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i

A long, long time ago

I can still remember how that music

Used to make me smile

And I knew if I had my chance

That I could make those people dance

And maybe they’d be happy for a while...

Don McLean



Abstract

This thesis investigates soliton dynamics in non-integrable field theories, with a

primary focus on the Abelian Higgs model for vortices.

In the Baby Skyrme model, we introduce a novel family of solutions exhibiting

nested ring structures with dihedral symmetry. In addition, we examine periodic

solutions in cylindrical domains, enhancing the understanding of soliton solutions

in two dimensions.

For the Abelian Higgs model, we develop robust numerical methods to study

vortex dynamics. Our results reveal rich dynamical phenomena, such as quasi-

bound states in vortex scattering and the emergence of spectral walls; a non-linear

effect arising when internal modes transition to the continuous spectrum, altering

vortex trajectories. Beyond critical coupling, we explore vortex interactions in

Type I and Type II superconductivity, identifying attractive and repulsive regimes,

uncovering non-trivial quasi-stationary states influenced by excited normal modes.

Furthermore, we investigate orbiting vortex solutions, including vortex-antivortex

pairs and 2-vortex systems, demonstrating sustained rotational motion induced by

linear perturbations.

A significant finding is the observation of spectral walls not only in critically cou-

pled vortices but also away from critical coupling, suggesting their broader rele-

vance across topological field theories. These results deepen the understanding of

soliton dynamics, bridging one-dimensional kinks and vortex interactions in gauge

theories. The thesis concludes by proposing future research directions, including

multi-vortex scattering, the role of impurities, and extensions to cosmic strings

and Chern-Simons systems, laying a foundation for further exploration of soliton

phenomena in theoretical and experimental contexts.
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Chapter 1

Introduction

Solitons are stable solutions to nonlinear �eld equations with �nite energy. We are

particularly interested in �eld theories stabilised by a topological charge. Solitons

are distinguished by their energy density being smoothly varying and localised

around a speci�c point. An example is vortices in the Abelian Higgs model, which

behave like point-like particles, or skyrmions in nuclear physics.

In this thesis, we focus on non-integrable �eld theories, speci�cally the Abelian

Higgs model for vortices, which requires numerical methods to �nd soliton solu-

tions.

The thesis is structured as follows. In part I we introduce soliton theory, highlight-

ing the role of the topological charge in stabilising nonlinear �eld con�gurations.

The discussion begins with one-dimensional solitons, including kinks in� 4 the-

ory and sine-Gordon kinks. The existence conditions for solitons are explored,

incorporating key concepts such as topology and Derrick's theorem.

Part II explores the Baby Skyrme model, a two-dimensional analogue of the

Skyrme model, which serves as a simpli�ed framework for studying solitonic so-

lutions. In chapter 2, we discuss the model and �eld equations. We discuss the

Bogomolny bound and axially symmetric ring-like solutions. In chapter 3, a new

family of solutions is introduced, characterised by nested ring structures that ex-

hibit dihedral symmetry. These are compared with traditional axially symmetric

ring solutions, and their energy properties are analysed. In section 4.4, we discuss

Baby Skyrmions in cylindrical domains, leading to periodic solitonic structures

2
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and an examination of in�nite-charge con�gurations. Finally, in chapter 4, do-

main walls in the Baby Skyrme model are investigated, focussing on their stability,

symmetry properties, and exact solutions. The �ndings contribute to a broader

understanding of soliton interactions in non-integrable �eld theories.

Part III of this thesis focusses on the Abelian Higgs model, which describes vortices

in a two-dimensional gauge �eld theory. In chapter 6, we introduce the model,

followed by an exploration of the moduli space approximation and static vortex

solutions. Since the �eld equations governing vortex dynamics are often impossible

to solve analytically, numerical methods are developed and described in chapter 7.

These methods include Lorentz transformations to generate boosted solutions,

numerical time integration schemes for evolving vortex systems, and techniques to

enforce appropriate gauge choices and boundary conditions. Particular emphasis

is placed on ensuring numerical stability and accuracy, comparing results with

predictions from the moduli space approximation to validate the methods.

In chapter 9, we focus on vortex scattering in the presence of excited normal

modes, revealing novel dynamical features beyond the standard geodesic motion

on the moduli space. The existence of quasi-bound states, where vortices undergo

multiple bounces before eventually separating, is demonstrated through numerical

simulations. Additionally, we observe spectral walls, a non-linear e�ect that alters

vortex trajectories when an internal mode 
ows to the continuous spectrum. These

results highlight the richness of vortex dynamics beyond the BPS regime and

suggest deeper connections to solitonic interactions in other �eld theories.

In chapter 10, we move beyond critically coupled vortices, exploring vortex in-

teractions in regimes analogous to Type I and Type II superconductivity. In the

Type I regime (� < 1), vortices exhibit attractive interactions. In the Type II

regime (� > 1), repulsive interactions dominate. We explore the impact of non-

zero energy modes on vortex behaviour, �nding non-trivial quasi-stationary states.

Furthermore, our �ndings suggest the presence of spectral walls away from critical

coupling.

Finally, in chapter 11, we focus on orbiting vortex solutions, where vortices undergo

rotational motion around a central point. These orbits arise in various contexts,
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including vortex-antivortex pairs, where mutual attraction can lead to stable ro-

tational states. In addition, orbits are studied in 2-vortex systems, where linear

perturbations induce sustained rotational motion. These �ndings contribute to the

understanding of vortex interactions in con�ned geometries and suggest potential

experimental realisations in condensed matter systems.

The thesis concludes in part IV with an overview of the key �ndings and a discus-

sion of potential future research directions.

1.1 Soliton Theory

1.1.1 Topology

For topological solitons to exist, the solutions to a given energy functional must be

continuous maps between distinct manifolds, classi�ed by a conserved topological

invariant or charge [53].

Consider two compact manifoldsX and Y without boundary. If a continuous map

� : X ! Y can be continuously deformed into another map : X ! Y, then � is

homotopic to  . This de�nes an equivalence relation, partitioning the maps into

homotopy classes.

The set of homotopy classes of maps fromX to Y is denoted [X; Y ]. When X = Sn

(the n-sphere), this set is thenth homotopy group � n (Y), which forms a group

for n � 1.

For example, ifY = Sn with n � 1, then � n (Sn ) �= Z, the integers.

If � : X ! Y is a di�erentiable map between oriented closed manifolds of the

same dimension, the topological charge is the degree of the map,

B � = deg(� ) =
Z

X
� � (
) ; (1.1.1)

where 
 is the normalised volume form onY (with
R

Y 
 = 1), and � � denotes the

pullback.

This degree is a homotopy invariant, taking integer values and often interpreted

as a winding number in �eld theories.
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Topological solitons arise in theories where �eld con�gurations cannot be contin-

uously deformed to the vacuum, belonging to non-trivial homotopy classes. In


at space Rd, boundary conditions at in�nity (e.g., �elds approaching vacuum

values) enable compacti�cation, allowing classi�cation via homotopy groups such

as � d� 1(V) for linear target spacesV (vacuum manifold) or � d(Y) for nonlinear

�elds with closed target Y.

Examples include vortices (� 1(V)) and Skyrmions (� 3(Y)) [53].

1.1.2 Derrick's Argument

There is an additional constraint for topological solitons to exist, by means of

evading Derrick's argument. Regarding �eld theories in 
at space, for a given �eld

con�guration to be a stationary point of the energy functional, it must be stable

under spatial rescaling [29].

Derrick's argument states that a �eld theory will not admit topological solitons if

the static energy functional has no stationary points under spatial rescaling, apart

from the vacuum solution. To avoid this constraint, the energy functional must

contain terms that scale di�erently under rescaling; speci�cally, it must include

both an expanding term (such as a potential or mass term) and a contracting term

(such as a gradient or kinetic term). Without this balance, the solution would

either shrink to a point or expand inde�nitely. One way to evaluate an energy

functional E[� ] is to consider it on a one-parameter family of �eld con�gurations

� (� ) , yielding

e(� ) = E[� (� ) ]: (1.1.2)

In general, for a critical point of the energy functional, the derivativede=d� = 0

must hold at � = 1 (where � (1) = � ) for all such one-parameter families. This can

be thought of in terms of a small deformation parameter� , with � = 1 + � (or

� = e� ), and di�erentiating at � = 0, equivalent to � = 1.

Derrick's argument arises from considering a speci�c one-parameter family induced

by spatial scaling,x 7! �x with � > 0, de�ning the rescaled �eld con�guration as
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� (� )(x) = � (�x ). The energy functional evaluated on this family is

e(� ) = E[� (� ) ]; (1.1.3)

and the condition for a critical point is de=d�
�
�
� =1

= 0.

To derive e(� ), consider a general static energy functional ind spatial dimensions.

For simplicity, take a scalar �eld theory with a gradient term and a potential term:

E[� ] =
Z

Rd

�
1
2

jr � j2 + V(� )
�

ddx = E2[� ] + E0[� ]; (1.1.4)

whereE2[� ] =
R

1
2 jr � j2 ddx and E0[� ] =

R
V(� ) ddx.

For the energy functional on the rescaled �elds, �rst evaluate the potential term:

E0[� (� ) ] =
Z

Rd
V (� (�x )) ddx: (1.1.5)

Make the change of variables ~x = �x , so ddx = dd~x=� d. This gives

E0[� (� ) ] =
1
� d

Z

Rd
V (� (~x)) dd~x = � � dE0[� ]: (1.1.6)

Now for the gradient term:

E2[� (� ) ] =
Z

Rd

1
2

jr � (�x )j2 ddx: (1.1.7)

Sincer � (�x ) = � (r � )( �x ), we have jr � (�x )j2 = � 2 j(r � )( �x )j2. Substituting

the variable change,

E2[� (� ) ] =
� 2

� d

Z

Rd

1
2

j(r � )(~x)j2 dd~x = � 2� dE2[� ]: (1.1.8)

Thus, the value of the energy functional on the rescaled �elds is

e(� ) = � 2� dE2[� ] + � � dE0[� ]: (1.1.9)

The existence of a critical point ine(� ) at � = 1 determines whether stable solitons

are possible. Ford = 1, e(� ) = �E 2[� ] + � � 1E0[� ], which has a critical point at
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� =
p

E0[� ]=E2[� ], allowing kinks. For d > 1, there is typically no such point

unless additional terms (e.g., higher derivatives or gauge �elds) are included to

balance the scaling.

For a solution, the condition de
d�

�
�
� =1

= 0 provides virial relations, such as (2�

d)E2[� ] = dE0[� ] in this case.

1.2 Kinks

In this section, we will discuss some of the key concepts of topological solitons by

considering 1-dimensional solitons known as kinks.

The Lagrange density admitting kink solutions is

L =
1
2

@� �@� � � U(� ); (1.2.1)

where� is a real scalar �eld, and the potentialU(� ) is a real function with U(� ) � 0

and multiple degenerate minima (vacua), ensuring non-trivial homotopy group

� 0(V) for the vacuum manifoldV � R.

To derive the Euler-Lagrange equation, we start from the actionS =
R

L d1+1 x.

The principle of least action requires that�S = 0 for variations �� . The variation

of L is

� L = @� � @� (�� ) �
dU
d�

��: (1.2.2)

Integrating by parts on the �rst term gives

�S =
Z �

� @� @� � �
dU
d�

�
�� d 1+1 x + boundary terms; (1.2.3)

assuming boundary terms vanish. Setting�S = 0 for arbitrary �� yields the

Euler-Lagrange equation

@� @� � +
dU
d�

= 0: (1.2.4)

Kinks are �nite-energy solutions to this equation that are topologically distinct

from the vacuum. For �nite energy, the �eld must approach vacua at spatial

in�nity, lim x!�1 � (x) = � � where U(� � ) = 0. If � + = � � , the solution can be
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Figure 1.2.1: Potential of � 4 kink, V (� ) = 1
2(1 � � 2)2.

continuously deformed to the constant vacuum� (x) = � � everywhere, making it

topologically trivial.

However, if � + 6= � � , the solution interpolates between distinct vacua, giving it

topological charge and preventing continuous deformation to the vacuum. Kinks

are classi�ed by elements of� 0(V) � � 0(V).

We have a vacuum value when the potentialV = 0, which are points forming a

submanifold V � R, known as the vacuum manifold of the �eld theory. For the

solution to be topologically stable, there must be multiple vacua, otherwise the

homotopy group� 0(V) is trivial.

We consider 1-dimensional� 4 kinks as an example, the potential term isV(� ) =
1
2(1 � � 2)2, see �gure 1.2.1. The� 4 kink potential can be seen in �gure 1.2.1. We

can clearly see that this potential has two minima at� 1 and 1 respectively, which

we label as the vacua of the �eld.

The � 4 kink solution interpolates between these vacua, so the kinks are classi�ed

by elements of� 0(V) � � 0(V). We can then write the topological charge as

B � =
1
2

Z 1

�1

d�
dx

dx =
1
2

[� (+ 1 ) � � (�1 )] ; (1.2.5)

which �ts the general form B � = deg(� ) =
R

X � � (
) by considering the compacti-

�ed real line as X ' S1 and the target e�ectively as the interval between vacua,

with the charge counting the net transitions between distinct components ofV.

This charge is an integer. Here,B � can only be one of three values. IfB � = 0,

we have the vacuum solution; hence, the kink solution is a straight line at either
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Figure 1.2.2: Exact � 4 kink solution in blue, shortest path from the vacua in
cyan, and vacuum values in red.

vacuum value. If B � = 1, then the kink solution interpolates from the negative

vacuum value to the positive one. Finally, ifB � = � 1, we have an anti-kink that

interpolates from the positive vacuum value to the negative one.

Unlike most topological systems,� 4 kinks have the exact static solution of the

�eld equation (1.2.4) for time-independent con�gurations,

� (x) = tanh( x � a); (1.2.6)

where a is a constant of integration, representing the translation symmetry of

the system. We can therefore plot this solution; see �gure 1.2.2. We interpolate

between the two vacua in �gure 1.2.2, whereby we have a non-trivial topology. We

arrive at a solution which appears to be a tanh line. The solution is formulated this

way because the solution is governed by both the potential term and the gradient

of � .

Ignoring the potential, the best solution for the kink would be the straight line from

(� 1; �1 ) to (+1 ; + 1 ), as this would be the shortest path; however, the potential

term also acts on the kink. If we study the potential in the region� 2 (� 1; 1),

then we can see that as� approaches 0, the potential term wants to increase the

slope of� , however, this is battling with the straight line.

Note that � 4 kink solutions take the vacuum values at�1 , which is analogous to

vortices, which are the main focus of this thesis.
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The soliton also evades Derrick's theorem [29]. As derived in the general case for

d = 1, applying a spatial rescaling to the energy functional, we obtain

e(� ) = �E 2 + � � 1E0; (1.2.7)

where the subscripts denote the degree of spatial derivatives for each term,E2 =
R

1
2

� d�
dx

� 2
dx and E0 =

R
V(� )dx.

This has a critical point at � =
p

E0=E2. For the physical solution, this occurs

at � = 1, implying the virial relation E2 = E0, which balances the expanding

potential term (minimised by steep interpolation) and the contracting gradient

term (minimised by shallow interpolation), resulting in a �nite size for the kink.

Furthermore, the energy can be bounded below using the Bogomolny approach.

Completing the square in the energy functional,

E =
Z "

1
2

�
d�
dx

�
p

2V(� )
� 2

�
p

2V(� )
d�
dx

#

dx � �
Z � (+ 1 )

� (�1 )

p
2V(� ) d�;

(1.2.8)

since the square term is non-negative. For the kink (+ sign), the bound is

E �
Z 1

� 1

r

2 �
1
2

(1 � � 2)2 d� =
Z 1

� 1
(1 � � 2) d� =

4
3

; (1.2.9)

with equality when d�
dx =

p
2V(� ) = 1 � � 2, which is satis�ed by the exact solution

� = tanh( x � a). Thus, the kink saturates the Bogomolny bound, con�rming its

stability and minimal energy for the given topological charge.

1.2.1 Sine-Gordon Kinks

We can also explore another model that admits kink solutions, known as the sine-

Gordon model. Here, we have the potential, visually displayed in �gure 1.2.3.

V(� ) = 1 � cos�: (1.2.10)
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Figure 1.2.3: Plot for the potential term of the sine-Gordon kink; V (� ) =
1 � cos� .

Figure 1.2.4: Degree 1 sine-Gordon kink solution.

We are interested in the sine-Gordon system as it provides a clear example of topol-

ogy analogous to vortices. The Euler-Lagrange equation for static con�gurations

is
d2�
dx2

= sin( � ); (1.2.11)

which has the analytical solution

� (x) = 4 arctan( ex� a); (1.2.12)

wherea is a translation coordinate.

We can consider the target space as cyclic, where� 2 [0; 2� ), and identify 0 and

2� as the same point, e�ectively compactifying the target toS1.

In �gure 1.2.4, we see a degree 1 solution, wherea = 0.
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We can write the topological charge as

B � =
1

2�

Z 1

�1

d�
dx

dx

=
1

2�
[� (+ 1 ) � � (�1 )]

=
MX

k=1

sign
�

d�
dx

(xk)
�

;

(1.2.13)

whereM is the number of preimagesxk of a regular points in the target space (e.g.,

a point not at vacua). This can be interpreted as counting the signed preimages

of � at these pointsxk . We can therefore see that the kink solution in �gure 1.2.4

is indeed of degree 1 by the use of (1.2.13), and counting the preimages of� .

We impose a one-point compacti�cation by identifying spatial in�nities, hence the

domain becomes topologically a circleS1. We can transform our target space

by considering the periodic potential. In the case of the sine-Gordon model, our

potential is periodic, hence we can compactify the target space to the unit 1-sphere

such that, � � = lim jx j!�1 � (x) = 2 �n for integer n.

This gives us a map from a circle to a circle; hence, we can interpret the winding

number as the number of times the domain circle wraps around the target circle.

This leads to the interpretation that the winding number is determined by con-

sidering the homotopy group of the map. Since we have constricted our map to

the circle, we consider the homotopy group� 1(S1) = Z, hence we can interpret

the degree as an integer winding number.

Note that this is analogous to Baby Skyrmions, which we discuss next.
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Chapter 2

The Baby Skyrme Model

2.1 Introduction

The Baby Skyrme model is a 2-dimensional analogue of the Skyrme model, which

is a (3+1)-dimensional model for pions, �rst introduced by T.H. Skyrme [65],

which is a low energy e�ective model for the high quark colour limit of quantum

chromodynamics (QCD).

The motivation for Baby Skyrmions is as a toy model for the Skyrme model,

whereby calculations and numerical simulations are simpli�ed by dimensional re-

duction. Terms of the model are chosen based on the components of the Lagrangian

in the Skyrme model; however, it is worth noting that the potential term is not

needed in the Skyrme model, and hence its choice is solely based on the stability

of the theory and the solutions it presents.

Another interpretation of the model is as a stabilisation of theO(3) sigma model,

whereby the introduction of a Skyrme term and potential term balance to stop

the soliton from expanding in�nitely or shrinking to a localised point. This is

achieved by evading Derrick's theorem, as the sigma model term is scale-invariant

in two dimensions, while the Skyrme term (quartic in derivatives) scales as� � 2

under rescaling (contracting against shrinkage), and the potential term scales as

� 2 (expanding against growth), providing a stable minimum at �nite scale.

In recent years, there has been a growing interest in Baby Skyrmions in condensed

matter systems, where they have been observed in various materials, namely in the

14
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context of magnetic systems. In this case, the model often features an additional

Dzyaloshinskii-Moriya interaction (DMI) term, which can induce topologically sta-

ble spin textures analogous to Skyrmions. The inclusion of the DMI term stabilises

the con�guration by breaking the inversion symmetry [24, 32, 43, 82].

In addition, there has been some interest in Baby Skyrmion lattices [52], whereby

the lattice structure formed by Baby Skyrmions under various potential terms is

discussed. It is demonstrated that di�erent potentials lead to distinct crystalline

arrangements, such as hexagonal and square lattices. Alternative potential choices,

such as the easy plane potential, have also been shown to break the residualSO(2)

symmetry and produce solitons with only discrete symmetry [44]. Furthermore,

the study of Baby Skyrmions in curved backgrounds, such as anti-de Sitter space,

has revealed that higher charge solutions form concentric ring-like layered struc-

tures, with transitions between di�erent numbers of layers occurring at speci�c

topological charges [31, 79]. Similar layered structures have been studied in the

full Skyrme model using rational map methods, whereby multi-shell con�gurations

can be constructed from multiple rational maps [57].

The particular model under consideration in this part includes the potential term

V(� ) = (1 � � 2
3) [78]. We aim to study a new family of solutions of the Baby Skyrme

model that admits a dihedral symmetry. Historically, solutions of this model have

displayed axial symmetry for all charges. The introduction of dihedral symmetry

could provide new insights into the underlying topological and geometric proper-

ties of Baby Skyrmions, and might have broader implications in the context of

condensed matter systems. Previous work on breaking the globalO(3) symmetry

to the dihedral group DN has demonstrated that soliton solutions exhibit a con-

stituent structure composed of topologically con�ned partons [40, 45]. The statics

and dynamics of such broken symmetry models reveal that multi-soliton solutions

are related to polyform structures, with scattering behaviour governed by parton

interactions [40].
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2.2 The Model

The Baby Skyrme model is given by the Lagrangian density

L =
1
2

@� � � @� � �
1
4

(@� � � @� � ) � (@� � � @� � ) � V (� ); (2.2.1)

where � is the 3-component scalar Baby Skyrme �eld, andV(� ) is the potential

term. The �rst term is known as the sigma term and contains terms up to second

degree in derivatives, the second term is known as the Skyrme term, motivated by

the Skyrme term of the Skyrme model and contains terms of degree 4 in derivatives.

The Lagrangian functional isL =
R

L d2x, and the action S =
R

L dt .

We seek only static solutions of the equations of motion, which are obtained by

varying the Lagrangian density eq. (2.2.1) with respect to the �eld� . We obtain

the Euler-Lagrange equations of motion by calculating the variation of (2.2.5).

The resulting �eld equations, projected orthogonal to� due to the constraint

� � � = 1, are

� �
�

@� @� � � @� [(@� � � @� � )(@� � ) � (@� � � @� � )(@� � )] �
@V
@�

�
= 0: (2.2.2)

The �eld � is de�ned on (2+1)-dimensional spacetime, where� is a map� : X ! Y

, where the domainX = R2, and the target Y = R3, since we represent� with

a 3 component unit vector. A one point compacti�cation of the domain space

de�nes a point at �1 which is mapped to the vacuum value. By including a

point at in�nity, the domain becomes R2 [ f1g which is isomorphic to the unit

2-sphere. We constrain� to the 2-sphere by imposing the normalisation� � � �

� 2
1 + � 2

2 + � 2
3 = 1. We hence have thatX �= R2 [ f1g = S2, and Y = S2, and

� : S2 ! S2. dim X = dim Y = 2, hence � is classi�ed by the homotopy group

� 2(S2) = Z.

The topological charge is de�ned by the integral of the pullback of the normalised

volume form onS2

B =
Z

R2
� � 
 = �

1
4�

Z

R2
� � (@1� � @2� ) d2x; (2.2.3)
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Additionally, we impose that both X and Y are path-connected such that we can

connect any two points with a path that stays in the manifold, i.e. the image of

X always lies on a path-connected component ofY.

We choose a pointy 2 Y, whereby the set of preimages ofy is de�ned by the points

on X mapped toy. We de�ne this as a set of isolated pointsf x(1) ; : : : ; x(M )g, where

M is the number of preimagesx(k) , such that at each point, the Jacobian of the

map is non-zero.

The topological charge can also be interpreted as

B = deg(� ) =
MX

k=1

sign(J (x(k))) ; (2.2.4)

whereJ is the determinant of the Jacobian matrix of all �rst-order partial deriva-

tives. We hence count the signs of the Jacobian, that is, we count the preimages

of � including multiplicity.

The energy functional we are interested in is a mapE from the space of �eld

con�gurations to R E : � ! R de�ned by the integral

E[� ] =
Z �

1
2

[(@1� )2 + ( @2� )2] +
1
2

(@1� � @2� )2 + m2V(� )
�

d2x; (2.2.5)

wherex1; x2 are spatial coordinates,� is a scalar �eld, andV[� ] is the potential.

In this chapter, we use the potential term introduced by [78]

V(� ) = m2(1 � � 2
3); (2.2.6)

This choice of potential depends only on� 3, so we break theO(3) symmetry of

the model to anO(2) symmetry.

For topological solitons to exist, the theory must evade Derrick's theorem. We can

apply a Derrick's scaling argument to the energy functional. Consider a spatial

rescaling such thatx ! �x , with � > 0, and hence we get the expression for the

rescaled energy as

e(� ) = � 2E0 + E2 + � � 2E4; (2.2.7)

whereE0 =
R

m2(1� � 2
3) d2x is the potential term, E2 =

R
1
2(@i � )2 d2x is the sigma
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term, and E4 =
R

1
2(@1� � @2� )2 d2x is the Skyrme term, with En denoting the

term of the energy functional that is of degreen in its derivatives. We hence have

that
de
d�

�
�
� =1

= �E 0 � � � 1E4 = 0; (2.2.8)

leading to the constraint that, in order for the soliton solution to be stable, the

energy contributions of the Skyrme term and potential term must be equal for

� > 0. This constraint allows us to assess the validity of our numerical calculations,

as we can calculate these energy contributions, and stable solutions only exist for

E0[� ] = E4[� ].

2.3 Bogomolny Bound

We will study later in Chapter 4.4 a lower bound derived from periodic bound-

ary conditions; however, we can impose another well-studied lower bound on the

energy known as the Bogomolny bound.

We can then rewrite the static energy functional eq. (2.2.5)

E =
1
2

Z
(@1� )2 + ( @2� )2d2x +

1
2

Z
(@1� � @2� )2d2x +

Z
m2V(� )d2x;

�
1
2

Z
(@1� )2 + ( @2� )2d2x: (2.3.1)

We can then write vector� in terms of its components,

E =
Z

1
4

h
(@i � a+ � abc� ij � b@j � c)(@i � a+ � agh� ik � g@k � h)� @i � a� abc� ij � b@j � c� @i � a� agh� ik � g@k � h

i
d2x:

(2.3.2)

wherea; b; c; g; h2 Z3, and i; j; k 2 Z2, and � ij is the 2-dimensional Levi-Civita symbol,

de�ned as � 12 = 1, � 21 = � 1, and 0 if indices repeat.

To derive a lower bound, we complete the square in the sigma and Skyrme terms:

E =
Z

1
4

[(@i � � � ij � � @j � ) � (@i � � � ik � � @k � )] d2x �
Z

1
2

� ij � � (@i � � @j � ) d2x

�
1
2

Z
@i � � (� ij � � @j � )d2x

=
Z

� � (@i � � @j � ) d2x = 4 � jB j; (2.3.3)
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where the Levi-Civita tensor (a � b) i = � ijk aj bk can be written as a cross product onS2

since it is the Lie algebra ofSO(3).

The energy of a Baby Skyrmion exceeds this lower bound, tending towards 4� asm ! 0.

It however cannot attain this bound as the mass term is required for stable solutions and

the size of the solution becomes in�nite in the limit. We choosem2 = 0 :1 throughout

this chapter to stay consistent with the literature.

2.4 Static Solutions

This model was previously studied in [78], whereby the solutions studied admit an axial

symmetry for all charges. These solutions are given by the axially symmetric ansatz

� =

0

B
B
B
B
B
@

� 1

� 2

� 3

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

sinf cos(B� )

sin f sin(B� )

cosf

1

C
C
C
C
C
A

; (2.4.1)

where f (� ) is the monotonically decreasing pro�le function in polar coordinates (�; � ),

with boundary conditions f (0) = � and f (1 ) = 0, and B is the topological charge. It

should be noted that this ansatz is stable for allB , as shown in [78] unlike the standard

model with potential with only one vacuum. This ansatz can be substituted into the

energy functional to reduce the dimensionality of the problem. Moreover, we can use

the ansatz as an initial con�guration to simulate axially symmetric lumps or rings of

energy in a 2-dimensional space. We then use an arrested Newton 
ow algorithm, see

chapter 7, to vary the �elds using the equations of motion to converge to a solution with

a minimised energy density.

Some examples of minimised energy solutions for two-dimensional axial rings are dis-

played as a heat plot for the energy density in �gure 2.4.1.

We observe that the axial rings increase with size as the topological charge increases;

however, the energy decreases per soliton. At higher charges, the axial rings grow larger

and the cost of the curvature of the rings decreases, resulting in an exponential tail in

the energy per soliton values, which can be seen in �gure 3.3.5.
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B = 4. B = 5.

B = 10. B = 16.

Figure 2.4.1: Heat plots for the minimised Energy Density for a sample of
topological chargesB , found under the axially symmetric ansatz. We �nd that
the energy per soliton decreases as the total topological charge of the solution
increases, as a result of the increasing size of the solutions, resulting in a lower

energy cost from the curvature of the solution.



Chapter 3

Multi-Layered Rings

3.1 Introduction

In this chapter, we explore a new family of solutions of the Baby Skyrme model with two

vacua. We introduce a con�guration with nested layers of rings in which the solutions

appear to admit dihedral symmetry. We compare the previously studied axial solutions

to this new family of solutions.

3.2 Dihedral Solutions

We choose an initial con�guration that places N charge 1 lumps in a circle, with the

phase orientated so that they are all facing the origin. This initial con�guration allows

our 2-dimensional algorithm to �nd a critical point of the energy functional that di�ers

from the axially symmetric solution. For example, see in �gure 3.2.1 a newB = 5

solution.

The phase in the 2-dimensional plane, shown in the right of �gure 3.2.1 is calculated as

� = tan � 1
�

� 2

� 1

�
=

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

tan� 1
�

� 2
� 1

�
; � 1 > 0;

tan� 1
�

� 2
� 1

�
+ �; � 1 < 0 and � 2 � 0;

tan� 1
�

� 2
� 1

�
� �; � 1 < 0 and � 2 < 0;

�
2 ; � 1 = 0 and � 2 > 0;

� �
2 ; � 1 = 0 and � 2 < 0;

unde�ned; � 1 = 0 and � 2 = 0 :

(3.2.1)
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Figure 3.2.1: Heat plot for the minimised energy solution (left) of the Euler-
Lagrange equations and phase coloured plots to indicate winding (right) for a

B = 5 solution.

where � 1 and � 2 are the corresponding components of the vector �eld� , and unde�ned

indicates that this computation is not possible. We see that the phase of the solution

is distributed between the di�erent layers, indicating that the topological charge is also

distributed between the layers. This particular solution hence hasB = 1 in the centre

and B = 4 in the outer layer.

The energy per soliton of theB = 5 solution, shown on the left of �gure 3.2.1 is E =

1:4245 (normalised by the Bogomolny bound), larger than that of the axial ring, hence

this solution is a local minimum of the energy functional.

To con�rm that the �eld � has dihedral symmetry, we must show invariance under a

symmetry pair consisting of a spatial rotation and an isorotation. Speci�cally, apply a

spatial rotation S: � ! � + � , where � = 2�
B , which transforms the ansatz eq. (2.4.1) to

� 0 =

0

B
B
B
B
B
@

sinf cos(B (� + � ))

sin f sin(B (� + � ))

cosf

1

C
C
C
C
C
A

:

This is equivalent to the original � after an isorotation R� , whereR is the SO(3) rotation

matrix around the � 3-axis by � B� :

R =

0

B
B
B
B
B
@

cos(� B� ) � sin(� B� ) 0

sin(� B� ) cos(� B� ) 0

0 0 1

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

cos(2� ) sin(2� ) 0

� sin(2� ) cos(2� ) 0

0 0 1

1

C
C
C
C
C
A

= I;
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since B� = 2 � . Thus, � 0 = R� = � , con�rming rotational invariance under the pair

(S; R).

We can plot the �eld values, see �gure 3.2.2, and perform anSO(3) rotation as a linear

combination of the �eld components. This shows us that the �elds are invariant under

a chiral rotation.

Figure 3.2.2: Heat plot for the �eld values of the minimised solution of the
equations of motion for charge B = 5 solution, admitting a dihedral symmetry.

We can similarly verify that the Baby Skyrme solution to the energy functional allows

for a Z2 symmetry with the spatial re
ection � ! � � , which can be shown by the global

re
ection

(� 1; � 2; � 3) ! (� 1; � � 2; � 3); (3.2.2)

or alternatively

~� =

0

B
B
B
B
B
@

sin(f ) cos(B (� � ))

sin(f ) sin(B (� � ))

cos(f )

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

sin(f ) cos(B� )

� sin(f ) sin(B� )

cos(f )

1

C
C
C
C
C
A

; (3.2.3)

since sine is anti-symmetric and cosine is symmetric.

Thus we con�rm that this solution has dihedral symmetry D5, since the dihedral group

can be expressed asDn
�= Cn o Z 2.
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3.2.1 Initial Con�guration

We have identi�ed new local minimum solution of the energy functional. In this section,

we aim to generate these dihedral solutions, such that we can choose the charges of the

layers of the solution.

Therefore, let us consider the initial con�guration

� = ( � 1; � 2; � 3) =

8
>>>>><

>>>>>:

(sin f cos(� B1� ); sin f sin(� B1� ); cosf ); � < � 0;

(sin f cos(B2� ); sin f sin(B2� ); cosf ); r0 � � � � 1;

(0; 0; 1); � > � 1:

(3.2.4)

We simulate an inner ring of topological chargeB1, and an outer ring of topological

charge B2 that winds in the opposite direction. Note that f (� ) = 0 for � > � 1, hence

here � = (0 ; 0; 1). (�; � ) are polar coordinates, � 0, � 1 are constants chosen such that

there is enough space for the ring to exist in the space, andf (� ) is a pro�le function,

denoted by the map, f : R ! R, such that

f (� ) =

8
>>>>><

>>>>>:

2� � � �
� 0

; � < � 0;

� � � � � � 0
� 1 � � 0

; � 0 � � � � 1;

0; � > � 1;

(3.2.5)

where the pro�le function, f , winds around the target space for the number of layers.

We denote a chargeB solution as a (B1; B2) solution.

This continuous model is discretised using a �nite lattice of size 600� 600, suitably large

such that the asymptotic energy cuto� is negligible, with a �xed step size in space of

h = 0 :2 in both the x1 and x2 directions. A step size of this magnitude was chosen

because it allows for suitable accuracy without signi�cantly increasing the run time of

the simulations. Moreover, the derivatives were approximated using a �nite-di�erence

scheme of 4th order. Note that larger solutions were computed on su�ciently large grids;

however, in all cases, the �gures presented have been truncated to provide a clear result.
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Figure 3.3.1: Heat plot for the minimised energy solutions of the equations of
motion and phase coloured plots to indicate winding, respectively of a (2; 3)

solution created using the new initial condition (3.2.4).

3.3 Results

3.3.1 Low charge solutions and Symmetries

In the previous section, we have shown a (1; 4) solution (see �gure 3.2.1). Using

eq. (3.2.4) as an initial con�guration, we �nd another B = 5 solution. The solution

is still only a local minimum, but we discover that many con�gurations of the same

overall topological charge may exist. Figure 3.3.1 shows a (2; 3) solution which has the

highest energy out of allB = 5 solutions, however, it is interesting to study as the energy

density also appears to admit a dihedral symmetry in this case.

The energy per soliton of the (2; 3) solution is E = 1 :4693, and the energy per soliton

of the axially symmetric B = 5 solution is E = 1 :3737. The axial ring is the global

minimum at this charge, but within the new family of solutions, the (1 ; 4) ring is the

local minimum.

Next, we consider a charge (2; 4) solution.

We conjecture that we can understand the symmetry of the solution by plotting the

phase (as given in eq. (3.2.1) against the domain angle� , the angle in the 2D domain

at �xed radius � , which determines the angular position along a circle in the Baby

Skyrmion's domain. We observe this for a charge (2,4) solution in �gure 3.3.4.

We see that there are 6crossings. This suggests that there are six localised points

where the energy is minimal, which we can interpret as a reason for theB = 6 solutions
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Figure 3.3.2: Heat plots for the �eld values for a (2; 3) solution to illustrate the
invariance of the �elds under a dihedral symmetry.

Figure 3.3.3: Heat plot for the energy density of a (2; 4) solution with energy
per soliton E = 1 :4183. This �gure shows the 2 inner layers of the 4 layered
solution �gure 5.2, which has a lower energy per soliton than this solution. This
provided promise for the energy being reduced by the attraction of the layers.
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Figure 3.3.4: Plot to illustrate an explanation for the symmetry of a (2; 4)
solution. The phase of the inner ring is shown in blue, and the phase of the
outer ring is shown in red, where the phase is calculated in eq. (3.2.1) and plotted
against the domain angle� , which determines the angular position along a circle
in the Baby Skyrmion's domain. This �gure shows that there are 6 localised
points where the inner and outer rings are in phase with each other. It follows
that the energy density has lumps of energy at these localised points, whereby

the inner and outer rings pass in and out of phase.

B Eaxial (1; B � 1) (2; B � 2) (3; B � 3) (4; B � 4) (5; B � 5)

4 1.3798 1.4595 N/A N/A N/A N/A

5 1.3737 1.4245 1.4693 N/A N/A N/A

6 1.3703 1.4097 1.4183 N/A N/A N/A

7 1.3683 1.4017 1.3954 1.4335 N/A N/A

8 1.3669 1.3962 1.3859 1.4002 N/A N/A

9 1.3660 1.3919 1.3817 1.3841 1.4135 N/A

10 1.3654 1.3887 1.3792 1.3771 1.3902 N/A

11 1.3649 1.3861 1.3774 1.3743 1.3783 1.4013

12 1.3645 - 1.3758 1.3729 1.3727 1.3841

13 1.3642 - - - 1.3705 1.3746

Table 3.1: Energy per baryon for the historically studied axial solutions versus
new dihedral symmetric solutions for topological chargesB = 4 to B = 13.
Italic entries indicate axial solutions, bold entries indicate local minimum of

new solutions.

admitting dihedral D6 symmetry, and similarly for all B .

3.3.2 Energy Comparisons for Di�erent Solutions

We compare the energy per soliton for axially symmetric and dihedral solutions across

various topological chargesB . Table 3.1 summarises these results.
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Figure 3.3.5: Energy per baryon of axial con�guration vs. multiple nested rings
with 2 layers. This �gure plots the data of table 3.1. The dotted red line
indicates a lower bound for the energy per baryon of the axial rings, calculated
using an in�nite domain wall on a cylinder, which is synonymous to a ring of

in�nite curvature.

We can see from �gure 3.3.5 that the global minimum is an axial ring for all charges

studied so far, however, it is interesting that as the charge of the total con�guration

increases, the minimum of the nested rings change so that the charge of the inner ring

increases when the di�erence between the charges of the 2 rings is too great.

3.3.3 B = 9 Family of Solutions

We can also study the chargeB = 9 con�gurations, to give an example of how the same

overall charge con�gurations di�er from each other, see �gure 3.3.6.

For the nested ring solutions with two layers, the size of the solution is smaller, hence the

contribution from the curvature is larger than that of an axial solution of the same size.

At low charges, it is clear that the minimised energy is dominated by the contribution

of the curvature. However, we have an attraction between the layers that pull them

together, as a result of the inner and outer layers moving in and out of phase with each

other, creating localised lumps of energy, thus a dihedral symmetry for the solution.

This attraction reduces the total energy of the solution. The smaller the di�erence

between the charges of the layers, the smaller the solution, and hence the larger the cost

of the curvature of the solution.
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(B1; B2) = (1 ; 8) (B1; B2) = (2 ; 7)

(B1; B2) = (3 ; 6) (B1; B2) = (4 ; 5)

Figure 3.3.6: Heat plots for the minimized energy solutions of the equations
of motion for (1; 8), (2; 7), (3; 6), and (4; 5) solutions. The (2; 7) con�guration
has evenly distributed energy density, while (3; 6) shows a higher peak in the
inner ring. Con�gurations (1 ; 8) and (4; 5) have the highest energy. The local

minimum for B = 9 occurs at (2; 7), with energy per soliton E = 1 :3817.

Since the (2; 7) con�guration is the local minimum, we can assume that such minimum

occur when the cost of the curvature is balanced with the attraction between the layers.

Figure 3.3.7 illustrates the phase eq. (3.2.1) of theB = 9 con�gurations. This helps us

to understand how the topological charge is distributed throughout the solution. In all

cases, theD9 symmetry is preserved, with (2; 7) and (3; 6) being the minimal energy

con�gurations in this family.



30

(B1; B2) = (1 ; 8) (B1; B2) = (2 ; 7)

(B1; B2) = (3 ; 6) (B1; B2) = (4 ; 5)

Figure 3.3.7: Plots of the phase eq. (3.2.1) for (1; 8), (2; 7), (3; 6), and (4; 5)
solutions.

3.4 Higher Charge Solutions

Next we explore con�gurations with higher charges by introducing more layers and

analysing their symmetries. Some symmetries might be preserved if the symmetry group

of the inner two rings is a subgroup of the outer layers.

3.4.1 (11; 25) Solution

An example of the breakdown of the layers is the (11; 25) ring, which is expected to

have D36 symmetry, since B = 36. However, numerical simulations suggest that the

solution evolves into a (5; 7; 11; 13) ring with D6 symmetry, as shown in �gure 3.4.1.

The inner two rings sum to charge B = 12, and the outer two rings sum to charge
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Figure 3.4.1: Heat plot for a (5; 7; 11; 13) nested ring solution. The energy per
baryon is E = 1 :37974. TheD6 symmetry results from the balance of charges

across layers.

Figure 3.4.2: Heat plot for the minimised energy solution of the equations of
motion for a (2; 4; 8; 10) nested ring, with energy per baryonE = 1 :3901, and
topological winding for the same con�guration respectively. We see a clearD6

symmetry, which is veri�ed in �gure 3.4.3

B = 24. Although D12 is the largest subgroup, the solution prefersD6 symmetry due

to numerical constraints and lattice limitations.

3.4.2 (2; 4; 8; 10) Solution

The maximum symmetry we would be able to achieve from a multi-layered ring at this

charge would beD24 if the ring only had 2 layers, however, since the rings 
ow into more
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Figure 3.4.3: Heat plot for the �eld values of the �elds of a (2; 4; 8; 10) nested
ring, and the �elds after a D6 rotation, with the space rotated the other way

for comparison.

layers, the highest symmetry we should be able to achieve would be aD12 symmetry, as

this would be the largest subgroup.

A clear hexagonal structure can be seen in the shape of the energy density. Furthermore,

we can verify the D6 symmetry by showing that the �elds are invariant under this

rotation. It appears as though the symmetry group of these con�gurations is the greatest

subgroup of the total charge of the inner two rings compared to the total charge of the

outer two rings. We attempt to validate this symmetry in �gure 3.4.3.

Furthermore, the inner 2 layers are a (2; 4) ring, and hence we can compare these 2D6

solutions. The (2; 4) solution has energy per solitonE = 1 :4183, whereas the (2; 4; 8; 10)

solution has energy per solitonE = 1 :3901, suggesting that the interaction between

layers has indeed lowered the energy of the solution.



Chapter 4

Domain Walls

4.1 Introduction

A domain wall is a boundary between two vacua. In this case, we use the same Baby

Skyrme model as before, as the potential term allows for two vacua. Hence, we can have

a domain wall interpolating between these two vacua

A domain wall occurs due to the �xation of the vacua at the boundaries. We sim-

ulate space as a cylinder, by parametrising the space as a rectangle, periodic in the

x1-direction, where limx2 !1 � = (0 ; 0; � 1) and limx2 !�1 � = (0 ; 0; 1). This breaks the

O(3) symmetry into a O(2) symmetry.

For the solution to be a topological soliton, it must evade Derrick's theorem. Due to the

nature of the solution being on a cylinder, scaling in thex1� direction would result in a

di�erent solution, so in order to check the solution numerically, we must ensure that it

is invariant under scaling in the x2 direction. We hence use a slightly di�erent version of

Derrick's theorem, where we apply the rescaling [53]x2 ! � 2x2: By studying the limit

de�nition of the derivative, it is clear that

@2� 7!
1
� 2

@2�; (4.1.1)

where we have chosen� 2 to be the scaling parameter in thex2 direction. Applying this

rescaling to eq. (2.2.5),

E =
1

2�
�

1
� 2

Z
1
4

�
� 2

2(@1� )2 + ( @2� )2�
+

� 2
2

4
j@1� � @2� j2 + V(� )d2 x

33



34

=
1

2�

Z
1
4

�
1
� 2

(@1� )2 + � 2(@2� )2
�

+
� 2

2
j@1� � @2� j2 +

1
� 2

V(� ) d2x: (4.1.2)

This leads to the transformation for the energy

e(� 2) =
1
� 2

E2;1 + � 2E2;2 + � 2E4 +
E0

� 2
: (4.1.3)

To ensure the stability of the soliton, we apply Derrick's theorem by requiring the energy

to be stationary with respect to the scaling parameter� 2. Taking the derivative of e(� 2)

with respect to � 2 and evaluating at � 2 = 1, we obtain

de
d� 2

�
�
� 2=1 = �

1
� 2

2
E2;1 + E2;2 + E4 �

E0

� 2
2

�
�
� 2=1 = � E2;1 + E2;2 + E4 � E0 = 0 ;

where E2;1 = 1
4

R
(@1� )2; d2x, E2;2 = 1

4

R
(@2� )2; d2x, E4 = 1

2

R
j@1� � @2� j2; d2x, and

E0 =
R

V(� ); d2x represent the contributions to the energy functional from the respective

terms. For the soliton to be stable, this condition must hold, implying a balance between

the energy contributions. Speci�cally, stable solutions require E0 + E2;1 = E2;2 + E4.

This constraint allows us to numerically verify the stability of the soliton by computing

these energy terms and ensuring that they satisfy the derived equality, consistent with

the requirements for a topological soliton to evade Derrick's theorem on a cylindrical

geometry.

We will �rst reduce the dimensionality of the system to a one-�eld model, in order to

give some insight into what the optimal length L might be and also to give veri�cation

of the two-�eld code.

4.2 Symmetry Reduction

We consider the same Lagrangian density eq. (2.2.1). For an initial con�guration, we

let

� =

0

B
B
B
B
B
@

� 1

� 2

� 3

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

sinf cos(B� )

sin f sin(B� )

cosf

1

C
C
C
C
C
A

; (4.2.1)

wheref (� ) is the monotonically decreasing pro�le function with polar coordinates (�; � ),

with boundary conditions f (0) = � and f (1 ) = 0, and B is the topological charge.
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Substituting this ansatz into eq. (2.2.1), we can reduce the dimension of the Lagrangian.

We again choose the mass termm2 = 0 :1. We perform a change of variables from the

�eld � to the one-dimensional scalar �eld f , where we note that � =
p

x2
1 + x2

2.

L =
1
2

�
(@t f )2 � (@1f )2 � (@2f )2�

+
sin2(f )

2
[(@t f@1f � @1f@t f )2

+ ( @t f@2f � @2f@t f )2 � (@1f@2f � @2f@1f )2] �
m2

2
sin2(f );

If we consider static solutions with � = 2�x 1
L , where L is the size of the unit cell in the

periodic x1 direction, then the Lagrangian density is

L = �
1
2

(@2f )2 �
sin2(f )

2
(@2f )2(@1� )2 �

m2

2
sin2(f ); (4.2.2)

with resulting �eld equation

� @22f (1 + sin 2(f )(@1� )2) �
(@1� )2

2
(@2f )2 sin(2f ) +

m2

2
sin(2f ) = 0 : (4.2.3)

We can solve (4.2.3) numerically using an arrested newton 
ow algorithm and compare

the energy values per soliton for various periodic lengthsL to minimise the energy for

this parameter L .

For B = 1, �gure 4.2.1 shows that the optimal value for the periodic length is L = 8 :43,

with a minimal energy of E = 1 :3625539, which we will consider to be a lower bound of

the energy.

4.3 B = 1 Baby Skyrmion on a cylinder

Using our one-�eld results as guidance, we study the domain wall in two dimensions.

Figure 4.3.2 shows plots for the energy density and topological winding of the charge

B = 1 two-dimensional domain wall of optimal cell size.

We interpret the domain wall as an in�nitely large ring with zero curvature, making this

a lower bound for the axially symmetric solution. We �nd, with less precision, that the

optimal length is L = 8 :4 (the optimal cell size), with minimal energy E = 1 :362561,

which is within 0:0001% of the one-�eld result.
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Figure 4.2.1: Comparison of the energy for the one-dimensional chargeB = 1
domain wall for each periodic length L , computed using 8000 points, with a
space step of 0.01. We �nd an optimal periodic lengthL = 8 :43 , with energy

per soliton E = 1 :3625, which agrees with the two-dimensional results.

Figure 4.3.1: Energy per soliton against periodic lengthL for a domain wall on
a cylinder, computed using 2-dimensional numerics. We minimised the �elds on
a �xed length L , then varied L to �nd the optimal cell size. We �nd that The

optimal L is 8:4, with energy per soliton E = 1 :3625
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Figure 4.3.2: Heat plot for the minimised energy solution of the equation of
motion for a B = 1 domain wall in 2 dimensions. This is the solution of the
optimal length L = 8 :4, with energy per soliton E = 1 :3625. On the right hand
side we have the energy density coloured by the phase. The shows that the

domain wall winds from � � to � across the cell.

4.4 B = 2 Baby Skyrmion on a cylinder

We simulate a B = 2 Baby Skyrmion on a cylinder of periodic length L .

Figure 4.4.1 plots the energy per soliton for di�erent periodic lengths L . We use a

minimisation algorithm whereby we minimise the �elds for a �xed L , then vary L to

�nd the optimal cell size. We gradually increased the lattice, starting with small L , to

�nd the minimal energy. Moreover, to verify these solutions, we also started the system

with a large L , gradually removing points in the x� direction to reduce the cell size, to

minimise for L .

We �nd that the optimal con�guration for the Baby Skyrmion on a cylinder is a charge

B = 2 con�guration with periodic length L = 8 :4. This simulated a layered solution

with zero curvature, hence we have a lower bound on the energy ofE � 1:3630 for the

dihedral solutions.

We show a heat plot for the minimised energy solution of the equations of motion

for a charge 2 solution on a cylinder with optimal L in �gure 4.4.2. We see that the

con�guration splits into two B = 1 domain walls ( axial rings with zero curvature).

This could imply that the global minimum would be a compound structure of multiple

rings, which suggests that at some charge the double rings could be the global minimum.

Further studying of these in�nite rings suggests that the solution is in fact 2 parallel

domain walls. This could imply that this solution is not stable as 2 parallel charge 1
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Figure 4.4.1: Energy per soliton against periodic lengthL for a B = 2 Baby
Skyrmion on a cylinder. The optimal periodic length is L = 8 :4, with energy

per soliton E = 1 :3630.

domain walls will want to in�nitely repel because of their relative phase never being in

the attractive channel.

Furthermore, we can study the phase of the solution to ensure that it has the correct

topological winding, and we can clearly see that the phase winds around each wall once,

suggesting that each in�nite chain is of charge 1 per unit cell. An illustration of the

phase of the in�nite B = 2 solution can be seen in �gure 4.4.2. We see in the next

chapter that the minimised energy for the domain wall is found at the same minimised

length L , however, the minimised energy in this case isE = 1 :3626, suggesting that

there is indeed a slight energy cost for the 2 parallel domain walls.

The energy minimum found for the domain wall is slightly lower than that of the B = 2

Baby Skyrmion on a cylinder. However, by studying the model, it appears that the

B = 2 solution is indeed two parallel domain walls passing in and out of phase with each

other, suggesting that there is an energy interaction cost between the two walls.

We can con�rm the interaction between the walls in two ways: �rst, by shifting the two

walls apart and observing if they 
ow back to the original solution or remain where they

are with lower energy (which indeed is the case), and second, by adjusting the phase

of one of the walls. The latter method suggests that the interaction is not in
uenced

by phase di�erences but rather by the proximity of the walls. From this we conclude

that the lower bound on the energy is the single domain wall, with energy per soliton
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Figure 4.4.2: Heat plot for the minimised energy density of a topologically
charged B = 2 Baby Skyrmion on a cylinder with periodic lattice in the x-
direction on the left, and the plot for the phase winding of the same solution.
We can see from the energy density that there is a clear interaction between
the 2 walls, which can be interpreted from the topological winding as a result
of the 2 layers being out of phase with each other, resulting in a repulsion. The
result can be interpreted as 2 parallel domain walls, which further supports the

argument of repulsion.

E = 1 :3625.

The charge 2 solution on a cylinder is then considered the lower bound for double rings.

Although this bound is higher than that of the domain wall, it is possible that other

solutions on the cylinder could represent global minimum.



Chapter 5

Conclusions

In this part of the thesis, we have investigated families of solutions within the Baby

Skyrme model, employing the potential V (� ) = (1 � � 2
3) as introduced in [78]. These

solutions depart from the historically observed axial symmetry, instead exhibiting dihe-

dral symmetry, which was previously unseen in this context. Our exploration reveals a

diverse and intricate space of solutions, particularly pronounced at higher topological

charges, where multi-layered con�gurations emerge. The introduction of nested rings

demonstrates that interlayer attractions can lower the energy per soliton compared to

isolated layers, as evidenced by comparing the (2; 4) solution (E = 1 :4183) with the

(2; 4; 8; 10) con�guration ( E = 1 :3901).

We have also discussed lower bounds on the energy through the analysis of in�nite

rings and domain walls. By simulating the model on a cylinder with periodic boundary

conditions, we identi�ed a lower energy bound of E
B � 1:3630 for a chargeB = 2 Baby

Skyrmion, while a single domain wall yielded an even lower bound ofEB = 1 :3625 at an

optimal periodic length of L = 8 :4. These �ndings suggest that the global minimum

for axial rings may approximate an in�nitely large ring with vanishing curvature, while

double-layered rings are bounded by the chargeB = 2 cylindrical solution. Intriguingly,

the slight increase in energy of theB = 2 solution on the domain wall hints at a repulsive

interaction between parallel walls, a phenomenon that deserves further investigation.

Our results indicate that the Baby Skyrme model has a richer structure than previously

appreciated, with dihedral solutions o�ering stable local minimum and axial solutions

retaining their status as global minimum across the charges studied.
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Vortices
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Chapter 6

Abelian Higgs Vortices

6.1 Introduction

The Abelian Higgs model [38] is a relativistic �eld theory whose excitations in (2 + 1)-

dimensions take the form of topologically stable solitons known as vortices.

The �eld theory consists of a complex scalar �eld � coupled to a U(1) gauge �eld A � .

The static theory is equivalent to the e�ective Ginzburg-Landau theory [35], describing

a magnetic �eld penetrating a superconductor, where the total 
ux is quantised by the

number of vortices. The dynamics of vortex solutions is where these two theories diverge;

the Abelian Higgs model exhibits second-order dynamics with Lorentz invariance [59, 60,

64], whereas the time-dependent Ginzburg-Landau model exhibits �rst-order dynamics

[30, 55]. It is the former second-order dynamics that we will focus on in this thesis.

Note that in (3 + 1) dimensions vortices appear as string-like objects, known as cosmic

strings, which if they exist, may be detected through the gravitational contribution to

early universe cosmology [77].

Vortex scattering has been well studied for all values of the single parameter� [18, 28,

59, 60, 64]. This parameter splits the model into two types; type I (� < 1) where vortices

exhibit long-range attraction and type II ( � > 1) where vortices repel at long-range. In

contrast, at critical coupling ( � = 1), there are no static long-range intervortex forces,

and the N -vortex solutions can be represented by an unordered set of dimension 2N or

M N = CN =SN where SN is the set of permutations. At critical coupling, low-energy

second-order dynamics can then be approximated as free geodesic motion on the moduli

spaceM N . This moduli space naturally captures the most striking result, namely that

vortices exhibit head-on 90� scattering [73].

42
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6.2 The Abelian Higgs model

The (2 + 1)-dimensional Abelian Higgs model [38] is described by the action

S =
Z Z

R2
L dt d2x =

Z Z

R2

�
�

1
4

f �� f �� +
1
2

D � � D � � �
�
8

(j� j2 � 1)2
�

dt d2x; (6.2.1)

where � (t; x ) = � 1(t; x ) + i� 2(t; x ) is a complex scalar �eld (the Higgs �eld), with

spatial coordinate x 2 R2, and A � (t; x ) = ( A0; A1; A2) is a real U(1) gauge potential.

The covariant derivative is D � � = ( @� � iA � )� , and the �eld strength tensor is f �� =

@� A � � @� A � . � is the coupling constant. We will assume the spacetimeR2+1 has the

metric signature (+ ; � ; � ). All parameters (e.g., electric charge, vacuum expectation

value) are normalised, leaving� as the Higgs �eld mass parameter, and the speed of

light is set to c = 1.

The model is invariant under the gauge transformation

� (x) 7! ei� (x) � (x); A � (x) 7! A � (x) + @� � (x): (6.2.2)

The static energy for �eld con�gurations is

V =
1
2

Z

R2

�
D i �D i � + B 2 +

�
4

(1 � j � j2)2
�

d2x; (6.2.3)

where B = f 12 = @1A2 � @2A1 represents the magnetic �eld orthogonal to the plane.

For �eld con�gurations to have �nite energy we require that B ! 0; D � � ! 0 and

j� j ! 1 as � ! 1 ; where � = jxj. This �xes the Higgs �eld on the boundary

� 1 := lim
� !1

� (x)

to take values on the unit circle such that � 1 : S1
1 ! S1, where S1

1 is the circle on

the boundary of R2. This map is encapsulated by an integer degree or winding number

N 2 Z. This winding number counts the number of zeros of the continuous Higgs �eld

� including multiplicity. Since a given �eld con�guration cannot be deformed from one

homotopy class to a di�erent one by a continuous deformation, the �eld con�gurations

are separated into in�nitely many disjoint components, indexed by the integer degree

N .

Therefore, the dynamic �eld equations must preserve the integer degreeN . To relate
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the total magnetic 
ux to N , consider the boundary condition D i � ! 0 as � ! 1 ,

which implies @i � = iA i � on the boundary circle S1
1 . Writing � = j� jei� , where j� j ! 1

and � is the phase, we have@i � = A i on the boundary. The winding number N is the

number of times � winds around S1 as one traversesS1
1 , given by

N =
1

2�

Z

S1
1

d� =
1

2�

Z

S1
1

@i � dx i =
1

2�

Z

S1
1

A i dxi : (6.2.4)

By Stokes' theorem, the line integral of A i over the boundary S1
1 equals the integral of

the magnetic �eld B = f 12 = @1A2 � @2A1 over R2:

Z

S1
1

A i dxi =
Z

R2
(@1A2 � @2A1) d2x =

Z

R2
f 12 d2x: (6.2.5)

Thus, the magnetic 
ux is quantised in terms of the winding number:

1
2�

Z

R2
f 12 = N: (6.2.6)

To ensure that �nite-energy con�gurations, such as vortices, are stable topological soli-

tons, they must evade Derrick's theorem [53]. Consider a spatial rescaling

x ! �x; (6.2.7)

with � > 0, applied to the static energy (6.2.3). Under this rescaling, the Higgs �eld�

scales as,

� (x) ! � (�x ); (6.2.8)

the spatial derivatives transform as

@i !
1
�

@i (6.2.9)

, so the covariant derivative transforms as

D i � !
1
�

D i � (6.2.10)
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. We are working in a gauge theory, hence both terms of the covariant derivative must

scale consistently, hence the magnetic �eld transforms as

B = @1A2 � @2A1 !
1
� 2 B (6.2.11)

since

A i !
1
�

A i : (6.2.12)

The metric transforms as d2x ! � 2d2x. Thus, the static energy becomes

V(� ) =
1
2

Z

R2

�
1
� 2 D i �D i � +

1
� 4 B 2 +

� 2�
4

(1 � j � j2)2
�

d2x: (6.2.13)

This can be written as

V (� ) =
1
� 2 E2 +

1
� 4 E4 + � 2E0; (6.2.14)

where E2 = 1
2

R
R2 D i �D i � d 2x is the kinetic term, E4 = 1

2

R
R2 B 2 d2x is the magnetic

term, and E0 = 1
2

R
R2

�
4 (1 � j � j2)2 d2x is the potential term. For the energy to be

stationary with respect to � , we compute the derivative and evaluate at� = 1:

dV
d�

�
�
� =1 = �

2
� 3 E2 �

4
� 5 E4 + 2 �E 0

�
�
� =1 = � 2E2 � 4E4 + 2E0 = 0 : (6.2.15)

This yields the stability condition

E0 = E2 + 2E4: (6.2.16)

This condition ensures that vortex solutions with non-zero winding number N can be

stable, as it balances the contributions of the potential, kinetic, and magnetic terms,

allowing the Abelian Higgs model to support topological solitons that evade Derrick's

theorem. This constraint can be used to numerically verify the stability of vortex con-

�gurations by computing E0, E2, and E4.

Varying the action with respect to � and A � yields the second-order Euler-Lagrange

equations of motion

D � D � � �
�
2

(1 � j � j2)� = 0 ; (6.2.17)

@� f �� +
i
2

� ��D � � � � D � �
�

= 0 : (6.2.18)
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.

6.3 BPS Equations

We can derive a lower bound on the energy, known as the Bogomolny bound [25].

We complete the square of the integrand of eq. (6.2.3). The covariant derivative term

expands as

D i �D i � = jD1� j2 + jD2� j2 = jD1� � iD 2� j2 � i
�
D1� D2� � D2� D1�

�
:

The magnetic �eld term and potential term transform together as

B 2 +
�
4

(j� j2 � 1)2 =
�

B �
1
2

(j� j2 � 1)
� 2

� B (j� j2 � 1):

Hence

V =
1
2

Z
d2x

" �
B �

1
2

(1 � j � j2)
� 2

+ (D1� + iD 2� )(D1� + iD 2� )

+ B � i (@1(�D 2� ) � @2(�D 1� )) +
� � 1

4
(1 � j � j2)2

#

(6.3.1)

The term i (@1(�D 2� ) � @2(�D 1� )) represents the divergence of the vector �eld ~F =

i (�D 2�; � �D 1� ), since r � ~F = @1(i�D 2� ) � @2(i�D 1� ) = i (@1(�D 2� ) � @2(�D 1� )). By

Stokes' theorem, this divergence overR2 can be expressed as a line integral over the

boundary circle at in�nity S1
1

i
Z

R2
(@1(�D 2� ) � @2(�D 1� )) d2x = i

Z

S1
1

(�D 2� )dx1 � (�D 1� )dx2; (6.3.2)

where (dx1; dx2) is the line element along S1
1 . The �nite energy conditions require

D i � ! 0 and j� j ! 1 as � ! 1 . Since D i � = ( @i � iA i )� , the condition D i � ! 0

implies @i � = iA i � on the boundary, so �D i � = � (@i � � iA i � ) = � (iA i � � iA i � ) = 0.

Thus, the integrand in (6.3.2) vanishes, making the line integral zero [53].

Finally, by evaluating the integral of B using eq. (6.2.6) we have a lower bound on the

energy

V [�; A i ] � � jN j +
� � 1

8

Z
(1 � j � j2)2 d2x: (6.3.3)

where N is the integer degree.
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At critical coupling, we therefore have the Bogomolny bound [25]

V � � jN j; (6.3.4)

which is saturated for solutions of the Bogomolny equations

D1� � iD 2� = 0

B �
1
2

(1 � j � j2) = 0 : (6.3.5)

6.4 Moduli Space Approximation

In the case ofN vortices at critical coupling, the solutions to the �eld equations can be

represented by an unordered set of positions, which form a moduli space of dimension

2N . The moduli space,M N , is the con�guration space for the positions of the vortices

and can be written as the quotient,

M N =
R2N

SN

�=
CN

SN ;

where SN is the symmetric group that accounts for the indistinguishability of the vor-

tices under permutation. This moduli space accounts for the fact that the vortices are

indistinguishable except for their positions. At critical coupling, the moduli space of

the N -vortex system is thus a reduced con�guration space that re
ects the internal

symmetry of the system.

6.4.1 Geodesic Motion at Critical Coupling

At critical coupling ( � = 1), the low-energy dynamics of N vortices in the Abelian

Higgs model are described by geodesic motion on the moduli spaceM N [53]. This

approximation holds when vortices move slowly compared to the internal �eld dynamics,

reducing the �eld equations to motion on M N . A distinctive feature of this regime is

the head-on 90° scattering of vortices, governed by the geometry ofM N [63].

The vortex positions are parametrised by complex coordinateszr 2 C, r = 1 ; : : : ; N ,

corresponding to points in the plane R2 �= C. The metric on M N , derived from the

kinetic energy of �eld con�gurations satisfying the Bogomolny equations eq. (6.3.5), is
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given by

ds2 =
NX

r;s =1

gr �sdzr d�zs; (6.4.1)

wheregr �s = �
�

� rs + 2 @br
@�zs

�
forms an N � N Hermitian matrix ( gr �s = gs�r ), with br being

coe�cients in the expansion of the Higgs �eld logarithm, as described below [63].

The reduced Lagrangian, capturing the kinetic energy of the �elds at critical coupling,

is

L red =
�
2

NX

r;s =1

gr �s _zr _�zs; (6.4.2)

where _zr = dzr =dt denotes the velocity of ther -th vortex, and the factor �= 2 normalises

the vortex energy to � jN j for winding number N . Varying (6.4.2) yields the geodesic

equations, describing free motion at constant speed onM N , which accounts for the 90°

scattering observed in head-on vortex collisions [60, 63].

To compute the metric coe�cients, we apply Samols' method [63]. The Higgs �eld is

expressed as� = e
1
2 (h+ i� ) , where h = log j� j2 satis�es the Bogomolny equation r 2h +

1 � eh = 4 �
P N

r =1 � 2(z � zr ) away from the vortex positions. Near each vortex atzr , h

expands ash = 2 log jz� zr j+ ar + br (z� zr )+ �br (�z� �zr )+ : : : , with ar and br depending on

all vortex positions. The kinetic energy T = 1
2

R
R2 (j@t � j2 + @t A i @t A i )d2x is evaluated for

slowly moving vortices, using the time derivatives of eq. (6.3.5) and Gauss' law, yielding

T = �
NX

r;s =1

�
� rs + 2

@br
@�zs

�
_zr _�zs: (6.4.3)

Thus, the metric coe�cients are

gr �s = �
�

� rs + 2
@br
@�zs

�
: (6.4.4)

The Hermitian property follows from @br
@�zs

= @�bs
@zr

. For well-separated vortices, br !

0, reducing the metric to ds2 = �
P N

r =1 dzr d�zr , corresponding to independent vortex

motion [53, 63].

The metric on M N is K•ahler, as the associated 2-form! = i
2

P N
r;s =1 gr �sdzr ^ d�zs is

closed, due to the symmetry @br
@�zs

= @�bs
@zr

[53, 62]. This K•ahler structure supports the use

of complex coordinateszr and enables global calculations onM N . The geodesic motion

described by (6.4.2) governs the low-energy dynamics, with the 90° scattering arising

from the geometry of M N , as con�rmed by numerical studies [60, 63].



49

Figure 6.4.1: Separation of the zeros of the Higgs �eld (interpreted as the vortex
position) of 2 vortices scattering at various initial velocities against time. Here
the time is rescaled by the velocity such that t 7! vin t, where vin is the initial
velocity of the vortices. The dotted black line is geodesic motion on the moduli

space.

We can solve this 1-dimensional dynamical system, and plot the geodesic path of the

vortices, see �gure 6.4.1. To con�rm that our numerics are working correctly, we can

simulate the scattering of vortices at critical coupling, using the con�guration eq. (9.1.3),

and setting the perturbations to zero. We can then track the zeros of the condensate to

plot the separation for a set of initial velocities.

In the moduli space approximation, the trajectories are independent of the initial veloc-

ity. This leads us to rescale our trajectories tot ! vin t, where vin is the initial velocity

of the vortices. Figure 6.4.1 shows the scattering of twoN = 1 vortices over a range

of initial velocities. As expected, the trajectories initially lie on the same curve until

t � 8: For small velocities vin < 0:3, our numerics match the expected behaviour from

the moduli space approximation (dotted line) whereby they travel with constant veloc-

ity and scatter at 90� . For larger velocities, the numerics deviate signi�cantly from the

moduli space approximation, which is only valid for small velocities. For velocities close

to one, the trajectories show new kinds of behaviour which goes beyond the scope of

this thesis.

6.5 Symmetry Reduction

To simulate vortex solutions, we take advantage of the radial symmetry of the soliton.

We can hence reduce the dimensionality of the �eld theory by exploiting this symmetry
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argument.

Consider polar coordinates, with radial coordinate� and angular coordinate � , related

to Cartesian coordinates by x1 = � cos� , x2 = � sin � [53]. The gauge potentialA i =

(A1; A2) in Cartesian coordinates transforms to polar coordinates as

A � = A1 cos� + A2 sin �; A � = � A1� sin � + A2� cos�; (6.5.1)

where A � and A � are the radial and angular components of the gauge potential, with

the area elementd2x = �d�d� . Hence the magnetic �eld tensor becomesf �� = �f 12.

The static energy is then

V =
1
2

Z 1

0

Z 2�

0

�
1
� 2 f 2

�� + D � �D � � +
1
� 2 D � �D � � +

�
4

(1 � j � j2)2
�

� d� d�; (6.5.2)

where D � � = @� � � iA � � and D � � = @� � � iA � � are the covariant derivatives in polar

coordinates. We �rst consider an axially symmetric static isolated vortex of degreeN

at the origin using the ansatz

� = f (� ) eiN� ; (A0; A � ; A � ) = (0 ; 0; a� (� )) ; (6.5.3)

where we choose the temporal gaugeA0 = 0 and the radial gauge A � = 0, with f (� ) a

radial pro�le function and a� (� ) the angular component of the gauge potential. By the

principle of symmetric criticality, this axially symmetric con�guration, which satis�es

the �eld equations restricted to radial dependence, is also a static solution of the full

�eld equations [53].

Substituting this radially symmetric ansatz into eq. (6.5.2), we have the reduced static

energy

V = �
Z 1

0

 
1
� 2

�
da�

d�

� 2

+
�

df
d�

� 2

+
1
� 2 (N � a� )2f 2 +

�
4

(1 � f 2)2

!

� d�; (6.5.4)

which has the resulting Euler-Lagrange equations of motion

f 00+
1
�

f 0�
1
� 2 f (N � a� )2 �

�
2

f (f 2 � 1) = 0 ;

a00
� �

1
�

a0
� + ( N � a� )f 2 = 0 : (6.5.5)
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N = 1 N = 2

Figure 6.5.1: Pro�le functions for critically couple ( � = 1) vortex solutions,
where blue isf (� ), and red is a� (� ).

Regularity gives us the pro�les at the origin f (0) = 0 and a(0) = 0 while the boundary

conditions at in�nity are,

lim
� !1

f (� ) = 1 and lim
� !1

a� (� ) = N :

The coupled system eq. (6.5.5) is nonlinear and must be solved numerically, which is done

using an arrested Newton 
ow algorithm, with 4 th -order �nite di�erence for derivatives

to minimise the energy.

Although there is no known analytic solution, we can study the asymptotic form of the

solutions for both � � 0 and � ! 1 . First, we will consider f and a� near the origin,

which admits the expansion

f (� ) = � N F (� 2); a� (� ) = � 2 G(� 2); (6.5.6)

where F and G are power series in� 2 with a non-zero coe�cient for the leading term.

Hence, we can write any general cylindrically symmetric solution of degreeN as

� = ( x1 + ix 2)N F (x2
1 + x2

2) ;

A � = ( A0; A1; A2) =

0

B
B
B
B
B
@

0

� x2 G(x2
1 + x2

2)

x1 G(x2
1 + x2

2)

1

C
C
C
C
C
A

;
(6.5.7)
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N = 1 N = 2

Figure 6.5.2: Pro�le functions for critically coupled ( � = 1) vortex solutions,
where blue isF (� 2), and red is G(� 2).

where F (� 2) and G(� 2) are now nonlinear functions across the whole space, but can be

expanded as a power series near zero.

The reduced energy functional is thus

V =
Z  

2
�

�
dG
d�

+ G
� 2

+

 

2
�

dF
d�

� 2

� 2 + 2NF
dF
d�

�

+ F 2
�

� 2G2

2
� NG� + N 2

� !

� N � 1 +
�
8

�
� N F 2 � 1

� 2

!

� d�;

(6.5.8)

with �eld equations

8� 2F 00+ 8F 0� �� 2N F 3 + �F � 2� 2FG2 + 4N (FG + 2F 0) = 0 ;

4� 2G00+ 8G0+ � 2(N � 1)F 2(N � � 2G) = 0 : (6.5.9)

6.6 Static Interaction

To consider the tails of the solutions, we linearise the system eq. (6.5.5) around the

vacuum (f; a � ) = (1 ; N ) which produces a decoupled system of two ODEs which yield

the solution

f (� ) � 1 �
q

2�
K 0(

p
�� ) ; a� (� ) � N �

m
2�

� K 1(� ) : (6.6.1)

We can now understand the long-range static intervortex forces by assuming that a

vortex at long-range acts as a point source [66], each with an associated scalar chargeq
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and magnetic dipole momentm.

These point sources must satisfy the linear di�erential equations with solutions given

in eq. (6.6.1). This leads to the linear interaction energy of two well separated point

sources as

E int (s) = �
q

2�
K 0(

p
�s ) +

m
2�

K 0(s) ; (6.6.2)

where s is the separation. The key result is that the contribution from the Higgs �eld

interaction is negative, while the magnetic contribution is positive. Hence, for � < 1

the Higgs �eld dominates at long range, causing vortices to attract, while for � > 1 the

magnetic �eld dominates at long range, causing vortices to repel [66].

At critical coupling ( � = 1), where the contributions from the Higgs �eld and magnetic

�eld cancel each other out with q = m, which leads to no long-range interaction between

static vortices.

For s ! 0, the interaction energy behaves as a 4th -order polynomial in s [67]

E int (s) = E int (0) +
1
2

! 2
� ;2;2(0)

s4

32� (� )
; (6.6.3)

where E int (0) is the static force of the radially symmetric 2-vortex and ! 2
� ;2;2(0) is the

angular frequency for the 2-vortex splitting mode, see chapter 8.� (� ) is a � -dependent,

numerically calculated constant.

We calculate the static force per vortex by solving the �eld equations in 2-dimensions at

�xed separations, using an arrested Newton 
ow algorithm to �nd the minimal energy

solutions. Note that we pin the vortices at desired distancesd ranging from 0 to 10 in

increments of 0.1. We hence have that the static interaction per vortex is

EStatic (d) =
1
2

�
V �

2 (d) � 2V �
1 (0)

�
; (6.6.4)

where V �
1 (0) is the static energy of the N = 1 vortex, and V �

2 (s) is the static energy of

the minimised N = 2 solution, where vortices are positioned at� d.

In �gure 6.6.1, we plot the numerically calculated static interaction, eq. (6.6.4). We

overlay the short-range and long-range approximation and plot for di�erent � .
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� = 0 :8. � = 0 :9.

� = 1 :1. � = 1 :2.

Figure 6.6.1: Static interaction energy per vortex for a 2-vortex system for a
range of � indicated by colour. The black dashed lines show the asymptotic �t
of the interaction energy eq. (6.6.2). The dashed magenta lines show the �t for

the short range interaction energy eq. (6.6.3)

6.7 Static Solutions

We now explore static vortex solutions in 2� dimensions. We have the initial con�gura-

tion

� 1(x1; x2) = R((x1 + ix 2)N )F (x2
1 + x2

2)

� 2(x1; x2) = I ((x1 + ix 2)N )F (x2
1 + x2

2)

A � (x1; x2) =

0

B
B
B
B
B
@

0

� x2G(x2
1 + x2

2)

x1G(x2
1 + x2

2)

1

C
C
C
C
C
A

;

(6.7.1)

where F and G are the solutions of eq. (6.5.9).

We can simulate eq. (6.7.1) using a lattice of 601� 601 points. We can then minimise

the solution by numerically solving the gradient 
ow equations eqs. (6.2.17) and (6.2.18)

using an arrested newton 
ow algorithm. We show the energy density eq. (6.2.3) and
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condensatej� j2 for a N = 1 vortex in �gure 6.7.1 and a N = 2 vortex in �gure 6.7.2.

Figure 6.7.1: Static solution for a degreeN = 1 vortex at critical coupling
� = 1). We plot the energy density (left) and the condensate j� 2j (right).

Figure 6.7.2: Static solution for a degreeN = 2 vortex at critical coupling
� = 1). We plot the energy density (left) and the condensate j� 2j (right).

6.8 Results

In this section, we discuss vortex scattering solutions at critical coupling (� = 1). We

only have one free parameter, being the separation of the vortices. In this chapter

we consider head on scattering. We can also consider collisions with non-zero impact

parameter. This can indeed be done, but is not the focus of this thesis, and is hence not

presented here.

6.8.1 2-Vortex Solutions

We show snapshots from a simulation regarding BPS 2-vortex scattering, and we plot

the energy density as a heat plot. The vortices are initially positioned at (� 10; 0), with
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t = 0 t = 30 t = 60

t = 90 t = 120 t = 150

Figure 6.8.1: Heat plots for the energy density for values of t =
0; 30; 60; 90; 120; 150: We show 2-vortex head on scattering with with vi n = 0 :1.

initial velocity vin = 0 :1. We can see that the vortices scatter at right angles, and pass

through each other remaining unchanged. This is con�rmed in �gure 6.4.1, whereby we

�nd this is a key feature of vortex dynamics.

6.8.2 Multi-Vortex Scattering

Here we show snapshots of a head-on collision of two 2-vortices. In the case of scattering

two N = 1 vortices, see �gure 6.8.1, the vortices pass through the axially symmetric

N = 2 con�guration, before scattering at 90 � . However, note that for N > 1 this is not

the case. In fact, for the scattering of twoN = 2 vortices, we observe that the twoN = 2

vortices split into a con�guration with four N = 1 vortices. An important observation

is that the resulting N = 1 constituent vortices begin to oscillate in shape, suggesting

that a shape mode for the 1-vortices has been naturally excited. This is indeed hard to

see in �gure 6.8.2, however, notice that the peaks in the energy density of the inner two

vortices change as the vortices evolve.

We can also scatter twoN = 3 vortices, see �gure 6.8.3, where we display a heat plot for

the energy density, at snapshots of a dynamical simulation. The vortices scatter head

on, with initial velocity vin = 0 :3.
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t = 0 t = 10 t = 20

t = 30 t = 40 t = 50

Figure 6.8.2: Heat plots for the energy density for values of t =
0; 10; 20; 30; 40; 50: We show two N = 2 vortices in a head on scattering with

with vin = 0 :3.

We observe that the vortices initially travel as N = 3 radially symmetric solutions.

When the vortices come close, they split into the constituent 1-vortex parts. Two of the

vortices are accelerated towards in�nity. Two are sent to in�nity with a smaller velocity.

Most interestingly, we notice the inner two vortices, located closest to the origin. During

the scattering process, the kinetic energy from the vortices is transferred to the non-

zero energy shape mode of the constituent vortices. This leads to the vortices at the

centre forming a quasi-bound state, where they appear to scatter multiple times. This

motivates chapter 9, where we aim to reproduce this phenomenon.

6.9 Conclusion

This chapter has explored the dynamics and static properties of vortices within the (2 +

1)-dimensional Abelian Higgs model, a relativistic �eld theory giving rise to topologically

stable solitons. We began by introducing the model's Lagrangian and its second-order

equations of motion. The single parameter� was shown to govern vortex interactions,

delineating type I ( � < 1) attractive, type II ( � > 1) repulsive, and critically coupled

(� = 1) regimes, the latter being our primary focus in this chapter.
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