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Abstract. We investigate the stability of crystalline undulator radiation (CUR) peaks emitted by 530 MeV
positron channelling in periodically bent C(110) crystals with varying bending amplitudes and bending
periods. Relativistic molecular dynamics simulations were performed to quantify how these parameters
affect the intensity and position of the CUR peak. The continuous potential approximation was used to
identify isolines of constant peak energy, providing a reference for regions of spectral stability. MD results
show that increasing the bending amplitude shifts the CUR peak to lower photon energies, while decreasing
the period shifts it to higher energies, with both trends accompanied by enhanced dechannelling. For crystal
parameters similar to recent experiments conducted at the Mainz Mikrotron (MAMI), the simulated CUR
peak appears near 0.515 MeV. These results demonstrate that the CUR peak remains stable across a broad
range of bending amplitudes and periods, providing quantitative estimates of the sensitivity of the emitted
radiation to variations in the crystal bending parameters.

1 Introduction

Gamma-ray crystal-based light sources (CLS) present
a novel approach to generating high-intensity electro-
magnetic radiation, comparable to and exceeding the
energy ranges available at modern synchrotrons, X-ray
free-electron lasers, and light sources based on laser
Compton scattering [1]. Their operation is based on
channelling, the phenomenon in which charged parti-
cles (typically electrons or positrons) entering a crystal
at small angles relative to the crystallographic planes or
axes experience the collective influence of electrostatic
fields of lattice atoms [2]. This leads to the transverse
oscillation of the particles and the emission of chan-
nelling radiation [3]. Introducing a bend into the crys-
tal structure leads to the emission of additional types
of radiation: a uniform curvature leads to the emission
of synchrotron-like radiation. Periodic bending where
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the crystalline planes follow a sinusoidal profile leads to
the emission of crystalline undulator radiation (CUR)
[4,5], arising from the particle’s undulation along the
bent planes. Periodic bending is characterised by three
key parameters: (i) the bending amplitude a, represent-
ing the maximum displacement of the crystalline planes
from their unbent positions; (ii) the bending period A,
which defines the distance between successive extrema
(maxima or minima); and (iii) the number of bending
periods N,. Adjusting these parameters allows control
over the properties of the emitted radiation, such as the
intensity and wavelength.

Several techniques have been proposed for manufac-
turing periodically bent crystals, including mechanical
bending [6-8], etching, scratching, laser ablation and
melting [9-12], sandblasting [13], ion implantation [14],
and crystal doping [15-19]. Dynamical periodic bend-
ing by means of acoustic excitation suggested in Refs.
[4,20-24] has been recently demonstrated experimen-
tally [25]. While producing a crystal with the desired
number of bending periods is relatively straightforward,
reproducing the exact bending amplitude and bend-
ing period is far more difficult. Consequently, the exact
bending amplitude and period of the crystal are often
uncertain, leading to uncertainty in the properties of
the emitted radiation. The sensitivity of the radiation

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjd/s10053-026-01227-7&domain=pdf
http://orcid.org/0000-0001-9615-9101
https://orcid.org/0000-0002-8200-8262
https://orcid.org/0000-0002-4468-8324
https://orcid.org/0000-0002-6807-5194
https://orcid.org/0000-0003-1602-6144
https://doi.org/10.1140/epjd/s10053-026-01227-7
https://doi.org/10.1140/epjd/s10053-026-01227-7
mailto:M.D.Dickers@kent.ac.uk
mailto:f.fantuzzi@kent.ac.uk
mailto:n.j.mason@kent.ac.uk
mailto:korol@mbnexplorer.com
mailto:solovyov@mbnresearch.com

114 Page 2 of 13

characteristics to variations in the bending amplitude
and period is well understood for tapered undulators
used in free-electron lasers to maintain a consistent
emission energy with changing electron beam charac-
teristics [26], but has not been studied in detail for
crystalline undulators.

Much work has been dedicated to the design and
practical realisation of gamma-ray CLSs in recent years
and is the focus of the ongoing Horizon Europe EIC-
Pathfinder-2021 Project TECHNO-CLS [27], where
particular emphasis has been placed on studying CUR
from both experimental and computational perspec-
tives. Although many facilities offer high-quality elec-
tron beams, few offer positron beams. Positrons are
generally more favourable for channelling because their
positive charge confines them between the crystal
planes. This reduces collisions with atomic nuclei that
can lead to the loss of channelled particles, a pro-
cess known as dechannelling. After dechannelling, the
particles undergo over-barrier motion, which in turn
reduces the intensity of the emitted radiation. The
Mainz Mikrotron (MAMI) accelerator facility recently
began operating a 530 MeV positron beamline [28].
The first channelling experiments using this beam-
line have recently been conducted [29,30]. Computa-
tional studies of the channelling process with electrons
and positrons [31-34] have enabled estimates of CUR
peak positions and intensities. However, CUR was only
recently observed experimentally at MAMI [35] using
855 MeV electron channelling in a quasi-periodically
bent-oriented diamond (110) crystal, C(110). Indica-
tions of CUR have been seen previously for 270 MeV
electrons in periodically bent Si(110) crystals with a
bending period of A = 9.9um [36], as well as in small-
amplitude short-period (SASP) Si crystals [37,38]. In
SASP crystals, the bending amplitude and period are
much smaller than in a conventional crystalline undu-
lator, such as those used in Ref. [35]; radiation emis-
sion arises from rapid, small-scale oscillations, rather
than from the large-amplitude, undulator-like oscilla-
tions along the periodically bent profile of standard
crystalline undulators [32,39].

The goal of this study is to analyse the stability of
the CUR peak position under variations in the crystal
bending amplitudes and periods. This stability can be
thought of as a measure of how the CUR peak posi-
tion varies when the bending amplitude and period are
changed. Two approaches are employed: (i) an ana-
lytical estimation of the CUR peak position using the
continuous potential approximation of Ref. [2], which
provides a quick estimate of the peak position; and
(ii) relativistic molecular dynamics (MD) simulations
[40], offering a detailed description of the channelling
dynamics and allowing the resulting radiation inten-
sity to be calculated. While the dependence of CUR
on the bending amplitude and period follows scaling
laws prdicted by the continuous potential approxima-
tion, the quantitative sensitivity of the emitted radi-
ation spectrum and intensity to realistic variations in
these parameters has not previously been investigated
using atomistic simulations. These simulations were
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performed using the MBN EXPLORER [41] and MBN
STUDIO [42] software packages, which enable atomistic-
level investigation of particle dynamics and radiation
emission. A comprehensive overview of the multiscale
relativistic MD approach to modelling channelling and
photon emission by ultra-relativistic charged particles
alongside a number of case studies are presented in a
recent review article Ref. [32].

All analyses have been performed for 530MeV
positron planar channelling in C(110) crystals, consis-
tent with the parameters of the current MAMI positron
beamline, assuming a periodically bent structure grown
through chemical vapour deposition (CVD) and bent
through boron doping [43]. The results presented here
help elucidate the stability of the CUR peak, quan-
tify the sensitivity of the emitted radiation to varia-
tions in the bending amplitude and period, and identify
ranges of bending parameters that produce radiation
with well-defined spectral properties.

2 Methodology

This section outlines the theoretical and computational
methodologies used to analyse the stability of the CUR
peak. The first part describes the continuous potential
approximation, which is used to estimate the CUR peak
positions over a range of bending amplitudes and peri-
ods, while the second part outlines the atomistic-level
relativistic MD approach.

2.1 Estimates from the continuous potential
approximation

The channelling process can be described using the
continuous (continuum) potential approximation [2]. In
this model, ultra-relativistic charged particles that are
incident at small angles with respect to the crystal-
lographic planes experience collective effects from the
crystal atoms. The particles move past many atoms over
a very short time; therefore, the discrete effect of indi-
vidual atoms becomes ‘smeared’ or averaged along the
direction of motion, producing an effectively continuous
inter-planar potential. Although this model neglects the
discrete interactions between atoms and charged par-
ticles, it offers a useful analytical framework for esti-
mating channelling conditions and the properties of the
emitted radiation and therefore can serve as a guide for
more accurate relativistic MD simulations.

In a periodically bent crystal, a propagating particle
experiences a centrifugal force as it follows the curved
trajectory, with this force reaching a maximum at the
extrema of the bending profile (i.e. at the maxima and
minima). If this centrifugal force locally exceeds the
maximum transverse restoring force U}, of the crys-
tal’s inter-planar potential, the particle may undergo
over-barrier motion and dechannel. The influence of
crystal bending is quantified by the parameter C', com-
monly known as the Tsyganov parameter [44] or bend-
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ing parameter. It is defined as the ratio of the maximum
centrifugal force experienced by the charged particle
F3** which tends to drive it out of the channel, to
the maximum transverse force confining it within the
channel. For a periodically bent crystal, this is written
as [5]:

B Fpax B 4d72¢ca
C B UI{ﬂaX B AQU’ )

max

(1)

¢ is the particle energy (measured in GeV), X is the
period of the periodic bending, a is its amplitude (both
in cm), and U] . ~ 6GeV/cm at 300K for C(110)
[45]. For a crystal with a weak curvature (C' < 0.1), the
maximum centrifugal force is small relative to the inter-
planar potential, and channelling is stable. For a strong
curvature (C' 2 0.5), the maximum centrifugal force
approaches or exceeds U/, . increasing the probability
of over-barrier motion and dechannelling. The parame-
ter C characterises the maximum centrifugal force expe-
rienced by a particle over one bending period. In reality,
the local centrifugal force varies along the trajectory,
ranging from zero along the centreline (where the cur-
vature is zero), to its maximum value at the extrema.
Thus, C in Equation (1) provides a measure of the max-
imum curvature strength, while its local value defines
the strength at a given point along the profile and thus
the local stability of channelling.

As particles propagate through a periodically bent
crystal they undergo two types of motion: (i) the undu-
lation following the periodically bent profile and (ii)
oscillations within the inter-planar potential (between
the crystalline planes for positrons, in the vicinity of the
planes for electrons). The square of the average trans-
verse velocity of a particle, i.e. the speed at which it
undulates, may be quantified by the undulator parame-
ter K. Both types of motion contribute to the undula-
tor parameter: K? = K2 + K2 (1 — C) [46], where the
components for each type of undulation are given by:

9 2mya ?
Kll = )\ ’ (2)

K3 = ~ 2.55 x 10 2U,. 3
ch me X el ()

The contribution from channelling oscillations, K fh,
is defined for positrons based on the harmonic approxi-
mation of the inter-planar potential in a straight chan-
nel [45]. The factor (1 — C) is introduced to account
for the curvature of the periodically bent crystal. Here,
Uy =~ 20eV is the depth of the potential well for C(110),
and v = &/mc? is the Lorentz factor. For 530 MeV
positrons channelling in C(110), K2 ~ 0.027. The val-
ues of K2 over the range of parameters considered in
this study are outlined in Table S2 in the supplemen-
tary information.

For sufficiently large periods, the spectral distribu-
tion of emitted energy dE/d(hw) consists of two well-
separated peaks. The first corresponds to CUR and is
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located at the position of the first harmonic. The second
peak corresponds to channelling radiation. To under-
stand the separation of these peaks, it is useful to esti-
mate the wavelength of the channelling oscillations Ay,
within the harmonic approximation of the inter-planar
potential. This wavelength is given by:

>\ch ~ md 2an (4)
where d = 1.2611 A is the (110) inter-planar distance in
diamond [47], Uy =~ 20€V, as before, and & = 530 MeV.
This gives a channelling oscillation wavelength of A\, =
1.44pm. Thus, for any values of the bending period
much larger than the wavelength of the channelling
oscillations, A > Aq,, the peaks from CUR and chan-
nelling radiation are well separated. This condition is
satisfied for all values of A considered in this work, with
the shortest bending period being A = 3.5pm > Agp,.
We therefore restrict our discussion to the range of pho-
ton energies corresponding to the CUR, peak. The posi-
tion of this peak can be estimated from the first har-
monic [45,48]:

9.5 g2

Y <T-PY ©)

where the factor of 9.5 originates from unit conversion,
meaning that € must be in GeV, A in pm, and the
value of fiw; is given in MeV [39]. This equation can
also be used to demonstrate that the CUR peak and
channelling peak are well separated. For a periodically
bent crystal C(110) crystal with a bending period of
A = 3.5pm and amplitude a = 2.5 A, the CUR peak
is located at hw; = 0.686 MeV. The position of the
channelling peak can be found by substituting in A =
Ach = 1.44 wm, giving fiw = 1.161 MeV; thus, for even
the shortest bending period considered here, the two
peaks will be well separated.

Within the continuous potential approximation, the
position of the CUR peak can be analysed as a function
of the bending amplitude and bending period. Two key
quantities describe this behaviour: the bending param-
eter C' and the first harmonic position hw;. When C'
becomes too large, dechannelling dominates and the
radiation intensity decreases. Figure 1 shows the depen-
dence of C (left panel) and fw; (right panel) on the
bending amplitude and period. As expected, C depends
primarily on a, as a larger bending amplitude induces
stronger centrifugal forces. In contrast, fw; varies more
strongly with A: shorter bending periods and smaller
amplitudes correspond to higher photon energies. The
‘isolines’, indicated by dashed lines, highlight combina-
tions of parameters that results in constant values of
C and hw;. For example, to maintain a photon energy
of hwy =~ 0.526 MeV, the bending period must remain
within ~ 0.3 pm across the amplitude range of a = 0.60
to 2.50 A.

Although an approximation, the continuous potential
model provides a reasonably good estimate of the effects
of variable bending amplitude and period, and serves as

@ Springer
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Fig. 1 Heatmaps showing the variation in the values of the bending parameter C' (left panel) and first harmonic position
hwy (right panel) as a function of the bending period A and bending amplitude a. Both plots share the same y axis.
Each plot indicates various lines of constant C' and 7w; using dashed white lines with their corresponding values. Circular
markers on the right panel indicate specific values along the isoline for fw; = 0.526 MeV, discussed in detail later

an efficient bridge between experimental observations
and atomistic simulations. However, it only provides
an approximate description of the channelling efficiency
through the bending parameter C' and an estimate of
CUR peak positions throughEquation (5), but no esti-
mate of the radiation intensity. The continuous poten-
tial approximation therefore provides a useful means to
estimate the viability of gamma-ray CLSs over a broad
range of bending amplitudes and periods; however, a
more detailed description of channelling dynamics and
efficiency, as well as radiation intensity, can be obtained
from atomistic simulations.

2.2 Atomistic modelling approach

Atomistic modelling provides a complementary descrip-
tion of channelling dynamics and radiation emission
beyond the continuous potential approximation.
Instead of averaging the inter-atomic potential across
all atoms within the channel, the atomistic approach
treats each atom as a discrete particle with its own
interaction range. As a result, it explicitly accounts
for stochastic interactions between propagating par-
ticles and crystal atoms. Alternative computational
approaches, including Monte Carlo-based methods for
particle propagation and radiation emission, have also
been used to study the channelling phenomena in the
context of CLSs [49]. For a broader overview of avail-
able modelling approaches, see Ref. [32] and references
therein.

Planar channelling simulations were conducted using
the relativistic MD framework implemented in the
MBN EXPLORER software package [41], developed
for advanced multiscale modelling of molecular and
nanoscale systems. The motion of ultra-relativistic
charged particles within crystalline fields were mod-
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elled using the relativistic integrator for classical MD
described in Ref. [40], which also accounts for the
changes in particle energy and velocity due to ionising
collisions with crystal atoms [33].

To investigate the stability of the CUR peak, chan-
nelling simulations were conducted over a range of
bending amplitudes and periods. The parameter space
was selected in line with the crystal parameters used
in recent experiments at MAMI [35], corresponding to
a ~ 1.38A and A ~ 5.0 m with four undulator peri-
ods. A 10 x 10 grid of amplitude—period combinations
was selected to cover a broad range of C' values. The
bending amplitudes spanned a = 0.60 to 2.50 A in steps
of approximately 0.21 A, and the bending periods from
A = 3.5 to 8.0um in steps of 0.5 wm, as seen on the
axes of Fig. 1. The number of bending periods was fixed
at ten, resulting in crystal lengths from 35 to 80 pm.
Although these crystals are longer than those used in
Ref. [35], this choice is compatible with potential future
experiments with larger samples. For a direct compari-
son with existing results, the analysis can be restricted
to the first four periods, as discussed later in Sect. 3.4.

For each amplitude—period pair, a periodically bent
C(110) crystal structure was used, and channelling sim-
ulations using 530 MeV positrons with zero divergence
(i.e. perfectly collimated) were conducted. The process
used to create these systems is detailed in Ref. [40].
In each case, 2000 independent positron trajectories
were simulated using the Moliére interaction potential
[50]. The initial particle entry coordinates were ran-
domly distributed within a 3.78 x 3.78 A (correspond-
ing to three times the C(110) inter-planar distance
d = 1.2611 A) area at the crystal entrance to emulate
the finite beam size in experiments, ensuring statisti-
cally robust results.
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3 Results and discussion

The results are presented in four sections. The first
presents a statistical analysis of the channelling process,
in which the trajectories of the propagating positrons
are analysed. The second section presents an analysis of
the spectral distribution of the emitted radiation. The
third section analyses the stability of the CUR peak
as predicted by the continuous potential model and
the results of relativistic MD simulations. Finally, the
fourth section discusses results of a four-period undula-
tor and provides an estimate of the CUR peak position
in line with possible future positron channelling exper-
iments at MAMI.

3.1 Statistical analysis of the channelling process

Due to the randomised entry locations of the particles
at the crystal entrance, not all particles begin propagat-
ing in the channelling mode; those that do are known as
accepted particles. The efficiency of this process can be
quantified by the acceptance A = Nyc./Np, the ratio
of the number of accepted particles N,.. to the total
number of incident particles Ny. A table of acceptance
values covering the range of bending amplitudes and
periods considered is provided in Table S5 in the sup-
plementary information.

The number of particles in the channelling mode at
any penetration distance z through the crystal is influ-
enced by dechannelling and rechannelling (the re-entry
of particles into the channelling mode) events. These
processes are reflected in the channelling fractions
fch,O(Z) = Ch,O(Z)/NaCC and fch(z) = ch(z)/Nacc
[32,40]. Neno(z) is the number of accepted particles
that remain in the channelling mode at a given pen-
etration distance, and N.,(z) is the total number of
channelled particles, including those that have rechan-
nelled. Both fractions are normalised to the number
of accepted particles, Nycc, so the number of particles
at any distance z can be recovered by multiplying by
Nace. It is important to note that this normalisation
may lead to values of fo,(2) exceeding one, as particles
that were not initially accepted may subsequently enter
the channelling mode through rechannelling, resulting
in Nch(Z) > Nace-

Figure 2 shows these fractions for the smallest, inter-
mediate, and largest bending amplitudes, a = 0.60,
1.44, and 2.50 A, and for bending periods A = 5.5
and 3.5 wm. Increasing the bending amplitude leads to
increased dechannelling, shown by the steeper decrease
of both feno(z) and fon(2). This behaviour follows
directly from the dependence of the bending param-
eter C' on the bending amplitude a, Eq.1; a larger
a increases the maximum centrifugal force, and thus,
the probability of dechannelling. The same behaviour
is seen in both fractions, though fe,(2) also includes
the effects of rechannelling.

The fluctuations of fen(z), characterised by peri-
odic decreases and recoveries, reflect the competition
between dechannelling and rechannelling events [51].
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While the bending parameter C' defined in Equation
(1) is the maximum value characterising the overall
bending parameter, the local centrifugal force experi-
enced by a particle varies along the trajectory. This
force reaches a maximum at the extrema of the bending
profile, causing a significant fraction of particles to leave
the channelling mode, which corresponds to dechan-
nelling and produces the minima in fn(z). Conversely,
at the midpoints of the bending profile, where the local
curvature and, therefore, the centrifugal force are zero,
the bending profile is effectively quasi-linear, and par-
ticles are more likely to be recaptured into the chan-
nelling mode, resulting in a recovery of fe,(z): rechan-
nelling. In this way, the observed periodic modulation
of fon(z) is directly linked to the variation in the local
centrifugal force along the bending profile.

This pattern is observed for both bending peri-
ods, although it is more pronounced for the shorter
period A = 3.5pm. Since C x a/)\?, shorter peri-
ods correspond to larger curvature and stronger cen-
trifugal forces, which enhance dechannelling. Increas-
ing the amplitude further amplifies this effect, result-
ing in lower overall channelling fractions. This explains
the increases in fe,(z) during the first half of the
first period, where the normalised channelling fraction
exceeds one. In this region, particles that were not ini-
tially accepted at the crystal entrance are captured into
the channelling mode within the quasi-linear segment of
the bending profile. Upon reaching the bending minima
at z = A\/2, most of these captured particles dechannel
and undergo over-barrier motion.

An interesting feature emerges when comparing
fen(2) for @ = 0.60 and 1.44 A. In the first few periods,
the crystal with the largest bending amplitude exhibits
a slightly higher value of f.,(z), contrary to what one
might expect from Equation (1). With increasing pene-
tration distance the two curves converge, beyond which
fn(2) for (a = 0.60) A becomes greater, as expected.
This effect is observed for both A = 5.5 and 3.5 wm, but
is more pronounced for the shorter period. It should
be noted that the differences are slightly exaggerated
due to the normalisation by Ng... For a = 1.44 A, the
values of A for A = 5.5 and 3.5um are 0.868 and
0.678 respectively. The initial enhancement of fu,(z) for
larger amplitudes arises from the longer length of the
quasi-linear segment compared to smaller amplitudes,
allowing for greater rechannelling. However, since the
maximum bending parameter C also increases with
amplitude, dechannelling dominates over the full crys-
tal length, leading to a faster long-term decay of fo,(2).
In contrast, smaller amplitudes have shorter quasi-
linear regions, which suppress rechannelling and result
in a smoother overall decay of fon(2).

This interplay also explains why the fluctuations of
fen(2) are less pronounced for smaller bending ampli-
tudes. For small a, the local curvature and, thus, the
variation in the centrifugal force are relatively small,
leading to less pronounced dechannelling at the extrema
and a smoother overall decay of fe,(2). In contrast,
larger amplitudes result in larger variations in cen-
trifugal force, enhancing dechannelling at the extrema

@ Springer
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Fig. 2 Channelling fractions fcn,o (dashed lines) and fo, (solid lines) as a function of penetration distance for bending
periods of A = 5.5um (left panel) and 3.5um (right panel). Both plots show bending amplitudes of a = 0.60, 1.44, and
2.50A. A representation of the bending profile is included at the top of each plot, with vertical lines corresponding to the
maxima and minima of the profile. Note that the fractions are normalised to the number of accepted particles Nacc

and increasing rechannelling in the quasi-linear regions, 4821 prad (bottom row), encompassing the full range of
resulting in larger fluctuations in fo,(2). emitted radiation. For reference, the natural emission
cone for 530 MeV positrons is 6y = 1/v ~ 964 prad.
Each column corresponds to a fixed bending period,
namely A = 8.0, 6.5, and 5.0 wm, and shows spectra for

The spectral angular distribution d3E/d(fiw)dQ of the different bending amplitudes a. Across both emission

emitted energy Aw within the solid angle df) ~ 0ddd¢  COBeS: similar trends are observed: decreasing the bend-
was calculated based on the recorded particle tra- ing period increases the spectral intensity and shifts

jectories. The numerical algorithm used is detailed fche CU.R peak to hi.gher phqton energies. Conversely,
in Refs. [40,45] and is implemented within MBN 1ncr9jasmg.the bend%ng amplitude increases the spec-
EXPLORER. The spectral distribution of the radiation t?al 1nte.1181ty7 bu.t shifts the peak to lower photon ener-
emitted within a cone fy < 1 may be calculated along 81 This behaviour reflects the dependence of the first

any given direction, averaged over all Ny simulated tra- harrrll?c nlg eneégy m}é E[]:]}?u'atéon €c5)) fon dt'h(’z' bendlptg
jectories using the following equation: amphtude and period. Lhe MLensity ol radiation emit-

ted from a charged particle is proportional to the square

of its acceleration [52]. Therefore, shorter bending peri-

dE(H 2 % d3E ods and larger bending amplitudes increase the trans-

( No Z / do / 0d0 dQ’ (6) verse acceleration of the particle, enhancing the inten-
sity of the emitted radiation.

However, at the shortest bending period, A = 3.5 pm,
which accounts for contributions from all trajectory  the behaviour differs noticeably, acquiring a non-
types. In this work, we focus exclusively on the sta- monotonic dependence on the bending amplitude, as
bility of the CUR peak and do not analyse the peak  ghown in Fig. 4. For both emission cones, the spectral
corresponding to channelling radiation. As discussed in intensity increases with amplitude up to between a =
Sect.2.1, for 530 MeV positrons the CUR and chan- 144 and 1.87 A, but then decreases for larger ampli-
nelling radiation peaks are well separated, with the tudes, although the CUR peak positions remain con-
channelling peak appearing at much higher photon  gistent with the observations in Fig.3. This reduction
energies (2 1 MeV) [33]. This channelling radiation still  correlates with enhanced dechannelling, as discussed in
contributes a smooth background at lower photon ener-  Gect. 3.1 and illustrated in Fig.1. For A = 3.5 um, when
gies. In the following analyses, only photon energies > 1.87 A, the bending parameter exceeds C' > 0.5,
in the vicinity of the CUR peak are considered. For leading to significant dechannelling and thus a decrease

3.2 Spectral distribution of undulator radiation

further relativistic MD simulations considering chan- i the spectral intensity. At a ~ 2.5 A, where C' > 0.7,

nelling radiation in linear crystals, see Ref. [33]. dechannelling becomes dominant, strongly suppressing
Figure 3 shows the spectral distributions of CUR for  the spectral intensity.

two emission cones along the undulator axis: 6y = Although the continuous potential approximation

133.8prad ~ 0.139/y (top row), corresponding to provides reasonable estimates of the CUR peak position
the beam aperture at MAMI [35]; and 6y = 5/y =~

@ Springer
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Fig. 3 Spectral distributions of crystalline undulator radiation for 530 MeV positrons for different bending profiles. The
top row corresponds to the emission cone 6y = 133.8 urad ~ 0.139/~, and the bottom row 5/ ~ 4821 prad. The left column
corresponds to a bending period of A\ = 8.0 wm, the middle column 6.5 pm, and the right column 5.0 pm. All cases show
the same range of bending amplitudes a, as indicated by the top legend. In all cases, markers indicate the spectral peaks
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Fig. 4 Spectral distributions of crystalline undulator radiation for 530 MeV positrons for the emission cones 6y =
133.8 prad =~ 0.139/~v (left panel) and 6y = 5/v ~ 4821 prad (right panel). Both cases are for a bending period of
A =3.5um. In all cases, markers indicate the peak spectral peaks
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cases, markers indicate the peak number of photons. The dashed lines in the left panel indicate the spectral peaks from

Fig. 3

over much of the parameter space considered here, its
applicability becomes increasingly limited for large val-
ues of C'. In this regime, enhanced dechannelling leads
to a significant reduction in the channelling fraction,
as discussed in Sect. 3.1, and thus suppresses the radia-
tion intensity. At these larger C' values, the continuous
potential approximation should therefore be treated as
providing qualitative guidance, whereas the atomistic
simulations retain a quantitative description of both
the channelling dynamics and the resulting radiation
properties. Nevertheless, the good agreement observed
between the two approaches over the parameter range
considered demonstrates that, even at relatively large
values of C, the continuous potential approximation
remains a useful tool for estimating viable bending
parameters and the corresponding CUR peak positions
for the design of gamma-ray CLSs.

It is important to note that the results presented
here assume a perfectly collimated positron beam. In
reality, the positron beam at MAMI has a horizon-
tal and vertical angular divergence of approximately
640 x 64 prad [28]. This will lead to some minor broad-
ening and reduction in the intensity of the spectral dis-
tributions presented in Figs. 3 and 4. Importantly, it is
unlikely to have a significant impact on the position of
the spectral peaks. A larger beam divergence results in
particles entering the crystal with a wider range of inci-
dent angles. Accepted particles may therefore exhibit
larger channelling amplitudes, increasing the contribu-
tion of K2, to the total undulator parameter. However,
for the relatively small positron beam energies of 530
MeV used at MAMI in diamond, K2 < 1, so the result-

@ Springer

ing shift in the CUR peak position is expected to be
very small.

The spectral distribution of the number of photons
within a unit emission cone can be calculated from
Equation (6) by dividing by hw and the solid angle
AQ =~ m62. Figure5 shows the resulting photon emis-
sion spectra for A = 5.0pum, corresponding to the
parameters used in the MAMI experiment [35]. As with
the spectral intensity, increasing the bending amplitude
results in a higher number of photons. Compared with
the spectral distributions shown in Figs.3 and 4, the
peak number of photons is shifted to slightly lower ener-
gies, as indicated by the dashed lines marking the peak
positions from Fig. 3.

A small peak is seen at photon energies of approxi-
mately 0.1 MeV in the bottom right panel of Fig. 3. This
feature arises from the truncation of the radiation spec-
trum at lower photon energies due to the finite emis-
sion cone ¢y = 4821 prad. For a larger (or infinite) emis-
sion cone, the spectral intensity would extend smoothly
without the observed peak. The effect becomes more
pronounced in the right panel of Fig.5, since dividing
by Aw amplifies contributions at low photon energies.

3.3 Stability of the crystalline undulator radiation
peak

In Fig. 1, isolines of constant fw; were estimated by
means of the continuous potential approximation for
various combinations of bending amplitude and period.
To validate these results, four points along the iso-
line for Aw = 0.526 MeV were selected, and full atom-
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Fig. 6 Spectral distributions of crystalline undulator radi-
ation for 530 MeV positrons for the emission cone 0y =
133.8 urad ~ 0.139/~ with bending amplitudes and periods
along the isoline for fiw; =~ 0.526 MeV from the right panel
of Fig. 1. The peak positions are indicated by markers. The
black dashed line indicates the value of hw; as calculated
with Equation (5)

istic channelling simulations were performed as pre-
viously described. These points were chosen approxi-
mately equidistant along the isoline and can be seen
in Fig.1: @ = 248A and A = 4.76pm, a = 1.88A
and A = 4.88pm, a = 1.25A and A = 4.96 um, and
a = 0.60 and A = 5.00 pm. Figure 6 shows the result-
ing spectral distributions of CUR, with the predicted
peak position from Equation (5) indicated as a black
dashed line. A slight shift to lower photon energies is
observed as the bending amplitudes increase and the
bending period decreases, consistent with the expected
dependence on a and A. However, the total shift is
only (5.4 x 1073 MeV) between the smallest and largest
amplitudes. Such a small variation may be difficult to
resolve experimentally due to the finite resolution of
detector systems. Nevertheless, this confirms that the
position of the CUR peak does not change noticeably
when evaluated using the atomistic approach and vali-
dates the use of the continuous potential approximation
for estimating isolines of constant hw; on Fig. 1.

It should be noted that the simulated peak positions
lie at slightly smaller photon energies compared to the
theoretical value predicted by Equation (5). This dif-
ference arises from the finite emission cone used here
(0g = 133.8 prad), whereas Equation (5) assumes emis-
sion only in the forward direction, 6y = 0. As shown
in Fig. 3, increasing the size of the emission cone shifts
the CUR peak to lower photon energies. Therefore, for
0y = 0, the estimated CUR, peak will be at higher pho-
ton energies. These results verify that any point chosen
along the isolines of hw; in Fig.1 provides a reliable
estimate for the position of the CUR peak.

The same peak behaviour is evident in the results
presented in Fig. 3. The separation between CUR peaks
across different bending amplitudes for a fixed bending
period decreases as the bending period decreases: for
A = 8.0 um, the change in CUR peak position between

Page 9 of 13 114

w)

= .

dE/d(

0.0 | L . . T

L L L L 1 L L L 1 L L L 1 L L L L
0.46 0.48 0.50 0.52 0.54 0.56 0.58
Photon Energy, rw (MeV)

Fig. 7 Spectral distributions of crystalline undulator radi-
ation for 530 MeV positrons for the emission cone 0y =
133.8 urad =~ 0.139/v for a four-period undulator with a
bending period of A = 5.0 pm (equivalent to that of MAMI)
and two bending amplitudes a = 1.23 and 1.44 A. The peak
positions are indicated by markers

the smallest and largest bending amplitudes is (6.2 x
1073 MeV), while for A = 5.0 wm, the shift is 0.02 MeV.

3.4 Four-period undulator comparison

The recent 855 MeV electron channelling experiments
conducted at MAMI [35] employed C(110) crystals with
four bending periods, in contrast to the ten periods con-
sidered in this work. For a direct comparison, spectral
distributions were recalculated over only the first four
undulator periods for two crystals closely matching the
MAMI setup: A = 5.0pum with @ = 1.23 and 1.44 A.
These amplitudes are close to the experimental value
a ~ 1.38 A used at MAMI [35]. The spectral distribu-
tions were calculated for the emission cone correspond-
ing to the aperture at MAMI, 6, = 133.8 prad, and are
shown in Fig. 7.

The most notable difference compared to the ten-
period case discussed previously in Sect.3.2 is an
approximately 1.4-fold decrease in the spectral intensity
(see the top-right graph in Fig. 3). For on-axis emission
in the forward direction (§p = 0), the spectral inten-
sity I scales with the square of the number of bend-
ing periods I o< N2, while for emission over a finite
cone (6y > 0) along the same axis, the scaling is linear,
I x N, [53]. Thus, for an ideal harmonic crystalline
undulator, the intensity should increase by a factor of
10/4 = 2.5 when the number of periods is increased
from 4 to 10, significantly larger than the factor of 1.4
observed from simulations.

Two effects can account for this discrepancy. First,
the linear scaling of intensity with the number of bend-
ing periods assumes that particles channel through
the full length of the crystal; however, dechannelling
reduces the number of particles in the channelling mode
and thus their contribution to emission. From Fig. 2, the
channelling fractions for 4 and 10 periods are approx-
imately fen(Ny = 4) = 0.9 and fo, (N, = 10) = 0.8,

@ Springer
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which reduces the intensity ratio to 2.2, still well above
the simulated value.

The second, more significant, factor arises from the
finite size of the emission cone 6y. The cone correspond-
ing to the setup at MAMI is 6y = 133.8 prad [35], which
is approximately 7.2 times smaller than the natural
emission cone for 6y = 1/ ~ 964 prad for 530 MeV
positrons. Therefore, the measured intensity is only
integrated over a small fraction of the total emitted
radiation. In a crystalline undulator, the angular distri-
bution of radiation from successive bending periods nar-
rows with an increasing number of periods. The natural
angular width Oy, is given by On, ~ 1/vy/N, [54].
Within this cone, the energy of the harmonic remains
approximately stable. The ratio of the sizes of these
emission cones ©19/04 ~ 1/4/10 ~ 0.63 indicates that
the emission cone decreases by 37%. Since the MAMI
emission cone is smaller than the natural emission cone,
this narrowing reduces the fraction of radiation col-
lected by around the same factor. Accounting for reduc-
tions in intensity from both dechannelling and narrow-
ing emission cones, the reduction in intensity between
10 and 4 periods is 2.5 x 0.89 x 0.63 ~ 1.4, consistent
with the observed reduction in intensity from the sim-
ulation results.

These results provide an estimate of the CUR peak
position for bending amplitudes and periods very close
to those used in the recent electron channelling exper-
iments [35] and possible future experiments with the
530 MeV positron beamline and detector setup. Taking
the average CUR peak position across the two simu-
lated cases (corresponding to a bending amplitude of
a = 1.34 close to the experimental ~ 1.38 A), the CUR
peak should be located at a photon energy of approxi-
mately 0.515MeV. This estimate may assist in refining
the photon energy search range for identifying the CUR
peak in future positron channelling experiments.

4 Conclusions and outlook

In this paper, we have investigated how the intensity
and position of the CUR peak for 530 MeV positrons
channelling in periodically bent-oriented diamond (110)
crystals, C(110), depend on the crystal bending ampli-
tude a and period \. Relativistic MD simulations were
used to model positron channelling across a range of
bending amplitudes (@ = 0.60 — 2.50 A) and bending
periods (A = 3.5 — 8.0 um), using crystal parameters
employed in recent experiments conducted at MAMI
[35].

These simulations showed that increasing the bend-
ing amplitude shifts the CUR peak to lower photon
energies, while decreasing the bending period shifts it
to higher photon energies. The spectral intensity gener-
ally increases with larger amplitudes or shorter periods.
For the shortest bending period (A = 3.5 pm), the spec-
tral intensity decreased beyond ¢ = 1.44 A, which is
attributed to increased dechannelling. This was corrob-
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orated by statistical analysis of positron trajectories.
Along isolines corresponding to a fixed photon energy
hwy ~ 0.526 MeV, the CUR peak position varies by only
(5.4 x 1073 MeV). This also allows for the identification
of sets of parameters that maximise radiation intensity
while keeping the peak photon energy stable.

Importantly, these results are consistent with the
scaling behaviour predicted by the continuous poten-
tial model in Equation (5), demonstrating that it pro-
vides a reliable estimate for the positions of CUR peaks
over a broad range of bending properties. The atomistic
MD simulations extend these predictions by explicitly
modelling discrete particle-atom interactions such as
elastic and inelastic scattering, which govern dechan-
nelling and rechannelling processes. While these effects
have a minor influence on the CUR peak positions,
they directly affect channelling dynamics, efficiency,
and radiation intensity. This is directly observed from
the decrease in spectral intensity beyond a = 1.44 A
for A = 3.5um, where the bending parameter C' is
large, and the increased dechannelling suppresses the
radiation intensity, showing the limits of the continu-
ous potential approximation.

Simulations of a four-period crystal undulator with
parameters matching those used at MAMI predict a
CUR peak at approximately 0.515MeV for 530 MeV
positrons. Overall, the position of the CUR peak
remains stable across a broad range of bending ampli-
tudes and periods: small variations in the bending
amplitude have little effect, while the peak is more sen-
sitive to changes in the bending period.

These results provide a framework for estimating
CUR peak positions in future channelling experiments.
Although this study has focused on 530 MeV positrons
at MAMI, the same methodology and trends are appli-
cable to higher-energy electron channelling, the planned
855 MeV positron beamline extension at MAMI, and
other accelerator facilities such as CERN.
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