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Abstract

In avian biology, the radius of curvature, or R, has hardly ever been used to study the
mechanics of birds” egg shape formation. However, it is essential for introducing impor-
tant details about the form, function, and performance of an object, which is useful in
biomedicine, manufacturing, and precision design. In order to determine a possible biolog-
ical mechanism and the location of load application that creates the distinctive asymmetric
egg shape in nature, the goal of this study was to develop a formula for computing R at any
point over an egg contour. We derived a relatively simple means of computing R and iden-
tified the location that muscular compression is carried out to give the egg its characteristic
form. This location (x/L), the angle (x) of compression and the relative magnitude of the
load proportional to R can help identify a specific section of the oviduct and the squeezing
muscle involved. Novel equations for computing R, x/L and « were proposed, based on
standard geometric parameters. Our findings demonstrate how the theoretical knowl-
edge of physical, mechanical and mathematical processes can contribute to the solution of
biological problems and resonates with the fields of egg-inspired engineering.

Keywords: avian eggs; egg formation; egg geometry; radius of curvature; deformation of
elastic eggshells

1. Introduction

Measurement of the radius of curvature (R) is a key aspect of mathematics that pro-
vides critical information about an object’s shape, function and performance. It has found
utility in fields involving precision design, manufacturing and analysis. These include
optics (lenses, mirrors, microscopes, telescopes, cameras, eyeglasses, etc.), alignment of
mechanical parts (e.g., aerodynamic/hydrodynamic profiles) and verifying that curved
surfaces (e.g., automotive parts including turbine blades) match design specifications. In
material stress analysis R is used to detect warping, buckling or deformation under load or
heat, as well as in reverse engineering, i.e., replicating or analyzing existing objects such as
legacy parts. Commonly used tools that incorporate R include spherometers, profilometers,
interferometers, 3D scanning tools and Computer-Aided Design and Computer-Aided
Manufacturing (CAD/CAM) software with curvature analysis features [1-8].

In biological, biomedical and veterinary fields, knowledge and application of R is
used to design and fit implants (e.g., lenses for eye surgery), prosthetics, dental constructs,
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orthopedic tools and for measuring the curvature of the spine, bones and corneas [9-14].
An area that has received comparatively little attention, however, is that of one of the
most well-known curved objects in nature, the avian egg. The potential uses of R in egg
biology (“eggology”) [15,16] and egg-inspired engineering [17] include hatching, table egg
production, conservation and veterinary medicine. Despite numerous works devoted to the
geometric features of a bird’s egg [18-27], the issue of determining R has, however, eluded
the scope of these studies. The only exception to this of which we are aware is Narushin
et al. [28] who present a version of computing R derived from Hiigelschiffer’s model.
It was, however, shown later [26,27,29] that such a calculation is suitable for describing
only a limited number of eggs of a certain shape. In addition, some generalizations and
assumptions led to the fact that the derived dependence was the same for all possible
nuances of Hiigelschéffer’s ovoids without accounting for variation in their asymmetry
and conicity. Indeed, R has the potential to be in high demand for the analysis of shell
strength [30-36] and to assess the accuracy of the description of shape of any individual
egg [37].

A further biological aspect concerning the utility of R of a volumetric body that, so far,
has remained outside the attention of scientists involved in egg research is the feasibility of
analyzing the muscular actions of the hen to give the egg its unique shape. Over 130 years
ago, studies of the principles of egg formation suggested that its unique shape is laid down
before the calcification process and because of the contraction of certain muscles of the
oviduct (e.g., [38]). Further research in this direction (e.g., [39,40]) confirmed these results,
although it did not reveal the mechanism of such an effect. A more thorough study of
this process made it possible to link the mechanical action on the elastic mass of the egg
contents with the mathematical aspects of its final shape. According to the premises set
out by Smart [20,41] and Todd and Smart [42]: “The asymmetry of the classic egg-shape must
result from differential action of the walls of the isthmus.” The isthmus muscles first compress
the uncalcified egg along its central axis, transforming the sphere into an ellipsoid. After
this, the pressure of the isthmus muscles is exerted along a certain tangent, making contact
with the egg at some point (possibly a specific contact spot) on its surface, swinging like
a lever relative to the vertical axis of the ovoid being formed. As a result, this process
became the basis for deriving a mathematical relationship describing the geometry of the
egg postulated by Smart [20]. According to Mao et al. [43], in chicken eggs, significant
effects are exerted in the magnum-isthmus junction (MIJ) of the oviduct and, after the
yolk—albumin mass is covered by the subshell membrane, the egg acquires its final oviform
shape. Judging by photographs of eggs extracted at different stages of formation [43], it is
the MIJ that has the greatest effect on the shape, squeezing the egg-shaped ovoid from the
blunt end, thereby redistributing the contents to give it its characteristic geometric features.
Deeming [44] further hypothesized that the egg contents, moving from the magnum to the
isthmus, are compressed by the isthmus lumen. As a result, the mass of the egg is forced to
protrude outward, which leads to its asymmetrical shape. It can be thus assumed that the
unique oviform shape of an egg is given either by direct muscular action at the magnum-
isthmus boundary [43] or by mechanical action of this connecting part when squeezing
the egg mass along the oviduct [44]. Because in vivo experiments are extremely complex
and difficult, both from a laboratory research viewpoint and for ethical reasons, we turned
our attention to the physics of the deformation process of elastic bodies, the principles of
which have been thoroughly worked out. After analyzing the classical principles of the
effect of load on shell structures [45-47] and theoretical approaches regarding thin elastic
shells of revolution [48-51] and egg-shaped shells [52-56], including those made of elastic
materials [57,58], it has become possible to formulate a number of provisions that would
help solve the issue of the conditions needed for the formation of the required asymmetric
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egg profile. When a concentrated load is applied to a flexible thin elastic shell, the material
of such a shell is locally pressed in at the point of force application. If the shell is flexible
enough, the material redistributes stresses to minimize the deformation energy. As a result,
the shell “smooths out”, forming an almost flat contact surface. In thin shells, the bending
resistance is usually much lower than the tensile resistance. To avoid strong stretching
(which is more energy-consuming), the shell is locally straightened (becomes flat), since, in
a flat area, the curvature is zero, and the bending stresses are minimal. In view of this, the
shell section with minimal curvature, i.e., the maximum R value, can be safely considered
the place of application of the maximum load. Confirmation of this hypothesis can be found
not only among examples of classical elasticity theory or thin-walled engineering structures,
but also directly in studies on the strength of bird eggs. Many authors, implementing a force
impact on the shell, note its deflection, and, as a consequence, some horizontal alignment
at the place of application of the load [59-64]. Hence, having a diagram of the distribution
of R values along the egg surface, one can judge the nature and magnitude of the muscular
efforts of the hen’s oviduct during its formation.

For all the above reasons, R values are relevant when analyzing the strength, properties
and function of both individual and collections of birds’” eggs; furthermore, the theoretical
principles for calculating the strength, rigidity and stability of engineering structures
indicate a direct impact of the R values on all or most of these characteristics [65-67].
R also interacts with several other indicators, including the thickness and properties of
the shell, the contact point(s), the contact area and the characteristics of anything acting
upon the egg. Despite this, the computation of R has not been given due attention in the
literature. The lack of published methods for measuring the curvature of the egg profile,
as well as formulae for computing it, may be an obstacle to a more in-depth analysis of
the relationship between the physiological characteristics of the egg formation process and
the geometric features of egg shape. It is the lack of such information that prompted us
to focus on the following investigation goals. In particular, the aim of this research was
first to derive a formula for calculating R in any bird’s egg, taking into account its unique
geometric features. The second aim was to analyze R values along the egg contours to
identify the location of potential application of the load that forms its unique asymmetric
egg shape.

2. Theory and Methodology
2.1. Radius of Egg Curvature

The formula for the R estimation of any smooth curve, as, for example, presented by

)

ox2

Hobson [68], is as follows:

That is, to derive the formula for computing the R value, it is necessary to proceed
from the mathematical dependence y = f(x) describing the geometry of the egg profile.
Recent studies in this area [26,27] have demonstrated that an egg of any shape can be
extremely accurately described mathematically using the following geometric parameters:
maximum breadth (B), egg length (L), the distance (w) by which the maximum breadth of
the egg is shifted from its center, i.e., from the point x = L/2, and the egg diameter (D) at a
point located at a distance of L/4 from its pointed end (Figure 1).
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Figure 1. Schematic representation of an egg with the main measured parameters.

Based on the four-parameter data (Figure 1) and Hiigelschaffer’s model for ovoid
eggs [28], a general mathematical form of a universal equation was proposed that can
describe the contours of any egg [27]:

y=vp+ Yp— W)y 2)

In Equation (2), y, is the equation describing the blunt part of the egg, i.e., in the
interval x = [-L/2 ... —w] (Figure 1); y, corresponds to the equation for the pointed part,
ie. in the interval x = [-w ... L/2] (Figure 1); y; is a connecting function that allows one to
mathematically ensure the smoothness of the geometric transition of the function y;, to yj.

For each function in Equation (2), corresponding mathematical dependences were
developed [27]:

e  For the blunt end (y;):

B L2 — 4x2
= j:— . — & .
Yo 2 \/L2 + 8wx + 4w? ®)
e  For the pointed end (y):
B L2 — 4x2
—4+F. . 4
T \/L2+8wpx+4w% @

For Equation (4), the values of B, and w;, do not correspond to the analogous B and w
in Equation (3). While the parameters of Equation (3) can be measured relatively easily, i.e.,
directly on the egg to be studied or on its image, the values of B, and wj, are estimated as
follows [27]:

2
_Q% w Wp
By—B. | Era() (5)
1-4(9)*
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Narushin et al. [27] proposed two equations for the connecting function (y;). One of
them is a simpler formula that mathematically connects, or, as phrased in the manuscript,

“sews” the two halves of the egg together. The second version of the formula provides a

smooth transition from the blunt part y;, (Equation (3)) to the pointed one y;, (Equation (4))
but has a more complex mathematical form. Since further theoretical work will involve
complex mathematical transformations, we decided to take as a basis a simpler version of
the connecting function (y;), for which

1 x+w
yj:E 14— . (7)

(x+ w)2

In the same study, Narushin et al. [27] compiled all three equations (Equations (3),
(4) and (7)) into a single mathematical model that represented a universal relationship for
describing the contours of any egg:

B 2 — 1( By L2 — 4x2 B L2 —4x? x+w
y=%|z e = [ 2 AR B Y I D)
2 L2+ 8wx+4w? 2\ 2 L2+8wpx+4w% 2 L2 + 8wx + 4w?

(x 4+ w)?

Thus, the problem of deriving the computation equation for R (Equation (1)) was
reduced to finding, respectively, the first and second derivatives of the function defined by
Equation (8).

The relevant mathematical calculations and transformations are presented in detail
in Supplementary Data SA. Since the analysis of the radii of curvature is much more
convenient when using the geometric parameters of eggs in index form [15,69], where B/L
is the shape index, w/L the asymmetry index, and D, /B the conicity index, the radius of
curvature function in Equation (1) was expressed as a fraction of the egg length (R/L). As a
consequence, Equation (1) was rewritten in its final form:

pree-yEep)?)

2
V/HSZ F+4(%)

B ¢, w w )
)0t £) 08 (1) (1+4<%>2)f73%} %(%+%+\(%+%>2) (2 ) (Tt
1+
2 2 P )

{1 4(%) } [Hs& l+4(f")2}

Let us represent the R/L (Equation (9)) function graphically. In this case, taking into
account that the possible variations in the values x = [-L/2 ... L/2] (Figure 1), for x/L
this interval will be equal to [-1/2 ... 1/2]. The permissible variability of other indices:
B/L,w/L and D, /B, as well as their possible interrelations for the overwhelming majority
of bird eggs were considered in detail in the work of Narushin et al. [29]. The maximum
possible limits of their variability are approximately: for the ratio B/L =[0.55 ... 0.90], for
w/L=1[0...0.16] and for D, /B =[0.60 ... 0.86]. However, given specific values of B/L, the
maximum possible values of w/L and the maximum permissible values of D, /B have their
limitations, expressed by the following dependences [29]:

w B\ !
(L) on = 0'09<L> ' (19
D 1-0978
(”> =0593———31L, (11)
B min 1- T
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<&> _ V3 ! ' (12)

B 2 12w a(w)?

By going through possible variants of index changes with an approximate step of
0.05 for each of them, i.e., using a simulation approach, we calculated the R/L value
(Equation (9)) for each set of B/L, w/L and D) /B values corresponding to a certain virtual
egg. A total of 136 virtual eggs were analyzed, each of which corresponded to a unique
set of indices. Briefly, the virtual egg database was compiled in such a way as to cover
all possible variants of the indices when enumerating the boundaries of their variability
with a step of 0.05. After that, those variants were rejected whose calculated values of the
indices (w/L)max, (Dp/B)min and (Dp/B)max did not correspond to the values obtained as
a result of calculation according to Equations (10)—(12). The remaining 136 combinations
characterized the entire set of geometric shapes of eggs present in nature. Examples for
correspondence/coincidence between theoretical (blue line) and actual contours of eggs of
various shapes were shown in Figure 2.

w/L=0
Dy/B=0.84
(@)

(b) (o)

Figure 2. Examples for correspondence between theoretical (blue line) and actual contours of
eggs from the Natural History Collections of the Museum Wiesbaden: (a) lesser kestrel (Falco nau-
manni; https:/ /commons.wikimedia.org/wiki/File:Falco_naumanni_ MWNH_2023.JPG (accessed
on 16 June 2025)); (b) graylag goose (Anser anser; https://commons.wikimedia.org/wiki/File:
Anser_anser_ MWNH_0955.JPG (accessed on 16 June 2025)); (c) Caspian tern (Hydroprogne caspia;
https:/ /commons.wikimedia.org/wiki/File:Hydroprogne_caspia_ MWNH_0386.JPG (accessed on
16 June 2025)). Credit: Klaus Rassinger and Gerhard Cammerer (2012; CC-BY-SA-3.0). For better
visualization, the images of eggs were unified under a single size of their length with full compliance
and corresponding recalculation of all other geometric parameters.

An example of possible metamorphoses of egg forms in the created virtual database
is presented in Figure 3. For this visualization, we used the value of the shape index
B/L =0.75 to change the values of w/L and D,/ B within the range of their possible variation.

OO OO0

w/L =0.02 w/L =0.05 w/L=0.08 w/L=0.11 w/L=0.13
Dy/B=0.8 Dy/B=0.73 Dy/B=0.7 Dy/B=0.67 Dy/B =0.65

(b) (0) (d) (e) ()

Figure 3. Example of six generated virtual egg contours in a subset of eggs with shape index
B/L=0.75.

In the example of egg contours (Figure 3), we did not present all the intermediate
variants, limiting ourselves to the main ones that demonstrate some stages of shape modi-
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fication. The images in Figure 3a,f display the boundary variants of egg profiles. That is

say, an even greater increase in the value of w/L and/or a decrease in D, /B will lead to the
creation of virtual eggs that cannot be found in real-world conditions

As an example, the visualizations of the obtained graphical dependences of R/L for

several categories of eggs with the value of B/L = 0.75 and w/L, respectively, equal to
0.03 and 0.11, are presented in Figure 4.

wi/L =0.03 w/L =0.11
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[* (Dp/B)min e (Dp/B)1 e (Dp/B)2 - (Dp/B)max | [+ (Dp/B)min e (Dp/B)1 e (Dp/B)2_ - (Dp/B)max
(a)

(b)
Figure 4. Visualization of the R/L graphical dependences for egg categories with B/L = 0.75 and
w/L =0.03 (a) and w/L = 0.11 (b). The conicity index symbols correspond to the following values:
(Dp/B)min = 0.70, (Dp/B)1 = 0.76, (Dy/B)2 = 0.80, (Dp/B)max = 0.84 (a); and (Dy/B)min = 0.65,
(Dp/B)1 =0.70, (Dp/B)2 = 0.74, (Dp / B)max = 0.77 (b). The values (Dp/B)min and (Dp/B)max conform
to the rounded values obtained as a result of calculation using Formulae (11) and (12). The values
(Dp/B)1 and (D, /B)2 are approximately equidistant from (D} / B)in and (D / B)max- For convenience
the color characteristics of the egg profiles and the corresponding R/L functions coincide

Also shown in Figure 4 are the contours of the corresponding egg, for which its
mathematical model (Equation (8)) was rewritten in the following index form

B [ -a)? 1By ~4(p)’
2| T\ 1rse s rae)y 2| T s

2
B'J 1-4(5) -
2 2
7 1+8% %+<) LoN1+sp-f+4(P)

+

ﬁ) o
P+

=

e TR
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A pattern similar to that shown in Figure 4 was also observed for other variants of
egg contours and, accordingly, the R/L values calculated for them. That is, the radii of
curvature for the blunt part of the eggs completely coincided with each other regardless
of their degree of conicity. However, the R/L values for the pointed end had obvious
differences with a clearly defined peak for each of the variants of the D), /B values.

Determining the coordinates of the extremum point for each of the peaks of the R/L
function for the pointed end of the eggs became the next stage of our theoretical research.

2.2. Radius of Curvature of the Pointed Egg End

For these purposes, we focused on the analysis of the functional dependence y,
(Equation (4)), mathematically modeling the pointed end of the egg. By performing the
appropriate mathematical transformations of Equation (4), the formula for calculating R, /L
value for the pointed part of the egg took the following form:

2 w w 2 8 B 2 w 2 Wy 2 %
([H(%) [t g ea(®)] +a(B) (2+%) (1+4Tf.%)>

(14)

2 2
2% (189 x pa(®) ) a2 1ese rra( @) ez ) (14al 1) 20 ()2 4 (10a(2) ) 3%
L L L L L L L

A detailed output of Equation (14) is presented in Supplementary Data SB.

2.3. Methods for Evaluation of the Extremum and Tangent

To find the coordinates of the extremum of the function R, /L (Equation (14)), we need
to find its derivative and equate it to zero. However, it is difficult to do this due to complex
mathematical transformations and calculations. In this regard, we decided to use approx-
imate methods. For this, it is advisable to approximate the obtained R, /L dependencies
with a suitable polynomial equation, the mathematical analysis of which is more convenient
than the cumbersome Equation (14). The derivative of such a polynomial, equated to zero,
will give the horizontal coordinate of the extremum point (x/L).y. Substituting this value
into Equation (14) will allow us to determine the coordinate of the extremum point along
the vertical axis (Ry/L)ext that, in our case, will correspond to the maximum possible value
of the function R, /L (Equation (14)).

The matter of the inclination angle of the tangent to the point of the egg profile (/L)
corresponding to the extremum of the function R, /L (Equation (14)) is also important.
Following Smart’s hypothesis [20], the muscles of the bird’s oviduct, acting at a certain
angle, form a conical shape of the pointed end of its egg. In view of this, it can be assumed,
with some degree of hypothetical caution, that this angle can characterize the conditions
of the impact of the bird’s muscular efforts during egg formation. According to Honnens
and Hibbard [70], the tangent of the inclination angle will be equal to the derivative of the
function y/L at the point of our interest. We determined the derivative of the pointed end
when deducing Equations (9) and (14) (Supplementary Data SB):

B

Wp o %(%+%)(1+4%ﬁ%)

Y[ aea@)]

(15)
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Then, to determine the tangent of the inclination angle («), it is sufficient to substitute
the values x/L = (x/L)ex into Equation (15):

2| (Bew + 2 (1447 (F)en
ot (2]

The minus sign in Equation (16) indicates that the contact point of the tangent is to the

tana = —2 (16)

right of it on the horizontal axis.

To perform the corresponding mathematical operations described in Section 2.3, we
used the same database of 136 virtual eggs with the same set of B/L, w/L and D, /B indices
as in the analysis of R of the whole egg (Section 2.1).

3. Results
3.1. Graphical Dependencies of R,/L

According to the methodological approaches described in Section 2.3, each of the
obtained Ry, /L (Equation (14)) dependences was approximated by a 3rd degree polynomial,
the accuracy of which fully satisfied the required conditions, and the determination coeffi-
cient was at a level of no less than % = 0.997. The value of another approximation accuracy
indicator, root-mean-square error (RMSE), was in the range of 0 ... 0.018. An example
of the calculated R, /L (Equation (14)) values and approximated by a cubic polynomial
is shown in Figure 5 for the same index values as those shown above in Figure 4. In this
case, taking into account the symmetry of the egg profile relative to the horizontal axis, we
limited ourselves to only its upper half.

w/L =0.03 w/L =0.11
R,/L

225

0.50
0.50

°007000000000000000890990¢p ;
"""". \ ......'ll..ll.......... \
025 “""" 0.05 l.lllllllllllllllllll
S . L]
""l“.. L '"""““u. S 78
0.1 ".‘"’0.0 0.1 02 0.3 0.4 05 0.1 i 0.0 0.1 02 0.3 04 0.5
[* (Dp/B)min_e (Dp/B)1  (Dp/B)2 e (Dp/B)max | [+ (Dp/B)min e (Dp/B)1 @ (Dp/B)2 o (Dp/B)max |
(a) (b)

Figure 5. Visualization of the graphical dependencies of Ry, /L for egg categories with B/L = 0.75 and
w/L =0.03 (a) and w/L = 0.11 (b). The symbols for the conicity index correspond to the following
values: (Dy/B)min = 0.70, (Dp/B)1 =0.76, (D / B)2 = 0.80, (D) / B)max = 0.84 (a); and (Dp/ B)in = 0.65,

(Dy/B)1 =0.70, (Dp/B)2 = 0.74, (Dp/ B)max = 0.77 (b). The values (Dp/B)min and (Dy/B)max conform
to the rounded values obtained as a result of calculation using Formulae (11) and (12). The values
(Dp/B)1 and (D) /B)2 are approximately equidistant from (D} / B)min and (Dp/B)max. For convenience,
the color characteristics of the egg profiles and the corresponding R, /L functions coincide. The trend
lines approximated by cubic polynomials are shown in yellow.
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3.2. Extremum Points of the Ry/L Function and Correlation Between (x/L)ext, (Rp/L)ext, & and
Corresponding Indices

The calculated values of the extremum points of the R, /L function were within the
following limits: (x/L)ext = —0.05 ... 0.16; (Ry/L)ext = 0.56 ... 2.99. The inclination angle,
converted from Equation (16) to degrees, was within the limits « = [ -1.1° ... -23.7°].

The maximum absolute value of the angle « (23.7°) seems to be large enough that
the egg contours that demonstrated such high values were subjected to a more detailed
analysis. As a result, it was noted that high values of « are inherent in almost spherical eggs
with a clearly defined conical pointed end (Figure 6a,b). For example, the index values of
the generated virtual egg contours were: B/L = 0.9, w/L = 0.06, D, /B = 0.76 (Figure 6a,
blue contour), and B/L = 0.88, w/L = 0.09, D,,/B = 0.73 (Figure 6b, blue contour). For both
contours, the absolute value of a« was 23.7°.

We were unable to find absolutely identical profiles of actual eggs; however, of the
closest ones, the contour of the Eurasian bullfinch (Pyrrhula pyrrhula) egg (Figure 6a, image
of an egg inside a blue contour) with geometric parameters B/L = 0.81, w/L = 0.06 and
D, /B = 0.76, although not identical, clearly resembles the virtual blue contour. The contour
of the Northern bobwhite (Colinus virginianus) egg (Figure 6b, image of an egg inside a blue
contour) with geometric parameters B/L = 0.79, w/L = 0.09, D, /B = 0.73 closely resembled
the virtual blue contour. Recalculation of the inclination angle value resulted in & = 20.3°
for the Eurasian bullfinch egg (Figure 6a) and « = 19.9° for the Northern bobwhite egg
(Figure 6b). Geometric discrepancies between the theoretical contours and the images
of actual eggs are clearly visible. Despite the discrepancy, this fact can be considered
evidence that a sufficiently large variety of egg profiles was generated for the analysis,
even exceeding the actually encountered geometric parameters with some reservation. The
given example only demonstrates a fairly wide range of shapes of the employed virtual
database of bird eggs. This does not mean that there are no eggs in nature with a profile
identical to the blue contour of its virtual counterpart (Figure 6a,b). Perhaps they are so rare
that it is quite difficult to find them in existing museum collections. In order not to make a
false impression of some inaccuracies between the generated and actual egg profiles and
possible inaccuracies in determining the values of «, Figure 6¢,d show additional examples
of determining and corresponding theoretical calculation of the inclination angle. For
these purposes, a common chicken (Gallus gallus) egg that was purchased from Woodlands
Farm, Canterbury and Staveleys Eggs Ltd., Coppull, UK (Figure 6¢) was used, the shape of
which can be conditionally attributed to typical egg-shaped ovals. An image of the chukar
partridge (Alectoris chukar) egg characterized by a rather unusual, so-called pear-shaped
form (Figure 6d) was also used. In this case, there is a complete geometric conformation of
the virtual contours (blue lines) to the images of actual eggs (Figure 6¢,d). The measured
parameters allowed us to compute the corresponding indices and the value of the inclina-
tion angle as follows: B/L =0.742, w/L = 0.016, D, /B = 0.824 and o« ~ 12° (in its absolute
value) for the chicken egg (Figure 6¢) and B/L = 0.751, w/L = 0.085, D, /B = 0.722 and
o =~ 19° for chukar partridge egg (Figure 6d). Geometrical constructions performed on the
images of these eggs (Figure 6¢,d) fully confirmed the computation data for «, according to
Equation (16).
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(©) (d)

Figure 6. Comparison of artificially generated contours of virtual eggs (blue lines) with those
for actual eggs: (a) a virtual egg with dimensions B/L = 0.9, w/L = 0.06 and D, /B = 0.76 (blue
line) and a Eurasian bullfinch (Pyrrhula pyrrhula) egg (https:/ /commons.wikimedia.org/wiki/File:
Pyrrhula_pyrrhula_ MWNH_2359.]PG (accessed on 16 June 2025), by Klaus Rassinger and Gerhard
Cammerer, 2012; Natural History Collections of the Museum Wiesbaden, CC-BY-SA-3.0); (b) a virtual
egg with dimensions B/L = 0.88, w/L = 0.09 and D,,/B = 0.73 (blue line) and a Northern bobwhite
(Colinus virginianus) egg (https:/ /commons.wikimedia.org/wiki/File:Colinus_virginianus_ MWNH_
1121.JPG (accessed on 16 June 2025), by Klaus Rassinger and Gerhard Cammerer, 2012; Natural
History Collections of the Museum Wiesbaden, CC-BY-SA-3.0); (c) a virtual egg with dimensions
B/L=0.742, w/L = 0.016 and D,,/B = 0.824 (blue line) and a chicken (Gallus gallus) egg; (d) a virtual
egg with dimensions B/L = 0.751, w/L = 0.085 and D), /B = 0.722 (blue line) and a chukar partridge
(Alectoris chukar) egg (https:/ /commons.wikimedia.org/wiki/File:Alectoris_chukar_ MWNH_1084
JPG (accessed on 16 June 2025), by Klaus Rassinger and Gerhard Cammerer, 2012; Natural History
Collections of the Museum Wiesbaden, CC-BY-SA-3.0). For better visualization, the images of eggs
were unified under a single size of their length with full compliance and corresponding recalculation
of all other geometric parameters.

We also analyzed the correlation relationships between the values of (x/L)ext, Ry /L)ext,
« and the corresponding indices B/L, w/L and D, /B, the visualization of which is presented
in Figure 6. For greater clarity, the values of « are taken in absolute values.

Since the evaluated data are quantitative (not ranked) and rather monotonous, without
any sudden outliers, the relationship between the parameters (Figure 7) was assessed using
the Pearson correlation coefficient (7). The significance of r was set at p < 0.05. Briefly, the
obtained dependences (Figure 7) can be characterized as follows. The (x/L).x value is
significantly influenced, to a greater extent, by the D, /B (r = 0.455) (Figure 7a’) and B/L
(r = 0.489) (Figure 7a”) indices. The influence of the w/L value (Figure 7a) is practically
absent (r = —0.030) and is statistically insignificant. A similar correlation dependence
is observed with other response functions. The w/L value demonstrated the smallest,
although significant, relationship, both with (R, /L)ext (r = 0.299) (Figure 7b), and the
insignificant one with the a values (r = 0.173) (Figure 7c). The largest and most reliable
dependencies were noted between D, /B and (Ry/L)ext (r = —0.860) (Figure 7b’), as well
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as B/L and & (r = 0.605) (Figure 7c”). The relationships of B/L with (Ry/L)ext (r = —0.423)
(Figure 7b”), as well as D, /B with « (r = —0.434) (Figure 7¢’), were significant and had
intermediate values. Obviously, such a distribution of the influence degree of the indices is
associated with a much greater impact of w/L on the formation of the blunt end of the egg.
At the same time, the conicity (D), /B) and shape (B/L) indices form the sharp end, which
undergoes the main process of geometric metamorphosis. A more thorough analysis is
given below in the subsequent subsections.
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Figure 7. Visualization of correlation links between, respectively, (x/L)ext (a,a’,a”), (Rp/L)ext
(b,b’,b”) and a (c,’,c”) and the corresponding egg indices w/L (ab,c), Dy/B (a’,b’,c’) and
B/L (all,blllcll).

3.3. Location of the Load Application That Forms an Egg

By analyzing R values along the egg contours, we then set out to identify the location
of potential application of the load that forms its unique asymmetric egg shape. Analysis
of the graphical dependencies in Figures 4 and 5 showing the distribution of the R values
along the egg contour clearly demonstrates the place of application of the muscular load.
High values of R indicate small values of curvature of a given section of the surface, which
is a consequence of the application of a greater load. The peak is characteristic of eggs of all
shapes, and its value increases both with an increase in the degree of conicity (Figure 7b’),
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i.e., with a narrowing of the pointed end (a decrease in of D, /B value), and with a shift in
the maximum breadth towards the blunt part, i.e., an increase in the w/L value (Figure 7b).
Without a doubt, any biological system is much more perfect, more functional and unique
in its internal and external interrelations than any mechanical analogue. In this regard,
the basic postulates of the theory of elasticity should be transferred with some caution to
biological laws. Nevertheless, based on the above-mentioned principles of the dynamics of
elastic bodies, demonstrating the most even section of the surface at the point of application
of the maximum load, we hypothetically assume that this situation may suggest an increase
in the impact of the muscular efforts of the bird in order to give the egg the required shape.
The least efforts, or a complete absence of such, are demonstrated by eggs whose shape
is close to ellipsoidal, or, as a variety of it, spherical. For example, Figure 8a shows a
visualization of the distribution of R/L values for an egg with the following index values:
B/L=0.9,w/L =0.001 and D,/B ranging from 0.753 to 0.865. In other words, the peak in
Figure 8a showed us the greatest value of R, and its reciprocal, the lowest curvature, which
means the flattest area across the egg profile.

w/L =0.001
R/L

R/L
0.40
. 0.15 4 %
L] L]
* T T *x/L
-0.50 -0.25 0.p0 0.25 0.50
- ~0.10 ¢
L] [
] (]
~0.35 4

—0.60 -

[+ (Dp/B)min e« (Dp/B)1  (Dp/B)2 - (Dp/B)max |

(@) (b)

Figure 8. Visualization of the R/L graphical dependences for egg categories with B/L = 0.9 and

w/L =0.001 (a). The conicity index symbols correspond to the following values: (Dp/B)min = 0.753,
(Dp/B)1 =0.809, (Dy/B)2 = 0.837, (Dp/ B)max = 0.865. The values (Dp/B)min and (D /B)max conform
to the rounded values obtained as a result of calculation using Formulae (11) and (12). The values
(Dp/B)1 and (D) /B)2 are approximately equidistant from (D} /B)min and (Dp/B)max- For convenience,
the color characteristics of the egg profiles and the corresponding R/L functions are the same. (b) The
R/L curvature radii for a circle.
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The more the egg shape tends towards an ellipsoid (green lines in Figure 8a), the more
uniformly distributed are the R/L values, with a relatively small peak lying on the vertical
axis. As an illustration, the absence of any stress on spherical eggs (Figure 8b), for which
the R/L value is constant for any point on the surface. Such constancy is consistent with
the hypothesis of Deeming [44] that spherical eggs are not stressed at the magnum-isthmus
boundary. The greater the deviation of the egg from a sphere, the correspondingly higher
are the R/L values, which is a consequence of the increasing efforts to impart ovoidness to
the egg (Figure 7b”).

Based on the fact that the main shape-forming section of the oviduct is the MI]
area [43], there is a high probability that this place corresponds to the values of (x/L)ext,
i.e., the coordinate on the horizontal axis demonstrating the peak load on the egg, i.e.,
(Rp/L)ext. Analysis of the correlation links between (x/L)ext and egg indices demonstrates
almost complete absence of any dependence of this value on the asymmetry index, i.e.,
w/L (Figure 7a). If we again hypothetically suggest that the flat areas in the graphical
dependence of the distribution of radii of curvature along the surface, according to the
theory of elastic bodies, are caused by more significant loads, we can assume that the desire
of the mother bird to form a more elongated and narrow egg forces her to apply squeezing
forces closer to the blunt end (Figure 7a’,a”). It is possible that the root cause lies in the
structural features of the MIJ section, which forces the egg mass to be squeezed precisely
in this place. This occurs not only in a certain place, but also at a certain angle that also
introduces its own characteristics into the formation of the egg with certain nuances of
shape (Figure 7c,c’,c”).

3.4. Simplification of the Formulae Through the Use of 2nd Order Polynomials

The theoretical formulae used in the work, although based on the measurement data
of four geometric parameters of the egg (Figure 1), are extremely complex and cumbersome.
In order to facilitate their use, both for practical purposes and, possibly, for further analysis
and research of the process of giving the egg its unique shape, we decided to approximate
the obtained data of the virtual eggs involved in this work with simpler mathematical
dependences for calculating such indicators as (x/L)ext, (Ry/L)ext and a°. The accuracy of
the approximation was assessed by the value of the coefficient of determination (r?) and
the root-mean-square error (RMSE). The obtained formulae are based on the use of 2nd
order polynomials, which have shown sufficient accuracy of calculation in comparison
with theoretical results. For convenience, the values of the inclination angle «° are taken in
their absolute values:
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with 72 = 0.923 and RMSE = 1.440.

Figure 9 shows graphical dependences (scatter plots, fitted line plots, and residual
plots) characterizing the accuracy of computing (x/L)ext, (Rp/L)ext and a° using the derived
approximation models (Equations (17)—(19)).
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Figure 9. Visualization of statistical characteristics of computation accuracy (scatter plots plus fitted
line plots and residual plots) for (x/L)ext (a), (Rp/L)ext (b) and a° (c) using the derived approximation
models (Equations (17)-(19), respectively).

The largest error range is observed when computing (x /L)yt according to Equation (17)
(Figure 9a). Apparently, this is due to the small values of this response function. Hereby,
the maximum deviations are observed for eggs in which the extremum of the R,,/L function
is located closer to the vertical axis, that is, to the geometric center of the egg. A similar
relationship is noted for other assessed indicators, (R,/L)ext (Equation (18), Figure 9b)
and a° (Equation (19), Figure 9c¢). In this regard, when calculating the indicators (x/L)ext,
(Rp/L)ext and a° for eggs with a pronounced location of the point of minimum curvature
of the shell closer to the central axis of the egg, it is recommended to use more accurate
Formulae (14) and (16), as well as the methodical approach to determining (x/L)ex as
described in Section 3.2.
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4. Discussion

To the best of our knowledge, this study is unique in that it is the first to describe
a means of determining R at any point along its contours. It supersedes our previous
work [28] in which, although R was computed from Hiigelschiffer’s model, we subse-
quently demonstrated [26,27,29] the limitations of this calculation. While deriving a formula
for computing R is not such an achievement in and of itself (i.e., it is just a routine math-
ematical work), it is nonetheless, to the best of our knowledge, the first time that it has
been achieved universally for any egg shape. Of course, the greatest differences in R/L
values are observed on the side of the pointed end (Figure 4). However, with an increase
in w/L, the radii of curvature also begin to increase when approaching the blunt end of
the egg (Figure 4b). This situation can be explained as follows: The relationship between
the indices of conicity (D,/B) and asymmetry (w/L) was demonstrated by ourselves pre-
viously [29,69]. That is, by giving the egg a conical shape, the corresponding pressure on
a certain surface area leads to a shift in the contents (previously uniformly distributed
throughout the volume) closer to the blunt part. With an increase in asymmetry, i.e., an
increase in the w/L values, the yolk-white mass rests against the muscular obstacle of the
magnum, which does not allow it to stretch more than a certain permissible length. This
emphasis results in forces being exerted on the blunt end, making it flatter and, accordingly,
the radii of curvature in this area increase.

Measurement of R is usually carried out to calculate the strength characteristics of an
object. Since it is the value of R that is included in the strength calculation formula. In this
study, by analyzing R values along the egg contours, we were successful in identifying
the location of the potential application of the load that forms its unique asymmetric egg
shape. In other words, by considering the nature of the change in the value of R along
the surface of the egg, it became possible to understand how it is formed. Significantly
here, however, the nature of the changes in the values of R unexpectedly suggested to us
an unexpected finding in the bird’s oviduct, i.e., the location and the means by which it
affects the shell-less egg to give it the characteristic oviform shape. Some eggs may not
conform to the derived mathematical model. However, this will most likely not apply
to eggs with an atypical shape, e.g., spherical and/or elongated. The used database of
virtual eggs provides for such geometric variability with a reservation. Such restrictions
may be applicable for eggs of asymmetrical shape with possible growths, bulges and
other anomalies. It is recommended to separate such eggs from the main sample before
performing further computations of the geometric indicators of their curvature. As far as
we are aware, this is one of the first occasions in which the laws of mathematics, physics
and mechanics have allowed us to look, virtually, inside the bird’s oviduct. Previous
studies addressed this question by dissecting hens, photographing eggs at different stages
of their formation and observing their passage through the oviduct [43,71-73]. Such work
led to various hypotheses about where and how the bird squeezes or pushes the egg,
ultimately resulting in its iconic shape [20,41,44,74,75]. Here, however, we examined this
issue only by analyzing the radii of curvature of the egg profile, applying our logic and
theoretical foundations of the deformation of solids. The hypothesis put forward here may
be useful in subsequent studies aimed at both a greater understanding of the mechanisms
of egg shape formation and the study of various processes of the developmental biology of
birds in terms of evolutionary morphology and the evolutionary links between behavior,
ecology, and adaptation to the environment. Knowledge of the degree of involvement and
coordination of the oviduct muscles in the formation process can help develop breeding
programs in the poultry industry [76-79] aimed at obtaining eggs of a given shape, as well
as for deep learning for subsequent automatic sorting of eggs depending on various quality
parameters [80]. Understanding the fine-tuning of muscle efforts can inspire bioengineers
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to optimize technological solutions in creating appropriate designs and products of an egg
shape, combining the strength and lightness characteristics of bird eggs.

The theoretical basis proposed here is based on a mathematical model of the geometry
of bird eggs that undoubtedly has its advantages, the main ones being the possibility of
deriving clear, mathematically verified and logically justified computation formulae, unifi-
cation of the entire variety of shapes and sizes by three indices involved in the calculations,
and the prospects for using this methodological approach to study other similar systems.
However, in fairness, it should be noted that the present study is purely theoretical in
nature and can only be considered as a hypothesis.

5. Conclusions

Collectively, this research was a demonstration of how the theoretical knowledge
of physical, mechanical and mathematical processes can be helpful in the solution of
biological problems. The distribution pattern of the R values along the surface of an already
laid, full-fledged egg allowed us to conclude that there is a certain surface point on the
egg profile at which the R values exceed, and in some eggs, quite significantly, at other
points. In the aligned, geometrically smooth and rounded egg contour, an abnormally flat
section appears. In accordance with the theory of asymmetrically loaded elastic bodies,
it is very likely that at this point (or section), a concentrated muscular load is carried out,
in most cases, directed at some acute angle to the longitudinal axis of the egg, in order to
give it a unique egg-shaped form. Since these investigations were purely theoretical, i.e.,
without appropriate biomechanical and /or anatomical confirmation, this assumption is
only hypothetical. Theoretical computations aimed at identifying the location of application
of this load, angle and muscle effort, indirectly dependent on the maximum R value, made it
possible to link these parameters with the three egg indices: shape (B/L), asymmetry (w/L),
and conicity (Dy,/B). The resultant computation equations will help, in further research, to
judge the location and, as a consequence, the possible identification of the form-generating
muscle of the bird’s oviduct.
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Nomenclature

B Egg maximum breadth
An auxiliary parameter characterizing the conditional maximum breadth of

By an egg in a mathematical model for the shape of its pointed part and calculated
according to Equation (5)

Dy Egg diameter at a point located at a distance of L/4 from the pointed end

L Egg length

R Radius of egg curvature

RMSE Root-mean-square error

r Correlation coefficient

Distance by which the maximum breadth of the egg is shifted from its center,

@ i.e., from the pointx = L/2
An auxiliary parameter characterizing the conditional distance of the shift in

wp the middle axis of the egg in the mathematical model for the shape of its
pointed part and calculated according to Equation (6)

X Horizontal coordinate

y Vertical coordinate

b, b, j, ext The corresponding indices denote the pointed part of the egg, its blunt part,

e the connecting function and the extreme point

o Angle of inclination of the tangent to a point on the egg contour
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