

Stochastic dependence impacts the reliability of a system; economic dependence affects the229

cost of maintaining components; structural dependence relates to the sequence of disassem-230

bly required for maintaining components. Therefore, the system reliability, maintenance231

cost, and the disassembly procedure number are utilized as utilities to evaluate the impor-232

tance of components under stochastic, economic, and structural dependence, respectively.233

However, the measures of the system reliability, maintenance cost, and disassembly proce-234

dure number are different. Meanwhile, the system reliability is a positive utility, whereas235

the maintenance cost and disassembly number are negative utilities. Denote hr(·), he(·),236

and hs(·) as the unified system utilities associated with system reliability, maintenance237

cost, and disassembly procedure number, respectively, corresponding to the three types of238

component dependence.239

4.1.1 Reliability improvement with stochastic dependence240

Inspired by the Birnbaum importance measure (Birnbaum et al., 1968), the system reliabil-241

ity improvement associated with component ℓ is defined as the marginal benefit of restoring242

the component to the working state at time tk, and it is given by,243

Hr
ℓ (tk) = hr(1ℓ,pk)− hr(pk), (1)

The classical Birnbaum importance is adopted as the starting point because it provides a244

clear and well-established marginal-effect interpretation of component importance. This245

interpretation serves as a transparent foundation for extending the importance concept to246

incorporate multiple forms of dependence. While many modern variants focus on a par-247

ticular aspect of dependence, the proposed 3D importance measure integrates stochastic,248

economic, and structural dependence simultaneously within a unified framework. From249

this perspective, the contribution of this article lies not in modifying the Birnbaum for-250

mula itself, but in extending the importance concept to a broader maintenance-oriented251

dependence structure. hr(1ℓ,pk) represents the system utility for stochastic dependence252

after maintaining component ℓ at time tk. hr(pk) indicates the system utility for stochastic253

dependence without any maintenance activities at time tk. Hence, Eq. (1) denotes the254

difference between the system utility with maintaining component ℓ and that without any255

maintenance activities at time tk. A greater value of Hr
ℓ (tk) represents a greater utility im-256

provement of component ℓ. To account for stochastic dependence among components, the257
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reliability improvement is evaluated based on the probability of components’ state combina-258

tion. pk = {p1,k, p2,k, . . . , p2m,k} denotes the probability of components’ state combination,259

where p
i,k

= Pr{C(tk) = Xi} = Pr{{C1(tk), . . . , Cm(tk)} = (Xi,1, . . . , Xi,m)}. Xi is the ith260

state combination of all components, and Xi,ℓ is the state of component ℓ when the system261

stays in Xi. (Xi,1, . . . , Xi,m) ∈ Ω, where Ω = {(01, 02, . . . , 0m), (11, 02, . . . , 0m), . . . , (11, 12,262

. . . , 1m)}, 0ℓ and 1ℓ denote that component ℓ stays in failed and working states, respectively,263

and there are 2m elements in Ω. hr(pk) is given by,264

hr(pk) =

2m∑
i=1

p
i,k
ϕ(Xi), (2)

where ϕ(Xi) is an indicator function and equates to 1 when the system staying in Xi is265

working, and zero otherwise.266

hr(1ℓ,pk) is given by,267

hr(1ℓ,pk) =

2m∑
i=1

p
i,k
ϕ(Xi\{ℓ}), (3)

where Xi\{ℓ} = {Xi,1, . . . , Xi,ℓ−1, 1ℓ, Xi,ℓ+1, . . . , Xi,m}, and it indicates that component ℓ is268

maintained to the working state, and other components’ states are not changed. Therefore,269

Hr
ℓ (tk) is given by,270

Hr
ℓ (tk) =

2m∑
i=1

p
i,k

(ϕ(Xi\{ℓ})− ϕ(Xi)). (4)

Eq. (4) indicates that the system utility improvement depends on the change of the system271

state by maintaining component ℓ.272

Due to the stochastic dependence among components, the estimation of p
i,k

needs to273

consider components’ degradation process and their interactions jointly. Denote λℓ(tk) as274

the initial failure intensity of component ℓ at time tk. If components i and j are dependent,275

the failure of component j will increase the failure intensity of component i to λ̄i(tk). There276

are m1 pairs of dependent components and m2 independent components. Let pk−1 =277

{p1,k−1, p2,k−1, . . . , p2m,k−1} be the distribution of components’ state combination at time278

tk−1. Therefore, the distribution of components’ state combination at tk can be deduced279

via that at tk−1 and the components’ degradation models, that is,280

p
i,k

= Pr{C(tk) = Xi}

=

2m∑
j=1

Pr{C(tk) = Xi|C(tk−1) = Xj}pj,k−1,
(5)
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where Pr{C(tk) = Xi|C(tk−1) = Xj} is the probability that the components’ states transits281

from Xj at tk−1 to Xi at tk, and it is given by,282

283

Pr{C(tk) = Xi|C(tk−1) = Xj}

=

m1∏
v=1

Pr{Cdv,1(tk) = Xi,dv,1 , Cdv,2(tk) = Xi,dv,2 |Cdv,1(tk−1) = Xj,dv,1 , Cdv,2(tk−1) = Xj,dv,2}︸ ︷︷ ︸
Part 1

×

m2∏
u=1

Pr{Cdu(tk) = Xi,du |Cdu(tk−1) = Xj,du}︸ ︷︷ ︸
Part 2

,

(6)

where “Part 1” in Eq. (6) possesses four cases based on the states of dependent components284

at time tk−1.285

Case 1: Components dv,1 and dv,2 are failed. Pr{Cdv,1(tk) = 0, Cdv,2(tk) = 0|Cdv,1(tk−1) =286

0, and Cdv,2(tk−1) = 0} = 1.287

Case 2: Component dv,1 is failed, and component dv,2 is functioning. The failure288

intensity of component dv,2 will increase to λ̄dv,2(t) due to the failure of component dv,1.289

Then, “Part 1” in Eq. (6) is given by,290

Pr{Cdv,1(tk) = 0, Cdv,2(tk) = 1|Cdv,1(tk−1) = 0, Cdv,2(tk−1) = 1} = e
−

∫ tk
tk−1

λ̄dv,2
(y)dy

Pr{Cdv,1(tk) = 0, Cdv,2(tk) = 0|Cdv,1(tk−1) = 0, Cdv,2(tk−1) = 1} = 1− e
−

∫ tk
tk−1

λ̄dv,2
(y)dy

(7)

It should be noted that the proposed framework models the component degradation process291

via the time-dependent failure intensity function. As such, it is applicable to a wide range292

of lifetime distributions, including Weibull, log-normal, and gamma, by substituting the293

corresponding failure intensity functions.294

Case 3: Component dv,1 is functioning, and component dv,2 is failed. Then, “Part 1”295

in Eq. (6) can be computed in the same way as Eq. (7).296

Case 4: Components dv,1 and dv,2 are functioning. If both components are functioning297

at tk, the failure intensity of components are unchanged. In this scenario, “Part 1” in Eq.298

(6) is given by,299

Pr{Cdv,1(tk) = 1, Cdv,2(tk) = 1|Cdv,1(tk−1) = 1, Cdv,2(tk−1) = 1}

= e
−

∫ tk
tk−1

λdv,1
(y)+λdv,2

(y)dy
(8)

Suppose that one component is functioning, and the other is failed at time tk. In this300

scenario, the failure intensity of the functioning component will increase when the other301
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component fails. The probability density function (PDF) of the lifetime of component i302

being failed is λdv,i(tk)e
−

∫ tk
tk−1

λdv,i
(y)dy

. In this scenario, “Part 1” in Eq. (6) in Case 4 is303

given by,304

Pr{Cdv,1(tk) = 1, Cdv,2(tk) = 0|Cdv,1(tk−1) = 1, Cdv,2(tk−1) = 1}

=

∫ tk

tk−1

e
−

∫ x
tk−1

λdv,1
(y)dy

e
−

∫ tk
x λ̄dv,1

(y)dy
λdv,2(x)e

−
∫ x
tk−1

λdv,2
(y)dy

dx

= e
−

∫ tk
tk−1

λ̄dv,1
(y)dy

∫ tk

tk−1

λdv,2(x)e
−

∫ x
tk−1

(
λdv,1

(y)+λdv,2
(y)−λ̄dv,1

(y)
)
dy
dx,

(9)

or305

Pr{Cdv,1(tk) = 0, Cdv,2(tk) = 1|Cdv,1(tk−1) = 1, Cdv,2(tk−1) = 1}

= e
−

∫ tk
tk−1

λ̄dv,2
(y)dy

∫ tk

tk−1

λdv,1(x)e
−

∫ x
tk−1

(
λdv,1

(y)+λdv,2
(y)−λ̄dv,2

(y)
)
dy
dx.

(10)

The probability of both components being failed at tk can be computed by the equation306

that
∑1

i=0

∑1
j=0 Pr{ Cdv,1(tk) = i, Cdv,2(tk) = j|Cdv,1(tk−1) = 1, Cdv,2(tk−1) = 1} = 1.307

“Part 2” in Eq. (6) encompasses two cases based on the state of component du at time308

tk−1.309

Case 1: Component du is failed. Pr{Cdu(tk) = 0|Cdu(tk−1) = 0} = 1.310

Case 2: Component du is functioning. “Part 2” in Eq. (6) is given by,311

Pr{Cdu(tk) = 1|Cdu(tk−1) = 1} = e
−

∫ tk
tk−1

λdv,2
(y)dy

,

Pr{Cdu(tk) = 0|Cdu(tk−1) = 1} = 1− e
−

∫ tk
tk−1

λdv,2
(y)dy

.

(11)

Therefore, Eq. (6) can be evaluated based on Eqs. (7) to (11). Then, according to Eq. (5),312

the distribution of components’ state combination at time tk can be computed via that at313

time tk−1 and Eq. (6). Consequently, the system utility improvement of component ℓ can314

be computed via Eq. (4).315

It should be noted that evaluating system reliability on the full joint dependence state316

space may suffer from computational challenges. In our setting, the state probabilities and317

transition probabilities of each dependent pair, and that of independent components can318

be computed separately. The complexity of joint dependence state space is equal to O(4m),319

and that of pairwise decomposition equates to O(16m1 + 4m2) which is manageable for320

large-scale systems.321

Furthermore, the proposed framework requires the transition probabilities (or intensi-322
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ties) among component-state combinations. A wide range of dependence models, such as323

shared frailty models, conditional intensity (hazard) models, copula-based dependence for324

failure times, and graphical dependency structures, can be mapped into the required joint325

transition quantities and then handled by Eq. (6). In other words, Eq. (6) provides a uni-326

fying computational interface for dependence, while Eq. (8) corresponds to a simple special327

case within this interface. Therefore, the proposed framework is not limited to intensity328

dependence modeling, and it accommodates more systematic dependence representations329

if they can be translated into joint state-transition quantities.330

4.1.2 Reduced cost with economic dependence331

Since minimizing cost is a pivotal objective in maintenance, cost reduction is utilized as332

a utility to quantify the effect of maintaining components. Drawing on the concept of333

marginal benefit, the unified cost reduction of component ℓ is given by,334

He
ℓ = he(1ℓ, c)− he(c), (12)

where he(1ℓ, c) and he(c) depend on their corresponding total maintenance costs, and c =335

{c1, ceh(1), . . . , cm, ceh(m)}. cℓ denotes the maintenance cost of component ℓ, and ceh(ℓ) is the336

fixed setup cost of component ℓ whose corresponding maintenance facility number is h(ℓ).337

Let ce(ℓ) and ce(0) be the total maintenance cost associated with maintaining component ℓ338

and the total maintenance cost without maintenance, respectively. Observably, ce(0) = 0.339

Since the cost reduction differ from reliability improvement in both scale and preference340

direction, he(·) is unified by,341

he(1ℓ, c) =
c0 − ce(ℓ)

c0
,

he(c) =
c0 − ce(0)

c0
= 1.

(13)

To explicitly relate the He
ℓ and He

ij , c0 is defined as the maximum cost of maintaining342

two components and can be evaluated by Eq. (26). Then, c0 − ce(ℓ) can be regarded as343

a positive cost utility of component ℓ. Moreover, c0 is further utilized as a denominator344

to unify the cost utility of one component. When a maintenance activity is conducted on345

one component, the following costs include a maintenance cost of the component and a346

fixed setup cost. Therefore, the total maintenance cost of component ℓ is cℓ + ceh(ℓ), that is,347
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ce(ℓ) = cℓ + ceh(ℓ). Therefore, Eq. (12) can be evaluated by,348

He
ℓ =

c0 − ce(ℓ)

c0
− c0 − ce(0)

c0
=

ce(0)− ce(ℓ)

c0
=
−(cℓ + ceh(ℓ))

c0
. (14)

Equation (14) indicates that a greater value of He
ℓ represents a less maintenance cost of349

component ℓ.350

4.1.3 Reduced disassembly number with structural dependence351

To maintain a component, its upstream assembly nodes must be disassembled, with fewer352

disassembly number being more desirable. The reduced disassembly number is used as a353

utility to assess the effect of maintaining components. Drawing on the concept of marginal354

benefit, the unified disassembly number reduction of component ℓ is given by,355

Hs
ℓ = hs(1ℓ,d)− hs(d), (15)

where hs(1ℓ,d) and hs(d) depend on their disassembly sequences. Since the disassembly356

number reduction differ from reliability improvement in both scale and preference direction,357

hs(·) is unified by,358

hs(1ℓ,d) =
n0 − n(dℓ)

n0
,

hs(d) =
n0 − n(∅)

n0
.

(16)

where n0 is the maximum disassembly number of maintaining two components and can359

be evaluated via Eq. (30). The effect of n0 in Eq. (16) is the same as that of c0 in Eq.360

(13). n(dℓ) and n(∅) are the disassembly number with maintaining component ℓ and the361

disassembly number without maintenance, respectively. dℓ is the disassembly sequence of362

maintaining component ℓ. ∅ represents an empty set. Observably, n(∅) = 0. The calculation363

of the disassembly number is defined as follows. Before one component is maintained, some364

preceding disassembly nodes including other components and sub-assemblies need to be365

disassembled. d denotes the disassembly sequence of a system and is demonstrated as366

follows. The disassembly sequence of the system can be drawn as a directed graph (Dao367

and Zuo, 2017) depicted in Fig. 1.368

As shown in Fig. 1, there are three types of nodes, encompassing (1) node 0 which369

indicates the system; (2) node Sj which represents sub-assembly j; (3) node i which denotes370

component i. Particularly, there are three relationships between both nodes, including (1)371
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Figure 1: The disassembly sequence of the system

a disassembly sequence order from one node to another node, such as nodes 9 and 10; (2)372

both nodes are restricted, such as nodes 6 and 7; (3) both nodes are irrelevant, such as373

nodes 11 and 12. Therefore, the relationship between nodes i and j can be defined by r(i, j)374

as follows:375

r(i, j) =



0, nodes i and j are irrelevant

1, a sequence order from node i to node j

−1, a sequence order from node j to node i

2, nodes i and j are restricted

(17)

r(i, j) = 1 or r(j, i) = −1 implies that node i needs to be disassembled before node j376

is disassembled. r(i, j) = 2 means that both nodes i and j need to be disassembled377

simultaneously. The disassembly sequence of node i is denoted by di. For example,378

d6 = (0, S2, S1, 1, S4, 7, 6). The disassembly number of node i is equal to the number379

of the elements in the di, and it is denoted by n(di). For example, n(d6) = 7. Hs
ℓ is given380

by,381

Hs
ℓ =

n0 − n(dℓ)

n0
− n0 − n(∅)

n0

=
n(∅)− n(dℓ)

n0

=
−n(dℓ)

n0
.

(18)

Eq. (18) indicates that a greater value of Hs
ℓ represents a less disassembly number of382

maintaining component ℓ.383

Consequently, Hr
ℓ (tk), He

ℓ , and Hs
ℓ can be computed. Then, a novel 3D importance384

measure is defined as Definition 1.385
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Definition 1. The 3D importance measure of component ℓ is defined by,386

Iℓ(tk) =α [hr(1ℓ,pk)− hr(pk)]︸ ︷︷ ︸
Part1

+β [he(1ℓ, c)− he(c)]︸ ︷︷ ︸
Part2

+γ [hs(1ℓ,d)− hs(d)]︸ ︷︷ ︸
Part3

,

(19)

where α ≥ 0, β ≥ 0, γ ≥ 0, α + β + γ = 1.387

α, β, and γ can be determined by multi-criteria decision-making methods, such as388

analytic hierarchy process (Salomon and Gomes, 2024), entropy weight method (Feng et al.,389

2024), and expert elicitation method (Rietbergen et al., 2016). The specific choice of390

weighting method does not affect the validity of the 3D importance formulation. It should be391

noted that Parts 2 and 3 of Eq. (19) are negative, and they can be interpreted as a penalty392

induced by cost and disassembly number. Under this sign structure, aggregation rules such393

as multiplicative or harmonic-mean forms are not suitable, as it may lead to undefined394

results when negative values are present. In contrast, a weighted additive aggregation395

naturally accommodates both benefit-type and penalty-type components and allows the396

overall importance to be interpreted as a net benefit. Therefore, a weighted average is397

utilized to aggregate the three components, and the resulting overall importance may be398

negative.399

Definition 2. Joint 3D importance measure, Iij, of components i and j is defined by,400

Iij(tk) = α [hr(1i, 1j ,pk)− hr(1i,pk)− hr(1j ,pk) + hr(pk)]︸ ︷︷ ︸
Part1

+ β [he(1i, 1j , c)− he(1i, c)− he(1j , c) + he(c)]︸ ︷︷ ︸
Part2

+ γ [hs(1i, 1j ,d)− hs(1i,d)− hs(1j ,d) + hs(d)]︸ ︷︷ ︸
Part3

,

(20)

where α ≥ 0, β ≥ 0, γ ≥ 0, and α + β + γ = 1.401

Joint 3D importance measure is used to quantify the influence of maintaining one com-402

ponent on 3D importance measure of the other component. The details on the relationship403

between 3D importance measure and joint 3D importance measure is demonstrated in404

Proposition 1. The three parts in Eq. (20) are explained below.405

Part 1 in Eq. (20) is given by,406

Hr
ij(tk) = hr(1i, 1j ,pk)− hr(1i,pk)− hr(1j ,pk) + hr(pk), (21)
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where hr(1i,pk), hr(1j ,pk), and hr(pk) can be evaluated by Eqs. (2) and (3). hr(1i, 1j ,pk)407

is the system reliability after maintaining components i and j at time tk, and it is given by,408

hr(1i, 1j ,pk) =

2m∑
u=1

ϕ(Xu\{i,j})pu,k, (22)

where Xu\{i,j} = {Xu,1, . . . ,Xu,i−1, 1i,Xu,i+1, . . . ,Xu,j−1, 1j ,Xu,j+1, . . . ,Xu,2m}. There-409

fore, Hr
ij(tk) is given by,410

Hr
ij(tk) =

2m∑
u=1

(ϕ
(
Xu\{i,j}

)
+ ϕ(Xu))pu,k

−
2m∑
u=1

(ϕ
(
Xu\{i}

)
+ ϕ

(
Xu\{j}

)
)pu,k.

(23)

where pu,k is the probability that the system stays at uth components state combination411

at time tk−1, and it can be calculated by Eq. (5).412

Part 2 in Eq. (20) is given by,413

He
ij = he(1i, 1j , c)− he(1i, c)− he(1j , c) + he(c), (24)

where he(1i, c), he(1j , c), and he(c) can be evaluated by Eq. (13). he(1i, 1j , c) depends on414

the cost of maintaining components i and j, and it is given by,415

he(1i, 1j , c) =
c0 − ce(i, j)

c0
, (25)

where ce(i, j) is the cost of maintaining components i and j, and it is given by,416

ce(i, j) =

 ci + cj + ceh(i) + ceh(j) h(i) ̸= h(j)

ci + cj + ceh(i) h(i) = h(j)
. (26)

It indicates that the maintenance cost will be saved if both components share the same417

facility. c0 is the maximum cost of maintaining two components, that is, c0 = max
i,j

ce(i, j).418

Then, He
ij is given by,419

16



420

He
ij = he(1i, 1j , c)− he(1i, c)− he(1j , c) + he(c)

=
ce(i) + ce(j)− ce(i, j)− ce(0)

c0

=
ci + ceh(i) + cj + ceh(j) − ce(i, j)− 0

c0

=


0, h(i) ̸= h(j)

ceh(i)

c0
, h(i) = h(j)

.

(27)

Part 3 in Eq. (20) is given by,421

Hs
ij = hs(1i, 1j ,d)− hs(1i,d)− hs(1j ,d) + hs(d), (28)

where hs(1i,d), hs(1j ,d), and hs(d) can be evaluated by Eq. (18). hs(1i, 1j ,d) depends422

on the disassembly number of components i and j, and it is given by,423

hs(1i, 1j ,d) =
n0 − n(di ∪ dj)

n0
, (29)

where n(di ∪ dj) is the disassembly number of maintaining components i and j, and it is424

given by,425

n(di ∪ dj) = n(di) + n(dj)− n(di ∩ dj), (30)

where di∪dj and di∩dj are the union and intersection sets of di and dj . n0 is the maximum426

disassembly number of disassembling two components, that is, n0 = max
i,j

n(di ∪ dj). hs(·)427

equates to one when the disassembly number is zero, and it equates to zero when the428

disassembly number reaches its maximum value. Thus, Hs
ij can be further simplified as:429

Hs
ij = hs(1i, 1j ,d)− hs(1j ,d)− hs(1i,d)− hs(d)

=
n(di) + n(dj)− n(di ∪ dj)− n(∅)

n0

=
n(di ∩ dj)

n0
.

(31)

4.2 Properties of the proposed 3D importance measures430

This subsection presents some properties of the proposed 3D importance measures.431

Proposition 1. The relationship between 3D importance measure and the joint form is432

that Iij(tk) = Ii|j(tk) − Ii(tk) or Iij(tk) = Ij|i(tk) − Ij(tk). Ii|j(tk) (Ij|i(tk)) is that 3D433

importance measure of component i (j) when component j (i) has been maintained at time434
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tk.435

The proof of Proposition 1 is given in Appendix A. Proposition 1 shows that joint 3D436

importance measure is equal to the different between 3D importance measure of one compo-437

nent when the other component has been maintained and that of one component without438

other maintenance activities. The 3D joint importance represents the interaction effect439

between two components in maintenance. A positive value indicates that maintaining the440

two components jointly provides additional benefits beyond separate maintenance actions,441

while a negative value implies that joint maintenance is disadvantageous. It possesses three442

cases: (1) Iij(tk) > 0; (2) Iij(tk) < 0; (3) Iij(tk) = 0. Case 1 implies that 3D importance443

measure of one component will increase with the maintenance of the other component.444

Case 2 implies that both components have a negative relationship, whereby Case 3 implies445

that 3D importance measure of one component is unchanged with the maintenance of the446

other component. A greater value of Iij(tk) represents a greater 3D importance measure447

improvement of one component when the other component has been maintained.448

Proposition 2. Suppose that a series system consists of m components, and components449

i and j are stochastic dependent. Hr
i (tk) and Hr

j (tk) are no more than that without the450

consideration of stochastic dependence, that is, Hr
i (tk) ≤ H̄r

i (tk), and Hr
j (tk) ≤ H̄r

j (tk),451

where H̄r
i (tk) and H̄r

j (tk) are 3D importance measures of components i and j at time tk452

without the consideration of stochastic dependence.453

The proof of Proposition 2 is given in Appendix B.454

Lemma 1. Suppose that a series system consists of m components, and components i455

and j are stochastic dependent. “Part 1” of 3D importance measure of component j (i) is456

non-decreasing with respect to λ̄i(tk) (λ̄j(tk)) and independent of λ̄j(tk) (λ̄i(tk)).457

The proof of Lemma 1 is given in Appendix C.458

Proposition 3. Suppose that a parallel system consists of m components, and components459

i and j are stochastic dependent. Then, Hr
i (tk) ≥ H̄r

i (tk), and Hr
j (tk) ≥ H̄r

j (tk), where460

H̄r
i (tk) and H̄r

j (tk) are 3D importance measures of components i and j without the consid-461

eration of stochastic dependence.462

The proof of Proposition 3 is given in Appendix D.463

Lemma 2. Suppose that a parallel system consists of m components, and components i464

and j are stochastic dependent. “Part 1” of 3D importance measure of component j is the465

same as that of component i, that is, Hr
j (tk) = Hr

i (tk).466
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The proof of Lemma 2 is given in Appendix E.467

Lemma 3. Suppose that a parallel system consists of m components, and components i468

and j are stochastic dependent. “Part 1” of 3D importance measure of component j (i) is469

non-increasing with respect to λ̄i(tk) and λ̄j(tk).470

The proof of Lemma 3 is given in Appendix F.471

Proposition 4. Hr
ij(tk) ≥ 0 when the system is a series system.472

The proof of Proposition 4 is given in Appendix G.473

Lemma 4. Hr
ij(tk) ≤ 0 when the system is a parallel system.474

The proof of Lemma 4 is given in Appendix H.475

Proposition 5. Suppose a series system consists of m components, and components i and476

j are stochastic dependent. Then, Hr
ij(tk) ≤ H̄r

ij(tk), where H̄r
ij(tk) is joint 3D impor-477

tance measures of components i and j without the consideration of stochastic dependence.478

Meanwhile, Hr
ij(tk) is non-increasing with respect to λ̄i(tk) and λ̄j(tk).479

The proof of Proposition 5 is given in Appendix I.480

Lemma 5. Suppose a parallel system consists of m components, and components i and481

j are stochastic dependent. Then, Hr
ij(tk) ≤ H̄r

ij(tk), where H̄r
ij(tk) is joint 3D impor-482

tance measures of components i and j without the consideration of stochastic dependence.483

Meanwhile, Hr
ij(tk) is non-decreasing with respect to λ̄i(tk) and λ̄j(tk).484

The proof of Lemma 5 is given in Appendix J.485

Proposition 6. He
ij is no less than zero, that is, He

ij ≥ 0.486

The proof of Proposition 6 is given in Appendix K. This proposition implies that the cost487

of maintaining one component will decrease with the maintenance of the other component488

when both components share the same facility, and it is unchanged when both components489

don’t share the same facility. A greater value of He
ij represents a greater maintenance cost490

are saved when both components are maintained simultaneously.491

Proposition 7. Hs
ij is no less than zero, that is, Hs

ij ≥ 0.492

The proof of Proposition 7 is given in Appendix L. This proposition suggests that the493

more common nodes there are to dismantle between two components, the greater the benefit494
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of dismantling one component becomes when the other has already been dismantled. A495

greater value of Hs
ij represents a greater disassembly number is saved when both components496

are maintained simultaneously.497

At this point, joint 3D importance measure can be computed. It involves the improve-498

ment of the system reliability, the saving of the maintenance cost, and the reduction of499

disassembly number. The value of the proposed joint 3D importance measure can guide500

decision-maker to trade off the benefit of maintaining both components.501

Lemma 6. For a series system, joint 3D importance measure is no less than zero, that is,502

Iij(tk) ≥ 0 .503

The proof of Lemma 6 is given in Appendix M.504

Proposition 8. When stochastic dependence is absent, the relationship between Hr
ℓ (tk) and505

Birnbaum importance measure is shown as follow,506

Hr
ℓ (tk) = Pr{Cℓ(tk) = 0ℓ}Ibℓ (tk), (32)

where Ibℓ (tk) is Birnbaum importance measure of component ℓ.507

The proof of Proposition 8 is given in Appendix P.508

From a practical standpoint, the derived properties of the proposed importance mea-509

sures provide actionable insights for maintenance planning. The monotonicity properties510

guide the ranking of components under different system structures, while the joint measure511

quantifies the synergy of concurrent maintenance actions. These properties help practi-512

tioners determine which components should be prioritized, combined, or postponed during513

maintenance scheduling.514

4.3 Algorithm for calculating 3D importance measure515

The pseudocode of the algorithm for calculating 3D importance measure is given in Ap-516

pendix N. It should be noted that the proposed 3D importance measure is utilized to517

quantify the effectiveness of maintaining one component with three types of component518

dependence. The proposed 3D importance measure can be extend to quantify the effective-519

ness of maintaining multiple components via the following steps: (1) change the elements in520

Xi to 1 if the corresponding components are maintained, and then substitute the changed521

Xi into Section 4.1.1 to calculate the reliability improvement; (2) compute the total cost522
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of maintaining multiple components and the maximum maintenance cost, and use them523

in Section 4.1.2 to calculate the unified cost reduction; (3) evaluate the union sets of the524

disassembly sequence of the components and the maximum disassembly number, and apply525

them to Section 4.1.3 to calculate the unified disassembly number reduction; (4) obtain 3D526

importance measure of multiple components via Eq. (19).527

5 Illustrative examples528

5.1 A numerical case529

To systematically evaluate the behavior of the proposed importance framework under dif-530

ferent dependency configurations and system scales, we conduct a controlled numerical531

study prior to the illustrative case presented in Section 5.2. The objective is to investigate532

how stochastic degradation coupling, economic resource sharing, and structural disassem-533

bly hierarchy influence component ranking, and to compare the proposed three-dimensional534

importance measure with classical reliability-based metrics under parameter perturbation535

and system expansion.536

We first consider a three-component system with a mission time of five years. The537

detailed parameter settings are summarized in Table 1. Components 1 and 2 are stochas-538

tically dependent, while Component 3 is independent. Specifically, if Component 2 fails,539

the failure intensity of Component 1 increases to 0.06t2. Components 1 and 3 are economi-540

cally related because they share the same facility (F1). The maintenance process follows a541

strict disassembly order {1→ 2→ 3}, meaning that maintenance of Component 3 requires542

prior dismantling of Components 1 and 2 due to structural dependence. The weighting543

coefficients of reliability, economic, and structural importance, denoted by α, β, and γ, are544

set to 0.6, 0.25, and 0.15, respectively. Both series and parallel system configurations are545

examined. In each experiment, six importance evaluation schemes are compared. Method546

1 corresponds to the proposed framework incorporating all three types of dependencies.547

Methods 2-4 are ablation variants in which only two dependency types are retained. In548

Method 2 (without stochastic dependence), component failures do not affect the degra-549

dation rates of other components, and failure intensities remain independent. In Method550

3 (without economic dependence), facility sharing is removed, and each maintenance ac-551

tion independently incurs its setup cost, thereby eliminating cost coupling. In Method 4552

(without structural dependence), the disassembly hierarchy is ignored, and the structural553
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weight is proportionally redistributed among the remaining dimensions, effectively remov-554

ing assembly constraints from the evaluation. Methods 5 and 6 correspond to the classical555

Birnbaum and Fussell-Vesely importance measures, which do not incorporate dependency556

effects.557

Table 1: Component parameters of the three-component system

Component Intensity
Stochastic

dependence
Fixed cost

(unit: US dollors)
Facility and its setup cost

(unit: US dollors)

1 0.01t2 2 fails: 0.06t2 3500 F1: 3000
2 0.05t 1 fails: 0.2t 3000 F2: 2000
3 0.04 No 2500 F1: 3000

Before analyzing importance values, we first compare baseline component reliabilities558

under independence and stochastic dependence. Without stochastic coupling, the reliabili-559

ties of Components 1, 2, and 3 are 0.6592, 0.5353, and 0.8187, respectively. When stochastic560

dependence is incorporated, the reliabilities of Components 1 and 2 decrease to 0.4488 and561

0.4441, while Component 3 remains at 0.8187. This confirms that mutual degradation am-562

plification between Components 1 and 2 significantly reduces their effective reliability levels,563

and consequently affect system-level performance. For the three-component series system,564

the reliability-based marginal scores under stochastic dependence are 0.0747, 0.0786, and565

0.0640 for Components 1, 2, and 3, respectively. When stochastic dependence is ignored,566

the corresponding scores become 0.1493, 0.2508, and 0.0640. This indicates that, for Com-567

ponents 1 and 2, the reliability-based scores under stochastic coupling are lower than those568

obtained under independence. These results are consistent with Proposition 2. For the569

three-component parallel system, the reliability-based marginal scores under stochastic de-570

pendence are 0.0834 for all components, whereas under independence they are 0.0287 for all571

components. In other words, for both Component 1 and Component 2, the reliability-based572

scores under stochastic coupling are higher than those obtained under independence. These573

outcomes align with Proposition 3.574

Figure 2 presents the component ranking results under six importance evaluation schemes575

for the series configuration. The leftmost panel corresponds to the baseline case without576

parameter perturbation. Considering that, in practical engineering applications, degrada-577

tion parameters are typically estimated from data and are subject to uncertainty due to578

limited sample sizes and measurement noise, robustness analysis is necessary. To assess the579

stability of the ranking outcomes, multiplicative perturbations of 5% and 10% are applied580

to the failure intensity parameters. The four panels on the right-hand side of Figure 2 dis-581
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play the corresponding ranking results under these perturbation scenarios. The Birnbaum582

importance (Method 5) ranks components in decreasing order of reliability in the series con-583

figuration, while the Fussell-Vesely measure (Method 6) yields identical rankings. These584

rankings coincide with those obtained from reliability magnitudes under independence. A585

more insightful observation concerns the relative ordering of Components 1 and 2. Taking586

the baseline case without parameter perturbation as an example, the corresponding values587

are 0.1493 and 0.2508 for Components 1 and 2, respectively. When stochastic coupling588

is incorporated, the two values become nearly equal (0.0747 versus 0.0786). As a result,589

compared with Method 2 (without stochastic), the proposed method (Method 1) changes590

the ranking of Component 1 from second to first. Furthermore, when structural constraints591

are ignored (Method 4), Component 3 may attain a higher ranking position. Once the592

disassembly hierarchy is incorporated (Method 1), the necessity of dismantling preceding593

components reduces the relative priority of Component 3, resulting in a consistent ranking594

shift. This demonstrates that structural hierarchy can alter priorities when reliability con-595

tributions are comparable. Across all perturbation levels, ranking results remain largely596

stable for both the proposed and classical measures, indicating that moderate uncertainty in597

parameter estimation does not materially affect priority ordering. Moreover, the rankings598

obtained from the proposed method differ from those of the classical measures, indicating599

that reliability magnitude alone does not fully determine maintenance importance.600

Method

1: proposed method

2: without stochastic dependence

3: without economic dependence

4: without structural dependence

5: Birnbaum importance measure

6: Fussell-Vesely importance measure

Figure 2: Importance ranking results of the three-component series system with parameter
perturbations

Figure 3 shows the ranking results for the three-component parallel system under the601

same perturbation levels. In contrast to the series configuration, the Birnbaum importance602

ranking in the parallel system is reversed, consistent with theoretical expectations. The603

Fussell-Vesely measure assigns identical importance values across components in the parallel604
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configuration because its value equals one for all components. However, when structural605

dependence is incorporated within the proposed framework (Method 1), ranking differences606

emerge even in the parallel system. Accounting for assembly constraints shifts Component607

3 to a higher priority position compared to the case where structural dependence is ignored.608

Similar to the series case, ranking outcomes remain robust under parameter perturbations,609

suggesting that dependency structure, particularly the maintenance hierarchy, rather than610

small parameter fluctuations governs ranking behavior.611

Method

1: proposed method

2: without stochastic dependence

3: without economic dependence

4: without structural dependence

5: Birnbaum importance measure

6: Fussell-Vesely importance measure

Figure 3: Importance ranking results of the three-component parallel system with param-
eter perturbations

We further extend the analysis to larger systems to investigate scalability. Figure 4612

presents the ranking results for three-, five-, and ten-component systems under both se-613

ries and parallel configurations without parameter perturbation. In the five-component614

case, additional components are introduced without adding new dependency types, and615

the assembly sequence becomes {1 → 2 → 3 → 4 → 5}. In the ten-component config-616

uration, additional economic sharing relationships are incorporated among newly added617

components, with the assembly sequence extended to {1 → 2 → 3 → · · · → 9 → 10}. The618

detailed component information of five-component system is summarized in Table 2. For619

the ten-component system, the parameter settings follow the same structure. Specifically,620

in Table 2, Component 4 is extended to represent Components 4-6, and Component 5 is ex-621

tended to represent Components 7-10, while all other parameter values remain unchanged.622

As observed in Fig. 4, the classical Birnbaum and Fussell-Vesely measures produce rank-623

ings that remain invariant as system size increases, since they depend solely on reliability624

magnitudes and system topology under independence assumptions. In contrast, the pro-625

posed method exhibits size-dependent ranking changes. For example, in both series and626

parallel configurations, the importance rankings under the proposed method differ between627
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the three- and five-component systems. Such changes are not observed under the classi-628

cal measures, demonstrating that the proposed framework captures coupling effects that629

become increasingly significant as system complexity grows. The proposed importance630

measure differentiates components in ways that classical reliability-based measures cannot,631

while remaining robust under moderate parameter perturbations and responsive to system632

expansion.633

Table 2: Component parameters of the five-component system

Component Intensity
Stochastic

dependence
Fixed cost

(unit: US dollors)
Facility and its setup cost

(unit: US dollors)

1 0.01t2 2 fails: 0.06t2 3500 F1: 3000
2 0.05t 1 fails: 0.2t 3000 F2: 2000
3 0.04 No 2500 F1: 3000
4 0.015t0.7 No 3000 F1: 1500
5 0.03 No 4000 F1: 2200

(a) Series system

(b) Parallel system

Figure 4: Importance ranking results for three-, five-, and ten-component systems under
series and parallel configurations

5.2 A landing gear system634

A landing gear system is utilized to illustrate the effectiveness of the proposed method, as635

shown in Fig. 5. The landing gear system analyzed in this study is constructed based on636

the typical architecture and maintenance characteristics of aircraft landing gear assemblies,637

as commonly observed in aviation reliability practice (Boniol et al., 2017). It consists of638

eleven main components, including a gear actuator, a drag strut, two link rods, two wheels,639

two torque links, a wheel axle, and a shock strut. The shock strut can be further divided640
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into an outer cylinder and a piston.The parameters of the landing-gear system are assumed641

because the real data are confidential and are therefore unavailable to us. Nevertheless, The642

chosen of parameters reflect realistic engineering magnitudes. The configuration and depen-643

dency relationships were determined through engineering judgment and domain expertise,644

reflecting the realistic physical coupling and maintenance interactions among mechanical645

and hydraulic subsystems. The component parameters such as maintenance cost and failure646

intensity were set according to commonly accepted ranges in mechanical reliability studies647

(Roth et al., 2019; Deng et al., 2025), adjusted to preserve their relative magnitudes and648

ensure interpretability. Stochastic dependence was represented by degradation coupling be-649

tween paired components (e.g., link rods and wheels), economic dependence was modeled650

through shared maintenance facilities (strut and universal service stations), and structural651

dependence was captured via the hierarchical disassembly sequence.652

Gear Actuator

Drag Strut

Outer Cylinder of Shock Strut

Wheel 1
Wheel 2

Torque Link 1

Torque Link 2

Link Rod 1

Link Rod 2

Wheel Axle

Piston of Shock Strut

Figure 5: The disassembly sequence of the landing gear system

The disassembly sequence of the landing gear system is depicted in Fig. 6. For example,653

the disassembly of the shock strut necessitates the prior dismantling of the gear actuator,654

the link rods, the torque links, and the wheel axle. Moreover, disassembling the wheel axle655

involves dismantling two wheels first and subsequently removing the components on the656

wheel axle. The maintenance cost of each component is tabulated in Table 3. Meanwhile,657

the maintenance of the shock strut needs the strut service facility, whereas the maintenance658

of the gear actuator and wheels requires the universal service facility. The costs of the strut659

and universal service facilities are 2000 and 3000 US dollars, respectively. The initial failure660

intensity function of each component is tabulated in Table 4. If a link rod (wheel) fails,661
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the failure intensity function of the other link rod (wheel) will increase to 0.2x0.5 (0.3x).662

The reliability block diagram of the landing gear system is shown in Fig. 7. Meanwhile,663

according to the analytic hierarchy process method based on expert judgement, the weights664

α, β, and γ are set to be 0.85, 0.1, and 0.05, respectively. Regarding the weights, operational665

reliability takes precedence over maintenance cost and disassembly number. The impact of666

these weights on the proposed 3D importance measures will be further investigated in the667

subsequent content. The state of each component at 0.5 years is in its working state. The668

elapsed time is 0.5 years.669

1

1
S

0

2

2
S

3 4

3
S

65

Component 1: Drag Strut

Component 2: Gear Actuator

Component 3: Link Rod 1

Component 4: Link Rod 2

Component 5: Torque Link 1

Component 6: Torque Link 2

7 8

4
S

96
S

10 11

Sub-Assembly 1: Center Door Link

Sub-Assembly 2: Link Rod Isolation

Sub-Assembly 3: Torque Link Isolation

Sub-Assembly 4: Axle Components

Sub-Assembly 5: Shock Strut Isolation

Component 7: Wheel 1

Component 8: Wheel 2

Component 9: Wheel Axle

Component 10: Outer Cylinder

Component 11: Piston

Figure 6: The disassembly sequence of the landing gear system

Table 3: The maintenance cost of each component (unit: US dollars)

Component ID 1 2 3, 4 5, 6 7, 8 9 10 11

Maintenance Cost 5000 20000 1000 1500 2000 3000 30000 15000

Table 4: The initial failure intensity function of each component (unit: per year)

Component ID 1 2 3, 4 5, 6 7, 8 9 10 11

Initial Failure Intensity 0.05x2 0.1x 0.1x0.5 0.04x2 0.15x 0.04x2 0.02x0.7 0.04
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Table 5: 3D importance measure of each component at tk = 1 year

Component ID 1 2 3, 4 5, 6 7, 8 9 10 11

Hr
ℓ (tk) 0.0129 0.0335 0.0031 0.0103 0.0052 0.0155 0.0072 0.0177

Rank 4 1 10 5 8 3 7 2

He
ℓ -0.1129 -0.371 -0.0161 -0.0242 -0.0806 -0.0968 -0.5161 -0.2742

Rank 8 10 1 3 5 7 11 9

Hs
ℓ -0.2 -0.1333 -0.4667 -0.2667 -0.1333 -0.3333 -0.8667 -0.8667

Rank 4 1 8 5 1 7 10 10

Iℓ(tk) -0.01033 -0.0153 -0.0233 -0.007 -0.01032 -0.0132 -0.0888 -0.0557
Rank 5 8 9 1 3 6 11 10

1 2

3

4

7

8

9 10 115 6

Figure 7: The reliability block diagram of the system

3D importance measure of each component is tabulated in Table 5. As shown in Table670

5, maintaining the gear actuator yields the highest improvement in system reliability. Ad-671

ditionally, the link rods have the lowest maintenance cost, while the wheels involve the least672

disassembly number. Overall, the torque links are the most critical. Although the torque673

links do not rank highest in terms of reliability improvement alone, they achieve the highest674

overall importance by balancing reliability, maintenance cost, and disassembly number. In675

the case study, prioritizing the torque links leads to a lower expected maintenance cost and676

reduced disassembly burden while still achieving a comparable level of system reliability677

improvement. In contrast, strategies focusing only on reliability improvement tend to se-678

lect components with higher maintenance costs or greater structural complexity, resulting679

in less efficient maintenance actions. The proposed measure produces rankings consistent680

with engineering intuition, that is, components with large marginal reliability impact and681

receive high priority, while components with high maintenance cost and disassembly num-682

ber receive low priority. Joint 3D importance measure of each component is tabulated in683

Table 6. As observed from Table 6, joint 3D importance measures of maintaining any two684

components are positive, indicating that repairing any pair of components will produce685

beneficial outcomes. Particularly, maintaining the outer cylinder and piston of the shock686

strut simultaneously leads to the highest value of joint 3D importance measures.687
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Table 6: Joint 3D importance measure of both components tk = 1 year

ID 1 2 3 4 5 6 7 8 9 10 11

1 - 0.0038 0.0100 0.0100 0.0035 0.0035 0.0034 0.0034 0.0035 0.0133 0.0134
2 0.0038 - 0.0068 0.0068 0.0037 0.0037 0.0083 0.0083 0.0087 0.0069 0.0072
3 0.0100 0.0068 - 0.0207 0.0034 0.0034 0.0033 0.0033 0.0034 0.0167 0.0167
4 0.0100 0.0068 0.0207 - 0.0034 0.0034 0.0033 0.0033 0.0034 0.0167 0.0167
5 0.0035 0.0037 0.0034 0.0034 - 0.0134 0.0034 0.0034 0.0035 0.0067 0.0068
6 0.0035 0.0037 0.0034 0.0034 0.0134 - 0.0034 0.0034 0.0035 0.0067 0.0068
7 0.0034 0.0083 0.0033 0.0033 0.0034 0.0034 - 0.0038 0.0116 0.0067 0.0068
8 0.0034 0.0083 0.0033 0.0033 0.0034 0.0034 0.0038 - 0.0116 0.0067 0.0068
9 0.0035 0.0087 0.0034 0.0034 0.0035 0.0035 0.0116 0.0116 - 0.0168 0.0169
10 0.0133 0.0069 0.0167 0.0167 0.0067 0.0067 0.0067 0.0067 0.0168 - 0.0467
11 0.0134 0.0072 0.0167 0.0167 0.0068 0.0068 0.0068 0.0068 0.0169 0.0467 -

As mentioned in Section 4.1.1, the initial time and the elapsed time will affect the688

system reliability improvement Hr
ℓ (tk). To explore the influence of initial and elapsed time689

on the value of Hr
ℓ (tk), we set the initial and elapsed time values in the range [0,2] years690

with the intervals of 0.2 years, as shown in Fig. 8. As observed from Fig. 8, the value of691

Hr
ℓ (tk) first increases and then decreases to zero with the increase of the initial and elapsed692

time. Specifically, the value of Hr
ℓ (tk) is equal to zero when the elapsed time is zero years.693

Meanwhile, to observe the ranking changes of the components, we depict the ranking of694

Hr
1(tk) and Hr

11(tk) specifically, as illustrated in Fig. 9. The ranking of each component695

changes with various settings of the initial and elapsed time. With the increase of initial696

and elapsed time, the relative importance of Component 1 continuously increases, whereas697

that of Component 11 gradually decreases.698

By changing the maintenance cost of Component 1, the value of He
ℓ of each component699

is tabulated in Table 7. Meanwhile, the value of He
ℓ of each component with various costs700

of the strut service facility is tabulated in Table 8. As observed in Table 7, the value of He
1701

increases to one with the increase of the maintenance cost of Component 1, whereas the702

values of He
ℓ of other components decrease to zero. Similar results can be found in other703

components. As shown in Table 8, the values of He
ℓ of Components 1, 10, and 11 approach704

one when the cost of the strut service facility equates to 107 US dollars. This is because705

Components 1, 10, and 11 share the strut service facility.706

To demonstrate how the disassembly number affects the value of Hs
ℓ , 103 disassembly707

steps are added for each component before its disassembly. The results are tabulated in708

Table 9. The values of Hs
1 , Hs

3 , Hs
4 , and Hs

10 approach one when 103 disassembly steps709

are added for Component 1 as the disassembly of Components 3, 4, 10, and 11 requires710

disassembling Component 1 first. Similar results can be found when 103 disassembly steps711
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Figure 8: The value of Hr
ℓ of each component with various settings of the initial and elapsed

time (time unit: years)

are added for other components.712

To investigate the impact of weights on the proposed 3D importance measure, the713

ranking of Iℓ(tk) with various settings of weights is shown in Fig. 10. Due to space714

constraints, only a subset of components are presented in the figure. As observed from Fig.715

10, the following conclusions can be drawn: (1) Component 2 becomes more important as716

weights α and γ increase, while its ranking of I2(tk) decreases with the increase of weight717

β. It implies that the maintenance of Component 2 contributes significantly to enhancing718

system reliability, and its disassembly procedure is uncomplicated. In contrast, a reverse719

trend is observed for Components 3 and 4; (2) Components 7 and 8 remain important in720

most weight settings, while Component 11 yields an opposing conclusion.721

6 Conclusion, Discussion, and Future Work722

This article proposed a 3D importance measure to assess the effectiveness of maintaining723

one component with tripartite component dependence. The proposed measure included the724
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Figure 9: The ranking of Hr
1 and Hr

11 with various settings of the initial and elapsed time
(time unit: years)

Table 7: The value of He
ℓ with various maintenance costs of Component 1 (cost unit: US

dollars)

Cost
Component ID

1 2 3, 4 5, 6 7, 8 9 10 11

103 -0.0545 -0.4182 -0.0182 -0.0273 -0.0909 -0.1091 -0.5818 -0.3091
104 -0.2182 -0.4182 -0.0182 -0.0273 -0.0909 -0.1091 -0.5818 -0.3091
105 -0.7727 -0.1742 -0.0076 -0.0114 -0.0379 -0.0455 -0.2424 -0.1288
106 -0.9709 -0.0223 -0.0010 -0.0015 -0.0048 -0.0058 -0.0310 -0.0165
107 -0.9970 -0.0023 -0.0001 -0.0001 -0.0005 -0.0006 -0.0032 -0.0017

system reliability improvement, the maintenance cost reduction, and the disassembly num-725

ber reduction. The system reliability improvement incorporated the component degradation726

interaction caused by stochastic dependence. The maintenance cost reduction involved the727

shared costs due to economic dependence. The disassembly number reduction included728

the disassembly sequence induced by structural dependence. Meanwhile, 3D importance729

measure was extended to a joint form to evaluate the maintenance effectiveness change of730

maintaining one component after the other component has been maintained. Some interest-731

ing properties of the proposed 3D importance measures, including the relationship between732

both 3D importance measures, the influence of the neglect of stochastic dependence, the733

monotonicity of the proposed measures, and the value range of joint 3D importance mea-734

sure, were proved. Moreover, the pseudocode of the algorithm for calculating the proposed735

3D importance measures was provided. A numerical case and a landing gear system were736

analyzed to showcase the efficacy of the proposed method. The conclusions showed that737

(1) three parts of the proposed measure were sensitive to the operation time of the system,738

the cost of maintaining each component, the disassembly steps of each component, respec-739

tively; (2) the proposed measures can effectively quantify the effectiveness of maintenance740
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Table 8: The value of He
ℓ with various costs of the universal facility (cost unit: US dollars)

Cost
Component ID

1 2 3, 4 5, 6 7, 8 9 10 11

103 -0.1111 -0.4259 -0.0185 -0.0278 -0.0926 -0.1111 -0.5741 -0.2963
104 -0.2381 -0.3651 -0.0159 -0.0238 -0.0794 -0.0952 -0.6349 -0.3968
105 -0.6863 -0.1503 -0.0065 -0.0098 -0.0327 -0.0392 -0.8497 -0.7516
106 -0.9544 -0.0218 -0.0009 -0.0014 -0.0047 -0.0057 -0.9782 -0.9639
107 -0.9952 -0.0023 -0.0001 -0.0001 -0.0005 -0.0006 -0.9977 -0.9962

Table 9: The value of Hs
ℓ with changing disassembly steps of each component

Changed ID
Component ID

1 2 3,4 5,6 7 8 9 10,11

1 -0.9882 -0.0020 -0.9921 -0.0039 -0.0020 -0.0020 -0.0049 -0.9980
2 -0.0030 -0.9872 -0.9921 -0.0039 -0.0020 -0.0020 -0.0049 -0.9980
3 -0.0030 -0.0020 -0.9921 -0.0039 -0.0020 -0.0020 -0.0049 -0.0128
4 -0.0030 -0.0020 -0.9921 -0.0039 -0.0020 -0.0020 -0.0049 -0.0128
5 -0.0030 -0.0020 -0.0069 -0.9892 -0.0020 -0.0020 -0.0049 -0.0128
6 -0.0030 -0.0020 -0.0069 -0.9892 -0.0020 -0.0020 -0.0049 -0.0128
7 -0.0030 -0.0020 -0.0069 -0.0039 -0.9872 -0.0020 -0.9901 -0.9980
8 -0.0030 -0.0020 -0.0069 -0.0039 -0.0020 -0.9872 -0.9901 -0.9980
9 -0.0030 -0.0020 -0.0069 -0.0039 -0.0020 -0.0020 -0.9901 -0.9980
10 -0.0030 -0.0020 -0.0069 -0.0039 -0.0020 -0.0020 -0.0049 -0.9980
11 -0.0030 -0.0020 -0.0069 -0.0039 -0.0020 -0.0020 -0.0049 -0.9980

policies when the maintenance on a multi-component system is affected by the tripartite741

component dependence.742

It should be noted that the current formulation assumes pairwise stochastic dependency743

between components. The proposed framework could be extensible to accommodate de-744

pendency among multiple components. The transition probability in Eq. (6) could be gen-745

eralized to include multi-component conditional probabilities without altering the overall746

computational framework. However, such extensions would significantly increase compu-747

tational complexity and reduce interpretability, as the number of component combinations748

grows combinatorially. Future research will investigate sparse evaluation and surrogate749

models to balance modeling fidelity and practical applicability.750

Several potential issues merit in-depth research in our future works. First, this article751

presumed the degradation behavior of each component is binary-state. Indeed, components752

can encompass several intermediate states beyond mere working and failed. The extension753

of the proposed measure to multi-state components will be explored in the future. More-754

over, this article assumed that the failure intensity of one component will increase when755

the stochastic dependent component fails. Other stochastic degradation dependency among756
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Figure 10: The ranking of Iℓ(tk) with various settings of weights

components, including common cause and cascading failures, can be considered in the fu-757

ture. Meanwhile, the maintenance epochs are predefined, rather than being optimized or758

condition-based. In our future research, we will research into the determination of main-759

tenance epochs based on an optimization or condition-based decision framework, enabling760

adaptive scheduling that balances reliability improvement, maintenance cost, and system761

structure. Furthermore, the current study employs a conditional intensity formulation for762

clarity and analytical tractability, but the proposed framework can be extended to alter-763

native dependence structures such as shared frailty models, copula-based representations,764

or graphical intensity networks. Future research will further investigate these dependence765

forms and assess their effects on maintenance decision-making. While this paper focuses on766

developing the maintenance importance framework with tripartite component dependence,767

future work will systematically investigate weight determination using various MCDM tech-768

niques comparing their stability and interpretability in real maintenance decisions. More-769

over, the proposed importance measures are evaluated at discrete maintenance epochs and770
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quantify instantaneous marginal effects of maintenance actions. Extending the framework771

to incorporate life-cycle economic performance and reliability evolution over an entire main-772

tenance cycle is of practical interest, and it would be studied in the future.773
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Appendix A910

Proof. Ii(tk) and Ii|j(tk) are given by,911

Ii(tk) = α (hr(1i,pk)− hr(pk)) + β (he(1i,pk)− he(pk)) + γ (hs(1i,pk)− hs(pk)) , (A.1)

912

Ii|j(tk) =α (hr(1i, 1j ,pk)− hr(1j ,pk)) + β (he(1i, 1j ,pk)− he(1j ,pk))

+ γ (hs(1i, 1j ,pk)− hs(1j ,pk)) .
(A.2)

Then, we can draw the following conclusion, that is,913

Iij(tk) =α (hr(1i, 1j ,pk)− hr(1j ,pk)− hr(1i,pk) + hr(pk))

+ β (he(1i, 1j ,pk)− he(1j ,pk)− he(1i,pk) + he(pk))

+ γ (hs(1i, 1j ,pk)− hs(1j ,pk)− hs(1i,pk) + hs(pk))

=Ii|j(tk)− Ii(tk).

(A.3)

Similarly, Iij(tk) = Ij|i(tk)− Ij(tk). This establishes Proposition 1.914

Appendix B915

Proof. To simplify the derivation process, the following parameters are set:916 ∏
ℓ̸=i,j, Pr{Cℓ(tk) = 1} = pα,Pr{Cj(tk) = 1} = pj ,Pr{Ci(tk) = 1} = pi

Pr{Cj(tk) = 1, Ci(tk) = 1} = p11,Pr{Cj(tk) = 0, Ci(tk) = 1} = p01
Pr{Cj(tk) = 1, Ci(tk) = 0} = p10,Pr{Cj(tk) = 0, Ci(tk) = 0} = p00

(B.1)
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Case 1: Both dependent components are failed at time tk−1, that is, pj = pi = p11 = p01 =917

p10 = 0.918

H̄r
j (tk) = hr(1j ,pk)− hr(pk) = pipα − pipjpα = 0

H̄r
i (tk) = hr(1i,pk)− hr(pk) = pjpα − pipjpα = 0

Hr
j (tk) = hr(1j ,pk)− hr(pk) = (p11 + p01)pα − p11pα = 0 = H̄r

j (tk)

Hr
i (tk) = hr(1i,pk)− hr(pk) = (p11 + p10)pα − p11pα = 0 = H̄r

i (tk)

(B.2)

Case 2: Component j is functioning, and component i is failed at time tk−1. pi = p11 =919

p01 = 0. pj can be evaluated by Eq. (11), and it is equal to e
−

∫ tk
tk−1

λj(y)dy. p10 can be920

computed by Eq. (7), and it is equal to e
−

∫ tk
tk−1

λ̄j(y)dy.921

H̄r
j (tk) = hr(1j ,pk)− hr(pk) = pipα − pipjpα = 0

H̄r
i (tk) = hr(1i,pk)− hr(pk) = pjpα − pipjpα = e

−
∫ tk
tk−1

λj(y)dypα

Hr
j (tk) = hr(1j ,pk)− hr(pk) = (p11 + p01)pα − p11pα = 0 = H̄r

j (tk)

Hr
i (tk) = hr(1i,pk)− hr(pk) = (p11 + p10)pα − p11pα ≤ H̄r

i (tk)

(B.3)

Case 3: Component j is failed, and component i is functioning at time tk−1. pj = p11 =922

p10 = 0. pi can be computed via Eq. (11), and it equates to e
−

∫ tk
tk−1

λi(y)dy. p01 can be923

evaluated via Eq. (7), and it is equal to e
−

∫ tk
tk−1

λ̄i(y)dy. The results are similar to Case 2,924

that is,925

Hr
j (tk) ≤ H̄r

j (tk), Hr
i (tk) = H̄r

i (tk) (B.4)

Case 4: Both dependent components are functioning at time tk−1. pj = e
−

∫ tk
tk−1

λj(y)dy.926

pi = e
−

∫ tk
tk−1

λi(y)dy. p11 can be computed via Eq. (8), and it is equal to e
−

∫ tk
tk−1

λj(y)+λi(y)dy.927

p01 can be computed via Eq. (10), and it is equal to
∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)928

e
−

∫ x
tk−1

λj(y)dy
dx. p10 is equal to

∫ tk
tk−1

e
−

∫ x
tk−1

λj(y)dy
e−

∫ tk
x λ̄j(y)dyλi(x)e

−
∫ x
tk−1

λi(y)dy
dx.929

H̄r
j (tk) = hr(1j ,pk)− hr(pk) = pipα − pipjpα = (1− e

−
∫ tk
tk−1

λj(y)dy)e
−

∫ tk
tk−1

λk(y)dypα,

Hr
j (tk) = hr(1j ,pk)− hr(pk) = p01pα = pα

∫ tk

tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx.

(B.5)
Then, we can draw the conclusion that Hr

j (tk) ≤ H̄r
j (tk) by the following equations.930

Hr
j (tk) = pα

∫ tk

tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx

≤ pα

∫ tk

tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λi(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx

= e
−

∫ tk
tk−1

λi(y)dy
(

1− e
−

∫ tk
tk−1

λj(y)dy
)
pα = H̄r

j (tk)

(B.6)

The similar conclusion can be drawn, that is, Hr
i (tk) ≤ H̄r

i (tk). This establishes Proposition931

2.932
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Appendix C933

Proof. In Case 1 and Case 2 , Hr
j (tk) = 0. Obviously, Hr

j (tk) is non-decreasing with934

respect to λ̄i(tk) and independent of λ̄j(tk).935

In Case 3, Hr
j (tk) = e

−
∫ tk
tk−1

λ̄i(y)dypα. Hr
j (tk) is non-decreasing with respect to λ̄i(tk)936

and independent of λ̄j(tk).937

In Case 4, Hr
j (tk) = pα

∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx. Hr

j (tk) is938

non-decreasing with respect to λ̄i(tk) and independent of λ̄j(tk).939

In conclusion, Hr
j is non-decreasing with respect to λ̄i(tk) and independent of λ̄j(tk).940

Analogously, Hr
k is also non-decreasing with respect to λ̄j(tk) and independent of λ̄i(tk).941

This establishes Lemma 1.942

Appendix D943

Proof. To simplify the derivation process, the following parameters are set by944 ∏
ℓ̸=i,j

(1− Pr{Cℓ(tk) = 1}) = pβ. (D.1)

The other parameters are set the same as Proposition 2.945

Case 1: Both dependent components are failed at time tk−1, that is, pj = pi = p11 =946

p01 = p10 = 0.947

H̄r
j (tk) = 1− (1− (1− pj)(1− pi)pβ) = pβ

H̄r
i (tk) = 1− (1− (1− pj)(1− pi)pβ) = pβ

Hr
j (tk) = 1− (1− p00pβ) = pβ = H̄r

j (tk)

Hr
i (tk) = 1− (1− p00pβ) = pβ = H̄r

i (tk)

(D.2)

Case 2: Component j is functioning, and component i is failed time tk−1, that is,948

pi = p11 = p01 = 0, pj = e
−

∫ tk
tk−1

λj(y)dy, and p10 = e
−

∫ tk
tk−1

λ̄j(y)dy.949

H̄r
j (tk) = (1− pj)(1− pi)pβ = (1− e

−
∫ tk
tk−1

λj(y)dy)pβ

H̄r
i (tk) = (1− pj)(1− pi)pβ = (1− e

−
∫ tk
tk−1

λj(y)dy)pβ

Hr
j (tk) = p00pβ = (1− e

−
∫ tk
tk−1

λ̄j(y)dy)pβ ≥ (1− e
−

∫ tk
tk−1

λj(y)dy)pβ = H̄r
j (tk)

Hr
i (tk) = p00pβ = (1− e

−
∫ tk
tk−1

λ̄j(y)dy)pβ ≥ (1− e
−

∫ tk
tk−1

λj(y)dy)pβ = H̄r
i (tk)

(D.3)

Case 3: Component j is failed, and component i is functioning at time tk−1, that is,950

pj = p11 = p10 = 0, pi = e
−

∫ tk
tk−1

λi(y)dy, and p01 = e
−

∫ tk
tk−1

λ̄i(y)dy. The results are similar to951

case 2, that is,952

Hr
j (tk) ≥ H̄r

j (tk), Hr
i (tk) ≥ H̄r

i (tk) (D.4)

Case 4: Both dependent components are functioning at time tk−1, that is, pj = e
−

∫ tk
tk−1

λj(y)dy,953

pi = e
−

∫ tk
tk−1

λi(y)dy, p11 = e
−

∫ tk
tk−1

λj(y)+λi(y)dy, p01 =
∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)954

e
−

∫ x
tk−1

λj(y)dy
dx, and p10 =

∫ tk
tk−1

e
−

∫ x
tk−1

λj(y)dy
e−

∫ tk
x λ̄j(y)dyλi(x)e

−
∫ x
tk−1

λi(y)dy
dx.955
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956

Hr
j (tk) = p00pβ = (1− p11 − p10 − p01)pβ

=

 1− e
−

∫ tk
tk−1

λj(y)+λi(y)dy −
∫ tk
tk−1

e
−

∫ x
tk−1

λj(y)dy
e−

∫ tk
x λ̄j(y)dyλi(x)e

−
∫ x
tk−1

λi(y)dy
dx

−
∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx

 pβ

(D.5)
Subsequently, Hr

j (tk) ≥ H̄r
j (tk) can be drawn based on the following equations.957

Hr
j (tk) =

 1− e
−

∫ tk
tk−1

λj(y)+λi(y)dy −
∫ tk
tk−1

e
−

∫ x
tk−1

λj(y)dy
e−

∫ tk
x λ̄j(y)dyλi(x)e

−
∫ x
tk−1

λi(y)dy
dx

−
∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx

 pβ

≥

 1− e
−

∫ tk
tk−1

λj(y)+λi(y)dy −
∫ tk
tk−1

e
−

∫ tk
tk−1

λj(y)dyλi(x)e
−

∫ x
tk−1

λi(y)dy
dx

−
∫ tk
tk−1

e
−

∫ tk
tk−1

λi(y)dyλj(x)e
−

∫ x
tk−1

λj(y)dy
dx

 pβ

=

(
1 + e

−
∫ tk
tk−1

λj(y)+λi(y)dy − e
−

∫ tk
tk−1

λj(y)dy − e
−

∫ tk
tk−1λi(y)dy

)
pβ

=

(
1− e

−
∫ tk
tk−1

λj(y)dy
)(

1− e
−

∫ tk
tk−1

λi(y)dy
)
pβ = H̄r

j (tk)

(D.6)
In the same way, Hr

i (tk) ≥ H̄r
i (tk). This establishes Proposition 3.958

959

Appendix E960

Proof. The result can be observed in the proof of Proposition 3. The “Part 1” of the961

3D importance measure of each component equates to the difference between the system’s962

reliability with and without the maintenance of the component. The reliability of a parallel963

system with the maintenance of any component is equal to one. Its reliability without the964

maintenance of any component is determined by the reliability of each component without965

maintenance. Therefore, “Part 1” of the 3D importance measure of one component is the966

same as that of the other. This establishes Lemma 2.967

Appendix F968

Proof. In Case 1, Hr
j (tk) = pβ. Obviously, Hr

j (tk) is independent of λ̄j(tk) and λ̄i(tk).969

In Case 2, Hr
j (tk) = (1−e

−
∫ tk
tk−1

λ̄j(y)dy). Hr
j (tk) is non-increasing with respect to λ̄j(tk)970

and independent of λ̄i(tk).971

In Case 3, Hr
j (tk) = (1− e

−
∫ tk
tk−1

λ̄i(y)dy). Hr
j (tk) is non-increasing with respect to λ̄i(tk)972

and independent of λ̄j(tk).973

In Case 4, for ∀λ̄′
i(tk) ≥ λ̄i(tk) ≥ λi(tk), and ∀λ̄′

j(tk) ≥ λ̄j(tk) ≥ λj(tk), one has974
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975

Hr
j

(
λ̄′
j(tk), λ̄′

i(tk)
)

=

 1− e
−

∫ tk
tk−1

λj(y)+λi(y)dy −
∫ tk
tk−1

e
−

∫ x
tk−1

λj(y)dy
e−

∫ tk
x λ̄′

j(y)dyλi(x)e
−

∫ x
tk−1

λi(y)dy
dx

−
∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄′

i(y)dyλj(x)e
−

∫ x
tk−1

λj(y)dy
dx

 pβ

≥

 1− e
−

∫ tk
tk−1

λj(y)+λi(y)dy −
∫ tk
tk−1

e
−

∫ x
tk−1

λj(y)dy
e−

∫ tk
x λ̄j(y)dyλi(x)e

−
∫ x
tk−1

λi(y)dy
dx

−
∫ tk
tk−1

e
−

∫ x
tk−1

λi(y)dy
e−

∫ tk
x λ̄i(y)dyλj(x)e

−
∫ x
tk−1

λj(y)dy
dx

 pβ

= Hr
j

(
λ̄j(tk), λ̄i(tk)

)
.

(F.1)
Consequently, Hr

j (tk) is non-increasing with respect to λi(tk) and λj(tk). According to976

Lemma 2, the “Part 1” of the 3D importance measure of one component is the same as977

that of each other. Therefore, the conclusion can be drawn in other components. This978

established Lemma 3.979

Appendix G980

Proof. For a series system, it is reliable when it stays in (11, . . . , 1m) only. Therefore, the981

system reliability without any maintenance activities at time tk is given by,982

hr(pk) = p2m,k. (G.1)

The system is reliable with the maintenance of component i when it stays in (11, . . . , 1m)983

or (11, . . . , 0i, . . . , 1m). Let (11, . . . , 0i, . . . , 1m) denote X2m−2i−1+1, where 2m−2i−1+1 is the984

serial number of (11, . . . , 0i, . . . , 1m). Therefore, the system reliability with the maintenance985

of component i at time tk is given by,986

hr(1i,pk) = p2m,k + p2m−2i−1+1,k. (G.2)

The system reliability with the maintenance of component j at time tk, hr(1j ,pk), can be987

also computed by Eq. (G.2).988

The system is reliable with the maintenance of components i and j when it stays in989

(11, . . . , 1m), (11, . . . , 0i, . . . , 1m), (11, . . . , 0j , . . . , 1m), or (11, . . . , 0i, . . . , 0j , . . . , 1m). Let990

(11, . . . , 0i, . . . , 0j , . . . , 1m) denote X2m−2i−1−2j−1+1. The system reliability with the main-991

tenance of components i and j is given by,992

hr(1i, 1j ,pk) = p2m,k + p2m−2i−1+1,k + p2m−2j−1+1,k + p2m−2i−1,k−2j−1+1,k. (G.3)

Then, Hr
ij(tk) is given by,993

Hr
ij(tk) = hr(1i, 1j ,pk)− hr(1j ,pk)− hr(1i,pk) + hr(pk)

= p2m,k + p2m−2i−1+1,k + p2m−2j−1+1,k + p2m−2i−1−2j−1+1,k

− p2m,k − p2m−2i−1+1,k − p2m,k − p2m−2j−1+1,k + p2m,k

= p2m−2i−1−2j−1+1,k ≥ 0.

(G.4)

This establishes Proposition 4.994
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Appendix H995

Proof. For a parallel system, it is failed when it stays in (01, . . . , 0m) only. Therefore, the996

system reliability without any maintenance activities is given by,997

hr(pk) = 1− p1,k. (H.1)

Particularly, the system reliability with any maintenance activities is equal to one, that is,998

hr(1j ,pk) = 1, hr(1j ,pk) = 1, and hr(1j , 1j ,pk) = 1. Then, Hr
ij(tk) is given by,999

Hr
ij(tk) = hr(1j , 1j ,pk)− hr(1i,pk)− hr(1j ,pk) + hr(pk)

= 1− 1− 1 + 1− p1,k

= −p1,k ≤ 0.

(H.2)

It implies that the system reliability improvement of one component for a parallel system1000

is decreased when the other components have already been maintained. This establishes1001

Lemma 4.1002

Appendix I1003

Proof. The setting of parameters can be found in Propositions 2 and 3. H̄r
ij(tk) and Hr

ij(tk)1004

are given by,1005

H̄r
ij(tk) = pα − pipα − pjpα + pjpipα

= pα(1− pj)(1− pi),
(I.1)

1006

Hr
ij(tk) = pα − (p11 + p01)pα − (p11 + p10)pα + p11pα

= p00pα.
(I.2)

The forms of H̄r
ij(tk) and Hr

ij(tk) are similar with Proposition 3. Therefore, the conclusions1007

are the same as Proposition 3. This establishes Proposition 5.1008

Appendix J1009

Proof. The parameters are set the same as Lemmas 1 and 2. H̄r
ij(tk) and Hr

ij(tk) are given1010

by,1011

H̄r
ij(tk) = 1− 1− 1 + (1− (1− pj)(1− pi)pβ)

= −pβ(1− pj)(1− pi),
(J.1)

1012

Hr
ij(tk) = 1− 1− 1 + (1− p00pα)

= −p00pβ.
(J.2)

The forms of −H̄r
ij(tk) and −Hr

ij(tk) are similar with Proposition 3. Therefore, the conclu-1013

sions are the opposite of Proposition 3. This establishes Lemma 5.1014
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Appendix K1015

Proof. He
ij is given by,1016

He
ij = he(1i, 1j , c)− he(1i, c)− he(1j , c) + he(c)

=
ce(i) + ce(j)− ce(i, j)− ce(0)

c0

=
ci + ceh(i) + cj + ceh(j) − ce(i, j)− 0

c0

=


0, h(i) ̸= h(j)

ceh(i)

c0
, h(i) = h(j)

.

(K.1)

This establishes Proposition 6.1017

Appendix L1018

Proof. Hs
ij can be simplified as:1019

Hs
ij = hs(1i, 1j ,d)− hs(1j ,d)− hs(1i,d)− hs(d)

=
n(di) + n(dj)− n(di ∪ dj)− 0

n0

=
n(di ∩ dj)

n0
≥ 0.

(L.1)

This establishes Proposition 7.1020

Appendix M1021

Proof. Based on Propositions 4, 6, and 7, the proposed joint 3D importance measure is1022

given by,1023

Iij(tk) = αHr
ij(tk) + βHe

ij + γHs
ij ≥ 0. (M.1)

It implies that the benefit of maintaining one component will increase for a series system1024

when other components have already been maintained. This establishes Lemma 6.1025
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Appendix N1026

Algorithm 1: Calculating the 3D importance measure

Require:
• The failure intensity function of each component λℓ(t)(l ∈ {1, . . . ,m}).

• The increased failure intensity function of each dependent component.

• The elapsed time tk−1, and the distribution of components’ state combinations pk−1.

• The structure function of the system ϕ(·).

• The maintenance cost cℓ and fixed setup cost ceh(ℓ) of each component.

• The disassembly relationship among nodes.

• Weights α, β, and γ.

Output :

• The 3D importance measure of component ℓ (Iℓ(tk)).

• The joint 3D importance measure of components i and j (Iij(tk)).

1 Hr
ℓ (tk)← 0 and Hr

ij(tk)← 0 ;
2 for u← 1 to 2m do
3 pu,k ← 0 ;
4 for v ← 1 to 2m do
5 Calculate Pr{C(tk) = Xu|C(tk−1) = Xv} based on Eq. (6) ;
6 pu,k ← pu,k + Pr{C(tk) = Xu|C(tk−1) = Xv}pv,k−1 ;

7 Hr
ℓ (tk)← Hr

ℓ (tk) + ((χ
(
ϕ
(
Xu\{k}

)
= 1

)
− χ (ϕ(Xu) = 1)) pu,k ;

8 Hr
ij(tk)← Hr

ij(tk) + (χ(ϕ(Xu\{i,j}) = 1) + χ(ϕ(Xu) = 1)− χ(ϕ(Xu\{i,j}) = 1)−
χ(ϕ(Xu) = 1))pu,k;

9 for i1 ← 1 to m do
10 for j1 ← i1 to m do
11 if h(i1) = h(j1) then
12 ce(i1, j1)← ci1 + cj1 + ceh(i1)
13 else
14 ce(i1, j1)← ci1 + cj1 + ceh(i1) + ceh(j1);

15 c0 ← max
i1,j1

ce(i1, j1) ;

16 He
ℓ ←

−(cℓ+ce
h(ℓ)

)

c0
;

17 He
ij ←

ci+ce
h(i)

+cj+ce
h(j)

−ce(i,j)

c0
;

18 for i2 ← 1 to m do
19 for j2 ← i2 to m do
20 n(di2 ∪ dj2)← n(di2) + n(dj2)− n(di2 ∩ dj2) ;

21 n0 ← max
i2,j2

n(di2 ,dj2) ;

22 Hs
ℓ ←

−n(dℓ)
n0

;

23 Hs
ij ←

n(di∩dj)
n0

;

24 Iℓ(tk)← αHr
ℓ (tk) + βHe

ℓ + γHs
ℓ ;

25 Iij(tk)← αHr
ij(tk) + βHe

ij + γHs
ij ;

1027
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Appendix O1028

Nomenclature

Cℓ(t) State of component ℓ at time t
S(t) System state at time t
C(t) Components’ state combination at time t
λℓ(t) Initial failure intensity function of component ℓ at time t
λ̄ℓ(t) Increased failure intensity function of component ℓ at time t
m1 Pair number of stochastic dependent components
m2 Number of stochastic independent components
m Number of components
ϕ(·) System’s structure function
di,1 First serial number of the ith pair of dependent components
di,2 Second serial number of the ith pair of dependent components
dj Serial number of the jth of independent components
D Serial number set of dependent components
I Serial number set of independent components
cℓ Maintenance cost of component ℓ
h(ℓ) Serial number of the maintenance facility for component ℓ
ceh(ℓ) Fixed setup cost of component ℓ

dℓ Disassembly sequence of component ℓ
hr(·) Unified system utilities associated with system reliability
he(·) Unified system utilities associated with maintenance cost
hs(·) Unified system utilities associated with disassembly procedure number
Hr

ℓ (tk) System reliability improvement of component ℓ at time tk
hr(1ℓ,pk) System utility for stochastic dependence after maintaining component ℓ at time tk
hr(pk) System utility for stochastic dependence without any maintenance activities at time tk
pk Probability of components’ state combination at time tk
pi,k Probability of ith components’ state combination at time tk
Xi ith state combination of all components
Ω State combination set of all components
Xi\{ℓ} ith state combination of all components when component ℓ is maintained.

He
ℓ Unified cost reduction of component ℓ

he(1ℓ, c) Unified cost of component ℓ
he(c) Unified cost without maintenance
c0 Maximum cost of maintaining two components
ce(ℓ) Total maintenance cost associated with maintaining component ℓ
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ce(0) Total maintenance cost without maintenance
Hs

ℓ Unified disassembly number of component ℓ
hs(1ℓ,d) Unified disassembly number of component ℓ
hs(d) Unified disassembly number without maintenance
n0 Maximum disassembly number of maintaining two components
n(dℓ) Total disassembly number associated with maintaining component ℓ
n(∅) Total disassembly number without maintenance
d Disassembly sequence of a system
dℓ Disassembly sequence of maintaining component ℓ
r(i, j) Relationship between nodes i and j.
Iℓ(tk) 3D importance measure of component ℓ
Iij(tk) Joint 3D importance measure of component ℓ

Appendix P1029

Proof. Suppose that Ω1ℓ = {(01, 02, . . . , 1ℓ, . . . , 0m), (11, 02, . . . , 1ℓ, . . . , 0m), . . . , (11, 12, . . . ,1030

1ℓ, . . . , 1m)}, and it indicates the set of components’ state combination when component1031

ℓ stays in working state. The number of components’ state combination in Ω1ℓ is equal1032

to 2m−1. The ith components’ state combination in Ω1ℓ is denoted by X1
i , and the corre-1033

sponding probability at time tk is denoted by p1i,k.1034

In the same way, suppose that Ω0ℓ = {(01, 02, . . . , 0ℓ, . . . , 0m), (11, 02, . . . , 0ℓ, . . . , 0m), . . . ,1035

(11, 12, . . . , 0ℓ, . . . , 1m)}, and it indicates the set of components’ state combination when1036

component ℓ stays in failure state. The number of components’ state combination in Ω0ℓ1037

is equal to 2m−1. The ith components’ state combination in Ω0ℓ is denoted by X0
i , and1038

the corresponding probability at time tk is denoted by p0i,k. Except for the ℓth element, the1039

elements of X1
i and X0

i are the same.1040

hr(1ℓ,pk) is given by:1041

hr(1ℓ,pk) =
2m∑
i=1

pi,kϕ(Xi\{ℓ})

=

2m−1∑
i=1

p1i,kϕ(X1
i ) +

2m−1∑
i=1

p0i,kϕ(X1
i )

=
2m−1∑
i=1

(
p1i,k + p0i,k

)
ϕ(X1

i )

(P.1)

hr(pk) is given by:1042

hr(pk) =

2m∑
i=1

pi,kϕ(Xi)

=

2m−1∑
i=1

p1i,kϕ(X1
i ) +

2m−1∑
i=1

p0i,kϕ(X0
i )

(P.2)

hr(0ℓ,pk) is the system utility for stochastic dependence when component ℓ failed at time1043
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tk, and it is given by:1044

hr(1ℓ,pk) =
2m−1∑
i=1

p1i,kϕ(X0
i ) +

2m−1∑
i=1

p0i,kϕ(X0
i )

=

2m−1∑
i=1

(
p1i,k + p0i,k

)
ϕ(X0

i )

(P.3)

Therefore, Hr
ℓ (tk) is given by,1045

Hr
ℓ (tk) = hr(1ℓ,pk)− hr(pk)

=

2m−1∑
i=1

(
p1i,k + p0i,k

)
ϕ(X1

i )−
2m−1∑
i=1

p1i,kϕ(X1
i )−

2m−1∑
i=1

p0i,kϕ(X0
i )

=
2m−1∑
i=1

p0i,k
(
ϕ(X1

i )− ϕ(X0
i )
)

(P.4)

Ibℓ (tk) is given by,1046

Ibℓ (tk) = hr(1ℓ,pk)− hr(0ℓ,pk)

=
2m−1∑
i=1

(
p1i,k + p0i,k

)
ϕ(X1

i )−
2m−1∑
i=1

(
p1i,k + p0i,k

)
ϕ(X0

i )

=

2m−1∑
i=1

(
p1i,k + p0i,k

) (
ϕ(X1

i )− ϕ(X0
i )
)

(P.5)

Due to the absence of stochastic dependence, p1i,k and p0i,k are given by,1047

p1i,k = Pr{Cl(tk) = 1ℓ}
j ̸=ℓ∏
j=1

Pr{Cj(tk) = X1
i (j)}, (P.6)

1048

p0i,k = Pr{Cl(tk) = 0ℓ}
j ̸=ℓ∏
j=1

Pr{Cj(tk) = X1
i (j)} (P.7)

Therefore, Hr
ℓ (tk) = Pr{Cℓ(tk) = 0ℓ}Ibℓ (tk).1049

This establishes Proposition P.1050
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