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Abstract

This thesis concerns the global geometry and topology of the horofunction compactification

of various metric spaces. In Chapters 4-6 we study the horofunction compactification of

various homogeneous Finsler metric spaces, and establish a homeomorphism between the

horofunction compactification and the dual unit ball in the tangent space at the base point.

This homeomorphism establishes a one-to-one correspondence between the geometric parts

of the horoboundary and the relative interiors of faces of the dual ball. In Chapter 7 we

build on the work of Gutiérrez, and explore the topology and geometry of the horofunc-

tion compactification of infinite dimensional ℓp spaces for 1 ≤ p < ∞. We show a clear

disconnect between the global geometry and topology of the horofunction compactification

in the infinite dimensional case versus the finite dimensional case. We also establish a

marked difference in the behaviour of the horoboundary of ℓ1 versus ℓp for 1 < p < ∞.

Chapter 8 deals with the horofunction compactification of infinite dimensional spin factors

considered as JB-algebras. We show that the exponential map extends to a geometry pre-

serving homeomorphism on the boundary, mapping the horofunction compactification of

the spin factor homeomorphically onto the horofunction compactification of the positive

cone equipped with the Thompson metric. We conclude by showing that, considering an in-

finite dimensional Hilbert space as the tangent space at the identity of infinite dimensional

real hyperbolic space, the exponential extends to a homeomorphism between the horofunc-

tion compactification of infinite dimensional Hilbert space and infinite dimensional real

hyperbolic space.
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Chapter 1

Introduction and Summary of Results

A basic notion in point set topology is the concept of the Alexandroff or one-point com-

pactification of a non-compact topological space X. This compactification is obtained by

adjoining a ”point at infinity”, normally denoted by ∞, and considering the set X ∪ {∞}.

The set X ∪{∞} is turned into a topological space, by declaring a set U ⊆ X ∪{∞} open

if U ⊆ X is open in X, or if U = X\K ∪{∞} for some closed and compact K ⊆ X. Under

this topology, X ∪ {∞} becomes a compact topological space in which X is an open dense

subset. If X is Hausdorff and locally compact, then X ∪ {∞} is also Hausdorff, and is

up to homeomorphism the minimal compactification of X [54, Theorem 29.1]. As metric

spaces are topological spaces, the Alexandroff compactification can be used to embed a

non-compact metric space in a compact topological space. However, the Alexandroff com-

pactification loses a lot of information about the metric structure of a space. Consider, for

example, the metric space Rn with the standard Euclidean norm ∥ · ∥2. The Alexandroff

compactification of Rn is homeomorphic to the unit sphere of Rn+1, denoted by Sn. To

define the homeomorphism, first recall the definition of the inverse stereographic projec-

tion σ−1 : Rn → Sn\{(1, 0, . . . , 0)}. If {e0, . . . , en} is the standard basis for Rn+1, then for

y = (y1, . . . , yn) ∈ Rn

σ−1(y) =
∥y∥22 − 1

∥y∥22 + 1
e0 +

n∑
i=1

2yi
∥y∥22 + 1

ei.
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We can then define the homeomorphism f : Rn ∪ {∞} → Sn by f(x) = σ−1(x) if x ∈ Rn,

and f(∞) = (1, . . . , 0). The Alexandroff compactification thus provides a ”nice” embed-

ding of Euclidean Rn into a compact topological space. However, every norm ∥ · ∥ on Rn

generates the usual Euclidean topology on Rn, so the function f is a homeomorphism from

the Alexandroff compactification of any n-dimensional normed space, X, onto Sn. If all

we are given is the Alexandroff compactification of X, we can deduce nothing about the

metric structure of X. This is unsurprising, because if γ is an unbounded geodesic in X,

then f ◦ γ(t) converges to the pole (1, 0, . . . , 0) ∈ Sn, which reflects the fact that γ(t)

converges to ∞ in X ∪ {∞}. The Alexandroff compactification is therefore incapable of

distinguishing even geodesics moving in opposite directions, so has little chance of captur-

ing any of the underlying metric structure. As the Alexandroff compactification is defined

purely topologically, this is to be expected. The above discussion suggests that if one would

want to define a compactification of a normed space that preserves some metric structure,

the compactification at, the very least, needs to be able to distinguish geodesics moving in

different directions.

If (M,d) is a proper complete CAT(0) metric space (as defined in [10, Page 159]), such

a compactification exists, and is constructed by appending the boundary at infinity, also

known as the visual boundary, ∂M to M . This boundary consists of equivalence classes

of geodesics γ : [0,∞) → M , where γ1 is equivalent to γ2 if supt d(γ1(t), γ2(t)) < ∞. The

set M ∪ ∂M equipped with the cone topology is a compact Hausdorff space containing M

as a densely embedded subspace [10, 8.5]. This compactification M ∪ ∂M is referred to

as the geodesic compactification of M . If M is any complete n-dimensional Riemannian

manifold of non-positive sectional curvature, it is homeomorphic to the closed unit ball

of Euclidean Rn, and the homeomorphism maps ∂M homeomorphically onto the sphere

Sn−1 [10, Example 8.11]. In light of this observation, some authors refer to ∂M as the

sphere at infinity. By its construction, we see that M ∪ ∂M distinguishes between un-

bounded geodesics, unlike the Alexandroff compactification. Furthermore, an isometry f
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on M can naturally be extended to a map on ∂M , because isometries map geodesics to

geodesics and preserve equivalence classes, and this extension is a homeomorphism on ∂M

[10, Corollary 8.9]. This extension of isometries to ∂M actually gives some information

about the metric structure of M . If f is a parabolic isometry of M , by which we mean

d(f(x), x) > infy d(f(y), y) for all x ∈ M , then its extension to ∂M must have a fixed

point in ∂M [10, Proposition 8.25]. As a simple example, this provides another proof that

rotation around any point in (Rn, ∥ · ∥) is not a parabolic isometry, as its extension to the

boundary acts as rotation on the sphere. The geometric compactification of CAT(0) spaces

naturally leads to the notion of the horofunction compactification of general metric spaces.

The modern notion of the horofunction compactification of a metric space (M,d) is

generally attributed to Gromov’s 1978 work [25], where he uses them to study hyperbolic

manifolds and their associated groups and actions. To define the horofunction compactifi-

cation of (M,d), we first fix an arbitrary b ∈ M , and define Lipb(M) to be the collection

of all real valued Lipschitz-1 functions on M evaluating to 0 at b. This space is compact

when equipped with the topology of pointwise convergence. The map ι : M → Lipb(M)

defined by

ι(x) = d(·, x)− d(b, x)

injectsM into Lipb(M), and the closure of ι(M) in Lipb(M) with respect to the topology of

pointwise convergence is a compact Hausdorff space, which is called the horofunction com-

pactification ofM , denoted byM
h
. Functions in ∂M

h
are called horofunctions. The choice

of base point does not matter, as different base points lead to the same horofunctions just

shifted by a constant. If M is a proper CAT(0) space, then ι extends uniquely to a homeo-

morphism betweenM
h
andM∪∂M [10, Theorem 8.13]. Horofunctions have since appeared

in multiple contexts and found many different applications. The application of horofunc-

tions started with their use in the study of non-positively curved manifolds in [25] but has

since branched out to include diverse areas, from dynamical systems [7, 23, 35, 44, 51], to

Teichmüller theory [17, 36, 53, 67], to complex analysis [1, 6, 8, 9, 11, 70].
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Rieffel used the horofunction compactification in his study of non-commutative geome-

try [60], where he introduced a special class of horofunctions, known as Busemann points,

which arise as limits of almost-geodesics. It is known that if (M,d) is a complete CAT(0)

space, then every horofunction is a Busemann point (see [10, Corollary 8.19] for example),

but in other settings far less is known. Rieffel asked the question in [60] whether every

horofunction of a finite dimensional normed space is a Busemann point. In [38], Karlsson,

Metz, and Noskov showed that the horofunctions of any polyhedral normed space are all

Busemann points. In [66] Walsh answers this question completely, where he provides a

topological condition on the collection of faces of the dual unit ball which is satisfied if

and only if every horofunction is Busemann point, and provides examples of normed spaces

where this condition does not hold. The study of Busemann points is particularly useful,

as they can be used to study the group of isometries of metric spaces and the isometric

embeddings between metric spaces [41, 49, 68, 69].

The horofunctions of various spaces have been identified with varying degrees of speci-

ficity. This includes the horofunctions of various normed spaces [26, 27, 28, 38, 64, 66, 69],

the horofunctions of cones with the projective Hilbert or Thompson metrics [43, 49, 69],

the horofunctions of certain Teichmüller spaces with the Teichmüller and Thurston metrics

[24, 67], the horofunctions of real infinite dimensional hyperbolic space [13], the horo-

functions of Schatten p-metrics on the symmetric cone of Hermitian matrices [21], and

the horofunctions of symmetric spaces of non-compact type [12, 29, 64]. In many cases,

even though an explicit representation of the horofunctions is known, not much can be said

about the global geometry and topology of the horofunction compactification. For any met-

ric space (M,d), the horoboundary ∂M
h
can be partitioned into equivalence classes, where

f, g ∈ ∂M
h
are in the same equivalence class if supx∈M |f(x) − g(x)| < ∞. Kapovich and

Leeb called this partition of the boundary its stratification, and they asked in [34, Question

6.18], whether for any finite dimensional normed space X, there exists a homeomorphism
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between X
h
and the closed unit ball in the dual space X∗, which maps horofunctions onto

the sphere of the dual unit ball, and maps all horofunctions in a given equivalence class

of the stratification bijectively onto the relative interior of a face of the dual unit ball.

Schilling and Ji [32, 33] showed that this holds true for every finite dimensional space with

a polyhedral norm. This question is still open in general. Inspired by the observation

that the horofunction compactification of symmetric Riemannian spaces of non-positive

sectional curvature is homeomorphic to the Euclidean ball, and each equivalence class in

the stratification is a singleton, this question of Kapovich and Leeb can be generalised to

(finite dimensional) homogeneous Finsler metric spaces. We say a Finsler metric space,

(M,F ), is homogeneous if, for every x, y ∈ M , there is a linear bijection between the tan-

gent spaces Tx and Ty which maps the collection of relative interiors of the faces of the unit

ball in (Tx, F (x, ·)) bijectively onto the collection of relative interiors of the faces of the

unit ball in (Ty, F (y, ·)). For example, if the group of Finsler isometries of (M,F ) acted

transitively on (M,F ), then (M,F ) would be homogeneous.

Question 1.0.1. When does there exist a homeomorphism from the horofunction com-

pactification of a homogeneous Finsler metric space onto the closed dual unit ball of the

norm on the tangent space at the basepoint, which preserves the natural stratification of

the equivalence classes?

Question 1.0.1 is the motivation behind much of this thesis. Busemann points play

an important role in the investigation of the question. There exists an extended met-

ric, δ, (possibly infinitely valued) on the collection of Busemann points, called the detour

distance. The detour cost induces a partition of the Busemann points into equivalence

classes, called parts of the boundary, where Busemann points f, g are in the same part if

δ(f, g) <∞. Busemann points f and g are in the same part of the boundary if and only if

supx∈M |f(x) − g(x)| < ∞. Thus, if every horofunction of a normed space is a Busemann

point, Question 1.0.1 can be reframed entirely in terms of parts of the boundary, instead

of in terms of its stratification.
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Question 1.0.1 obviously does not make much sense in the infinite dimensional setting,

because the dual ball in infinite dimensions is never compact, whereas the horofunction

compactification always is. However, the dual ball equipped with the weak* topology

is always compact. As infinite dimensional normed spaces aren’t proper, the horofunc-

tion compactification is often more complicated than their finite dimensional analogues.

Gutiérrez [27] provided a nice description of the horofunctions of infinite dimensional ℓp

spaces for 1 ≤ p < ∞. We built on his work to identify the Busemann points of these

spaces, which motivated the question:

Question 1.0.2. For which infinite dimensional normed spaces X does there exist a home-

omorphism from the Busemann points of ∂X
h
onto the dual unit sphere SX∗ equipped with

the weak* topology, which maps parts of the Busemann boundary bijectively onto the rel-

ative interiors of faces of the dual ball?

While Questions 1.0.1 and 1.0.2 were being studied during this thesis, Lemmens [42]

noticed that the exponential map on a finite dimensional JB-algebra V can be extended to

a homeomorphism between the horofunction compactification of V and the horofunction

compactification of the interior of the positive cone of V equipped with the Thompson met-

ric, and the homeomorphism maps parts to parts. He also showed that if the projectivised

positive cone PV+ is equipped with the Finsler metric H defined by H(w, v) = |Uw−1/2v|e,

where |v|e = diam(σ(v)) is the spectral radius of v, and Ux is the quadratic representation

of x, then the exponential on the tangent space Te extends as a homeomorphism between

Te
h
and the horofunction compactification of PV+ equipped with the Finsler distance, and

parts are mapped to parts. Concurrently, Duchesne [16] released a paper stating that

the horofunction compactification of infinite dimensional separable real hyperbolic space

is homeomorphic to the horofunction compactification of a separable infinite dimensional

Hilbert space. This lead to the final question investigated in this thesis:

Question 1.0.3. Can the work of Lemmens in [42] be extended to the setting of infinite

dimensional spin factors, and in so doing provide an alternative proof for Duschesne’s state-

ment that the horofunction compactification of infinite dimensional real hyperbolic space
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is homeomorphic to the horofunction compactification of a separable infinite dimensional

Hilbert space?

Structure of the Thesis

The thesis is structured to (partly) address Questions 1.0.1-1.0.3. We provide a brief

breakdown of the chapters below. Chapters 4,5, and 6 consist of joint work with Bas

Lemmens, which has already been published [47], and concerns Question 1.0.1. Each of

these chapters correspond to a main section of the paper, and we have left them mostly

unchanged. Chapters 7 and 8 consist of solo work by the author dealing with Questions

1.0.2 and 1.0.3.

Chapter 2

This chapter is the preliminary chapter, and is a collection of content needed to under-

stand later chapters that can be found in various textbooks. Most proofs are omitted, but

references to the relevant textbooks are given for the interested reader. The exception to

this are the sections on order-unit spaces and Jordan algebras, where the author provides

certain proofs, mainly for his own edification. The main purpose of this chapter is to stan-

dardise notation and definitions that will be used throughout, and to serve as a convenient

repository of standard results that will be used in later chapters.

Chapter 3

Chapter 3 serves as the full introduction to the theory of horofunctions that is needed to

fully appreciate the thesis. All the relevant theory is introduced fully and discussed, and

some examples are worked out in detail. Most of what is found in this chapter can be found

in various published research papers. Some results are well known, but the author provided

his own proofs to be more consistent with the terminology of the thesis. In particular the
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author is not aware of a reference using the same proof for Lemma 3.2.1. The results

in Section 3.4 on the horofunction compactification of finite ℓ1 sums of arbitrary metric

spaces does not appear in the literature as far as the author knows. Analogous results for

the case of proper geodesic metric spaces are contained in [45], which is joint work with

Bas Lemmens and Cam Milliken .

Chapter 4

This chapter corresponds precisely to Section 3 in the joint paper with Lemmens [47]. We

study the horofunction compactification of product domains B =
∏r

i=1Bni
equipped with

the Kobayashi distance, where each Bni
is the open unit ball in Cni for some strictly convex

C3 norm on Cni . The two main results are Theorem 4.1.1 and Theorem 4.1.4. In Theorem

4.1.1 we classify the horofunctions of B◦ and show that they are all Busemann points, and

in Theorem 4.1.4 we show that B
h
is homeomorphic to the closed unit ball in the dual B̄∗,

and this homeomorphism maps parts of the boundary bijectively to the relative interiors

of faces of B̄∗.

Chapter 5

Chapter 5 corresponds to Section 4 of [47]. In it we study the horofunction compactification

of finite dimensional JB-algebras. We use the fact that the JB-algebra norm is equal to the

spectral radius norm, and exploit the fact that finite dimensional JB-algebras correspond

to Euclidean Jordan algebras. This allows us to prove the three main theorems of the

chapter: Theorem 5.2.1, Theorem 5.2.2, and Theorem 5.2.4. Theorem 5.2.1 provides a

complete characterisation of the horofunctions of any finite dimensional JB-algebra, and

proves that every horofunction is a Busemann point. Theorem 5.2.2 provides an analytical

expression for the detour distance between any two Busemann points, and characterises

the parts of the boundary. Building upon these two theorems, Theorem 5.2.4 shows that

the horofunction compactification of a finite dimensional JB-algebra is homeomorphic to
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the closed dual unit ball, and maps parts of the boundary to the relative interiors of faces

of the dual.

Chapter 6

This chapter corresponds to Section 5 of [47], where we consider the horofunction com-

pactifications of symmetric Hilbert geometries, which are the intersection of a hyperplane

with a symmetric cone equipped with the (projective) Hilbert metric. The horofunction

compactification is always considered with base point being the unit e of the JB-algebra.

There is one noticeable difference, however, as we include the proof of Proposition 6.1.2,

which shows that a symmetric Hilbert geometry can be realised as a Finsler distance. The

horofunctions of symmetric Hilbert geometries were already classified in [44], so the main

results of this chapter utilise that result, and are Proposition 6.2.2 and Theorem 6.3.1.

Proposition 6.2.2 completely characterises the detour distance and parts of the boundary

of the horofunction compactification of a symmetric Hilbert geometry, and Theorem 6.3.1

shows that the horofunction compactification of a symmetric Hilbert geometry is homeo-

morphic to the dual unit ball of the tangent space at e (with norm coming from the Finsler

structure used in Proposition 6.1.2).

Chapter 7

We now shift our attention to non-proper metric spaces, and try to address Question 1.0.2.

We build on the work of Gutiérrez in [27], and investigate the geometry and topology of

various infinite dimensional Banach spaces. The chapter is divided into three sections, each

one dealing with a specific class of space. Section 7.1 deals with infinite dimensional Hilbert

spacesH. We classify all the Busemann points of ∂Hh
, which Gutiérrez does not consider in

[27], and then prove the main result of this section, Theorem 7.1.5. This theorem answers

Question 1.0.2 in the affirmative, and shows that the Busemann boundary of a Hilbert

space is homeomorphic to the dual sphere equipped with the weak* topology. Corollary
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7.1.9 follows from this proof, and shows that the class of functions in ∂Hh
arising from

bounded weakly convergent nets, which Gutiérrez classifies in [27], are in fact horofunc-

tions, and not just different representations of internal metric functionals. This is taken for

granted in [27], but was not a priori clear to the author. Although simple to prove, Propo-

sition 7.1.11 is interesting, because it shows a fundamental difference between finite and

infinite dimensional normed spaces. Namely it shows that there can be no homeomorphism

between Hh
and the closed dual unit ball equipped with the weak* topology that maps

parts of the Busemann boundary bijectively onto the sphere. Section 7.2 generalises the

results of Section 7.1 to the case of uniformly smooth and strictly convex infinite dimen-

sional Banach spaces. We classify the Busemann points of uniformly smooth and strictly

convex infinite dimensional Banach spaces, and then prove Theorem 7.2.5, which shows

that the Busemann points of uniformly smooth and strictly convex infinite dimensional

Banach spaces are homeomorphic to the unit sphere in the dual, and parts are mapped

onto the relative interiors of faces of the dual ball. If we restrict our attention to infinite

dimensional ℓp spaces (1 < p < ∞), Proposition 7.2.9 then shows that there exists no

homeomorphism between the horofunction compactification and the dual unit ball which

maps Busemann points bijectively onto the sphere, unlike in the finite dimensional case.

Section 7.3 is perhaps the most surprising of the section, as we deal with the horofunction

compactification of infinite dimensional ℓ1 spaces over any arbitrary index set I. We first

note that every horofunction in ∂ℓ1
h
is a Busemann point, and completely classify the parts

of the boundary in Proposition 7.3.4. The highlight of this section is Theorem 7.3.5, where

we prove that, unlike in the smooth case in the previous sections, ℓ1
h
is homeomorphic

to the closed dual unit ball, and Busemann points are mapped bijectively onto the dual

sphere. Where the infinite dimensional case differs from the finite dimensional case, is that

this homeomorphism maps infinitely many parts of the boundary into the relative interior

of a single face of the dual ball.
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Chapter 8

Chapter 8 is the longest chapter of the thesis, and completely answers Question 1.0.3.

The chapter is divided into four sections. Throughout we consider an infinite dimensional

spin factor V with JB-algebra norm, and positive cone V+. In Section 8.1, we completely

characterise the horofunction compactification of V in Theorem 8.1.1, as well as classify

the Busemann points and parts of the boundary in Propositions 8.1.3 and 8.1.6.In Theorem

8.1.5 we also show how the Busemann points of ∂V
h
can be represented in the same form

as the horofunctions of finite dimensional JB-algebras as in Chapter 5. Section 8.2 consists

entirely of classifying the horofunctions of the open cone V ◦
+ equipped with the Thompson

metric. The main results are Theorem 8.2.4, where we give an analytical form for all the

horofunctions, and Theorem 8.2.5, where we classify all the Busemann points. In Section

8.3 we construct an extension of the exponential exp: V → V 0
+, and prove in Theorem 8.0.1

that this extension is a parts preserving homeomorphism from V
h
onto the horofunction

compactification of V ◦
+ equipped with the Thompson metric, which extends Theorem 4.3

of [42] to infinite dimensions. In Section 8.4 we consider the hyperboloid model of real

infinite dimensional hyperbolic space, which can be considered as an infinite dimensional

Finsler manifold embedded in V with the projective Hilbert metric as its Finsler distance.

The tangent space Te at the unit e of V is precisely the Hilbert space underlying V , and

we prove Theorem 8.0.3, which states that there exists a parts preserving homeomorphism

between the horofunction compactification of Te and the horofunction compactification of

infinite dimensional hyperbolic space. This fully answers Question 1.0.3.

Chapter 9

This is the concluding chapter, where we provide some reflections on the results obtained

and how they relate to Questions 1.0.1 and 1.0.2, and discuss avenues for further research on

these questions, as well as other natural questions about the global geometry and topology

of horofunction compactifications.
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Chapter 2

Preliminaries

For the convenience of the reader, we introduce the basic definitions and theorems that will

be ubiquitous throughout this thesis. All that we discuss here is well known, and there exist

multiple textbooks covering each section in great detail. If the reader is already familiar

with the areas discussed, they can comfortably skip it, and only refer back when theorems

are cited, or they need clarification on a choice of definition or terminology.

2.1 Topological Preliminaries

In this section we shall briefly recall some important topological notions, but a recap of all

the relevant topological notions is out of the scope of this thesis, so if a reader is unsure of

any topological term used we refer them to [54], as all topological notions used throughout

this thesis should be consistent with the definitions and terminology introduced there. A

topological space (X, τ), consists of a set X and a topology on that set, τ ⊆ 2X (the powerset

of X), satisfying:

(i) X, ∅ ∈ τ .

(ii) If, for any arbitrary index set I, Ai ∈ τ for all i ∈ I, then
⋃
i∈I Ai ∈ τ .

(iii) If, for each i ∈ {1, . . . n} for n ∈ N, Ai ∈ τ , then
⋂n
i=1Ai ∈ τ .
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2.1. TOPOLOGICAL PRELIMINARIES

We call elements of τ the open sets of the topological space, and their complements

are called the closed sets of the space. It follows from the above properties of τ that an

arbitrary intersection of closed sets is closed, and a finite union of closed sets is closed. If

the topology on a set X is understood, we often drop the notation (X, τ), and just refer to

the topological space X. Recall that a space X is said to be Hausdorff if any two distinct

points are elements of two disjoint closed sets. For any point x ∈ X, we call an open set

U containing x a neighbourhood of x. The collection of neighbourhoods of x is generally

denoted by Nx. We say a sequence (xn) ⊆ X converges to a point x ∈ X, if for every

neighbourhood U of x, there exists an N ∈ N, such that xn ∈ U for every n ≥ N . We say a

point x is an interior point of A ⊆ X, if there exists a neighbourhood of x, say U , such that

U ⊆ A. We define the interior of a set A ⊆ X, to be the union of all open sets contained in

A, and we denote it by int(A) or A◦. Unsurprisingly, A◦ is equal to the union of all interior

points of A. For any A ⊆ X, we say x is a limit point of A, if for every neighbourhood U of

x, U ∩ A\{x} ̸= ∅. Some authors prefer to call limit points accumulation points or cluster

points. We define its closure Ā, to be the intersection of all closed sets containing A. A set

is closed if and only if it equals its closure, and if and only if it contains all its limit points.

The boundary of A ⊆ X, denoted by ∂A is defined to be ∂A = Ā\A◦. We say A ⊆ X is

dense in X, if Ā = X. If the space X contains a countable dense subset, we call it separable.

We call a function f : X → Y between topological spaces continuous, if f−1(U) is an

open set in X for all open sets U ⊆ Y . We declare f sequentially continuous if, for any se-

quence (xn) ⊆ X converging to x ∈ X, the corresponding sequence (f(xn)) ⊆ Y converges

to f(x). Any continuous function between topological spaces is sequentially continuous,

but the converse isn’t always true. If f : X → Y is a continuous bijection, with a continuous

inverse, it is called a homeomorphism, and in this case we say X and Y are homeomorphic.

If (X, τ) is a topological space, we can turn any non-empty subset A ⊆ X into its own

topological space by equipping it with the subspace topology, by declaring B ⊆ A open if

and only if B is of the form C ∩ A for some C ∈ τ . It is a useful fact that, if {τi}i∈I is an
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2.1. TOPOLOGICAL PRELIMINARIES

arbitrary non-empty collection of topologies on a set X, then
⋂
i∈I τi is also a topology on

X. Furthermore, for any collection C ⊆ 2X , the collection of topologies on X containing C

is non-empty (as it must consist of at least 2X), which means we can define the topology

generated by C as the intersection over all topologies containing C. If τ1 and τ2 are both

topologies on X, we say that τ1 is coarser than τ2 if τ1 ⊆ τ2, and in this case we say that

τ2 is finer than τ1. Thus, the topology generated by a collection of subsets is the coarsest

topology containing the collection. We call a collection C ⊆ 2X a basis for a topological

space X, if every open set in X is equal to a union of elements of C. We say C ⊆ 2X is

a subbasis of X if every open set is a union of finite intersections of elements of C. Thus

the topology generated by a basis or subbasis of a topological space X is the same as the

original topology on X, and any topology generated by a collection makes that collection

a subbasis for that topology. A topological space is called second countable if it possesses

a countable basis (or equivalently subbasis). For example, R as it is usually considered

(where convergence is given with respect to the absolute value) is a topological space given

by taking the collection of all open intervals as its basis. The density of the rationals in R

means we can equivalently take the collection of all open intervals with rational end points

as a basis, and so R is second countable.

Of particular importance to us in this thesis are functions between topological spaces,

and the different topologies induced by collections of functions, as well as topologies on the

function spaces themselves. If X is a set, and F is a collection of functions f : X → Yf ,

where each Yf is a topological space, we can define the F -weak topology on X. This is

the coarsest topology on X for which every f ∈ F is continuous, and corresponds to the

topology generated by the collection {f−1(V ) : V is open in Yf , f ∈ F}. For any sets

X and Y , recall that we denote by Y X the set of all functions from X to Y . The space

Y X can be identified with the product space
∏

x∈X Y . We can define, for every x ∈ X

the projection πx : Y
X → Y defined by πx(f) = f(x). If Y is a topological space, then

Y X can be equipped with the product topology, which is the coarsest topology making
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2.1. TOPOLOGICAL PRELIMINARIES

each projection πx continuous. When thinking of Y X as a space of functions, the product

topology is generally known as the topology of pointwise convergence, because a sequence

(fn) ⊆ Y X converges to f ∈ Y X in the product topology if and only if (fn(x)) ⊂ Y

converges to f(x) in Y for every x ∈ X. For any point x ∈ X and open set U ⊆ Y we can

define the set

Sx,U = {f ∈ Y X : f(x) ∈ U}. (2.1.1)

The collection of all Sx,U forms a subbasis for the topology of pointwise convergence on Y X

[54, Section 46].

This thesis is about compactifications, so we shall devote a bit more space to the notion

of compactness. We call a topological space (X, τ) compact, if every open cover has a finite

subcover. By this we mean, for every collection {Ui}i∈I ⊆ τ such that X =
⋃
i∈I Ui there

must exist a finite sub-collection {Uij}nj=1 ⊆ {Ui}i∈I , such that X =
⋃n
j=1 Uij . We say that

a subset A ⊆ X is a compact subset of X if A is a compact topological space when inher-

iting the subspace topology on X. Equivalently, A is a compact subset of X, if for every

{Ui}i∈I ⊂ τ such that A ⊆
⋃
i∈I Ui, there exists a finite sub-collection {Uij}nj=1 ⊆ {Ui}i∈I ,

such that A ⊆
⋃n
j=1 Uij . There is also the notion of sequential compactness, where a space

X is said to be sequentially compact if every sequence in X has a subsequence converg-

ing to a x ∈ X. This definition applies just as readily to subsets of a space. In general,

compactness and sequential compactness are not equivalent. As we shall see in the next

section, any unbounded metric space is not compact, which means, for example, that R

with the usual topology is not compact. It is, however, locally compact, which means that

for any point x, there exists a neighbourhood U of x, and a compact set K, such that

U ⊆ K.

As we shall see in later sections, the compactness of a topological space allows powerful

tools, which is why there is the notion of compactification:
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2.2. METRIC SPACE PRELIMINARIES

Definition 2.1.1. A compact topological space Y is said to be a compactification of a

topological space X, if there exists a continuous injection ι : X → Y , such that ι(X) is a

homeomorphism onto ι(X) with the subspace topology, and ι(X) is dense in Y .

In general, a function f : X → Y which is a homeomorphism onto its image is known

as an embedding of X into Y .

2.2 Metric Space Preliminaries

The horofunction compactification is a method of compactifying metric spaces, so before

we introduce it we recall some of the relevant notions. We once again don’t have space to

introduce all the relevant notions, so we refer the interested reader to [40] and [54] if any

of the metric space theory used in the thesis is unclear. A metric space is a pair (M,d),

where M is a set and d : M ×M → [0,∞) satisfies:

(i) d(x, x) = 0 for all x ∈M .

(ii) d(x, y) = d(y, x) for all x, y ∈M (symmetry).

(iii) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈M (the triangle inequality).

(iv) d(x, y) = 0 implies x = y for all x, y ∈M .

The full definition of a metric is a rather strong requirement, and there are many cases

where it is useful to consider spaces where some of the requirements are weakened. We call

(M,d) a pseudo-metric space if d satisfies (i)-(iii) above, but we don’t require that separate

points have a strictly positive distance between them. We call (M,d) a hemi-metric if d

satisfies (i), (iii), (iv) above, but is not symmetric. In this thesis we are primarily interested

in metric spaces, but the horofunction compactification has been studied in the context of

both pseudo-metric spaces and hemi-metric spaces (for examples see [33, 22, 44, 69, 67]).

Unless specified otherwise, in all that follows, we shall be considering (M,d) to be a metric
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2.2. METRIC SPACE PRELIMINARIES

space, although a lot of the terminology is the same for hemi/pseudo-metric spaces.

For any x ∈ (M,d), and r > 0, we define the open ball of radius r centred at x by

B◦(x; r) = {y ∈ M : d(x, y) < r}, and similarly the closed ball of radius r centred at x

by B(x; r) = {y ∈ M : d(x, y) ≤ r}. We define the sphere of radius r centered at x by

S(x; r) = B(x; r)\B◦(x; r). The set of all open balls generates a topology onM , and unless

otherwise specified, this is the topology we will be referring to when referring to topological

properties about (M,d). Recall that a topological space (X, τ) is said to be metrisable if

there exists a metric d on X generating τ . We say two metrics on a set are equivalent if

they both generate the same topology. Metrisable spaces are particularly useful due to the

following theorem, which is a collection of well known topological facts, which can be found

in [54, Section 20-21].

Theorem 2.2.1. Let X be a metrisable space, then the following hold:

(i) A function f : X → Y , for any topological space Y , is continuous if and only if it is

sequentially continuous.

(ii) A point x ∈ X is a limit point of a set A if and only if there exists a sequence (xn) ⊆ A

such that xn → x.

(iii) X is compact if and only if it is sequentially compact. Similarly, A ⊆ X is compact

if and only if it is sequentially compact.

Recall that a metric space is called complete if every Cauchy sequence converges to an

element in the metric space.

Example 2.2.2 (Homeomorphisms aren’t enough). Equip the sets R and (−1, 1) with the

usual metric d(x, y) = |x−y|. These are thus two distinct metric spaces, with corresponding

metric topologies. R and (−1, 1) under these metric topologies are homeomorphic. Indeed,

it is a common exercise to show that x 7→ tanh(x) is a homeomorphism from R onto (−1, 1).

However, as a metric space, R is unbounded and complete, whereas (−1, 1) is bounded and

not complete.
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2.2. METRIC SPACE PRELIMINARIES

The above example shows that homeomorphisms aren’t, predictably, enough to preserve

the structure of a metric space. A map f : M → N between two metric spaces (M,d) and

(N, ρ) is called an isometry if d(x, y) = ρ(f(x), f(y)) for all x, y ∈ M . We say M and N

are isometric if there exists a bijective isometry between them.

We call (M,d) a proper metric space if all closed balls are compact. A prototypical ex-

ample is any finite-dimensional normed space over R or C, which we know is proper thanks

to the famous Heine-Borel theorem. Proper metric spaces are complete and separable [56,

page 28]. A path in a metric space is a continuous function γ : I → M , where I ⊆ R is an

interval. A path γ is called geodesic if d(γ(t), γ(s)) = |t − s| for all t, s ∈ I. We call M a

geodesic space if for every x, y ∈ M there exists a geodesic path γ : [0, d(x, y)] → M with

γ(0) = x and γ(d(x, y)) = y.

If we are given a finite collection of metric spaces, (Mi, di), for i ∈ {1, . . . ,m}, we

can form the ℓp product metric space of these metric spaces, for p ∈ [1,∞], by defining

M =
∏m

i=1Mi, and for any (x, y) = ((x1, . . . , xm), (y1, . . . , ym)),

dp(x, y) =

(
m∑
i=1

di(xi, yi)
p

) 1
p

, for p ∈ [1,∞), and d∞(x, y) = max
i
di(xi, yi).

It is useful that the ℓp product space generally inherits nice properties from its con-

stituent factors. The following lemma [56, Proposition 2.6.6] is particularly useful:

Lemma 2.2.3. If (Mi, di) are proper geodesic metric spaces for i ∈ {1, . . . ,m}, then the

ℓp product space, (M,dp), of these metric spaces is also a proper geodesic metric space for

all p ∈ [1,∞].
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2.3. NETS

2.3 Nets

In practice, investigating whether a set is closed or compact, or a function is continuous, is

very difficult simply using the topological definition. If a space is metrisable, Theorem 2.2.1

means that we can investigate the topological properties of it, its subsets, and functions

on it through analysing the behaviours of sequences, which is a lot more tractable. It also

guarantees that if the space is compact, any sequence must have a convergent subsequence,

which is often a crucial argument in the study of horofunctions. Some of the spaces dealt

with in this thesis are not metrisable, which is why we introduce the notion of nets, which

can be thought of as a generalisation of sequences. Our exposition closely aligns with that

of Megginson [50, Chapter 2]. Recall that a directed set is a set with a relation, (A,≤),

where ≤ is reflexive and transitive, and for every α, β ∈ A, there exists a γ ∈ A such that

α ≤ γ and β ≤ γ. A net in a topological space X consists of a directed set (A,≤) and a

function f : A → X. We generally denote f(α) by xα for all α ∈ A, and refer to the net

(xα)α∈A, or just (xα) if the index set is understood. We say that a net (xα)α∈A converges

to a point x ∈ X if, for every neighbourhood U of x there exists an α ∈ A such that for

all α ≤ β, xβ ∈ U . The following example is important enough that it can be thought of

motivating the definition of a net.

Example 2.3.1. Let (X, τ) be any topological space. We can order τ with the relation ≤,

by saying that A ≤ B if A ⊇ B. It follows immediately from the definition of set inclusion

that ≤ is transitive and reflexive. By the definition of a topology, if A,B ∈ τ , the A∩B ∈ τ ,

and A ⊇ A∩B and B ⊇ A∩B, meaning that (τ,≤) is a directed set. Furthermore, for any

x ∈ X, the same reasoning shows that the collection of all neighbourhoods of x is also a

directed set under ⊇. Now assume that x ∈ X is a limit point for some A ⊆ X. Thus, for

every neighbourhood U of x, U ∩A\{x} ≠ ∅. If Nx is the collection of all neighbourhoods

of x, we can use the axiom of choice to define f : Nx → X by f(U) = xU ∈ U ∩ A\{x}.

From what we have just shown, (xU)U∈Nx is a net in X, and by construction (xU) ⊆ A,

and xU → x. We can thus conclude that a point is a limit point of a subset of a topological

25



2.3. NETS

space if and only if there exists a net contained in the set converging to the point. This is

not, in general, the case for sequences; there exists topological spaces where a point can be

a limit point of a set, but there exists no sequence in that set converging to the point.

Just as in the case for sequences, it is desirable to have a notion of a subnet. Unlike in

the case of sequences, it is not immediately obvious what notion one should choose for the

definition of a subnet. There are in fact various definitions of subnets, which are similar,

but not equivalent. A full discussion of the different types of subnets can be found in

[63, Chapter 7]. In this thesis we exclusively what are known as Willard subnets, which

we now define. Recall that a subset of a directed set, say B ⊆ A, is cofinal if for every

α ∈ A there exists a β ∈ B such that α ≤ β. We say that x is a cluster point of the net

(xα)α∈A if, for every U ∈ Nx, the set {α ∈ A : xα ∈ U} is cofinal in A. We say that a map

f : A → A′ between two directed sets is a cofinal map, if, for every cofinal B ⊆ A, f(B) is

cofinal in A′. A map f : A→ A′ between two directed sets is known as monotone if α ≤ β

implies that f(α) ≤ f(β). A net J : B → X is said to be a subnet of I : A → X, if there

exists a monotone function φ : B → A such that J = I ◦ φ, and φ(B) is cofinal in A. The

following example shows that care needs to be taken when defining properties of nets in

metric spaces.

Example 2.3.2. The set N with the usual ordering is a directed set, from which we see

that any sequence in a topological space is a net. Conversely, there are many nets which

aren’t sequences, some of which can have surprising behaviour. Consider for example the

set N∪ {∞}, with the ordering ≤∞ defined by n ≤ n and n ≤ ∞ for all n ∈ N. This is, by

construction, a directed set, so we can consider the net (xα)α∈N∪{∞} in R with the usual

topology, where xn = n, and x∞ = 0. It is clear that x∞ is contained in any neighbourhood

of 0, but also, {α ∈ N ∪ {∞} : ∞ ≤∞ α} = {∞}, so (xα) actually converges to 0, but

for every K ∈ R there exists an α with xα > K. Thus we see that, unlike in the case of

sequences, convergent nets in a metric space are not necessarily bounded.

We say that a net (xα) ⊆M in a metric space (M,d) converges to infinity if there exists

a b ∈ M , such that for every n ∈ N there exists a β so that for all α ≥ β, d(xα, b) ≥ n.
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To avoid the issue highlighted in Example 2.3.2, we define a net (xα) ⊆ M in a metric

space (M,d) to be an unbounded net if there exists a subnet (xβ) converging to infinity.

If the net is not unbounded, we call it an eventually bounded net. By this definition,

the net in Example 2.3.2 is eventually bounded. We should note that this definition is

slightly different than what some authors use, but for setup is more convenient. What is

important for our setup, is that our definition of eventually bounded nets means that any

eventually bounded net (xα) ⊆M has a subnet (xβ) that is entirely contained in some ball

B(d; r), and an unbounded net has a subnet converging to infinity. The main utility of nets

are encapsulated by the following theorem, which is a combination of Proposition 2.1.21,

Corollary 2.1.36, and Proposition 2.1.37 in [50].

Theorem 2.3.3. For any topological space X:

(i) X is compact if and only if every net in X has a convergent subnet.

(ii) A ⊆ X is closed if and only if for every net (xα) ⊆ X with xα → x ∈ X, we have

x ∈ A.

(iii) A function f : X → Y is continuous at a point x ∈ X if and only if every net

f(xα) → f(x) for every net (xα) converging to x.

The proof of Theorem 2.3.3, needs the following lemma, which is interesting for its own

sake [50, Proposition 2.1.35]:

Lemma 2.3.4. If x ∈ X is a cluster point of the net (xα)α∈A, then it has a subnet con-

verging to x. Conversely, if (xα)α∈A has a subnet converging to x, then x is a cluster point

of (xα)α∈A.

This lemma is interesting because the analogous statement does not hold for sequences.

In general, just because a sequence has an accumulation point, it does not need to have a

subsequence converging to that point.

Remark 2.3.5. A subsequence of a sequence (xn) ⊆ X can be thought of as a sequence

(yn) and a monotone, injective function φ : N → N such that yn = xφ(n) for all n ∈ N.
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Thus, every subsequence of a sequence is also a subnet. Conversely, not every subnet of

a sequence is also a subsequence, as a subnet of a sequence is a net (yα), together with a

directed set A and monotone cofinal map ϕ : A → N such that yα = xϕ(α), which means

that (yα) could very easily not even be a sequence, for example if A = R. This distinction

is important to keep in mind in light of part (i) of Theorem 2.3.3; just because a sequence

must have a convergent subnet, does not mean it must have a convergent subsequence.

In this thesis we will be dealing with product spaces, in which we will need the following

lemma [50, Proposition 2.1.16]:

Lemma 2.3.6. If X =
∏

i∈I Xi is a product of topological spaces, and x ∈ X, then a net

(xα) = (xαi )i∈I converges x ∈ X, if and only if for every i ∈ I the net (xαi ) converges to xi.

2.4 Normed Spaces and Topological Vector Spaces

The study of normed spaces and topological vector spaces falls under the umbrella of

functional analysis. There are many excellent texts covering the foundations of the subject,

but our main points of reference for this thesis are [62] and [50]. Recall that a normed

space is a pairing (X, ∥ · ∥), where X is a vector space over a field F (technically it could

be any field, but in our case, and in most cases in the literature, it is either C or R), and

∥ · ∥ : X → R satisfies the following:

(i) ∥αx∥ = |α|∥x∥ for all x ∈ X and α ∈ F (homogeneity).

(ii) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for all x, y ∈ X (the triangle inequality).

(iii) ∥x∥ = 0 implies x = 0 for all x ∈ X.

Conditions (i) and (ii) imply that ∥x∥ ≥ 0 for all x ∈ X, and ∥0∥ = 0. If we drop require-

ment (iii), the resulting ∥ · ∥ is known as a seminorm. Every normed space (X, ∥ · ∥) has

a natural metric structure, where the metric is given by X ×X ∋ (x, y) 7→ ∥x − y∥. The

norm topology on a normed space is simply the metric topology generated by this metric.
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For convenience, if the norm on (X, ∥ · ∥) is understood, we will just refer to the normed

space X. We define B◦
X = B◦(0; 1), and BX = B(0; 1), and call them the open and closed

unit balls of X, respectively. We call SX = BX\B◦
X the unit sphere of X.

We call a normed space a Banach space if it is complete under this metric. We call two

norms, ∥ · ∥1 and ∥ · ∥2, on the same vector space X equivalent, if there exists α, β ∈ [0,∞),

such that, for all x ∈ X

α∥x∥2 ≤ ∥x∥1 ≤ β∥x∥2.

It is well known that equivalent norms generate equivalent metrics, so the norm topology on

a space is invariant under equivalent norms. The main structure preserving maps between

normed spaces are the so called bounded linear operators. If T : X → Y is a linear map

between normed spaces, with norms ∥ · ∥X and ∥ · ∥Y respectively, we call it bounded if

sup
x∈BX

∥Tx∥Y <∞.

We call this quantity the operator norm of T , and if we equip the space of all bounded

linear operators between X and Y with this norm, it becomes a normed space, which we

denote by L(X;Y ). It is an standard exercise to show that an operator between normed

spaces is continuous with respect to the norm topology if and only if it is bounded. An

important space in functional analysis is L(X;F), the set of bounded linear operators from

X to its field. This is known as the dual space of X, and we denote it by X∗. The elements

of X∗ are known as the continuous linear functionals. Regardless of the completeness of

X, X∗ is always a Banach space. We can also talk about the bi-dual of X, which is simply

the dual of the dual, and denoted by X∗∗. It is always possible to isometrically embed X

into X∗∗ by defining J : X → X∗∗ by

J(x) = ϕx ∈ X∗∗, where ϕx(f) = f(x). (2.4.1)
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If J is an isomorphism, we say that X is reflexive, and will write X = X∗∗, where this

equality is to be understood through the action of J . If X and Y are Banach spaces, we

can associate to every T ∈ L(X;Y ) a unique T ∗ ∈ L(Y ∗;X∗) defined by f(Tx) = T ∗f(x)

for every x ∈ X and f ∈ Y ∗. We call T ∗ the adjoint of T , and ∥T ∗∥ = ∥T∥. In the case

of finite dimensional real vector spaces, the adjoint of a linear map is simply given by its

matrix transpose.

There are some strong topological differences between normed spaces over finite and

infinite-dimensional vector spaces, which we collect in the following theorem [62]:

Theorem 2.4.1. (i) A vector space X is finite-dimensional if and only if every norm

on it is equivalent to every other norm.

(ii) A vector space X is finite-dimensional if and only if every linear functional on it is

continuous.

(iii) A normed space X is finite-dimensional if and only if its closed unit ball is compact

in the norm topology.

The topology induced by a norm is fairly strong, as seen by the above theorem. In some

cases it is useful to weaken the topology on a normed space. We call a vector space X

equipped with a topology a topological vector space (TVS) if it is a Hausdorff topological

space satisfying:

(i) The addition map +: X×X → X given by (x, y) 7→ x+y is continuous with respect

to the product topology on X ×X.

(ii) The scalar multiplication map · : F×X → X given by (λ, x) 7→ λx is continuous with

respect to the product topology on F×X.

If X is a finite dimensional TVS, there always exists a norm generating its topology,

which is why the study of topological vector spaces as objects in themselves only really
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occurs in the infinite dimensional setting. If X and Y are topological vector spaces, it no

longer makes sense to talk about bounded linear operators between them, but it still makes

sense to talk about continuous linear operators between them. As in the normed space,

we denote by L(X;Y ) the space of all continuous linear operators by L(X;Y ). There are

various ways to put topologies on L(X;Y ) to make it into a TVS, but this is out of the

scope of this thesis, and we refer the interested reader to [62]. It is clear by the definition

of a TVS, that if (xn) and (yn) are sequences in some TVS X, and xn → x and yn → y,

then xn + yn → x+ y. The following shows that something similar is true for nets:

Lemma 2.4.2. If (xα)α∈A and (yβ)β∈B are nets in a topological vector space V , converging

to x ∈ V and y ∈ V respectively, then we can construct subnets with the same indexing set

(xγ)γ∈Γ and (yγ)γ∈Γ such that xγ + yγ converges to x+ y.

Proof. Let Γ = A × B be equipped with the ordering (α, β) ≤ (α′, β′) if and only if

α ≤ α′ in A and β ≤ β′ in B. It is straightforward to check that this makes Γ a directed

set. Now define φ1 : Γ → A by φ1(α, β) = α, and φ2 : Γ → B by φ2(α, β) = β. It is

a routine calculation to check that these cofinal maps make the nets (x(α,β)) and (y(α,β))

subnets of (xα) and (yβ) respectively. Thus lim(α,β) x(α,β) = x and lim(α,β) y(α,β) = y.

This also shows for any neighbourhood of the form U ×W of the point (x, y) ∈ V × V

there exists an (α′, β′) ∈ Γ so for all (α, β) ≥ (α′, β′) we have (x(α,β), y(α,β)) ∈ U × V .

Thus lim(α,β)(x(α,β), y(α,β)) = (x, y), and because addition is continuous it follows that

lim(α,β) x(α,β) + y(α,β) = x+ y.

Perhaps the most important examples of topological vector spaces not arising from a

norm, and the only ones we will need in this thesis, are the weak and weak* topologies

on a normed space X. The weak topology on X is simply an abbreviation for the X∗-

weak topology, as defined in section 2.1, and the weak* topology on X∗ is likewise an

abbreviation for the J(X)-weak topology, with J as in (2.4.1). Convergence in these spaces

is pointwise, by which we mean that a net (xα) ⊆ X converges weakly to x ∈ X if and

only if f(xα) → f(x) for every f ∈ X∗, and a net (fα) ⊆ X∗ converges to f in the weak*
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topology on X∗ if and only if fα(x) → f(x) for all x ∈ X. These topologies will be

particular useful to us, in light of the following famous theorem, a proof of which can be

found in [62]:

Theorem 2.4.3 (Banach-Alaoglu Theorem). If X is a normed space, then BX∗ is closed

in the weak* topology on X∗.

2.5 Convex Geometry

There is a close relationship between the horofunction compactification of normed spaces,

and the convex geometry of the closed dual ball. For the convenience of the reader we shall

briefly recall the relevant facts about convex geometry in this section. We refer the reader

to [61] for a full account. Let V be an R vector space. We say that a set C ⊆ V is convex,

if the line segment between any two points in C is contained in C. Precisely, C is convex if,

for all x, y ∈ C, and all λ ∈ [0, 1], we have λx+ (1− λ)y ∈ C. We use [x, y] to denote such

a line segment. Similarly, we shall use (x, y) to denote the open line segment, which is the

collection of points λx+ (1− λ)y, for λ ∈ (0, 1). We call a set A ⊆ V an affine subspace of

V if the line passing between any two distinct points in A is also contained in A, by which

we mean, if x, y ∈ A, then we have {λx+ (1− λ)y : λ ∈ R} ⊆ A. It is clear that an affine

subspace must be convex. It is often useful to make use of the fact that an affine subspace

is just a translated vector subspace of V . That is: A is an affine subspace of V if and only

if there exists a subspace of V , say W , and an x ∈ V , such that A = x +W . We collect

some useful facts about convex sets and affine subspaces in the following proposition:

Proposition 2.5.1. Let V and W be R vector spaces, let T : V → W be a linear operator

{Ci}i∈I and {Ai}i∈I be arbitrary collections of convex subsets and affine subspaces of V

respectively, then:

(i) The sets
⋂
i∈I Ci and

⋂
i∈I Ai are convex and affine, respectively.
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(ii) If C ⊆ V and C ′ ⊂ W are convex, then both T (C) and T−1(C ′) are convex. The

same holds if we replace convex with affine.

(iii) If V is a topological vector space, then both the interior and closure of a convex set

is again a convex set, and similarly for an affine subspace.

We call an affine subspace, A, an affine hyperplane, if A = x+ker(f) for some non-zero

linear functional f acting on V . If V is a topological vector space, all the closed affine

hyperplanes are precisely those hyperplanes A of the form A = x+ ker(f) for 0 ̸= f ∈ V ∗.

To any hyperplane A = x + ker(f) we can define the associated closed half-space in V ,

which is the set {v ∈ V : f(v) ≤ f(x)}, and the associated open half-space, which is the

set {v ∈ V : f(v) > f(x)}. Thus each hyperplane splits V into two disjoint convex sets. If

C is a non-empty convex set, we say that H is a supporting hyperplane for C if H ∩ C̄ ̸= ∅,

and C is contained in the closed half-space generated by H. If C ⊆ V is a convex set,

and x0 ∈ C, we say that f ∈ V ∗ is a supporting functional of C at the point x0 if f ̸= 0,

and f(x) ≤ f(x0) for all x ∈ C. Supporting functionals are closely related to supporting

hyperplanes. Indeed, if f is a supporting functional for C at x0, and f(x0) > infx∈C f(x),

then H = f−1(f(x0)) is a supporting hyperplane for C. If V is a complex vector space, we

define the supporting functional of a convex set C ⊆ V similarly, except we say f supports

C at x0 ∈ C if Re f(x0) ≥ Re f(x) for all x ∈ C.

Given any non-empty set S ⊆ V , there are useful ways to generate a convex or affine

set containing S. The convex hull of S, denoted by conv(S) is defined as the smallest

convex set containing S, and similarly the affine hull of S is defined to be the smallest

affine set containing S, which we denote by aff(S). It follows immediately from part (ii)

of Proposition 2.5.1 that conv(S) is precisely the intersection of all convex sets containing

S, and likewise that aff(S) is the intersection of all affine subspaces containing S.

Important information about convex sets is encoded in their so-called facial structure.

If C is a convex subset of an R vector space V , we call a convex set F ⊆ C a face of C,
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if for every [x, y] ⊆ C such that (x, y) ∩ F ̸= ∅, [x, y] ∩ C ⊆ F . Each convex set has itself

and the empty set as trivial faces. If F ⊆ C is a face that is not trivial it is called a proper

face. If the singleton {x} is a face of C, it is called an extreme point of C. If there exists

a linear function f on V and an a ∈ R such that F = f−1(a) ∩ C, and f(x) ≤ f(a) for all

x ∈ C, then F is a face of C, and it is known as an exposed face. If V is finite dimensional

we say that a face F is a facet if dim(F ) = dim(C) − 1, where we use dim to denote the

dimension of the affine span of a set. We also say that C is polyhedral if it is bounded and

is precisely the intersection of finitely many half-planes

Important examples of convex sets are cones. Let V be a real vector space. We call a set

C ⊆ V a cone if it is convex and λC ⊆ C for all λ ≥ 0. We call C proper if C ∩−C = {0}.

Some authors use the term cone and proper cone interchangeably, and refer to a cone that

isn’t proper as a wedge. If V is a topological vector space, the dual cone of a closed cone

C is defined by

C∗ = {φ ∈ V ∗ : φ(x) ≥ 0 for all x ∈ C, }

whereas the dual cone of an open cone Ω is defined as

Ω∗ = {φ ∈ V ∗ : φ(x) > 0 for all x ∈ Ω}.

The automorphism group of such an Ω is defined by

Aut(Ω) = {T ∈ L(V ;V ) : T is an isomorphism and T (Ω) = Ω}.

If V is a finite dimensional real Hilbert space and Ω ⊆ V is an open cone, we can make the

identification

Ω∗ = {y ∈ V : ⟨x, y⟩ > 0 for all x ∈ Ω}.

We say that such an Ω is self-dual if Ω = Ω∗. An open cone Ω is called a symmetric cone if

it is self-dual, and Aut(Ω) acts transitively on Ω (by which we mean for all x, y ∈ Ω there
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exists a T ∈ Aut(Ω) such that Tx = y).

As cones are convex, the notion of faces defined above applies to them. A face F is called

an exposed face if there exists a φ ∈ C∗ such that F = C ∩ φ−1(0), which is equivalent to

the definition for exposed faces of general convex sets. Similarly, we say that C is polyhedral

if there exists φ1, . . . , φn ∈ V such that

C =
n⋂
i=1

φ−1
i ([0,∞)).

The intersection of cones is also a cone, which allows us to define the conical hull of any

non-empty S ⊆ V as the intersection of all cones containing S. There are useful analytic

descriptions of the hulls we have introduced, which we collect below:

Proposition 2.5.2. Let S ⊆ V be an arbitrary subset of a real vector space. Then

(i)

conv(S) =

{
n∑
i=1

λixi : xi ∈ S, λi ≥ 0, n ∈ N, and
n∑
i=1

λi = 1

}

(ii)

aff(S) =

{
n∑
i=1

λixi : xi ∈ S, λi ∈ R, n ∈ N, and
n∑
i=1

λi = 1

}
.

(iii)

cone(S) =

{
n∑
i=1

λixi : xi ∈ S, λi ≥ 0, and n ∈ N

}
.

Sums of the form found in (i) and (ii) above are referred to as, respectively, a convex

and affine combination of the elements xi. There are various different ways of defining the

interior of a subset of a vector space with respect to its convex structure, which we collect

in the following definition:

Definition 2.5.1. Let V be an R vector space, and X an R topological vector space. We

then define:
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(i) We say x ∈ V is in the algebraic relative interior of A ⊆ V , if for every straight line

L that passes through x and is contained in aff(A), there exists an open segment

(a, b) ⊆ L, such that x ∈ (a, b) and (a, b) ⊆ A.

(ii) We say that x ∈ X is in the relative interior of A ⊆ X, if x is in the topological

interior of A, considered as a subset of aff(A) equipped with the subspace topology.

We denote the collection of all such points as ri(A).

(iii) We define the quasi-relative interior of A ⊆ X by, if cone(B) denotes the closure in

X of the conic hull of B ⊆ X,

qri(A) = {x ∈ A : cone(A− x) is a subspace of X}.

If X is a finite dimensional normed space, and C ⊆ X is convex, then all three of

the notions of relative interior coincide. We are particularly interested in these notions of

relative interior in light of the following theorem, a proof of which can be found in [61,

Theorem 18.2],

Theorem 2.5.3. If C is a compact convex subset of a finite dimensional normed space X,

then ri(F1) ∩ ri(F2) = ∅ for all distinct faces F1, F2 ⊆ C, and

C =
⋃

F face
of C

ri(F ).

2.6 Smoothness and Convexity of Normed Spaces

The topic of convexity and smoothness of normed spaces is a rich area, and in this section

we only introduce the bare necessities that we will need later on. The interested reader

is referred to Chapter 5 of [50] and Chapters 8 and 9 of [19] for further reading. We say

that a normed space X is strictly convex if, for any x, y ∈ SX satisfying ∥x+ y∥ = 2, then

x = y. Strictly convex spaces are also known as rotund spaces. There is a stronger notion
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of convexity, and we say that a normed space X is uniformly convex if for each 0 < ε ≤ 2

there exists a δ > 0 so for all x, y ∈ SX with ∥x − y∥ ≥ ε we have ∥x+y
2
∥ ≤ 1 − δ. Every

uniformly convex space is strictly convex [50, Proposition 5.2.6] and strictly convex finite

dimensional normed spaces are uniformly convex [50, Proposition 5.2.14]. In the 1930’s,

Milman [52] and Pettis [58] independently proved the following theorem, which bears their

name:

Theorem 2.6.1. (The Milman-Pettis Theorem) Every uniformly convex Banach space is

reflexive.

Proof. See [50, Theorem 5.2.15] for a more modern proof.

The notion of supporting hyperplanes and supporting functionals introduced in Section

2.5 play an important role in the study of convexity and smoothness of normed spaces.

Of particular importance are the notion of norming functionals. As a consequence of the

Hahn-Banach extension theorem, if X is a normed space, for any x ∈ X, there exists a

f ∈ X∗ such that ∥f∥∗ = 1, and f(x) = ∥x∥. We call f a norming functional for x. We

denote by x∗ a norming functional for x, which in general does not need to be unique. For

any x ∈ SX , its norming functionals are precisely the supporting functionals of BX at x of

norm one. Later we shall need the following fact about strictly convex spaces and norming

functionals:

Lemma 2.6.2. If X is a strictly convex space, and x∗ and y∗ are norming functionals for

x, y ∈ X\{0} with ∥x∥ = ∥y∥, and x∗ = y∗, then x = y.

Proof. Without loss of generality we might as well assume that x, y ∈ SX . Assume that

x ̸= y, so by definition of a strictly convex space, ∥x + y∥ < 2. As ∥x∗∥ = 1 it follows

that ∥x + y∥ ≥ |x∗(x + y)| = |x∗x + y∗y| = ∥x∥ + ∥y∥, from which we deduce that

∥x+ y∥ = ∥x∥+ ∥y∥ = 2, contradicting strict convexity.

We will also need the following fact about uniformly convex normed spaces:
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Lemma 2.6.3. If X is a uniformly convex normed space, and (xα) ⊆ SX and (yα) ⊆ SX

are nets indexed by the same directed set, and ∥xα + yα∥ → 2, then ∥xα − yα∥ → 0.

Proof. Assume by way of contradiction that ∥xα− yα∥ ̸→ 0. There must thus exist a ε > 0

and subnets (xβ) and (yβ) such that ∥xβ − yβ∥ ≥ ε for all β. As X is uniformly convex,

there exists a δ > 0 such that ∥xβ + yβ∥ ≤ 2− δ for all β, a contradiction.

We now turn our attention to the notion of smoothness. There are different definitions

of a smooth normed space in the literature, but as the word smooth is often associated with

differentiability, we shall use the definition involving Gateaux derivatives. For a function

f : X → R we say that f is Gateaux differentiable at x ∈ X if

lim
t→0

f(x+ ty)− f(x)

t

exists for all y ∈ X. This quantity is then called the directional derivative of f at x in

the direction of y. If f is Gateaux differentiable at x, we use ∇fx : X → R to denote the

Gateaux derivative of f at x, which is defined, for all y ∈ X, by:

∇fx(y) = lim
t→0

f(x+ ty)− f(x)

t
.

We use the notation ∇∥x∥ to denote the Gateaux derivative of ∥ · ∥ at the point x ∈ X.

Note that for any 0 ̸= x ∈ X, y ∈ X, and t ∈ R\{0},∣∣∣∣∥x+ ty∥ − ∥x∥
t

∣∣∣∣ ≤ ∥y∥,

and if we choose y = x the inequality becomes an equality, meaning that ∇∥x∥ = x∗. We

say that X is a smooth normed space if its norm ∥ · ∥ is Gateaux differentiable on X\{0}.

This condition is equivalent to requiring that, for each x ∈ X\{0}, there exists a unique

norming functional x∗ ∈ SX∗ [19, Lemma 8.4], characterised by x∗(x) = ∥x∥. Thus, if X

is a smooth normed space, then for any non-zero x ∈ X and c > 0, (cx)∗ = x∗. Indeed:
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(cx)∗(cx) = c∥x∥, meaning that (cx)∗x = ∥x∥, which by uniqueness enforces the conclusion.

This characterisation of smoothness allows us to prove the following:

Proposition 2.6.4. A normed space is strictly convex if its dual space is smooth, and it

is smooth if its dual space is strictly convex.

Proof. Suppose that X is not smooth. By the above characterisation of smoothness, there

must then exist some x ∈ SX with two norming functionals, say x∗1, x
∗
2 ∈ SX∗ such that

x∗1x = x∗2x = 1. As BX∗ is convex, ∥x∗1 + x∗2∥∗ ≤ 2, and by the definition of the dual norm

∥x∗1+x∗2∥∗ ≥ (x∗1+x
∗
2)(x) = 2, so ∥x∗1+x∗2∥∗ = 2, but x∗1 ̸= x∗2, so X

∗ is not strictly convex.

Next, suppose that X is not strictly convex. There thus exists x, y ∈ SX with ∥x+ y∥ = 2,

but x ̸= y. Thus z = 1
2
(x + y) ∈ SX . As z∗ ∈ SX∗ and x, y ∈ SX we must have z∗x ≤ 1

and z∗y ≤ 1, so the only way that z∗z = 1 is if z∗ is also a norming functional for x and y.

If J denotes the natural embedding of X into X∗∗ as defined in Section 2.4, it thus follows

that J(x)z∗ = 1 and J(y)z∗ = 1, but as x ̸= y, J(x) ̸= J(y), so z∗ has two distinct norming

functionals in X∗∗. Therefore X∗ is not smooth.

Similarly as in the case of smoothness, there are different definitions of uniform smooth-

ness of normed spaces in the literature, and we choose the one based on a differentiability

criterion. We say that a function f : X → R is Fréchet differentiable at a point x ∈ X if

there exists a linear functional Dfx ∈ X∗ such that

lim
h→0

|f(x+ h)− f(x)−Dfx(h)|
∥h∥

= 0.

We call the functional Dfx the Fréchet derivative of f at x. We denote by D∥x∥ the

Fréchet derivative of ∥ · ∥ at x. If f : X → R is Fréchet differentiable at x ∈ X then it is

also Gateaux differentiable, and Dfx = ∇fx. We say that f : X → R is uniformly Fréchet

differentiable on an open set U ⊆ X if f is Fréchet differentiable at every point x ∈ U ,

and the map x 7→ Dfx is a uniformly continuous map. We say that a normed space X

is uniformly smooth if its norm is uniformly Fréchet differentiable on X\{0}. In 1940,

Šmulian [65] proved an analogue to close relationship between convexity and smoothness:
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Theorem 2.6.5. A normed space is uniformly convex if and only if its dual space is uni-

formly smooth, and it is uniformly smooth if and only if its dual space is uniformly convex.

Proof. See [50, Theorem 5.5.12] for a modern proof.

As a corollary to the above theorem and the Milman-Pettis Theorem (Theorem 2.6.1)

Šmulian [65] proved an analogue to the Milman-Pettis Theorem:

Theorem 2.6.6. Every uniformly smooth Banach space is reflexive.

To end this section, we prove a result about the facial structure of the dual unit balls

of strictly convex and uniformly smooth normed spaces.

Proposition 2.6.7. If X is a uniformly smooth and strictly convex Banach space, then the

only proper faces of BX∗ are extreme points {f} ⊂ SX∗, and every f ∈ SX∗ is an extreme

point.

Proof. Theorem 2.6.6 means that X is reflexive, and Theorems 2.6.4 and 2.6.5 mean that

X∗ is smooth and uniformly convex. Thus for any f ∈ SX∗ , there exists a unique x ∈ SX

such that f(x) = 1. Lemma 2.6.2 means that for any y ̸= x with y ∈ BX , f(y) < 1. Thus

{f} is exposed by x ∈ X∗∗, so it is a face. Conversely, suppose that F ⊆ SX∗ is a proper

face of BX∗ , and f, g ∈ F . Let x be the unique norming functional for f as above. As F is

convex, we must then have 1
2
(f + g) ∈ SX∗ , but

∥f + g∥∗ ≤ f(x) + g(x) = 1 + g(x),

so for 1
2
(f+g) to be in SX∗ we must have g(x) = 1, which by Lemma 2.6.2 means f = g.

James Clarkson proved, in his 1936 paper [14] introducing the notion, that Lp(X,F , µ) is

uniformly convex for any measure space (X,F , µ) and any 1 < p <∞. This, in combination

with Theorem 2.6.5, and the fact that the dual of Lp(X,F , µ) is Lq(X,F , µ), where 1
p
+ 1

q
=

1, shows that Lp(X,F , µ) is also uniformly smooth. As a corollary, all ℓp sequence spaces,
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for 1 < p <∞, are also uniformly convex and uniformly smooth. Another classic example

of uniformly smooth and uniformly convex normed spaces are Hilbert spaces:

Example 2.6.8. Let H be an arbitrary Hilbert space. Fix arbitrary 0 < ε ≤ 2 and

x, y ∈ SH. The parallelogram law means that

∥x+ y∥2 = 2∥x∥2 + 2∥y∥2 − ∥x− y∥2,

so if ∥x− y∥ ≥ ε,

1

2
∥x+ y∥ ≤

√
1− ε2

4
< 1− ε2

4
.

Thus by definition H is uniformly convex. The Riesz-Representation Theorem means that

H∗ = H, so the dual of H is also uniformly convex, which by Theorem 2.6.5 means that H

is uniformly smooth.

2.7 Order-unit Spaces

Let V be a real vector space. We say that (V,≤) is an ordered vector space if ≤ is a partial

ordering on V satisfying the following two properties:

(i) If x ≤ y, then x+ z ≤ y + z for all x, y, z ∈ V .

(ii) If x ≤ y, then λx ≤ λy for all x, y ∈ V and λ ≥ 0.

A classical example of an ordered vector space is (Rn,≤), where we define (x1, . . . , xn) ≤

(y1, . . . , y2) if xi ≤ yi for all i ∈ {1, . . . , n} (where ≤ on R is the usual ordering). We say

that (V,≤) is Archimedean if, for any x, y ∈ V such that x ≤ δy for all δ > 0, then x ≤ 0.

A proper cone C ⊆ V induces a partial order ≤ on V , where x ≤ y if and only if y−x ∈ C.

It follows almost immediately from the definition of a cone that this partial ordering in fact

makes (V,≤) an ordered vector space (where we need the fact that C is proper to ensure

≤ is antisymmetric). In fact, the converse is also true:
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Lemma 2.7.1. Let V be an R vector space. The set of partial orderings on V that turn V

into an ordered vector space is in one-to-one correspondence with the collection of proper

cones, C, on V .

Proof. As we have just seen, given a proper cone C, we can associate a partial order ≤C

on V by setting x ≤C y if and only if y− x ∈ C. Conversely, given a partial order ≤ on V ,

which makes (V,≤) an ordered vector space, let us define the set C≤ = {x ∈ V : 0 ≤ V }.

We claim that C≤ is a cone. Indeed, axiom (ii) of ordered vector spaces immediately

means that λx ∈ C for all x ∈ C≤ and λ ≥ 0. Now let x, y ∈ C≤, and λ ∈ (0, 1).

We have just shown that λx ∈ C≤ and (1 − λ)y ∈ C≤, and axiom (i) of ordered vector

spaces thus means that λx ≤ λx + (1 − λ)y, and the transitivity of ≤ thus means that

λx ≤ λx + (1 − λ)y ∈ C≤, making C≤ convex. Thus indeed C≤ is a cone. To see that it

is proper, suppose that x ∈ C≤ ∩ −C≤, meaning that 0 ≤ x and 0 ≤ −x, which means

x ≤ 0, so by the antisymmetry of ≤, we must have x = 0. Furthermore x ≤C≤ y if and

only if y − x ∈ C≤, if and only if 0 ≤ y − x, if and only if x ≤ y, which establishes

a unique correspondence between cones and partial orderings turning V into an ordered

vector space.

The cone C≤ in the above proof is often referred to as the positive cone of (V,≤), and

is denoted by V+. In light of the above lemma we often refer to an ordered vector space

(V,≤) as the vector space V with positive cone V+. We say V+ is an Archimedean cone if

the order associated with it is Archimedean. Let us now fix some (V,≤) with associated

positive cone V+. We call an element e ∈ V+ an order-unit if, for every x ∈ V , there exists

a λ ≥ 0 such that −λe ≤ x ≤ λe. If V+ is Archimedean, and such an e exists, we can define

the order-unit norm ∥ · ∥e on V by

∥x∥e = inf{λ ≥ 0 : −λe ≤ x ≤ λe}.

We should note that even if V+ is not Archimedean, ∥ · ∥e is still well-defined and is a

semi-norm, but it may fail to be a full norm. If V+ is Archimedean, and an order-unit e
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exists, we call the triple (V, V+, e) an order-unit space, and e the distinguished order-unit.

If (V, V+, e) is an order-unit space, we denote by V ◦
+ the interior of V+ with respect to the

order-unit norm. We have the following useful fact:

Lemma 2.7.2. In an order-unit space (V, V+, e), the positive cone V+ is closed in the norm

topology induced by ∥ · ∥e, and e ∈ V ◦
+.

Proof. Let (xn) ⊆ V+ converge to some x ∈ V in ∥ · ∥e. Thus, for all ε > 0, there exists a

N ∈ N so that for all n ≥ N , −εe ≤ x − xn ≤ εe, but as each xn ∈ V+, this means that

−εe ≤ x for all ε > 0, which means 0 ≤ x as V+ is Archimedean, meaning that x ∈ V+. If

x ∈ B(e, 1
2
), then 1

2
e ≤ x, so indeed e ∈ V ◦

+.

We say that y ∈ V+ dominates x ∈ V if there exists α, β ∈ R such that αy ≤ x ≤ βy.

We say x ∼ y if x dominates y, and y dominates x. This partitions V+ into equivalence

classes under ∼, which we call the parts of V+. We can define the so called gauge function,

M : V × V+ → R ∪ {∞} and reverse gauge function, m : V × V+ → R ∪ {−∞} by

M(x/y) = inf{λ ∈ R : x ≤ λy}, and m(x/y) = sup{λ ∈ R : λy ≤ x}, (2.7.1)

where we use the standard convention that inf ∅ = ∞ and sup ∅ = −∞.

Corollary 2.7.3. Lemma 2.7.2 immediately implies that if (xα), (yα) are two nets in V

converging to x and y respectively in norm, and xα ≤ yα for all α, then x ≤ y.

It would be useful if the gauge functions were real valued functions, which is why we

prove the following.

Lemma 2.7.4. If (V, V+, e) is an order-unit space, then every y ∈ V ◦
+ dominates every

x ∈ V . Furthermore, if x, y ∈ V+\{0}, then x ∼ y if and only if there exists 0 < α ≤ β

such that αx ≤ y ≤ βx

Proof. Fix some y ∈ V ◦
+ and x ∈ V . Note that for all n ∈ N, ∥y− (y− 1

n
x)∥e = 1

n
∥x∥e → 0

and ∥y − (y + 1
n
x)∥e = 1

n
∥x∥e → 0. As y is an interior point of V+, this must mean that
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for all n large enough, y ± 1
n
x ∈ V+, meaning x ≤ ny, and −ny ≤ x. Now let us fix

x, y ∈ V+\{0} with x ∼ y. By assumption we know that 0 ≤ y ≤ αx for some α ≥ 0,

because x ∈ V+, so if α < 0, −x ∈ V+, a contradiction. In fact, α > 0, because else

anti-symmetry means y = 0. Similarly, we know that x ≤ βy for β > 0. Thus x ≤ βαx,

meaning β−1 ≤ α, as V+ is a proper cone, meaning β−1x ≤ y ≤ αx. Conversely, suppose

x, y ∈ V+\{0}, and that there exists 0 < α ≤ β such that αx ≤ y ≤ βx. So x dominates y,

but as α > 0 clearly β−1y ≤ x ≤ αy, so indeed x ∼ y.

This immediately implies that both the gauge functions are real-valued functions when

restricted to V ◦
+ × V . In some sense the reverse gauge function is superfluous, because, for

any x, y ∈ V ◦
+, if λy ≤ x for some λ > 0, then y ≤ λ−1x, so m(x/y) =M(y/x)−1.

If (V, V+, e) is an order unit space, we shall use V ∗ to denote its topological dual,

equipped with the standard dual norm ∥ · ∥∗. It is a simple calculation to verify that

the closed dual cone V ∗
+ is a proper cone, and we call its elements positive functionals.

The Hahn-Banach theorem guarantees that V ∗
+ is non-empty, so V ∗ inherits an order from

(V, V+).

Lemma 2.7.5. For any x, y ∈ V , x ≤ y if and only if φ(x) ≤ φ(y) for all φ ∈ V ∗
+, and a

functional φ ∈ V ∗ is positive if and only if φ(e) = ∥φ∥∗.

Proof. It is clear that if x ≤ y then φ(x) ≤ φ(y) for all φ ∈ V ∗
+. Conversely, suppose by way

of contradiction that φ(x) ≤ φ(y) for all φ ∈ V ∗
+ and some x, y ∈ V , but x ̸≤ y, meaning

y − x /∈ V+. The Hahn-Banach separation theorem, along with the fact that V+ is closed

and convex and 0 ∈ V+ means that there exists a f ∈ V ∗ such that f(z) ≥ 0 for all z ∈ V+,

and f(z) < 0 for all z /∈ V+. Thus f ∈ V ∗
+, but f(y − x) < 0, a contradiction. To prove

the second statement, suppose first that φ ∈ V ∗
+. For any x ∈ BV , −e ≤ x ≤ e, which

means, because φ is positive, |φ(x)| ≤ φ(e), showing that indeed φ(e) = ∥φ∥∗. Conversely,

suppose that φ(e) = ∥φ∥∗. Fix some arbitrary x ∈ V+. Then 0 ≤ x ≤ ∥x∥ee, from which

we deduce that 0 ≤ ∥x∥ee − x ≤ ∥x∥ee. Thus φ(∥x∥ee − x) ≤ ∥φ∥∗∥x∥e, from which we
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deduce that 0 ≤ x.

Of particular importance in the study of order-unit spaces are the so called states. We

say φ ∈ V ∗
+ is a state if φ(e) = 1, and we denote by S(V ) the set of all states.

Lemma 2.7.6. For any order-unit space (V, V+, e), and x ∈ V ,

∥x∥e = sup{φ(x) : φ ∈ S(V ) ∪ −S(V )},

and S(V ) is a convex weak* compact subset of V ∗.

Proof. For a fixed x ∈ V , let us define ξ = sup{φ(x) : φ ∈ S(V ) ∪ −S(V )}. We know

that |φ(x)| ≤ ∥φ∥∗∥x∥e for every φ ∈ V∗. Lemma 2.7.5 means that ∥φ∥∗ = 1 for all

states φ, so taking the supremum on both sides of the inequality shows that ξ ≤ ∥x∥e. If

ξe−x, ξe+x ∈ V+, then by the definition of the order-unit norm, ∥x∥e ≤ ξ, so we’d be done.

Suppose by way of contradiction that ξe− x /∈ V+. Once again, as in the proof of Lemma

2.7.5, the Hahn-Banach separation theorem means that there exists a non-zero f ∈ V ∗
+ such

that f(z) < 0 for all z /∈ V+. Furthermore, Lemma 2.7.5 means that φ = f/∥f∥∗ ∈ S(V ).

Thus, φ(ξe − x) < 0, meaning that ξ < φ(x), contradicting the definition of ξ, so indeed

ξe− x ∈ V+. A similar argument shows that ξe+ x ∈ V+, meaning that indeed ξ = ∥x∥e.

Now, for any φ, ϕ ∈ S(V ), and λ ∈ (0, 1), [λφ + (1 − λ)ϕ](e) = 1, so indeed S(V ) is

convex. Furthermore, for any net (φα) ⊆ S(V ), φα(e) = 1, so if φα converges in the weak*

topology to some φ ∈ V , we must have φ(e) = 1. Similarly, if x ∈ V+, φα(x) ≥ 0 for all α,

so φ ∈ V ∗
+. Thus S(V ) is weak* closed, and is also norm bounded by Lemma 2.7.5. The

Banach-Alaoglu Theorem thus means that S(V ) is weak* compact.

In light of the above lemma, the Krein-Milman means that S(V ) is the weak* closure

of the convex hull of its extreme points, and we call these extreme points the pure states.

If (V, V+, e) and (W,W+, w) are two order-unit spaces, their product is a natural order-unit

space:
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Lemma 2.7.7. Let (V, V+, e) and (W,W+, w) be two order-unit spaces. The triple (V ×

W,V+ ×W+, (e, w)) is also an order-unit space, and moreover

M((x1, y1)/(x2, y2)) = max{M(x1/x2),M(y1/y2)}

for all (x1, y1), (x2, y2) ∈ V ◦
+ ×W ◦

+.

Proof. It is clear from the definition of products of vector spaces that V+ ×W+ is a proper

cone in V ×W , so indeed (V ×W,V+ ×W+) is an ordered vector space, where (x1, y1) ≤

(x2, y2) if and only if x1 ≤ x2 in V and y1 ≤ y2 in W . Furthermore, if −λe ≤ x ≤ λe

for some x ∈ V and λ ≥ 0, and −γw ≤ y ≤ γw for some y ∈ W and γ ≥ 0, then

−max{λ, γ}(e, w) ≤ (x, y) ≤ max{λ, γ}(e, w), proving that (V ×W,V+ ×W+, (e, w)) is

an order-unit space, and also that ∥(x, y)∥(e,w) = max{∥x∥e, ∥y∥w}. The exact same logic

shows that

M((x1, y1)/(x2, y2)) = max{M(x1/x2),M(y1/y2)}

for all (x1, y1), (x2, y2) ∈ V ◦
+ ×W ◦

+.

We are now in a position to prove some useful facts about gauge functions.

Lemma 2.7.8. Let (V, V+, e) be an order-unit space, and consider M : V × V ◦
+ → R the

restricted gauge function as in (2.7.1).

(i)

M(x/y) = sup
φ∈S(V )

φ(x)

φ(y)
,

and the supremum is attained.

(ii) M : V × V ◦
+ → R is continuous with respect to the product topology of the topology

generated by ∥ · ∥e on each factor.

(iii) If T : V → V is a linear injection satisfying T (V+) ⊆ V+, thenM(x/y) =M(Tx/Ty).

(iv) For any x, y ∈ V × V ◦
+, α, β > 0, M(αx/βy) = αβ−1M(x/y)
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Proof. (i) As e, y ∈ V ◦
+, we know by Lemma 2.7.4 that there exists a λ > 0 such that

λe ≤ y, meaning that φ(y) ≥ λ > 0 for all φ ∈ S(V ). By the same lemma, we know there

exists some λ ∈ R such x ≤ λy, so for any such λ we have λ ≥ φ(x)
φ(y)

for any φ ∈ S(V ), mean-

ing M(x/y) ≥ supφ∈S(V )
φ(x)
φ(y)

. Suppose by way of contradiction that the inequality above is

strict, then there exists a ε > 0 such that φ(x) ≤ φ([M(x/y)+ ε]y) for all φ ∈ S(V ), which

by Lemma 2.7.5 means x ≤ (M(x/y) + ε)y, contradicting M(x/y) being the infimum. As

S(V ) is weak* compact and φ 7→ φ(x)
φ(y)

is continuous with bounded range the supremum is

achieved.

(ii) Let ((xα, yα)) ⊆ V × V ◦
+ be a net converging to some (x, y) ∈ V × V ◦

+. For each α,

we have just proved that there exists a φα ∈ S(V ) such that M(xα/yα) =
φα(xα)
φα(yα)

. Lemma

2.7.6 means that there exists a subnet ((xβ, yβ)) and a φ ∈ S(V ) such that φβ converges

to φ in the weak* topology. Now, for any β,

|φβ(xβ)− φ(x)| ≤ |φβ(xβ − x)|+ |(φ− φβ)(x)|

≤ ∥φβ∥∗∥xβ − x∥e + |(φ− φβ)(x)|

= ∥xβ − x∥e + |(φ− φβ)(x)|

→ 0.

Similarly we can show that φβ(yβ) → φ(y). Thus M(xβ/yβ) → φ(x)
φ(y)

. Corollary 2.7.3 thus

means that x ≤ φ(x)
φ(y)

y, which by the definition of the gauge function and part (i) we have

just proved means that indeed M(x/y) = φ(x)
φ(y)

. This argument shows that every subnet of

(M(xα/yα)) has a further subnet converging to M(x/y), so indeed M is continuous.

(iii)-(iv) If βy − x ∈ V+, then T (βy − x) ∈ V +, which by linearity implies that

M(Tx/Ty) = M(x/y). Furthermore if x ≤ λy for λ ∈ R, then αx ≤ β−1αλβy, from

which we deduce that M(αx/βy) = αβ−1M(x/y).

Lemma 2.7.9. Let (V, V+, u) be an order-unit space. If v ∈ ∂V+ and wn ∈ intV+ with
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wn+1 ≤ wn for all n ≥ 1 and wn → w ∈ ∂V+, then

lim
n→∞

M(v/wn) =


M(v/w) if v ̸= 0 and w dominates v

∞ if v ̸= 0 and w doesn’t dominate v

0 if v = 0.

Proof. Set λn = M(v/wn) for n ≥ 1. Then for n ≥ m ≥ 1 we have that 0 ≤ λnwn − v ≤

λnwm−v. This implies that λm ≤ λn for all m ≤ n, hence (λn) is monotonically increasing.

Now suppose that λ =M(v/w) <∞, i.e., w dominates v. Then 0 ≤ λw− v ≤ λwn− v,

hence λn ≤ λ for all n. This implies that λn → λ∗ ≤ λ <∞. As 0 ≤ λnwn−v for all n and

V+ is closed, we know that limn→∞ λnwn − v = λ∗w − v ∈ V+. So λ∗ ≥ λ, hence λ∗ = λ.

We conclude that if w dominates v, then limn→∞M(v/wn) =M(v/w).

On the other hand, if w does not dominate v, then

λw − v ̸∈ V+ for all λ ≥ 0. (2.7.2)

Assume, by way of contradiction, that (λn) is bounded. Then λn → λ∗ < ∞, since (λn)

is increasing, and λnwn − v → λ∗w − v ∈ V+, as V+ is closed. This contradicts (2.7.2),

and hence λn = M(v/wn) → ∞, if w does not dominate v. Finally, M(0/wn) = 0 for all

n ∈ N.

2.8 The Hilbert and Thompson Metric on Cones

It is possible to equip any open and bounded convex set C ⊆ Rn with Hilbert’s metric,

dh. Sometimes called Hilbert’s projective metric, it was introduced by Hilbert to generalise

Cayley’s notion of distance in the Klein model of hyperbolic geometry. We set dh(x, x) = 0

for all x ∈ C, and metric between two distinct points x and y ∈ C is defined by first

identifying x′ as the unique point on the boundary of C intersected by the ray emanating

from y and passing through x, and y′ as the unique point on the boundary of C intersected
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by the ray emanating from x and passing through y, as illustrated in Figure 2.1, and

defining

dh(x, y) =
1

2
log

(
∥x− y′∥∥y − x′∥
∥x− x′∥∥y − y′∥

)
,

where ∥ · ∥ is the usual Euclidean norm.

Figure 2.1: Illustration of the line segments used to define the Hilbert metric.

The factor of 1
2
is often ignored when studying Hilbert’s metric, as its only purpose is

to set the sectional curvature of the space to −1 if C is the unit ball, to perfectly match

Klein’s model of hyperbolic geometry.

In an ordered vector space (V, V+), we can define Birkhoff’s version of the Hilbert metric,

on V+, by defining dH : V+ × V+ → [0,∞] by

dH(x, y) =


log(M(x/y)M(y/x)) if x ∼ y, y ̸= 0

0 if x = y = 0

∞ if x and y are not in the same part of V+

.

Lemma 2.7.8 means that dH(αx/βy) = dH(x/y) for all α, β > 0, meaning that dH does not

distinguish between points on rays, so it cannot be a full metric. If we restrict dH to a slice
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of the cone, however, then it is a full metric as the next lemma shows:

Lemma 2.8.1. Let (V, V+, e) be an order unit space, and φ ∈ S(V ), then if we define

ΩV = φ−1(1) ∩ V ◦
+, the space (ΩV , dH) is a metric space.

Proof. It is clear from the definition that dH(x, x) = 0 and dH(x, y) = dH(y, x) for all

x, y ∈ ΩV . As ΩV ⊆ V ◦
+, Lemma 2.7.4 shows that dH(x, y) ∈ [0,∞) for all x, y ∈ ΩV . Now,

suppose that dH(x, y) = 0. Thus M(x/y) =M(y/x)−1, so using the definition of the gauge

function, this leads to x ≤ M(x/y)y ≤ x, which means that, using Lemma 2.7.5 and the

definition of ΩV , M(x/y) = M(y/x) = 1. Thus x ≤ y and y ≤ x, which means x = y by

antisymmetry. Finally, fix any x, y, z ∈ ΩV . Transitivity and the definition of the gauge

function as an infimum shows us that M(x/z)M(z/y) ≥ M(x/y) and M(y/z)M(z/y) ≥

M(y/x). Thus dH(x/y) ≤ dH(x/z) + dH(z/y), and so we can conclude that (ΩV , dH) is a

metric space.

The study of Birkhoff’s version of the Hilbert metric is motivated by the fact that, if

V is finite dimensional, then (ΩV , 2dh) = (ΩV , dH). A proof of this fact is given in [46,

Theorem 2.1.2]. It will be useful for us to understand the Hilbert metric on a product

of order unit-unit spaces, but this actually follows as a simple corollary of 2.7.7 combined

with the fact that log is monotone increasing.

Corollary 2.8.2. Let (V × W,V+ × W+, (e, w)) be a product of two order-unit spaces

(V, V+, e) and (W,W+, w). If x1 ∼ x2 in V , and y1 ∼ y2 ∈ W , then

dH((x1, y1), (x2, y2)) = max{logM(x1/x2), logM(y1/y2)}+max{logM(x2/x1), logM(y2/y1)}.

Closely related to Birkhoff’s Hilbert metric is the Thompson metric on a cone. If (V, V+)
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is an ordered vector space, the Thompson metric, dT : V+ × V+ → [0,∞], is defined by

dT (x, y) =


max{logM(x/y), logM(y/x)} if x ∼ y

0 if x = y = 0

∞ if x and y are not in the same part.

If V+ is Archimedean, dT is a complete metric on each part of V+ [46, Appendix A.2].

2.9 Jordan and JB Algebras

Let F be either R or C. An F Jordan algebra is a standard commutative algebra (i.e a

vector space V with a commutative bilinear product · • · : V × V → V ), with the further

property, that for all x, y ∈ V :

x • (x2 • y) = x2 • (x • y). (2.9.1)

In general a Jordan algebra does not need to be associative. If Lx : V → V is the linear

operator Lxy = x • y, and [T, S] = TS − ST for any two V endomorphisms we can rewrite

condition (2.9.1) as

[Lx, Lx2 ] = 0 (2.9.2)

for all x ∈ V . We should note that any associative and commutative algebra is automati-

cally a Jordan algebra. We say a Jordan algebra is unital if there exists some e ∈ V such

that e • x = x, and e is called the unit. Throughout this thesis we shall only be dealing

with unital Jordan algebras, so throughout the reader should read Jordan algebra as unital

Jordan algebra. We say that y is the inverse of x ∈ V if x • y = e. If an inverse exists it

is unique, and we denote it by x−1. We define the spectrum of x ∈ V , denoted by σ(x), in

the usual way

σ(x) = {λ ∈ F : λe− x is not invertible}.
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Example 2.9.1. If A is an associative (but noncommutative) algebra over F we can equip

it with the so called Jordan product •, where

x • y =
1

2
(xy + yx),

which turns A into a Jordan algebra.

Any Jordan algebra V which arises by equipping an associative algebra with the Jordan

product is known as a special Jordan algebra. A Jordan algebra which cannot be constructed

from an associative algebra structure on the underlying vector space via the Jordan product

is called an exceptional Jordan algebra.

Example 2.9.2. If V is a linear subspace of an associative algebra A that is stable under

squares, by which we mean that x ∈ V =⇒ x2 ∈ V then V equipped with the Jordan

product is a Jordan algebra. A good example of this is the space of symmetric n × n

matrices over R, denoted by Sym(n,R).

We call an algebra V power associative if xp+q = xpxq for all x ∈ V and p, q ∈ N. All

Jordan algebras are power associative [20, Proposition II.1.2].

2.9.1 The Minimal Polynomial

Let V be a finite dimensional power associative algebra. Let F[X] denote the algebra over

F of all polynomials in one variable with coefficients in F. Then naturally for any x ∈ V

F[x] = {p(x) : p ∈ F[X].}

Furthermore F[x] is isomorphic to F[X]/J (x), where

J (x) = {p ∈ F[X] : p(x) = 0.}
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This follows from the first isomorphism theorem for algebras, by choosing the natural

homomorphism p 7→ p(x). Now as F[X] is a principal ideal domain, J (x) is generated by

a single monic polynomial, which we call the minimal polynomial of x. With this we can

define m(x) to be the degree of the minimal polynomial of x. We have the following lemma:

Lemma 2.9.3. For any x ∈ V ,

m(x) = min{k > 0 : {e, x, . . . , xk} are linearly dependent}

Proof. Let p be the minimal polynomial of x. Then, for any q ∈ J (x), we know that q = pr

for some r ∈ F[X], so, if q is non-zero, then deg(q) ≥ deg(p). Furthermore if d is the degree

of p then {e, x, . . . , xd} are linearly dependent as p(x) = 0 and p is non-zero. These two

facts put together prove the claim.

We can now define the rank of a power associative algebra:

r = rankV = max{m(x) : x ∈ V }

We say that x ∈ V is regular if m(x) = r. We have the following theorem about regular

elements of V [20, Proposition II.2.1]:

Theorem 2.9.4. The set of regular elements is open and dense in V . Furthermore there

exists unique F valued polynomials a1, . . . , ar on V , with aj homogeneous of degree j, so

that the minimal polynomial f of every v ∈ V is given by:

f(X; v) = Xr − a1(v)X
r−1 + a2(v)X

r−2 + · · ·+ (−1)rar(v).

Let us now recall a basic linear algebra fact: If two matrices A and B are similar,

then their determinants and traces are equal. Thus the determinant and trace is a well

defined property of endomorphisms on V . We use DetT and TrT to represent these values

respectively. We can generalise this and define the trace and determinant of elements in V ,

53



2.9. JORDAN AND JB ALGEBRAS

by tr(x) = a1(x) and det(x) = ar(x). Note that the polynomials ai are fixed and defined

on all of V , so these notions are well defined for all elements, and not just the regular

ones. This nomenclature is justified by the following observation. Let L0(x) denote the

restriction of Lx to F[x]. For a regular element x, the set {e, x, . . . , xr−1} forms a basis for

F[x], and with respect to this basis L0(x) has matrix representation A(x), where

A(x) =



0 0 . . . 0 (−1)r−1ar(x)

1 0 . . . 0 (−1)r−2ar−1(x)

0 1 . . . 0 (−1)r−3ar−2(x)
...

...
. . .

...
...

0 0 . . . 1 a1(x).


(2.9.3)

To see this consider any v =
∑r−1

k=0 bkx
k, where x0 = e. Clearly L0(x)v =

∑r
k=1 bk−1x

k,

and we calculate

A(x)v =



(−1)r−1br−1ar(x)

b0 + (−1)r−2br−1ar−1(x)

b1 + (−1)r−3br−1ar−2(x)
...

br−2 + br−1a1(x)


=

r−1∑
k=1

bk−1x
k + br−1

r∑
j=1

(−1)j−1aj(x)x
j−r.

Now note that because f(x, x) = 0 the above calculation in conjunction with Theorem

2.9.4 implies that

A(x)v =
r−1∑
k=1

bk−1x
k + br−1(f(x, x) + xr) =

r∑
k=1

bk−1x
k = L0(x)v.

With this matrix representation it is then clear to see that

Tr(L0(x)) = a1(x) = tr(x), and Det(L0(x)) = ar(x) = det(x).
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We can also define the characteristic polynomial of x over variable λ as F (λ;x) = Det(λI−

L0(x)). We can immediately prove the following:

Lemma 2.9.5. For any x ∈ V the minimal polynomial of x is a factor of the characteristic

polynomial of x.

Proof. The Cayley-Hamilton Theorem immediately gives that F (L0(x);x) = 0 for all x ∈

V . Furthermore, for any polynomial p ∈ F[X] we know that p(x) = p(L0(x))e for all

x ∈ X. Thus, for any x ∈ V , F (x;x) = F (L0(x);x)e = 0, so F (λ;x) ∈ J (x), which gives

the result.

Lemma 2.9.6. F (λ;x) = f(λ;x) for any regular x ∈ V .

Proof. We first show that if x is regular then so too is λe − x. This is in fact quite clear,

because if q is the minimal polynomial for λe − x with deg q < r then q(λe − x) can be

expanded into p ∈ F[x] such that p(x) = 0, but deg p = deg q < r, which contradicts x

being regular. Clearly λe− x ∈ F[x]. Thus

det(λe− x) = Det(L0(λe− x)) = Det(λI − L0(x)) = Det(λI − A(x)),

with A(x) as in (2.9.3). By expanding along the last column it is clear that Det(λI−A(x)) =

f(λ;x).

Proposition 2.9.7. For any x ∈ V the characteristic polynomial of x is given by:

F (λ;x) =
r∑
i=0

(−1)iai(x)λ
r−i,

where a0(x) = 1.

Proof. If x is regular then this statement is precisely Lemma 2.9.6 in conjunction with

Theorem 2.9.4. Now let x ∈ V be non-regular. By Theorem 2.9.4 there exists a sequence
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(xn) ⊆ V converging to x in norm. Thus for each n ∈ N and fixed λ ∈ F

F (λ;xn) =
r∑
i=0

(−1)iai(xn)λ
r−i.

The continuity of each ai on V and Det on the space of matrices and the continuity of L0

on V allows us to take the limit as n → ∞ on both sides of the above equality to get the

result.

Theorem 2.9.4 can be used to show that an element x in a finite dimensional Jordan

algebra V over F is invertible if and only if det(x) ̸= 0 [20, Proposition II.2.4]. Thus, for

any x ∈ V ,

σ(x) = {λ ∈ F : det(λe− x) = 0}. (2.9.4)

2.9.2 Euclidean Jordan Algebras

A Euclidean Jordan Algebra is a finite dimensional Jordan algebra over R equipped with an

inner product ⟨·, ·⟩ satisfying ⟨Lxu, v⟩ = ⟨u, Lxv⟩ for all u, v, x ∈ V . An algebra is known as

formally real if x2+ y2 = 0 if and only if x = 0 = y. All Euclidean Jordan algebras are for-

mally real by the fact that Lx is self adjoint, which means that ⟨x2 + y2, e⟩ = ⟨x, x⟩+⟨y, y⟩ .

Conversely, any formally real finite dimensional Jordan algebra is a Euclidean Jordan al-

gebra [20, Proposition VIII.4.2].

Recall that an element p ∈ V satisfying p2 = p is called an idempotent. We call two

elements c, d ∈ V orthogonal if c • d = 0. We call a collection of idempotents {p1, . . . , cp}

a complete system of orthogonal idempotents if pi • pj = 0 for all i ̸= j and
∑k

i=1 pi = e,

where e is the algebra identity. The next two theorems are fundamental in the study of

Euclidean Jordan Algebras, and will be used extensively throughout the thesis.

Theorem 2.9.8. (First Spectral Theorem) For any x ∈ V there exists a unique system

of complete idempotents {p1, . . . , pk} and corresponding unique collection of real numbers
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{λ1, . . . , λk} such that

x =
k∑
i=1

λipi.

Furthermore each pj ∈ R[x], and we call {λ1, . . . , λk} the eigenvalues of x.

Proof. See [20, III.1.1].

We say that an idempotent is primitive if it is non-zero and cannot be written as a sum

of two orthogonal non-zero idempotents. We say that a collection {p1, . . . , pm} is a Jordan

frame if it is a complete system of orthogonal idempotents with each pj primitive.

Theorem 2.9.9. (Second Spectral Theorem) Let V have rank r. For x ∈ V there then

exists a Jordan Frame {p1, . . . , pr} and real numbers {λ1, . . . , λr} uniquely determined by

x so that

x =
r∑
i=1

λjpj.

Furthermore for any x ∈ V the minimal polynomial is given by

f(X;x) =
k∏
i=1

(X − λi)

where the λi are as in Theorem 2.9.8, and k ≤ r, where equality is achieved precisely for

regular elements. Finally:

detx =
r∏
i=1

λi, trx =
r∑
j=1

λj.

Proof. See [20, III.1.2].

We should make a quick remark that calling the numbers λi in the above two theo-

rems eigenvalues is well founded, because for every x ∈ V , if {λ1, . . . , λk} are the unique

eigenvalues of x guaranteed by Theorem 2.9.8, then

σ(x) = {λ1, . . . , λk}.
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Indeed, by Theorem 2.9.8, x =
∑k

i=1 λipi, where {p1, . . . , pk} is a complete set of orthogonal

idempotents. Thus, for any λ ∈ F, we can write

λe− x =
k∑
i=1

(λ− λi)pi.

The uniqueness of the spectral decomposition in Theorem 2.9.8 with respect to a complete

system of orthogonal idempotents means that 0 is an eigenvalue of λe − x if and only if

λ ∈ {λ1, . . . , λk}, so by Theorem 2.9.9, det(λe − x) = 0, if and only if λ ∈ {λ1, . . . , λk}

meaning that λ ∈ σ(x) if and only if λ ∈ {λ1, . . . , λk} by (2.9.4). We now discuss an

important example:

Example 2.9.10. Equip V = Sym(n,R) with the Jordan product A • B = 1
2
(AB + BA).

It is then clearly a Jordan algebra, with rankV = n. To prove this latter claim, we first

note that A•A = AA for any A ∈ V , so we see that the minimal polynomial for any A over

V is the same as the minimal polynomial for A over Sym(n,R) considered as an associative

algebra with the standard matrix multiplication. From linear algebra we know that the

minimal polynomial of any n × n matrix has degree less than or equal to n. Furthermore

any diagonal matrix with each element on the diagonal having a different entry will have

n distinct eigenvalues, and so its minimal polynomial will be of degree n.

We can also show that the ”Jordan” eigenvalues of a matrix A are exactly its regular

eigenvalues. This follows from the uniqueness of ”Jordan” eigenvalues given by Theorem

2.9.9, as A can always be written as the sum
∑n

i=1 λiPi where the λi are the regular eigen-

values (including multiplicities) and the Pi are projections onto the eigenspace of the i-th

linearly independent eigenvector of A. The Pis form a Jordan frame. This immediately

implies that det(A) = Det(A) and tr(A) = Tr(A) for all A ∈ V .

Equipped with the form A,B 7→ tr(A • B), V is in fact a Euclidean Jordan algebra.

This follows from utilizing the above observation, combined with the fact that Tr(A•B) =
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Tr(AB) for symmetric matrices A and B, so we can calculate for any X, Y, Z ∈ V and

λ ∈ R that

tr(λ(X + Y ) • Z) = Tr

(
λ

2
(X + Y )Z +

λ

2
Z(X + Y )

)
= Tr

(
λ

2
(XZ + Y Z) +

λ

2
(ZX + ZY )

)
= Tr

(
λ

2
(XZ + ZX)

)
+ Tr

(
λ

2
(Y Z + ZY )

)
= λ tr(X • Z) + λ tr(Y • Z),

proving that indeed tr(· • ·) is a real inner-product on V . Furthermore

tr(LXY • Z) = tr((X • Y ) • Z)

= tr

(
1

4
(XY + Y X)Z +

1

4
Z(XY + Y X)

)
= tr

(
1

4
(XY Z + Y XZ + ZXY + ZY X)

)
=

1

4
(Tr(XY Z) + Tr(Y XZ) + Tr(ZXY ) + Tr(ZY X))

=
1

4
(Tr(Y XZ) + Tr(Y ZX) + Tr(ZXY ) + Tr(XZY ))

= tr

(
1

4
(XZ + ZX)Y +

1

4
Y (XZ + ZX)

)
= tr(Y • LXZ),

proving that indeed V equipped with tr(· • ·) is a Euclidean Jordan algebra.

The trace is not just important in the case of matrices. Indeed, a Jordan Algebra V is

Euclidean if and only if the map (x, y) 7→ tr(x•y) is an inner product on V [20, Proposition

III.1.5]. If V is a Euclidean Jordan algebra, the set V+ = {x2 : x ∈ V } is a closed cone,

known as the cone of squares, and V ◦
+ is a symmetric cone [20, Theorem III.2.1]. The

converse is also true, and every symmetric cone can be realised as the interior of the cone

of squares of some Euclidean Jordan Algebra. The Koecher-Vinberg theorem states that
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this correspondence is one-to-one [20, Chapter 3].

2.9.3 The Quadratic Representation and Peirce Decomposition

Let V be a Euclidean Jordan algebra. If p ∈ V is an idempotent, Lp is a root of the

polynomial 2X3 − 3X2 +X [20, Proposition III 1.3], so the only possible eigenvalues of Lp

are 0, 1
2
, and 1. By the definition of a Euclidean Jordan Algebra, Lp is self-adjoint, so the

spectral theorem for self-adjoint matrices means that we have the orthogonal (with respect

to the inner product) decomposition

V = V (p, 1)⊕ V (p,
1

2
)⊕ V (p, 0),

where V (p, i) is the eigenspace of Lp for the eigenvalue i. This decomposition is called the

Peirce decomposition of V with respect to p. It is useful to understand the projections

associated to these eigenspaces. To that end, we define the quadratic representation of V

to be the map U : V → V , defined by

Ux = 2L2
x − Lx2 (2.9.5)

We should note that the quadratic representation is defined as above for all Jordan algebras,

not just Euclidean ones. If p ∈ V is an idempotent, and Pi : V → V (p, i) for i ∈ {0, 1/2, 1}

denote the orthogonal projections onto the Peirce subspaces, then [20, Page 64]

P1 = Up, P0 = Ue−p, and P1/2 = I − Up − Ue−p.

Furthermore, V (p, 1) and V (p, 0) are Jordan subalgebras of V , and they are orthogonal with

respect to the Jordan product [20, Proposition IV.1.1]. If {p1, . . . , pr} is a Jordan frame

for V , a direct calculation shows that each of the Lpi commute with each other, allowing

a simultaneous diagonalisation of the collection {Lp1 , . . . , Lpr}. If, for all i,∈ {1, . . . , r} we

define Vii = V (pi, 1) and Vij = V (pi, 1/2)∩V (pj, 1/2), this observation allows the following
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to be proved [20, Theorem IV.2.1]

Theorem 2.9.11. If {p1, . . . , pr} is a Jordan frame for V , then V admits the orthogonal

decomposition

V =
⊕
i≤j

Vij,

with orthogonal projections Pij : V → Vij given by

Pii = Upi , and Pij = 4LpiLpj .

Furthermore Vij • Vℓk = {0} if {i, j} ∩ {ℓ, k} = ∅.

The decomposition in Theorem 2.9.11 is called the Peirce decomposition of V with

respect to the Jordan frame {p1, . . . , pr}.

2.9.4 JB-Algebras

Let V be a Jordan algebra over R. If ∥ · ∥ is a norm on V , we call the normed algebra

(V, ∥ · ∥) a JB-algebra if (V, ∥ · ∥) is complete, and ∥ · ∥ satisfies the following for all x, y ∈ V

(i) ∥x • y∥ ≤ ∥x∥∥y∥

(ii) ∥x2∥ = ∥x∥2

(iii) ∥x2∥ ≤ ∥x2 + y2∥.

Condition (iii) implies that every JB-algebra is formally real, so the finite dimensional

JB-algebras are precisely the Euclidean Jordan algebras by remarks made in the beginning

of subsection 2.9.2. Thus everything that follows applies to Euclidean Jordan algebras.

Condition (i) implies that the operators Lx and Ux are bounded for every x ∈ V . In fact

∥Ux∥ = ∥x2∥ = ∥x∥2 [4, Theorem 1.25]. Interestingly, every JB-algebra is actually an order

unit space with positive cone V+ = {x2 : x ∈ V } and order unit e coinciding with the

Jordan algebra unit and order unit norm ∥ · ∥e coinciding with the JB-algebra norm [4,

61



2.9. JORDAN AND JB ALGEBRAS

Theorem 1.11]. As a JB-algebra is an order unit space, everything in section 2.7 can be

brought to bear on their study. In particular it makes sense to talk about positive elements,

positive operators, and states. We can define the spectral radius norm on a JB algebra,

denoted by ∥ · ∥σ in the usual way:

∥x∥σ = sup{|λ| : λ ∈ σ(x)}.

Intriguingly, the JB-algebra norm is equal to the spectral radius norm, and furthermore

x ∈ V+ if and only if σ(x) ⊆ [0,∞) [4, Corollary 1.22]. The quadratic representation (2.9.5)

operators encode a lot of information about JB-algebras. Indeed, x ∈ V is invertible if and

only if Ux is invertible, in which case Ux = Ux−1 [4, Lemma 1.23], and Ux is a positive

operator for every x ∈ V . If p ∈ V is an idempotent, ∥Up∥ = 1, and for any φ ∈ S(V ),

φ(p) = 1 if and only if U∗
p (φ) = φ if and only if ∥U∗

pφ∥∗ = 1 [4, Proposition 1.41].

Furthermore, for any idempotent p ∈ V , Up(V ) is a JB-subalgebra of V with unit p, where

we define a JB-subalgebra to be a norm closed subspace that is also closed under the Jordan

product.

2.9.5 Spin Factors

Classical examples of Jordan algebras are the so-called spin factors, which we study in

depth in Chapter 8. Let H be a Hilbert space with inner product ⟨·, ·⟩, with dimH ≥ 3.

Define V = R⊕H. We define the product (·, ·) • (·, ·) : V × V → V by

(λ1, x1) • (λ2, x2) = (λ1λ2 + ⟨x1, x2⟩ , λ1x2 + λ2x1).

This operation turns V into a Jordan algebra, with identity element e = (1, 0). This Jordan

algebra is known as a spin factor. If we equip V with the standard product inner product

it becomes a Hilbert space. To be clear this inner product is defined as:

⟨(λ1, x1), (λ2, x2)⟩V = λ1λ2 + ⟨x1, x2⟩ .
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This induces the norm ∥ · ∥s on V defined by ∥(λ, x)∥s =
√

|λ|2 + ∥x∥2H. Thus if H is finite

dimensional V is a Euclidean Jordan Algebra. However, even if H is infinite dimensional

V still has some of the desirable properties of a Euclidean Jordan Algebra:

Theorem 2.9.12. For any v ∈ V there exists a Jordan frame of two idempotents, {p1, p2}

and two eigenvalues λ1, λ2 ∈ R, such that v = λ1p1 + λ2p2, and these eigenvalues uniquely

depend on v.

Proof. We first calculate that for any v = (λ, x),

v2 = (λ2 + ∥x∥2H, 2λx)

= 2λv + (∥x∥2H − λ2)e,

meaning that rankV = 2 (We note that this calculation does not rely on the dimension

of H in anyway). In particular this means that R[v] is a finite dimensional Euclidean space

for every v ∈ V . This then allows us to replicate the proofs of Theorem III.1.1 and Theorem

III.2.1 of [20] to deduce the result.

The above proof immediately implies that the minimal polynomial for any v = (λ, x) ∈

V divides

f(X; v) = X2 − 2λX − (∥x∥2H − λ2)e,

which has roots λ± ∥x∥H. This implies that

σ(v) = {λ+ ∥x∥H , λ− ∥x∥H} for any v = (λ, x) ∈ V. (2.9.6)

This means, that if ∥ · ∥ = maxγ∈σ(·){|γ|} is the spectral radius norm (JB algebra norm),

then ∥v∥ = |λ|+ ∥x∥H where v = (λ, x). This immediately implies that ∥ · ∥s and ∥ · ∥ are

equivalent norms on V . This also implies that the JB algebra V is just the direct sum of

two normed spaces equipped with the ℓ1 norm. We can calculate that, if p2 = p for some
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p = (λ, x) ∈ V , then

2λx = x, and λ2 + ⟨x, x⟩ = λ,

which means that the only primitive idempotents are elements p = (1
2
, x), where ∥x∥H = 1

2
.

The following lemma will be used frequently in later chapters.

Lemma 2.9.13. If V is a spin factor, and v ∈ V has spectral decomposition v = λp +

µ(e− p) for p = (1
2
, x) for some x ∈ 1

2
BH, then

v =

(
λ+ µ

2
, (λ− µ)x

)
.

Conversely, if v = (γ, x) ∈ V for some γ ∈ R and x ∈ H, v has spectral decomposition

v = λp+ µ(e− p), where

p =

(
1

2
,

1

2∥x∥H
x

)
, λ = γ + ∥x∥H, and µ = γ − ∥x∥H.

Proof. The first statement of the lemma is simple addition. Conversely, Theorem 2.9.12

means that any v = (γ, x) ∈ V has spectral decomposition of the form v = λp+ µ(e− p),

so the second statement can be verified by direct substitution of the claimed eigenvalues

and primitive idempotents into the first equation of the lemma.

The fact that V has rank 2 puts strong conditions on which elements in the cone V+

are orthogonal to each other.

Lemma 2.9.14. Let u, v ∈ V+ have spectral representations u = λ1p + µ1(e − p) and

v = λ2q + µ2(e − q), for λiµi ≥ 0 and λi ≥ µ1 and p, q primitive idempotents. Then,

u • v = 0 if and only if either one of u or v is 0, or p = e− q and µ1 = µ2 = 0.

Proof. First suppose u • v = 0. We know that p = (1
2
, x) with x ∈ 1

2
SH. It can then

be calculated straight from the definition of the quadratic representation that, for any

w = (γ, z) ∈ V ,

Up(w) = (γ + 2 ⟨z, x⟩)p, and Ue−p(w) = (γ − 2 ⟨z, x⟩)(e− p). (2.9.7)
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Thus Up(V ) = pR and Ue−p = (e − p)R. Theorem 2.9.11 thus means that v has Peirce

decomposition

v = αp+ β(e− p) + z,

where αp = Upv, β(e − p) = Ue−pv, and z = 4LpLe−pv. As Up and Ue−p are positive

operators, α, β ≥ 0. As u • v = 0, this decomposition means that

u • z = −λ1αp− µ1β(e− p). (2.9.8)

However, z = 4LpLe−pv, and if v = (γ, w), we can directly calculate that

u • z = (λ1 + µ1)

(
0,

1

2
w − 2 ⟨w, x⟩x

)
,

so, because the eigenvalues found in (2.9.8) are unique, Lemma 2.9.13 thus means that

λ1α = −µ1β. However, all eigenvalues involved in this equation are positive, so λ1α = 0 =

µ1β. If λ1 = µ1 = 0 we are done. If α = β = 0, then Upv = 0 and Ue−pv = 0. If v ̸= 0

this means that either Upq = 0 or Up(e − q) = 0, and Ue−pq = 0 or Ue−p(e − q) = 0 but

v ≥ 0, so this contradicts [4, Proposition 1.38], which states that, for any positive a ∈ V

and idempotent c, Uca = 0 if and only if Ue−c = a. Thus if both u and v are non-zero we

are left with the case λ1, λ2β > 0 and α = 0 = µ1, so

u = λ1p, and v = β(e− p) + z.

As u • v = 0 this means that p • z = 0. However, we can calculate that

p • z =
(
0,

1

2
w − 2 ⟨w, x⟩x

)
,

so w = ηx for η ∈ R. As p = (1
2
, x), Lemma 2.9.13 thus means that p = q or p = e − q.

As λ1p • v = 0 and λ2 > 0, we must have q = e − p, and indeed that µ1 = µ2 = 0. We

have thus proven the forward implication of the lemma, and the converse follows simply by
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inspection.

It is useful to have an analytical form for the inverse of elements in V ◦
+, which is provided

in the following lemma.

Lemma 2.9.15. If w = (γ, y) ∈ V ◦
+, with inverse w−1 = (γ′, y′), then

(i)

γ′ =
γ

γ2 − ∥y∥2H
, and y′ = − 1

γ2 − ∥y∥2H
y

(ii)
1

γ′2 − ∥y′∥2H
= γ2 − ∥y∥2H

Proof. We require that w • w−1 = e = (1, 0). This means that

γγ′ + ⟨y, y′⟩ = 1, and γ′y + γy′ = 0.

Thus if y = 0 the claim follows trivially. If y ̸= 0, this means that y′ = −γ′

γ
y, from which

we deduce

γ′ =

(
γ2 − ∥y∥2H

γ

)−1

,

and the result follows.
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Chapter 3

Metric Compactifications

3.1 The Horofunction Boundary

Let (M,d) be any metric space. Consider RM , the space of all real valued functions on M ,

equipped with the topology of pointwise convergence. We fix some basepoint b ∈ M , and

denote by Lip1
b(M) the set of all h ∈ RM with h(b) = 0 and h a 1-Lipschitz function, by

which we mean that |h(x)− h(y)| ≤ d(x, y) for all x, y ∈M .

Lemma 3.1.1. Lip1
b(M) is a closed subset of RM .

Proof. As Lip1
b(M) is not in general metrisable, we must use nets instead of sequences to

characterise its boundary points. Let (hα)α∈A be a net in Lip1
b(M) converging to some

h ∈ RM . We now note, for any x, y ∈M and α ∈ A,

|h(x)− h(y)| ≤ |h(x)− hα(x)|+ |hα(y)− h(y)|+ |hα(x)− hα(y)|,

meaning that |h(x)− h(y)| ≤ d(x, y) + 2ε for any ε > 0, proving that h ∈ Lip1
b(M).

We also see, for any h ∈ Lip1
b(M) that

|h(x)| = |h(x)− h(b)| ≤ d(x, b),
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from which we deduce that

Lip1
b(M) ⊆ [−d(x, b), d(x, b)]M =

∏
x∈M

[−d(x, b), d(x, b)].

By Tychonoff’s Theorem, this set is compact in the product topology, which is equivalent to

the topology of pointwise convergence, and as Lip1
b(M) is closed it follows that it too must

be compact. For any y ∈ M we associate the internal metric functional hy, by defining,

for any y ∈M ,

hy(x) = d(x, y)− d(b, y). (3.1.1)

We immediately see by the reverse triangle inequality that hy ∈ Lip1
b(M). Hence, the map

ι : y 7→ hy maps M into Lip1
b(M). This map is injective. We denote by M

h
the closure

of ι(M) in Lip1
b(M), and call it the horofunction compactification of M . We define the

horofunction boundary of M to be the set ∂M
h
= M

h\ι(M), and its elements are called

horofunctions. We should immediately point out that the horofunction boundary of M

is defined differently to the usual topological boundary of ι(M) in M̄h, which would be

equal to M
h\ι(M)◦. This difference is discussed more fully in Remark 3.1.9. Some authors

instead equip Lip1
b(M) with the topology of uniform convergence on compact sets, however

this does not matter in light of the following lemma:

Lemma 3.1.2. The closure of ι(M) in Lip1
b(M) with respect to the topology of pointwise

convergence is equal to its closure with respect to the topology of uniform convergence on

compact sets.

Proof. Recall that a collection of functions F from some metric space X to another metric

space Y is called equicontinuous at a point x ∈ X, if for every ε > 0 there exists a δ > 0,

such that, if y ∈ B(x; δ), then f(y) ∈ B(f(x); ε) for all f ∈ F . If this collection is

equicontinuous at every point, we call it an equicontinuous collection. We claim that the

topology of pointwise convergence coincides with the topology of uniform convergence on

compact sets if F is equicontinuous. Recall that, for x ∈ X and y ∈ Y and r > 0, the
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collection of sets

Ax,y,r = {f ∈ F : f(x) ∈ B(y; r)}

forms a subbasis for the topology of pointwise convergence on F . For compact K ⊆ X and

y ∈ Y , r > 0, the sets

BK,y,r = {f ∈ F : f(x) ∈ B(y; r) for all x ∈ K}

form a subbasis for the topology of uniform convergence on compact sets on F . It is

immediately clear from this that the topology of pointwise convergence is coarser than

the topology of uniform convergence on compact sets, because singletons are compact.

Conversely, suppose we are given a compact K ⊆ X and open ball B(y; r) ⊆ Y . As F is

equicontinuous, for every x ∈ K there exists a δx > 0 such that f(B(x; δx)) ⊆ B(f(x); r/3)

for all f ∈ F . As K is compact, there exists points x1, . . . , xn ∈ K such that K ⊆⋃n
i=1B(xi; δxi). We then define

A =
n⋂
i=1

Axi,y,r/3,

and fix an arbitrary f ∈ A. Now any x ∈ K is an element of some B(xi; δxi), so

d(f(x), y) ≤ d(f(x), f(xi)) + d(f(xi), y) ≤ r/2, meaning f ∈ A. Thus the topology of

pointwise convergence is also finer than the topology of uniform convergence on compact

sets of F , so these topologies are equivalent as claimed.

Now, Lip1
b(M) is a collection of functions from M to R, and if we fix some x ∈ M

and ε > 0, by the definition of Lip1
b(M) as a collection of 1-Lipschitz functions means that

choosing δ = ε shows by definition that Lip1
b(M) is equicontinuous at x. Thus Lip1

b(M) is

an equicontinuous collection, so by the above paragraph we are done.

The choice of basepoint is not important, as the horofunction compactifications with

a different basepoint are homeomorphic and horofunctions with respect to different base-

points agree up to a constant shift. It is thus convenient, if the metric space under consid-
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eration is a normed space, to set the base-point equal to 0. We shall do this throughout

unless otherwise specified. For any metric space, the map ι is a continuous injection, which

we prove in Proposition 3.1.3 below, but it may fail to have a continuous inverse. If, how-

ever, (M,d) is a proper geodesic metric space, then ι is a homeomorphism onto its image

[67, Proposition 2.2], which we provide a proof for below.

Proposition 3.1.3. For any metric space (M,d), the inclusion map ι : M → M
h
is a

continuous injection onto its image. If (M,d) is proper and geodesic, then it is a homeo-

morphism onto its image.

Proof. We first prove injectivity. Suppose that ι(x) = ι(z). Then, for all y ∈M ,

d(y, x)− d(b, x) = d(y, z)− d(b, z).

Plugging in y = x and y = z into the above equation shows that d(b, x) = d(b, z), from

which we see that d(x, z) = d(x, x) = 0, and indeed x = z. Suppose that (xα) ⊆ M is a

net converging to x ∈ M . Then, we can use the triangle and reverse triangle inequalities

to show that

d(y, x)− d(x, xα)− (d(x, xα) + d(b, x)) ≤ hxα(y) ≤ d(x, xα) + d(y, x) + d(x, xα)− d(b, x)

for any y ∈ M and any α. Taking the limit in α in the above inequality therefore shows

that limα hxα(y) = hx(y) for all y ∈M , so indeed ι is continuous.

Let us now assume that (M,d) is proper and geodesic. We note that as (M,d) is

proper, Lip1
b(M) is metrisable by Lemma 3.1.4 proved below. It therefore suffices to show

that ι−1 is sequentially continuous to prove that ι is a homeomorphism onto its image.

Suppose that (hxn) ⊆ ι(M) converges to some hx ∈ ι(M). If (xn) ⊆ M is bounded,

there exists a closed ball B(x; r) containing the sequence. As M is proper this ball is

compact, so for every subsequence of (xn) there exists a further subsequence (xnk
), and a
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z ∈ B(x; r) such that d(xnk
, z) → 0. The same argument used to show the continuity of

ι above shows that hxnk
(y) → hz(y) for every y ∈ M . As limhnk

(y) also equals hx(y) for

all y ∈ M , the bijectivity of ι means that z = x. Thus every subsequence of (xn) has a

further subsequence converging to x, so indeed limn→∞ ι−1(hxn) = x = ι−1(hx). Let us now

suppose that d(xn, b) → ∞. As M is geodesic, for every n ∈ N there exists a geodesic path

γn : [0, d(x, xn)] →M from x to xn. We fix some r > 0. As d(xn, b) → ∞, there must exist

a N ∈ N such that for all n ≥ N , xn /∈ B(x; r). As the paths γn are continuous, for every

n ≥ N there exists a tn ∈ [0, d(x, xn)) such that d(γ(tn), x) = r. Thus, for any n ≥ N ,

hxn(γn(tn))− hx(γn(tn)) = d(γ(tn), xn)− d(xn, b)− d(γ(tn), x) + d(x, b)

= d(x, xn)− d(xn, b)− 2r + d(x, b) = hxn(x)− 2r + d(x, b).

(3.1.2)

As M is proper, B(x; r) is compact, and each γn(tn) ∈ B(x; r), our assumption means that

hxn → hx uniformly on B(x; r). Thus we must have

lim
n→∞

hxn(γn(tn))− hx(γn(tn)) = 0,

but (3.1.2) above shows that

lim
n→∞

hxn(γn(tn))− hx(γn(tn)) = hx(x)− 2r + d(x, b) = −2r.

We chose r > 0, so this is a contradiction. Thus if hxn → hx in ι(M), the corresponding

sequence (xn) = (ι−1(xn)) ⊆ M has to be bounded, and d(xn, x) → 0, proving that ι−1 is

continuous when M is proper and geodesic.

The following lemma is useful, as we saw in the above proof.

Lemma 3.1.4. If (M,d) is separable, then Lip1
b(M) equipped with the topology of pointwise

convergence is metrisable.
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Proof. We first show that Lip1
b(M) is second countable. Let A ⊆ M be a countable dense

subset. For each xa ∈ A, q, r ∈ Q define,

Sxa,B(q,rq) = {f ∈ Lip1
b(M) : f(xn) ∈ B(q, r)},

and let Q be the collection of all the Sxa,B(q,r), so Q is countable. For every open U ⊆ R

and x ∈ M let Sx,U be as in (2.1.1), and let C be the collection consisting of all Sx,U . As

Q ⊆ C, it follows that the topology generated by Q is coarser than the topology of point-

wise convergence on Lip1
b(M). Thus, if we can show that C is contained in the topology

generated by Q we would be done, because then Q must generate the same topology that

C generates, which is the topology of pointwise convergence on Lip1
b(M).

To that end, let us fix some Sx,U ∈ C. We can choose, for i ∈ N, 0 < ri ∈ Q and

qi ∈ Q such that U = ∪∞
i=1B(qi, ri). Furthermore, as R is linearly ordered, we can make

this choice in such a way that every interval overlaps with precisely two other intervals, but

the centre of each interval is not contained in any other interval. Precisely, for each i ∈ N,

there exists a and k+i , k
−
i ∈ N such that qk−i + ri < qi < qk+i − ri, and qk−i + rk−i < qi <

qk+i − rk+i , and B(qi; ri)∩B(qj; rj) = ∅ for all j /∈ {i, k+i , k−i }, but the length of the interval

B(qi; ri) ∩ B(qk+i ; rk
+
i
) is equal to some 0 < δ+i < rk+i /2, and the length of the interval

B(qi; ri) ∩ B(qk−i ; rk
−
i
) is equal to some 0 < δ−i < rk−i /2. Clearly δ

+
i = δ−

k+i
. The density of

A means that for each i ∈ N we can choose an xi ∈ A such that d(x, xi) <
1
3
min{δ+i , δ−i }.

Let us now fix some f ∈ Sx,U . There must be some i ∈ N such that f(x) ∈ B(qi; ri). Now,

|f(xi)− qi| ≤ |f(xi)− f(x)|+ |f(x)− qi| ≤ d(xi, x) + |f(x)− qi|.

If f(x) ≥ qi, and f(x) − qi < ri − d(xi, x) then f ∈ Sxi,B(qi,ri). However, if f(x) − qi ≥
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ri − d(xi, x), then qk+i − f(x) ≤ rk+i − 2
3
δ+i , but then

|f(xk+i )− qk+i | ≤ |f(x)− qk+i |+ |f(x)− f(xk+i )|

≤ rk+i − 2

3
δ+i + d(x, xk+i )

≤ rk+i − 2

3
δ+i +

1

3
δ−
k+i

= rk+i − 2

3
δ+i +

1

3
δ+i ,

meaning that f(x+ki) ∈ Sx
k+
i
,B(q

k+
i
;r

k+
i
). A symmetrical argument shows that if f(x) < qi then

either f ∈ Sxi,B(qi,ri) or f(x
+
ki
) ∈ Sx

k+
i
,B(q

k+
i
;r

k+
i
). Thus, Sx,U ⊆ ∪∞

i=1Sxi,B(qi,ri). Conversely,

suppose f ∈ ∪∞
i=1Sxi,B(qi,ri), so f ∈ Sxj ,B(qj ,rj) for some j ∈ N. Then,

|f(x)− qj| ≤ |f(x)− f(xj)|+ |f(xj)− qj|

< d(x, xj) + rj

< min{δ+j , δ−j }+ rj,

meaning that f(x) ∈ B(qk−j , rk
−
j
)∪B(qj, rj)∪B(qk+j , rk

+
j
) ⊆ U . Therefore we can conclude

that Sx,U = ∪∞
i=1Sxi,B(qi,ri), so C is indeed contained in the topology generated by Q. Any

regular second countable topological space is metrisable by Urysohn’s metrisation theorem

[54, Theorem 34.1], and we have just shown that Lip1
b(M) is second countable. Furthermore,

Lip1
b(M) is a subspace of a product of intervals, so it is regular [54, Theorem 33.2], so indeed

Lip1
b(M) is metrisable.

Lemma 3.1.5 and Proposition 3.1.3 imply the following useful and well known proposi-

tion, (see for example [43, Lemma 2.1]), but for which we provide our own proof building

on what we have already established for the convenience of the reader.

Proposition 3.1.5. If (M,d) is a proper geodesic metric space, a function h ∈ Lip1
b(M)

is a horofunction if and only if there exists a sequence (xn) ⊆ M , such that d(b, xn) → ∞

and hxn → h.

73



3.1. THE HOROFUNCTION BOUNDARY

Proof. First assume that h ∈ ∂M
h
is a horofunction. As M is separable by Lemma 3.1.4,

this means that there must exist a sequence (xn) ⊆ M such that hxn → h. Assume by

way of contradiction that (xn) is bounded. There must then exist a closed ball B(b; r) such

that xn ∈ B(b; r) for all n ∈ N. As M is proper, this ball is compact. There thus exists a

subsequence (xnk
) and a x ∈ B(b; r) such that limk→∞ d(xnk

, x) = 0. For any y ∈ M , and

any k ∈ N, hxnk
(y) = d(y, xnk

)−d(b, xnk
), so we can use the triangle inequality and reverse

triangle inequality to bound

d(y, x)−d(x, xnk
)− (d(x, xnk

)+d(b, x)) ≤ hxnk
(y) ≤ d(x, xnk

)+d(y, x)+d(x, xnk
)−d(b, x).

The squeeze theorem applied to the above inequality means that limk→∞ hxnk
(y) = hx(y).

However, we assumed that h was not a internal metric functional, a contradiction. Thus

d(b, xn) is unbounded. Conversely, suppose there exists a h ∈ Lip1
b(M) and a sequence

(xn) ⊆ M with d(b, xn) → ∞ such that hxn → h. This immediately implies that h ∈ M
h
.

Assume h = hx ∈ ι(M), where we recall ι : M → Lip1
b(M) is the map x 7→ hx, then

limn→∞ hxn = hx. However, d(b, xn) → ∞, so the sequence ι−1(hxn) = xn does not converge

to x in M , contradicting Proposition 3.1.3.

As a corollary to Proposition 3.1.5 and the proof of Proposition 3.1.3, we have:

Corollary 3.1.6. Any horofunction of a proper geodesic metric space is unbounded below.

Proof. Let h ∈ ∂M
h
be a horofunction for a proper geodesic metric space (M,d). Lemma

3.1.5 means there exists a sequence (xn) ⊆ M such that d(b, xn) → ∞ and hxn → h.

Now, following the construction in the latter half of the proof of Proposition 3.1.3, fix

a r > 0 and consider the closed ball B(b; r). The unboundedness of (xn) means that

there exists a Nr ∈ N, such that for all n ≥ Nr, xn /∈ B(b; r). Following the same

reasoning as in the proof of Proposition 3.1.3, because M is proper and geodesic, for every

n ≥ Nr, there exists a zn in the sphere S(b; r) such that d(b, xn) = d(b, zn) + d(zn, xn), and
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limn→∞ supy∈B(b;r) |h(y)− hxn(y)| = 0. Furthermore, for any n ≥ Nr

h(zn)− hxn(zn) = h(zn)− d(xn, zn) + d(b, xn) = h(zn) + r.

Therefore, for every ε > 0, there exists a N ∈ N such that h(zN) ≤ −r + ε. As r > 0 is

arbitrary, the result follows.

For general metric spaces, Proposition 3.1.5 need not hold. All that can be said is that

h ∈ Lip1
b(M) is in M

h
if and only if there exists a net (yα) ⊆M such that hyα → h, which

is a consequence of Example 2.3.1.

Example 3.1.7. Consider the Banach space X = ℓ1(N), the space of all real-valued,

absolutely summable sequences, equipped with the norm ∥x∥1 =
∑∞

i=1 |xi| for all x =

(x1, x2, . . . ) ∈ X. This is a well-known infinite dimensional Banach space, so it is geodesic,

but not proper. Consider the sequence (yn) ⊆ X, defined by yni = 0 if i ̸= n, and ynn = n.

Clearly ∥yn∥1 → ∞, but, for any x ∈ X and n ∈ N

hyn(x) = ∥x− yn∥1 − ∥yn∥1 =
∑
i ̸=n

|xi|+ |n− xn| − n.

Thus by taking n large enough, because xn → 0, we have

hyn(x) =
∑
i ̸=n

|xi| − xn →
∞∑
i=1

|xi| = ∥x∥1 = h0(x).

This example shows that Proposition 3.1.5 can fail if the space is not proper. This further

shows that ∂X
h
is not a compactification in the traditional sense, because this example

shows the inverse of ι on ι(M) is not continuous.

For non-proper metric spaces, the state of Proposition 3.1.5 is even worse than the

above example shows, as the next example shows it can fail in both directions.

Example 3.1.8. Consider the Banach space X = ℓ2(N), the space of all real-valued,

square summable sequences, equipped with the norm ∥x∥2 = (
∑∞

i=1 |xi|2)
1/2

for all x =
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(x1, x2, . . . ) ∈ X. This is a well-known infinite dimensional Banach space, so it is geodesic,

but not proper. In fact X is a Hilbert space, with norm arising from inner product ⟨x, y⟩ =∑∞
i=1 xiyi. We consider the sequence (en), where en(n) = 1 and en(j) = 0 if j ̸= n. For any

x ∈ X,

hen(x) =
√

∥x∥22 − 2 ⟨en, x⟩+ 1− 1 →
√

∥x∥22 + 1− 1.

Thus, hen converges to some h ∈ X
h
, but h is bounded below by 0, so the only internal

metric functional h could be is h0, but h is clearly not h0. Therefore, there is an element

in ∂X
h
arising from a bounded sequence.

Remark 3.1.9. Example 3.1.8 shows that, in the non-proper case, there can exist horo-

functions which are bounded below, showing that Corollary 3.1.6 does not hold true for

non-proper metric spaces. This leads to the question, if (M,d) is a metric space possessing

horofunctions that are bounded below, are there internal metric functionals that are the

limit of a sequence of bounded horofunctions inM
h
? We will see in Section 7.1 that, in fact,

for an infinite dimensional Hilbert space H, the collection of horofunctions bounded below

is dense in Hh
. Furthermore, Hh

is a proper compactification, in the sense that ι : H → Hh

is a homeomorphism onto its image. This illustrates why we define ∂M
h
as M

h\ι(M),

and not as the topological boundary of ι(M) in M
h
, which would be M

h\ι(M)◦, where

ι(M)◦ is the interior of ι(M) considered as a subset of M
h
. In the infinite dimensional

Hilbert space case, ι(H)◦ is empty, so if we chose to define horofunctions as elements of

the usual topological boundary of ι(H), every internal metric functional would be classed

as a horofunction, which would not be useful nomenclature. A subtle point this discussion

highlights, is that just because ι is a homeomorphism onto its image for a metric space

M , it does not mean that ι(M) has to be open in M
h
when considered as a subset of

M
h
. All that it means is that when ι(M) is considered as topological subspace of M

h
,

then ι : M → ι(M) maps open and closed sets respectively to open and closed sets in ι(M)

equipped with the subspace topology, where we recall that a set A ⊆ ι(M) is open (closed)

if and only if there exists an open (closed) B ⊂ M
h
such that A = ι(M) ∩ B. It says
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nothing about whether ι(M) is open in M
h
or not.

Remark 3.1.9 would be unnecessary if we were only dealing with proper geodesic metric

spaces, as we prove in the following proposition:

Proposition 3.1.10. The horofunction boundary of a proper geodesic metric, (M,d), is

closed in M
h
.

Proof. Fix a basepoint b. To show that ∂M
h
is closed in M

h
it suffices, by Lemma 3.1.4

because M is proper, to show that, if (hn) ⊆ ∂M
h
converges to some h ∈ M

h
, then

h ∈ ∂M
h
. Suppose by way of contradiction that h = hx for some x ∈ M . We set

r = 2 + d(b;x). As M is proper and geodesic, Proposition 3.1.5 means that for each

n ∈ N there exists a sequence (x
(n)
m )m∈N converging to infinity, such that limm→∞ h

x
(n)
m

= hn

uniformly on closed balls. Thus, for every n ∈ N, there exists a point zn ∈ M such that

d(zn, b) > r, and

sup
y∈B(b;r)

|hzn(y)− hn(y)| <
1

2n
.

Borrowing the same argument as in the second half of the proof of Proposition 3.1.3, the

fact that M is geodesic means that, for each n ∈ N, there exists a wn ∈ S(b; r) such that

d(b, zn) = d(b, wn) + d(wn, zn). Now, for any n ∈ N,

sup
y∈B(b;r)

|hzn(y)− h(y)| ≤ sup
y∈B(b;r)

|hzn(y)− hn(y)|+ sup
y∈B(b;r)

|hn(y)− h(y)|

<
1

2n
+ sup

y∈B(b;r)

|hn(y)− h(y)| → 0.

This implies that there exists a N ∈ N such that h(wN)− hzN (wN) ≤ 1. However, we can

calculate

h(wN)− hzN (wN) = h(wN)− d(wN , zN) + d(b, zN) = h(wN) + d(b, wN) = h(wN) + r.

Thus hx(wN) ≤ −1− d(b, x), contradicting the fact that hx is bounded below by −d(b, x).

Therefore h ∈ ∂M
h
.
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Proposition 3.1.10 immediately implies that if (M,d) is a proper geodesic metric space,

ι(M) is open inM
h
, so equal to its interior. The horofunction boundary of proper geodesic

metric spaces is therefore equal to the topological boundary of ι(M) in M
h
.

The failure of Proposition 3.1.5 to hold in the non-proper case has lead some authors

(see [27] and [37] for example) to introduce some specific notation for the horofunction

compactification of non-proper metric spaces. For a general metric space M we can par-

tition M
h
into the disjoint union M

h
= M

h,∞ ∪M
h,e
, where we identify M with i(M),

and

M
h,∞

= {h ∈ ∂M
h
: inf
M
h(y) = −∞} (3.1.3)

M
h,e

= {h ∈ ∂M
h
: inf
M
h(y) > −∞}. (3.1.4)

ThusM
h,∞

, the horofunctions (or metric functionals at infinity according to some authors),

consists solely of those horofunctions that can only be achieved as the limits of norm un-

bounded nets. On the other-hand the set of exotic metric functionals M
h,e

consists of all

those elements of M
h
which are bounded below, but are not internal metric functionals.

We should also note here that the term horofunction can be used to describe slightly

different functions than what we have defined horofunctions to be, and some authors may

refer to what we refer to as horofunctions as metric functionals instead, (see for example [28,

37]). This disparity can be traced back to Gromov’s 1978 paper [25], where he introduced

horofunctions in order to study hyperbolic manifolds and groups. His construction was

identical to ours, except he equipped Lip1
b(M) with the topology of uniform convergence on

bounded sets, instead of uniform convergence on compact sets, and he called horofunctions

the elements in the boundary of the closure of ι(M) with respect to the topology of uniform

convergence on bounded sets. If M is proper, then Gromov’s definition is equivalent to
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the one we use, but for non-proper spaces they can be vastly different. We have chosen to

follow the naming conventions of Rieffel [60] instead.

3.2 Busemann Points and Parts of the Boundary

3.2.1 Almost-Geodesics and Busemann Points

In a proper geodesic metric space (M,d), it has long been known (see for example [10,

Lemma 8.18]) if γ : [a,∞) → M is a geodesic, limt→∞ hγ(t)(z) exists for every z ∈ M .

Thus every unbounded geodesic gives rise to a horofunction. In [60], Rieffel introduced

the notion of an almost-geodesic, which also always give rise to a horofunction [60, Lemma

4.5]. An almost-geodesic is a path γ : [0,∞) → M , for which there exists, for every ε > 0,

an N ∈ N, such that for all t ≥ s ≥ N ,

|d(γ(t), γ(s)) + d(γ(s), γ(0))− t| < ε (3.2.1)

By choosing s = t we can see that this definition means an almost-geodesic is ”almost”

parametrised by arc-length, i.e. for every ε > 0, |d(γ(t), γ(0)) − t| < ε for all sufficiently

large t. This condition can actually be relaxed, and we define an almost-geodesic sequence

as a sequence (xn) ⊆ M such that for every ε > 0 there exists an N ∈ N, where for all

n ≥ m ≥ N ,

d(xn, xm) + d(xm, x0)− d(xn, x0) < ε. (3.2.2)

This definition thus allows for bounded almost-geodesic sequences, and the rate that

an unbounded almost-geodesic sequence escapes to infinity is not constrained. As we shall

see later this will prove useful for more general constructions. The following lemma shows

that these two different notions of almost-geodesics give rise to the same horofunctions.

We should note that this result was already proved in [2, Proposition 7.12], but in a setting

quite removed from ours, and using different constructions than what we will use.
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Lemma 3.2.1. If (M,d) is a proper geodesic metric space, and γ is an almost-geodesic

such that limt→∞ hγ(t) = h ∈ ∂M
h
, then there must exist a corresponding almost-geodesic

sequence in the sense of (3.2.2), (xn), such that limn→∞ hxn = h in the topology of pointwise

convergence. Conversely, if (xn) is an unbounded almost-geodesic sequence giving rise to a

horofunction h, then there must exist an almost-geodesic giving rise to h.

Proof. First let γ be an almost-geodesic such that limt→∞ hγ(t) = h ∈ ∂M
h
. Define a

sequence (xn) ⊆ M by xn = γ(n) for all n ∈ N. Fix ε > 0. As γ is an almost-geodesic

there exists an N ∈ N such that, for all n ≥ m ≥ N ,

|d(γ(n), γ(m)) + d(γ(m), γ(0))− n| < ε.

Thus, for any n ≥ m ≥ N

d(xn, xm) + d(xm, x0)− d(xn, x0) ≤ |d(xn, xm) + d(xm, x0)− n|+ |n− d(xn, x0)| < 2ε.

There (xn) is an almost-geodesic sequence, and because limt→∞ hγ(t)(y) = h(y) for all

y ∈ M , we must have limn→∞ hγ(n)(y) = h(y) for all y ∈ M . Conversely suppose that

(xn) is an unbounded almost-geodesic sequence where limn→∞ hxn(y) = h(y) for all y ∈M ,

with h ∈ ∂M
h
. As (xn) is unbounded, d(xn, x0) → ∞. By choosing subsequences and

relabelling we can thus assume that d(xn+1, x0) > d(xn, x0) for all n ∈ N. For each n ∈ N,

we define tn = d(xn, x0). As M is a geodesic metric space, we can define, for each n ∈ N,

a geodesic path cn : [0, d(x
n+1, xn)] →M such that cn(0) = xn and cn(d(x

n+1, xn)) = xn+1.

If we now define, for each n ∈ N, δn = tn+1 − tn, we can define γn : [tn, tn+1] →M by

γn(t) = cn

(
(t− tn)

d(xn+1, xn)

δn

)
.

Now, for any n ∈ N,

γn(tn+1) = cn(d(x
n+1, xn)) = xn+1 = cn+1(0) = γn+1(tn+1),
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so the γn’s agree on the endpoints of their domains. We can thus define γ : [0,∞) →M by

γ(t) = γn(t) for t ∈ [tn, tn+1], which is well-defined by the preceding remark. We claim that

γ is an almost-geodesic. To do so, we first show that for any ε > 0, there exists a N1
ε ∈ N

such that for all t ≥ N1
ε ,

|d(γ(t), γ(0))− t| < ε. (3.2.3)

As (xn) is an almost-geodesic, we can choose N1
ε ∈ N such that (3.2.2) holds for all n ≥

m ≥ N1
ε ∈ N. Now suppose that t ∈ [tn, tn+1] for tn ≥ N1

ε . Then

d(γ(t), γ(0))− t ≤ d(γ(t), γ(tn)) + d(γ(tn), γ(0))− (t− tn + tn)

= d(γ(t), γ(tn))− (t− tn)

= d(cn

(
(t− tn)

d(xn+1, xn)

δn

)
, cn(0))− (t− tn)

= (t− tn)
d(xn+1, xn)

δn
− (t− tn)

=
t− tn
δn

(d(xn+1, xn)− δn)

≤ d(xn+1, xn) + d(xn, x0)− d(xn+1, x0) < ε.

Note for t as above, we can write t = tn+d(γ(s), x
n) for s ∈ [tn, tn+1]. So d(γ(s), x

n) = t−tn,

and from above we know that

d(γ(s), xn) = (s− tn)
d(xn+1, xn)

δn
.

The reverse triangle inequality means that d(xn+1,xn)
δn

≥ 1, from which we conclude that

s ≤ t. Thus d(γ(s), xn) ≤ d(γ(t), xn). Also note that

d(γ(t), xn+1) = d(cn

(
(t− tn)

d(xn+1, xn)

δn

)
, cn(d(x

n+1, xn)))

= d(xn+1, xn)− (t− tn)
d(xn+1, xn)

δn
,
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meaning that d(γ(t), xn) + d(xn+1, γ(t)) = d(xn+1, xn). Combining all of the above:

t− d(γ(t), γ(0)) = d(γ(s), xn) + d(xn, x0)− d(γ(t), x0)

≤ d(γ(t), xn) + d(xn+1, γ(t)) + d(xn, x0)− d(γ(t), xn+1)− d(γ(t), x0)

≤ d(xn+1, xn) + d(xn, x0)− d(xn+1, xn) < ε.

Thus indeed for any ε > 0, there exists a N1
ε ∈ N such that for all t ≥ N1

ε , |d(γ(t), γ(0))−

t| < ε. We now need to show that, for all ε > 0, there exists a N ∈ N such that, for all

t ≥ s ≥ N ,

|d(γ(t), γ(s)) + d(γ(s), γ(0))− t| < ε.

Let us fix ε > 0 and t ≥ s ≥ N1
ε . We then know from above that

− (d(γ(t), γ(s)) + d(γ(s), γ(0))− t) ≤ t− d(γ(t), γ(0)) < ε.

Now suppose that t, s ∈ [tn, tn+1] for some tn ≥ N1
ε . Then, using (3.2.3) and what we have

seen above,

d(γ(t), γ(s)) + d(γ(s), γ(0))− t ≤ d(γ(t), γ(s))− (t− s) + ε

= (t− tn)
d(xn+1, xn)

δn
− (s− tn)

d(xn+1, xn)

δn
− (t− s) + ε

= (t− s)
d(xn+1, xn)

δn
− (t− s) + ε.

However, as (xn) is an almost-geodesic sequence, and how N1
ε is defined, we know that

d(xn+1, xn) < ε+ d(xn+1, x0)− d(xn, x0), meaning that

(t− s)
d(xn+1, xn)

δn
− (t− s) + ε < (t− s)

(
ε

δn
+ 1

)
− (t− s) + ε

= ε
t− s

δn
+ ε ≤ 2ε.
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Finally, let us suppose that t ∈ [tn, tn+1] and s ∈ [tm, tm+1] for n > m, and tm ≥ N1
ε . Then,

d(γ(t), γ(s)) + d(γ(s), γ(0))− t

≤d(γ(t), xn) + d(xn, xm+1) + d(xm+1, γ(s)) + d(γ(s), xm) + d(xm, x0)− t

=d(xn+1, xn) + d(xn, xm+1) + d(xm+1, xm) + d(xm, x0)− t− d(xn+1, γ(t))

=d(xn+1, xn) + tn + d(xn, xm+1) + tm+1 − tn + d(xm+1, xm) + d(xm, x0)− tm+1

− t− d(xn+1, γ(t))

<d(xn+1, xn) + d(xn, x0)− t− d(xn+1, γ(t)) + 2ε

=(xn+1, xn) + d(xn, x0)− t− (tn+1 − t)
d(xn+1, xn)

δn
+ 2ε

≤(xn+1, xn) + d(xn, x0)− d(xn+1, x0) + 2ε < 3ε.

We can finally conclude that, indeed, γ is an almost-geodesic path. Thus, hγ(t) converges

pointwise to some h′ ∈ ∂M
h
[60, Lemma 4.5], but because hγ(tn) = hxn → h, and M

h
is

Hausdorff, we must have limt→∞ hγ(t) = h.

Following the lead of Rieffel, in the context of proper geodesic metric spaces we call a

horofunction h ∈ ∂M
h
a Busemann point if there exists an almost-geodesic γ : [0,∞) →M

such that, for all z ∈M ,

h(z) = lim
t→∞

hγ(t)(z).

We shall use the notation ∂BM
h
to represent the Busemann points of M . Lemma 3.2.1

means that the Busemann points are the sets of all horofunctions h, such that there exists

an unbounded almost-geodesic sequence (xn), such that, for all z ∈M ,

h(z) = lim
n→∞

hxn(z).

As mentioned, it is well known that every almost-geodesic sequence gives rise to a

horofunction, but the converse, even in proper geodesic metric spaces, is not true. Walsh

gives an example in [66] of a finite dimensional normed space where not every horofunction
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is a Busemann point. When the metric space under consideration is not proper, one needs

to consider, instead of almost-geodesic sequences, the so called almost-geodesic nets. An

almost-geodesic net starting from a point x0 ∈ M is a net (xα) ⊆ M , such that, for all

ε > 0 there exists an η ∈ A, the indexing set, such that for all β ≥ α ≥ η,

d(xβ, xα) + d(xα, x0)− d(xβ, x0) < ε.

Just like for almost-geodesics and almost-geodesic sequences, almost-geodesic nets always

give rise to an element in the horofunction compactification. We prove this below. There-

fore, in the context of non-proper metric spaces, we define a Busemann point to be a horo-

function h ∈ ∂M
h
such that there exists an almost-geodesic net (xα) such that h = limα hxα

in the topology of pointwise convergence.

Lemma 3.2.2. If (M,d) is any metric space, with given basepoint b, and (xα) is an almost-

geodesic net in M starting at some point x0 ∈ X, then h(z) = limhxα(z) exists for all

z ∈M . Furthermore, if d(x0, xα) → ∞, then h is a horofunction.

Proof. Fix an arbitrary ε > 0 and z ∈ M . Define φxα(z) = d(z, xα) − d(x0, x
α). The

net φxα(z) is clearly bounded in α. By definition there exists an ζ so that for all ξ ≥ ζ,

φxξ(z) ≤ lim supα φxα(z)+ε. Via the definition of an almost-geodesic sequence there exists

an η ≥ ζ, so that for all β ≥ α ≥ η,

φxβ(z)− φxα(z) ≤ d(xα, xβ)− d(x0, x
β) + d(x0, x

α) < ε,

where we made use of the reverse triangle-inequality. As this is true for all β ≥ α ≥ η it

must follow that

lim sup
β

φxβ(z)− ε− φxα(z) < ε,

from which we deduce that, for all α ≥ η,

lim sup
β

φxβ(z)− 2ε ≤ φxα(z) ≤ lim sup
β

φxβ(z) + ε.
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As ε is arbitrary, it follows that limβ φxβ(z) exists for any z ∈M . We can write, for any α,

hxα(z) = d(z, xα)− d(x0, x
α) + d(x0, x

α)− d(b, xα) = φxα(z)− φxα(b),

but we have just proved that limα φxα(z) − φxα(b) exists, which proves the claim. Now

suppose d(x0, x
α) → ∞. Then, there exists a γ such that, for all β ≥ α ≥ γ,

hxβ(x
α) = φxβ(x

α)− φxβ(b)

≤ d(xα, xβ)− d(x0, xβ) + d(x0, b)

≤ 1 + d(x0, b)− d(x0, x
α)

As this is true for all β ≥ α, by passing to the limit it follows that h(xα) ≤ 1 + d(x0, b)−

d(x0, x
α) for all α ≥ γ. Thus h ∈ M

h
, and infx∈M h(x) = −∞, which means h ∈ ∂M

h
,

because all internal metric functionals are bounded below.

In [69, Proposition 2.5], Walsh proves

Lemma 3.2.3. If (xα) is an almost-geodesic in a complete metric space M , then (xα)

converges to some x ∈M .

Thus, if (xα) is a bounded almost-geodesic net in a complete metric space, then hxα

converges to an internal metric point. As a corollary to this and the proof of Lemma 3.2.2:

Corollary 3.2.4. Any Busemann point in a complete metric space is not bounded below.

If h ∈M
h
is the limit of an unbounded almost-geodesic net, it is a Busemann point.

As we only deal with complete metric spaces in this thesis, this corollary will prove

useful.

3.2.2 Parts of the Boundary

The Busemann points allow us to put a geometric structure on the horofunction boundary

of a metric space (M,d). We do so by constructing an extended metric on ∂BM
h
(M).

85



3.2. BUSEMANN POINTS AND PARTS OF THE BOUNDARY

Recall that an extended metric is a function satisfying all the conditions of a metric, but

its range is [0,∞] instead of [0,∞). Let Nh denote the set of all neighbourhoods of the

horofunction h in M
h
. We then define the detour cost, H : ∂M

h × ∂M
h → [0,∞].

H(h, h′) = sup
U∈Nh′

{ inf
x:ι(x)∈U

d(b, x) + h′(x)}.

This allows us to define the detour distance δ : ∂M
h × ∂M

h → R+ ∪ {∞}, by

δ(h1, h2) = H(h1, h2) +H(h2, h1).

The detour distance can be quite difficult to compute in practice, which makes the following

lemma very useful [69, Lemma 2.6].

Lemma 3.2.5. If h, h′ are Busemann points, and (xα) is an almost-geodesic net such that

(hxα) converges to h, then

H(h, h′) = lim
α
d(b, xα) + h′(xα).

We should note that in [69], Walsh restricts his attention to almost-geodesic nets starting

from the basepoint b, and not ones starting from an arbitrary point x0. This is not a

problem, as the proof of [49, Lemma 3.1], which deals with almost-geodesics starting at an

arbitrary point, can be adjusted for almost-geodesic nets starting at an arbitrary point. For

the convenience of the reader, we prove the first step of the adjusted proof in the following

lemma, which is part one of [49, Lemma 3.1]:

Lemma 3.2.6. If h is a Busemann point, and (xα) is an almost-geodesic net such that

(hxα) converges to h, then

lim
α
d(b, xα) + h(xα) = 0
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Proof. Fix some ε > 0. As hxα(x0) → h(x0), there exists an η so that for all α ≥ η,

|d(x0, xα)− d(b, xα)− h(x0)| ≤ ε. (3.2.4)

Due to the fact that (xα) is an almost-geodesic net, there must also exist a η1 ≥ η such

that, for all β ≥ α ≥ η1,

d(xβ, xα)− d(x0, x
β) + d(x0, x

α) ≤ ε.

As this is true for all β ≥ α, we can take the limit in β, so

h(xα)− h(x0) + d(x0, x
α) ≤ ε, (3.2.5)

where we have used the fact that hxβ → h, and

d(xβ, xα)− d(x0, x
β) = d(xβ, xα)− d(b, xβ)− (d(x0, x

β) + d(b, xβ)).

Inequalities (3.2.4) and (3.2.5) thus mean that for all α ≥ η1,

d(b, xα) + h(xα) ≤ 2ε.

The triangle inequality means that, for all β ≥ α,

d(xβ, xα)− d(b, xβ) + d(b, xα) ≥ 0,

so by once again taking the limit in β, d(b, xα) + h(xα) ≥ 0 for all α, proving the result.

Using Lemma 3.2.5, we can mimic the proof of [49] to prove

Lemma 3.2.7. For any metric space (M,d), the detour distance δ is an extended metric

when restricted to ∂BM
h × ∂BM

h
.
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The following theorem, [69, Theorem 2.8], shows why we need to restrict δ to Busemann

points in order for it to be an extended metric.

Theorem 3.2.8. A horofunction h is a Busemann point if and only if H(h, h) = 0.

The detour distance allows us to partition ∂BM
h
into different equivalence classes,

where h1, h2 ∈ ∂M
h
if and only if δ(h1, h2) < ∞. These classes are known as the parts

of the boundary. There is a, perhaps more natural, way of dividing the full horofunction

boundary into equivalence classes by defining the relation ∼, where h ∼ g if and only if

supx∈M |h(x)−g(x)| <∞. If the horofunction boundary consists only of Busemann points,

then these two partitions coincide.

3.3 Examples

The aim of this section is to show how the horofunction compactification of some well known

metric spaces is calculated, to help the reader build intuition. The simplest example is

(R, | · |), the real line with the absolute value. We claim that Rh
= R ∪ {hε}, where

ε ∈ {−1, 1}, and hε(x) = −εx for all x ∈ R. We prove this claim by first showing that

any element of Rh
is of this form. To do so, consider a sequence (xn) ⊆ R, such that

hxn → h ∈ Rh
. We consider two cases. If (xn) is bounded, there exists a subsequence

(xnk
) and an x ∈ R such that |xnk

− x| → 0, which means for any y ∈ R, hxnk
(y) =

|xnk
− y| − |xnk

| → hx(y), which means that h = hx by the uniqueness of limits in a

Hausdorff space. If (xn) is unbounded, then there must exist a subsequence (xnk
) such that

xnk
→ ±∞, where the sign corresponds to that of ε, and (xnk

) is monotone. Thus, for any

y ∈ R, there exists a K ∈ N, such that for all k ≥ K

hxnk
(y) = |xnk

− y| − |xnk
| = ε(xnk

− y)− εxnk
= hε(y).

Thus hxn → hε. Therefore we have shown that Rh ⊆ R∪{hε}. To prove the reverse equality,

we just need to show that hε ∈ Rh
for ε ∈ {−1, 1}, as the internal metric functionals are
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always included in the horofunction compactification by definition. To do this, all we need

to do is find a sequence (xn) such that hxn → hε, and the sequence εn achieves this. It

is easy to show that the sequences (εn) are almost-geodesics, meaning that the hε are

Busemann points. Using Lemma 3.2.5, we can then calculate that

δ(h1, h−1) = lim
n→∞

n+ n+ lim
n→∞

n+ n = ∞,

so the parts of the boundary are singletons. It is interesting to note that the map given by

hx 7→ tanh(x) and hε 7→ ε is a homeomorphism between Rh
and [−1, 1], which maps parts

onto the relative interior of faces.

3.3.1 The Horofunction Compactification of Cm.

Let us consider Cm as a normed space with the standard Euclidean norm ∥ · ∥, where

∥(z1, . . . , zm)∥ = (
∑m

i=1 |zi|2)
1/2

. This norm is generated by the complex inner product

⟨·, ·⟩, defined by, for any u, z ∈ Cm

⟨u, z⟩ =
m∑
i=1

uizi.

If Re z denotes the real part of a complex number z ∈ C, it is clear to see that

⟨u, z⟩+ ⟨z, u⟩ = 2Re ⟨u, z⟩ ,

which we will need in the proof of the following.

Theorem 3.3.1. The horofunctions of (Cm, ∥ · ∥) consists entirely of functions hz, where

z ∈ Cm and ∥z∥ = 1, and for u ∈ Cm,

hz(u) = −Re ⟨u, z⟩ .

Proof. Fix some h ∈ ∂Cm
h
. As Cm is a proper geodesic metric space, there must exist
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a sequence (zn) ⊆ Cm such that ∥zn∥ → ∞, and hzn → h by Proposition 3.1.5. Let us

define, for each n ∈ N, wn = zn/∥zn∥. By the compactness of the unit sphere, there exists a

subsequence, which we relabel (wn), and z ∈ SCm such that wn → z. Now, for any u ∈ Cm

and any n ∈ N,

hzn(u) = ∥zn − u∥ − ∥zn∥

=
∥zn − u∥2 − ∥zn∥2

∥zn − u∥+ ∥zn∥

=
⟨u, u⟩ − 2Re ⟨u, zn⟩
∥zn − u∥+ ∥zn∥

=

∥u∥2
∥zn∥ − 2Re ⟨u,wn⟩√

1− 2Re ⟨wn, u/∥zn∥⟩+ ∥u∥2
∥zn∥2 + 1

→ −Re ⟨u, z⟩ .

As Cm
h
is Hausdorff, we must thus have h = hz. This shows then that every h ∈ ∂Cm

h
is

of the form hz for some z ∈ SCm . Conversely, suppose we are given some z ∈ SCm . Let us

define zn = nz for every n ∈ N. Then, using the same method as in the above calculations

we see that, for any n ∈ N and u ∈ Cm

hzn(u) =
∥u∥2
n

− 2Re ⟨u, z⟩√
1− 2Re ⟨z, u/n⟩+ ∥u∥2

n2 + 1
→ −Re ⟨u, z⟩ .

Thus hz ∈ Cm
h
. To show that hz ∈ ∂Cm

h
we just need to show that it is not an internal

metric functional, but that is immediate because it is not bounded below.

As a consequence of the proof of the above theorem, we can see that every hz is a

Busemann point, because the sequence (nz) is geodesic for every z ∈ SCm . Using these

geodesics, we can prove

Proposition 3.3.2. The parts of the Busemann boundary of Cm
h
are all singletons.
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Proof. Consider two Busemann points hz, hw ∈ ∂Cm
h
. From above we know that the

sequences (nz) and (nw) are almost-geodesic sequences converging to each horofunction.

Lemma 3.2.5 thus allows us to calculate that

δ(hz, hw) = lim
n→∞

2(n− nRe ⟨w, z⟩),

but by the Cauchy-Schwarz inequality Re ⟨w, z⟩ < 1 if w ̸= z, in which case δ(hz, hw) =

∞.

Just like in the case of the reals, it is interesting to note that the map from Cm
h
to BCm

given by hz 7→ tanh(∥z∥)
∥z∥ z and hz 7→ z is a continuous bijection, and hence homeomorphism.

As all Busemann points lie in singleton parts, and the relative interior of the faces of BCm

are precisely B◦
Cm and {z} for z ∈ SCm , this homeomorphism maps parts of the boundary

bijectively onto the relative interior of faces of the dual ball.

3.3.2 Finite Dimensional Smooth and Strictly Convex Normed

Spaces

The above example is actually a special example of a finite dimensional uniformly smooth

and convex Banach space. In this section let us fix a real finite dimensional smooth and

strictly convex Banach space, X with norm ∥ · ∥ and dual norm ∥ · ∥∗. We refer the

reader to Section 2.6 for a recap of smoothness and convexity of normed spaces. As X is

finite dimensional, it is automatically uniformly convex [50, Proposition 5.2.14], so X∗ is

uniformly smooth by Theorem 2.6.5. Furthermore, as X is smooth, X∗ is strictly convex

by Proposition 2.6.4, so X∗ is uniformly convex [50, Proposition 5.2.14], which by Theorem

2.6.5, means X is uniformly smooth.

Theorem 3.3.3. The horofunctions of X are precisely those functions hψ for ψ ∈ SX∗,

where for all x ∈ X

hψ(x) = −ψ(x).
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Furthermore, every horofunction is a Busemann point.

Proof. Let (yn) be an unbounded sequence such that hyn → h ∈ ∂X
h
. Define zn =

yn/∥yn∥ ∈ SX . If we define the sequence (tn) = (1/∥yn∥), we can write, for any x ∈ X,

hyn(x) =
∥zn − tnx∥ − ∥zn∥

tn
.

As X is smooth, we know for each n ∈ N there exists unique norming functionals z∗n ∈ SX∗

and φxn ∈ SX∗ , such that z∗n(zn) = 1 and φxn(zn − tnx) = 1. The compactness of the unit

sphere means there must exist ψ, φx ∈ SX∗ and subsequence (nk) such that z∗nk
→ ψ and

φxnk
→ φx. Thus, for any k ∈ N:

−ψnk
(x) =

z∗nk
(znk

− tnk
x)− z∗nk

(znk
)

tnk

≤ ∥znk
− tnk

x∥ − ∥znk
∥

tnk

≤
φxnk

(znk
− tnk

x)− φxnk
(znk

)

tnk

= −φxnk
(x). (3.3.1)

We now note that, for all k ∈ N

2 ≥ ∥φxnk
+ z∗nk

∥∗ ≥ |φxnk
(znk

) + z∗nk
(znk

)| ≥ |φxnk
(znk

− tnk
x) + z∗nk

(znk
)| − |tnk

φxnk
(x)|.

However, tnk
φxnk

(x) → 0, so by the squeeze theorem ∥φxnk
+ z∗nk

∥∗ → 2. As X∗ is uniformly

convex, this means that ∥φxnk
− z∗nk

∥∗ → 0. As z∗nk
→ ψ and φxnk

→ φx we must thus have

that ψ = φx. Taking the limit as k → ∞ in inequality (3.3.1) thus shows that, for any

x ∈ X, limnk
hynk

(x) = −ψ(x).

Conversely, suppose we are given some ψ ∈ SX∗ . AsX∗ is uniformly convex and smooth,

and X is reflexive, there exists a unique z ∈ SX such that ψ(z) = 1. Define the sequence

yn = nz. The exact same argument used above shows that limn→∞ hyn = hψ. As nz is a

sequence lying on a straight line through the origin, it is trivially an almost-geodesic, so

hψ is a Busemann point.
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Proposition 3.3.4. The parts of the Busemann boundary of X
h
are all singletons.

Proof. Consider two Busemann points hψ, hϕ ∈ ∂X
h
. From above we know that there

exists points z, w ∈ SX such that hnz → hψ and hnw → hϕ. The sequences (nz) and (nw)

are almost-geodesic sequences. Lemma 3.2.5 thus allows us to calculate that

H(hψ, hϕ) = lim
n→∞

n− nϕ(z),

butX is smooth, so ϕ(z) = 1 if and only if ϕ = ψ, meaning that δ(hψ, hϕ) = ∞ if ψ ̸= ϕ.

In her thesis [64, Theorem 3.3.10], Schilling proves the following theorem.

Theorem 3.3.5. X
h
is homeomorphic to BX∗, the closed dual unit ball.

We provide here an alternative proof, which we think is slightly shorter. Let us define

g : X
h → BX∗ by

g(x) = − tanh(∥x∥)x∗, if x ∈ X, and g(h) = h if h ∈ ∂X
h
, (3.3.2)

where we define 0∗ = 0. As always, note that here we are identifying X with the embedding

i(X), where i(x) = hx, the internal metric functional associated with x.

We shall prove Theorem 3.3.5 with a sequence of lemmas.

Lemma 3.3.6. g is a bijection onto BX∗.

Proof. First let us assume that g(x) = g(y). Without loss of generality we can assume y ̸=

0 ̸= x. Then ∥x∥ = x∗(x) = y∗( tanh(∥y∥)
tanh(∥x∥)x). However, |y∗( tanh(∥y∥)

tanh(∥x∥)x)| ≤
tanh(∥y∥)
tanh(∥x∥)∥x∥, mean-

ing that tanh(∥y∥)
tanh(∥x∥) ≥ 1. Symmetry gives the opposite inequality, so tanh(∥x∥) = tanh(∥y∥),

which means that ∥x∥ = ∥y∥, as tanh is strictly monotone increasing. Thus x∗ = y∗.

Lemma 2.6.2 thus implies g|X is an injection.

Now fix a 0 ̸= f ∈ int(BX∗). By compactness there exists an x ∈ SX such that

− f
∥f∥∗ (x) = 1, meaning that − f

∥f∥∗ is the unique norming functional for x. Thus g(x) =
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tanh(∥x∥) f
∥f∥∗ . As tanh: [0,∞) → [0, 1) is bijective, there exists some c > 0 such that

tanh(∥cx∥) = ∥f∥∗. Furthermore (cx)∗ = x∗ = − f
∥f∥∗ . Thus g(cx) = f , and so g|X is a

bijection onto int(BX∗).

Clearly g|X(X) ⊆ int(BX∗), so if we can show that g|
∂X

h is a bijection onto SX∗ then g

will map X
h
bijectively onto BX∗ , but this is exactly [26, Remark 4.4].

Lemma 3.3.7. g is continuous.

Proof. Recall that X
h
is equipped with the topology of uniform convergence on compact

sets, which is metrisable, and X∗ equipped with the norm topology is metrisable, so we

only need to prove sequential continuity. Suppose hxn → hx ∈ X for (hxn) ⊆ X. (∥xn∥)

must be bounded, so there exists a compact set of X, say K, containing all the xn and also

x. This means that

sup
y∈K

(∥xn − y∥ − ∥xn∥)− (∥x− y∥ − ∥x∥) → 0,

from which we see that ∥xn − x∥ − ∥xn∥ → ∥x∥, and −∥xn − x∥ − ∥xn∥ → ∥x∥, allowing

us to deduce that xn → x in norm. Furthermore we note that if xn → x in norm then

x∗n → x∗ in the dual norm. Indeed, any subsequence of (x∗n) must have a further subse-

quence (x∗nk
) converging to some y∗ ∈ SX∗ . As x∗nk

x → ∥x∥ it follows that y∗ = x∗. Thus

indeed g(hxn) → g(hx).

Now we need to consider a sequence (hxn) converging to some h ∈ ∂X
h
. As X is finite

dimensional we must have that every subsequence (xnk
) → ∞, and from [26] we know

that there must exist an x ∈ SX and a further subsequence, relabelled xnk
, such that

xnk
/∥xnk

∥ → x in norm, x∗nk
→ x∗ in the dual norm, and hxnk

→ −x∗ pointwise. Thus

we must have −x∗ = h. Furthermore, this means that g(hxnk
) → −x∗ = h in norm, from

which we conclude that g(hxn) → g(h).

If (hn) ⊆ ∂X
h
converges to some h ∈ ∂X

h
, then g(hn) → g(h), as the dual norm
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topology and topology of uniform convergence on compact sets are equal on finite dimen-

sional spaces (because the closed unit ball is compact). Note that any (hn) ⊆ ∂X
h
cannot

converge to some hx ∈ X by Proposition 3.1.10. We now consider an arbitrary sequence

(hn) ⊆ X
h
converging to some h ∈ X

h
. We can partition (hn) into two subsequences

(hnk
) ⊆ ∂X

h
and (hnj

) ⊆ X (if not then we are just in one of the above cases), and g

applied to each subsequence converges to g(h) it follows that g(hn) → g(h) as well.

The above lemmas show that g is a continuous bijection between compact Hausdorff

spaces, so g is a homeomorphism. As every horofunction forms a singleton part of the

boundary, and these are the only parts of the boundary, and the faces of SX∗ are all

extreme points by Proposition 2.6.7, g then also maps parts of the boundary bijectively

onto the relative interiors of faces of the dual ball. Theorem 3.3.5 thus follows.

3.3.3 The Horofunction Compactification of ℓ1(N ).

Fix an integer n ≥ 2. Borrowing the notation of [26], we define N = {1, . . . , n}, and use

ℓ1(N ) to denote the space Rn equipped with the ℓ1 norm, ∥x∥1 =
∑n

i=1 |xi|. In the same

paper, Gutiérrez proves the following [26]:

Theorem 3.3.8. All horofunctions in ∂ℓ1(N )
h
are of the form hIϵ,µ, where ∅ ̸= I ⊆ N ,

ϵ ⊆ {−1, 1}I, µ ∈ RN\I , and for every x ∈ ℓ1(N ),

hIϵ,µ(x) =
∑
i∈I

−ϵixi +
∑
j∈N\I

|xj − µj| − |µj|.

Proof. The complete proof is given by Lemma 3.1 and Theorem 3.2 in [26], so we shall not

recreate it fully here, but give an overview. If h ∈ ∂ℓ1(N )
h
, there exists, by Proposition

3.1.5, an unbounded sequence (yn) such that hyn → h. By choosing subsequences and

relabelling, there must exist a ∅ ≠ I ⊆ N such that |yni | → ∞ if and only if i ∈ I. We

define ϵ ∈ {−1, 1}I by setting ϵi = 1 if limn y
n
i = ∞ and ϵi = −1 if limn y

n
i = −∞. The

fact that ℓ1(N ) is proper means we can choose further subnets, and µi ∈ R for all i /∈ I
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such that, after relabelling, yni → µi. Thus, using the same reasoning as we did for the

horofunction compactification of R, for any x ∈ ℓ1(N ) we can choose n large enough such

that

hyn(x) =
∑
i∈I

|xi − yni | − |yni |+
∑
j∈N\I

|xj − ynj | − |ynj |

=
∑
i∈I

−ϵixi +
∑
j∈N\I

|xj − ynj | − |ynj |

→
∑
i∈I

−ϵixi +
∑
j∈N\I

|xj − µj| − |µj|

= hIϵ,µ(x).

Thus, every horofunction is of the form hIϵ,µ. Conversely, if we are given some hIϵ,µ, we can

define the sequence (yn) by setting yni = ϵin for every i ∈ I and n ∈ N, and yni = µi for

every i /∈ I. The above calculation can then be used to show that hyn → hIϵ,µ. As hIϵ,µ is

not bounded below it cannot be an internal metric functional.

With this characterization, it is simple to characterize the Busemann points of ℓ1(N ).

Lemma 3.3.9. All horofunctions of ℓ1(N ) are Busemann points.

Proof. Fix some hIϵ,µ ∈ ∂ℓ1(N )
h
. To prove that it is a Busemann point it suffices to show the

existence of an almost-geodesic γ : [0,∞) → ℓ1(N ) satisfying ∥x−γ(t)∥1−∥γ(t)∥1 → hIϵ,µ(x)

as t→ ∞ for all x ∈ ℓ1(N ). To that end we define a path γ component-wise as follows:

γi(t) =


−ϵit
|I| i ∈ I

µi i /∈ I
. (3.3.3)

For any 0 ≤ s < t

∥γ(t)− γ(s)∥1 =
∑
i∈N\I

|µi − µi|+
∑
j∈I

1

|I|
|(t− s)| = |t− s|,
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proving that γ is a geodesic. We can also calculate that, for any t ∈ [0,∞) and x ∈ ℓ1(N ):

∥x− γ(t)∥1 − ∥γ(t)∥1 =
∑
i∈I

∣∣∣∣xi + ϵit

|I|

∣∣∣∣+ ∑
i∈N\I

|xi − µi| −
∑
i∈I

|ϵi|t
|I|

−
∑
i∈N\I

|µi|.

For all sufficiently large t we have

∑
i∈I

∣∣∣∣xi + ϵit

|I|

∣∣∣∣ =∑
i∈I

ϵixi +
|ϵi|t
|I|

,

which means that

lim
t→∞

∥x− γ(t)∥1 − ∥γ(t)∥1 =
∑
i∈I

ϵixi +
∑
i∈N\I

|xi − µi| − |µi|,

proving that γ → hIϵ,µ pointwise.

Using the geodesic γ defined in the above proof we can prove the following:

Theorem 3.3.10. If δ denotes the detour distance on ∂ℓ1(N )
h

B, then δ(h
I
ϵ,µ, h

I′

ϵ′,µ′) <∞ if

and only if I = I ′ and ϵ = ϵ′. Furthermore, if I = I ′ and ϵ = ϵ′, then

δ(hIϵ,µ, h
I′

ϵ′,µ′) = 2
∑
i∈N\I

|µi − µ′
i|.

Proof. For convenience we define h1 = hIϵ,µ, and h2 = hI
′

ϵ′,µ′ . Define geodesics γ1, γ2 associ-

ated to h1 and h2 respectively as in the proof of the above lemma. Lemma 3.2.5 allows us

to calculate the detour distance between h1 and h2 using γ1 and γ2:

δ(h1, h2) = H(h1, h2) +H(h2, h1)

= lim
t→∞

∥γ1(t)∥1 + h2(γ1(t)) + lim
t→∞

∥γ2(t)∥1 + h1(γ2(t))

= lim
t→∞

t+ P (t) + C + lim
t→∞

t+ P ′(t) + C ′,
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where we have defined

P (t) =
∑

i∈I∩I′c

∣∣∣∣−ϵit|I|
− µ′

i

∣∣∣∣− |µ′
i|+

∑
j∈I∩I′

−ϵjϵ′j
t

|I|
,

C =
∑
i∈Ic

|µi|+
∑

j∈Ic∩I′c

|µj − µ′
j| − |µ′

j|+
∑

k∈Ic∩I′

ϵ′kµk,

and similarly

P ′(t) =
∑

i∈Ic∩I′

∣∣∣∣−ϵ′it|I ′|
− µi

∣∣∣∣− |µi|+
∑
j∈I∩I′

−ϵjϵ′j
t

|I ′|
,

C ′ =
∑
i∈I′c

|µ′
i|+

∑
j∈Ic∩I′c

|µj − µ′
j| − |µj|+

∑
k∈I∩I′c

ϵkµ
′
k.

We can see that H(h1, h2) and H(h2, h1) are finite if and only if P and P ′ behave asymp-

totically like −t. From the definition above we can see that P can behave asymptotically

like −t if and only if for large t

∑
i∈I′∩Ic

t

|Ic|
+

∑
j∈Ic∩I′c

−ϵjϵ′j
t

|Ic|
= −t,

which only occurs when I = I ′ and ϵj = ϵ′j for all j ∈ I. By symmetry we see the same

phenomenon for P ′(t). This proves the first statement. Finally, if I = I ′ and ϵj = ϵ′j for

all j ∈ I we calculate that

δ(h1, h2) = C + C ′

=
∑
i∈Ic

|µi|+
∑
j∈Ic

|µj − µ′
j| − |µ′

j|+
∑
i∈Ic

|µ′
i|+

∑
j∈Ic

|µj − µ′
j| − |µj|

= 2
∑
i∈Ic

|µi − µ′
i|.

Theorem 3.3.11. The horofunction compactification ℓ1(N )
h
is homeomorphic to the dual

unit ball of ℓ1(N ), and the homeomorphism maps parts of the boundary of ℓ1(N )
h
bijectively
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onto the relative interiors of faces of the dual ball.

Proof. It is well known that the dual of ℓ1(N ) is ℓ∞(N ), the set of Rn equipped with the

max norm ∥x∥∞ = maxi∈N |xi|. Thus

Bℓ∞(N ) = {x ∈ Rn : |xi| ≤ 1 for all i ∈ N}, and (3.3.4)

Sℓ∞(N ) = {x ∈ Bℓ∞(N ) : ∃i ∈ N such that |xi| = 1}. (3.3.5)

The boundary faces of Bℓ∞(N ) are thus the sets F ϵ
I , where ∅ ̸= I ⊆ N and ϵ ∈ {−1, 1}I ,

and

F ϵ
I = {x ∈ Sℓ∞(N ) : xi = ϵi for all i ∈ N and |xj| ≤ 1 for all j ∈ N\I},

meaning that

ri(F ϵ
I) = {x ∈ Sℓ∞(N ) : xi = ϵi for all i ∈ N and |xj| < 1 for all j ∈ N\I}. (3.3.6)

We can now define the candidate homeomorphism φ : ℓ1(N )
h
→ Bℓ∞(N ), if {e1, . . . , en} is

the standard set of basis vectors for Rn, by

φ(hIϵ,µ) =
∑
i∈I

ϵiei +
∑
j∈N\I

tanh(µj)ej.

We should note here that in this definition of hIϵ,µ we allow I to be empty, because h∅∅,µ is

precisely the internal metric functional associated to µ ∈ ℓ1(N ). By (3.3.4) it is clear that

φ is bijective because tanh is bijective. If hxn → hy in ℓ1(N )
h
, we can see by evaluating at

multiples of basis vectors that xn → y in ℓ1(N ), from which it is fairly simple to deduce

that φ is also continuous, making it a homeomorphism as it is a map between compact

Hausdorff spaces. Furthermore, Theorem 3.3.10 in combination with (3.3.6) shows that φ

maps parts of the boundary bijectively onto the relative interiors of faces of the dual ball.
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Remark 3.3.12. It is interesting to note that Theorem 3.3.10 shows that each part of the

boundary of ℓ1(N )
h
inherits a natural normed space structure. Indeed, each part of the

boundary is given by a choice of I and ϵ ∈ {−1, 1}I , so on each part the map ϕ defined

by hIϵ,µ 7→ 1
2
µ is a bijection from ℓ1(N )

h
onto RN\I . The fact that the detour distance is

simply twice the ℓ1 norm on RN\I means that ϕ is actually an isometry, so we can consider

each part of the boundary to be a normed space. In all the previous examples we’ve seen,

each part of the boundary is a singleton, so can trivially be seen as the trivial normed

space. This observation motivates the next example.

3.3.4 The Horofunction Compactification of ℓ1(N )⊕ ℓ1(N )

In an attempt to investigate whether Remark 3.3.12 above hints at a genuine phenomenon,

we now considerX = ℓ1(N )⊕ℓ1(N ), which we equip with the norm ∥(x1, x2)∥ = max{∥x1∥1, ∥x2∥1}.

We want to calculate the parts of its horofunction boundary, and see whether they inherit

a natural norm structure too. Theorem 2.3 and Proposition 2.8 in [41] in conjunction with

Theorem 3.3.8 and Lemma 3.3.9 gives the following proposition for free:

Proposition 3.3.13. A function h on X is in ∂X
h
if and only if there exist a non-empty

J ⊆ {1, 2}, α ∈ RJ with minj αj = 0, and {hIj

ϵj ,µj}j∈J ⊆ ∂ℓ1(N )
h
such that

h(x) = max
j∈J

{hIj

ϵj ,µj(xj)− αj} for all x = (x1, x2) ∈ X.

This proposition immediately allows us to prove the following lemma:

Lemma 3.3.14. Every horofunction in ∂X
h
is a Busemann point.

Proof. Fix some h ∈ ∂X
h
. There are two cases to consider: either |J | = 1 or |J | = 2, where

J is as in Proposition 3.3.13. If |J | = 1, then, without loss of generality, we can assume that

h(x) = hIϵ,µ(x1) for all x ∈ X and some ϵ, µ, I as defined in Theorem 3.3.8. We can then de-

fine a path γ : [0,∞) → X by γ(t) = (γ1(t), 0), with γ1 : [0,∞) → ℓ1(N ) defined as it was in

(3.3.3). As ∥γ(t)−γ(s)∥ = ∥γ1(t)−γ1(s)∥1 and ∥x−γ(t)∥−∥γ(t)∥ = ∥x1−γ1(t)∥−∥γ1(t)∥1
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for all t ≥ s ≥ 0, we have already shown in the proof of Lemma 3.3.9 that γ is a geodesic

converging to hIϵ,µ, meaning that hIϵ,µ is a Busemann point.

If |J | = 2, we can assume without loss of generality that there exists some α > 0 such

that

h(x) = max{hI1

ϵ1,µ1(x1)− α, hI
2

ϵ2,µ2(x2)} for all x = (x1, x2) ∈ X.

We now define γ = (γ1, γ2) : [0,∞) → X by first setting β = −
∑

i∈I2 µ2
i + α, and then

defining

πiγ1(t) =


−ϵ1i t
|I1| i ∈ I1

µ1
i i /∈ I1

, and πiγ2(t) =

−ϵ2i
(

∥γ1(t)∥1+β
|I2|

)
i ∈ I2

µ2
i i /∈ I2

. (3.3.7)

To show that γ is a geodesic we fix some t ≥ s ≥ 0 and calculate

∥γ(t)− γ(s)∥ = max

{∑
i∈I1

|ϵ1i (t− s)|
|I1|

,
∑
i∈I2

| − ϵ2i (∥γ1(t)∥1 + β) + ϵ21(∥γ1(s)∥1 + β)|
|I2|

}

= max{|t− s|, |∥γ1(t)∥1 − ∥γ1(s)∥1|}

= max

|t− s|,

∣∣∣∣∣∣
∑
i∈I1

|t|
|I1|

+
∑

j∈(I1)c

µ1
j −

∑
i∈I1

|s|
|I1|

+
∑

j∈(I1)c

µ1
j

∣∣∣∣∣∣


= |t− s|,

showing that indeed γ is a geodesic. Finally, for any x = ((x1,1, x1,2), (x2,1, x2,2)) ∈ X and
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t ≥ 0,

∥x− γ(t)∥ − ∥γ(t)∥ = max{∥x1 − γ1(t)∥1, ∥x2 − γ2(t)∥} −max{∥γ1(t)∥1, ∥γ2(t)∥1}

= max

{∑
i∈I1

∣∣∣∣x1,i + ϵ1i t

|I1|

∣∣∣∣+ ∑
j∈(I1)c

|x1,j − µ1
j |,

∑
i∈I2

∣∣∣∣x2,i + ϵ2i (∥γ1(t)∥1 + β)

|I2|

∣∣∣∣+ ∑
j∈(I2)c

|x2,j − µ2
j |
}
−

max

∥γ1(t)∥1,
∑
i∈I2

|ϵ2i (∥γ1(t)∥1 + β)|
|I2|

+
∑

j∈(I2)c

|µ2
j |

 .

For sufficiently large t this then becomes:

∥x− γ(t)∥ − ∥γ(t)∥ = max

{
t+

∑
i∈I1

ϵ1ix1,i +
∑

j∈(I1)c

|x1,j − µ1
j |,

∥γ1(t)∥1 + β +
∑
i∈I2

ϵ2ix2,i +
∑

j∈(I2)c

|x2,j − µ2
j |
}
−

∥γ1(t)∥1 + β +
∑

j∈(I2)c

|µ2
j |


= max

{
t+

∑
i∈I1

ϵ1ix1,i +
∑

j∈(I1)c

|x1,j − µ1
j | − (∥γ1(t)∥1 + β +

∑
j∈(I2)c

|µ2
j |),

hI
2

ϵ2,µ2(x2)

}
= max

{
hI

1

ϵ1,µ1(x1)− α, hI
2

ϵ2,µ2(x2)
}
.

Thus γ → h pointwise, and so indeed h is a Busemann point.

Theorem 3.3.15. δ(h1, h2) <∞ for h1, h2 ∈ ∂BX
h
if and only if h1, h2 are of the following

form:

(i) There exists a ∅ ≠ I ⊆ N and ϵ ∈ {−1, 1}I and some fixed i ∈ {1, 2} such that

h1(x) = hIϵ,µ1(xi) and h2(x) = hIϵ,µ2(xi) for all x ∈ X.
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(ii) There exist ∅ ≠ I1, I2 ⊆ N and ϵ1 ∈ {−1, 1}I1
and ϵ2 ∈ {−1, 1}I2

such that h1(x) =

maxj∈{1,2}{hI
j

ϵj ,µj(xj) − αj} and h2(x) = maxj∈{1,2}{hI
j

ϵj ,νj(xj) − θj} for all x ∈ X,

where µj, νj ∈ RN\Ij
, and α, θ ∈ R{1,2} with minj αj = 0 = minj θj.

Proof. First consider the case where h1(x) = hI
1

ϵ1,µ1(x1) and h2(x) = hI
2

ϵ2,µ2(x2). We know

that there exists paths γ1 = (γ11 , 0) and γ2 = (0, γ22), where γ
j
j are as in (3.3.3). Lemma

3.2.5 allows us to calculate

H(h1, h2) = lim
t→∞

∥γ11(t)∥1 + hI
2

ϵ2,µ2(0) = ∞.

Thus δ(h1, h2) = ∞, and the only remaining case to consider where h1, h2 both depend

on only one coordinate is where h1(x) = hI
1

ϵ1,µ1(xi) and h2(x) = hI
2

ϵ2,µ2(xi). Without loss

of generality we can assume i = 1. Now set γ1 = (γ11 , 0) and γ2 = (γ21 , 0), where the

coordinate geodesics are again as in (3.3.3). Again by Lemma 3.2.5 we calculate

δ(h1, h2) = lim
t→∞

∥γ11(t)∥1 + hI
2

ϵ2,µ2(γ
1
1(t)) + lim

t→∞
∥γ21(t)∥1 + hI

1

ϵ1,µ1(γ
2
1(t)).

This is exactly the equality encountered in the proof of Theorem 3.3.10, in which we

show that δ(h1, h2) < ∞ if and only if I1 = I2 and ϵ1 = ϵ2, in which case δ(h1, h2) =

2
∑

i∈N 1\I1 |µ1
i − µ2

i |.

The next case to consider is when h1(x) = maxj∈{1,2}{hI
j

ϵj ,µj(xj) − αj}, and h2(x) =

hI
3

ϵ3,µ3(xi). Without loss of generality we again assume that i = 1. Thus we once again have

the characterizing geodesic γ2(t) = (γ21(t), 0), with γ
2
1(t) as in (3.3.3). Thus Lemma 3.2.5

allows us to immediately see

H(h2, h1) = lim
t→∞

∥γ21(t)∥1 +max{hI1

ϵ1,µ1(γ
2
1(t))− α1, h

I2

ϵ2,µ2(0)− α2}

≥ lim
t→∞

∥γ21(t)∥1 + hI
2

ϵ2,µ2(0)− α2 = ∞,

from which we can conclude that δ(h1, h2) = ∞.
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Finally we consider the case where, for all x ∈ X, h1(x) = maxj∈{1,2}{hI
j

ϵj ,µj(xj) − αj}

and h2(x) = maxj∈{1,2}{hJ
j

δj ,νj
(xj)− θj} for some ∅ ≠ Ij,J j ⊆ N , µj ∈ RN\Ij

, νj ∈ RN\J j
,

ϵj ∈ {−1, 1}Ij
, δj ∈ {−1, 1}J j

, and α, θ ∈ R{1,2} with minj αj = 0 = minj θj. There are

two sub-cases to consider: either αj = θj = 0 for the same j, or if αj = 0 then θj ̸= 0. Let

us first consider the former, and suppose without loss of generality that α2 = θ2 = 0. Now

let γ1 and γ2 be geodesics as in (3.3.7). Once again, Lemma 3.2.5 allows us to calculate:

H(h1, h2) = lim
t→∞

∥γ1(t)∥+max{hJ 1

δ1,ν1(γ
1
1(t))− α1, h

J 2

δ2,ν2(γ
1
2(t))}

= lim
t→∞

∥γ11(t)∥1 + β1 +
∑
i∈(I2)c

|µ2
i |

+max

{ ∑
i∈J 1∩I1

−δ1i ϵ1i
t

|I1|
+

∑
i∈I3∩(I1)c

ϵ3iµ
1
i +

∑
i∈(J 1)c∩I1

∣∣∣∣ν1i + ϵ1i t

|I1|

∣∣∣∣− |ν1i |

+
∑

i∈(J 1)c∩(I1)c

|ν1i − µ1
i | − |ν1i | − θ1,

∑
i∈J 2∩I2

−δ2i ϵ2i
∥γ11(t)∥1 + β1

|I2|
+

∑
i∈J 2∩(I2)c

δ2i µ
2
i

+
∑

i∈(J 2)c∩I2

∣∣∣∣ν2i + ϵ2i (∥γ11(t)∥1 + β1)

|I2|

∣∣∣∣− |ν2i |+
∑

i∈(J 2)c∩(I2)c

|ν2i − µ2
i | − |ν2i |

}
.

As supt |∥γ11(t)∥1 − t| <∞ we can use the same analysis as in the proof of Theorem 3.3.10

to conclude that H(h1, h2) < ∞ if and only if Ij = J j and ϵj = δj, for j ∈ {1, 2}. In this

case we can further the above calculations:

H(h1, h2) = max

{ ∑
i∈(I1)c

|ν1i − µ1
i | − |ν1i |+ |µ1

i |+ (α1 − θ1),

∑
i∈(I2)c

|ν2i − µ2
i | − |ν2i |+ |µ2

i |
}

Symmetry also allows us to calculate that
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H(h2, h1) = max

{ ∑
i∈(I1)c

|ν1i − µ1
i |+ |ν1i | − |µ1

i |+ (θ1 − α1),

∑
i∈(I2)c

|ν2i − µ2
i |+ |ν2i | − |µ2

i |
}

Finally we consider the case where α and θ are zero at different indices. Without loss

of generality we assume that α2 = 0 and θ1 = 0. We once again let γ1 be the geodesic

converging to h1 as in (3.3.7). We set β2 = −
∑

i∈(J 1)c |ν1i |+ θ2 and define γ2 : [0,∞) → X

by

πiγ
2
2(t) =


−δ2i t
|J 2| i ∈ J 2

ν2i i /∈ J 2

, and πiγ
2
1(t) =

−δ1i
(

∥γ22(t)∥1+β2

|J 1|

)
i ∈ J 1

ν1i i /∈ J 1

. (3.3.8)

Thus we calculate,

H(h1, h2) = lim
t→∞

∥γ1(t)∥+max{hJ 1

δ1,ν1(γ
1
1(t)), h

J 2

δ2,ν2(γ
1
2(t))− θ2}

= lim
t→∞

∥γ11(t)∥1 + β1 +
∑
i∈(I2)c

|µ2
i |

+max

{ ∑
i∈J 1∩I1

−δ1i ϵ1i
t

|I1|
+

∑
i∈J 1∩(I1)c

δ1i µ
1
i +

∑
i∈(J 1)c∩I1

∣∣∣∣ν1i + ϵ1i t

|I1|

∣∣∣∣− |ν1i |

+
∑

i∈(J 1)c∩(I1)c

|ν1i − µ1
i | − |ν1i |,

∑
i∈J 2∩I2

−δ2i ϵ2i
∥γ11(t)∥1 + β1

|I2|
+

∑
i∈J 2∩(I2)c

δ2i µ
2
i

+
∑

i∈(J 2)c∩I2

∣∣∣∣ν2i + ϵ2i (∥γ11(t)∥1 + β1)

|I2|

∣∣∣∣− |ν2i |+
∑

i∈(J 2)c∩(I2)c

|ν2i − µ2
i | − |ν2i | − θ2

}
.

The same analysis as above shows that H(h1, h2) <∞ if and only if Ij = J j and ϵj = δj,
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for j ∈ {1, 2}. In this case we see that

H(h1, h2) = max

{ ∑
i∈(I1)c

|ν1i − µ1
i | − |ν1i |+ |µ1

i |+ α1,

∑
i∈(I2)c

|ν2i − µ2
i | − |ν2i |+ |µ2

i | − θ2

}
,

and we calculate that

H(h2, h1) = lim
t→∞

∥γ2(t)∥+max{hI1

ϵ1,µ1(γ
2
1(t))− α1, h

I2

ϵ2,µ2(γ
2
2(t))}

= lim
t→∞

∥γ22(t)∥1 + β2 +
∑
i∈(I1)c

|ν1i |

+max

{∑
i∈I1

−∥γ22(t)∥1 + β2

|I1|
+
∑
i∈(I1)c

|µ1
i − ν1i | − |µ1

i | − α1,

∑
i∈I2

− t

|I2|
+
∑
i∈(I2)c

|µ2
i − ν2i | − |µ2

i |
}

= max

{ ∑
i∈(I1)c

|µ1
i − ν1i | − |µ1

i |+ |ν1i | − α1,

∑
i∈(I2)c

|µ2
i − ν2i | − |µ2

i |+ |ν2i |+ θ2

}
.

The proof of the above theorem gives us the following corollary:

Corollary 3.3.16. If h1, h2 ∈ ∂BX
h
are of the form, for all x ∈ X, h1(x) = maxj∈{1,2}{hI

j

ϵj ,µj(xj)−

αj} and h2(x) = maxj∈{1,2}{hI
j

ϵj ,νj(xj) − θj} where µj, νj ∈ RN\Ij
, and α, θ ∈ R{1,2} with
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minj αj = 0 = minj θj, then

δ(h1, h2) = max
j∈{1,2}

 ∑
i∈(Ij)c

|µji − νji |+ |µji | − |νji | − (θj − αj)

+

max
j∈{1,2}

 ∑
i∈(Ij)c

|µji − νji | − |µji |+ |νji |+ (θj − αj)

 .

As in Remark 3.3.12 if h is of the form h(x) = maxj∈{1,2}{hI
j

ϵj ,µj(xj)− αj},then there is

a natural identification between the part that h belongs to and a vector space. Indeed we

can treat P(h) as a vector space isomorphic to the vector space

V h = RN\I1
⊕

RN\I2
⊕

R2/ Sp(1),

where Sp(1) = span{(1, 1)}. V h and P(h) are also isometric if we equip V h with the detour

distance in the natural way. The following example shows that the detour distance on V h

is not always induced by a norm:

Example 3.3.17. Let h ∈ ∂BX
h
be of the form h(x) = maxj∈{1,2}{hI

j

ϵj ,µj(xj)− α1
j} where

I1 = I2 = I ≠ N and ϵ1 = ϵ2. We know that norms are translation invariant, so show that

the detour distance on V h = RN\I⊕RN\I⊕R2/ Sp(1) is not induced by a norm we need

to find v1, v2, w ∈ V h such that δ(v1, v2) ̸= δ(v1 +w, v2 +w). Let us define v1 = (µ1, µ2, 0),

v2 = (ν1, ν2, 0), and w = (−ν1, 0, 0), where for all i ∈ N \I we have

µ1
i = 5, µ2

i = 5, ν1i = −1, and ν2i = −4.

With these values we calculate

δ(v1, v2) = max

∑
(i∈I)c

10,
∑
(i∈I)c

10

+max

∑
(i∈I)c

2,
∑
(i∈I)c

8

 = 18|Ic|
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While

δ(v1 + w, v2 + w) =max

∑
i∈(I)c

2|µ1
i − ν1j |,

∑
i∈(I)c

|µ2
i − ν2i |+ |µ2

i | − |ν2i |

+

max

∑
i∈(I)c

0,
∑
i∈(I)c

|µ2
i − ν2i | − |µ2

i |+ |ν2i |


=max

∑
i∈(I)c

12,
∑
i∈(I)c

10

+max

0,
∑
i∈(I)c

8


= 20|Ic|.

Thus indeed δ is not translation invariant on V h, and so cannot be induced by a norm.

The above example of course does not serve as a proof that there exists no isometry

between P(h) and some very convoluted normed space, but it does show that the natural

identification between P(h) and V h is not an isometry if we equip V h with a norm, unlike

in Remark 3.3.12.

3.4 Metric Compactification of ℓ1 Metric Spaces

In Subsection 3.3.3, we showed that the horofunctions of ℓ1(N ) are precisely those functions

hIϵ,µ, where, for x = (x1, . . . , xn) ∈ ℓ1(N ),

hIϵ,µ(x) =
∑
i∈I

−ϵixi +
∑
j∈N\I

|xj − µj| − |µj|.

In the beginning of Section 3.3 we also showed that the horofunctions of (R, | · |) are simply

the functions hϵ for ϵ ∈ {−1, 1}, where

hϵ(x) = −ϵx.
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We can thus write

hIϵ,µ(x) =
∑
i∈I

hϵ(xi) +
∑
j∈N\I

hµj(xj).

There is thus a natural identification between ℓ1(N )
h
and

∏n
i=1R

h
. In this section we show

that this observation can be extended to classify the horofunction compactification of the

ℓ1 product of a finite collection of arbitrary metric spaces. A similar classification for the

horofunction compactification of the ℓ1 sum of proper geodesic metric spaces can be found

in joint work with Lemmens and Milliken in [45].

We let (Mi, di)
m
i=1 be a finite collection of complete metric spaces. We define (M,d)

by M =
∏m

i=1Mi and d((xi), (yi)) =
∑m

i=1 di(xi, yi). We let b = (bi)
m
i=1 be an arbitrary

basepoint. Recall for any metric space X, we have the split ∂X
h
= X

h,∞ ∪Xh,e
, where

X
h,∞

= {h ∈ ∂X
h
: inf
X
h = −∞}, and Xh,e

= {h ∈ ∂X
h
: inf
X
h > −∞}.

If fi ∈ RMi for all i ∈ {1, . . . ,m}, we define
∑m

i=1 fi ∈ RM in the natural way, by,

m∑
i=1

fi(x) =
m∑
i=1

fi(xi),

for all x = (x1, . . . , xm) ∈ M . With this notation we can introduce the main theorem of

this section.

Theorem 3.4.1. A function h ∈ RM is in M
h
if and only if for each i ∈ {1, . . . ,m} there

exists a hi ∈M
h

i such that

h =
m∑
i=1

hi. (3.4.1)

Furthermore, h ∈ ∂M
h
if and only if hj ∈ ∂M

h

j for some j ∈ {1, . . . ,m}, and if hj ∈M
h,∞
j ,

then h ∈ M
h,∞

. Finally, h ∈ ∂M
h
is a Busemann point if and only if hi ∈ ∂M

h

i means

that hi is a Busemann point, for all i ∈ {1, . . . ,m}.
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Proof. Lemmas 3.4.2, 3.4.3 and 3.4.4 proved below prove the theorem.

Lemma 3.4.2. For any h ∈M
h
there exists, for each j ∈ {1, . . . ,m}, a hj ∈M

h

j , so that

for all y = (yi) ∈M

h(y) =
m∑
i=1

hj(yj).

Furthermore, if h ∈M
h,∞

then there exists some j0 ∈ {1, . . . ,m}, so that hj0 ∈M
h,∞
j0

, and

if instead h ∈M
h,e

then there exists some j0 ∈ {1, . . . ,m}, so that hj0 ∈M
h,e

j0
.

Proof. There must exist a net (xα) = ((xαi )
m
i=1) ⊆M such that hxα → h pointwise. As M

h

i

is compact in the topology of pointwise convergence, by taking subnets we can assume that

hxαi converges pointwise to some hi ∈M i for each i ∈ {1, . . . ,m}. Thus for every y ∈M

h(y) = lim
α
d(xα, y)− d(xα, b) = lim

α

m∑
j=1

dj(x
α
j , yj)−

m∑
i=1

di(x
α
i , bi)

= lim
α

m∑
j=1

hxαj (yj) =
m∑
j=1

hj(yj).

By way of contradiction, assume that hj /∈ ∂M
h

j for all j ∈ {1, . . . ,m}. There must thus

exist an xj ∈ Mj for all j ∈ {1, . . . ,m} such that hj = hxj . Set x = (x1, . . . , xm) ∈ M .

Thus for any y ∈M , by the above calculation:

h(y) =
m∑
j=1

hxj(yj) =
m∑
j=1

dj(xj, yj)− d(xj, bj) = d(x, y)− d(x, b) = hx(y),

which contradicts the fact that h is not an internal metric functional. Now assume that

h ∈M
h,∞

, but hi /∈M
h,∞
i for all i ∈ {1, . . . ,m}. This would then mean that

h(y) ≥ m min
i∈{1,...,m}

inf
yi∈Mi

hi(yi) > −∞,

a contradiction. Finally assume that h ∈ M
h,e
, but hi /∈ M

h,e

i for all i ∈ {1, . . . ,m}. As

we know there must exist some hj0 ∈ ∂M
h

j0
, our assumption forces hj0 to be an element
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of M
h,∞
j0

, which means that there exists a sequence (ynj0) in Mj0 such that hj0(y
n
j0
) → −∞,

else hj0 ∈M
h,e

j0
but this means that h(b1, . . . , y

n
j0
, . . . , bm) → −∞, a contradiction.

We thus see that every horofunction on M is of form (3.4.1). The converse is also true.

Lemma 3.4.3. Suppose we are given some function h on M where

h =
m∑
i=1

hi

and each hi ∈ M
h
. If there exists a j0 ∈ {1, . . . ,m} with hj0 ∈ M

h,∞
j0

, then h ∈ M
h,∞

. If,

instead, there exists a j0 ∈ {1, . . . ,m} with hj0 ∈M
h,e

j0
and hi /∈M

h,∞
i for any i ̸= j0, then

h ∈M
h,e

Proof. As hi ∈ M
h

i for each i ∈ {1, . . . ,m}, there must exist nets (xαi
i ) ⊆ Mi such that

hxαi
i

→ hi. Let (Ai,≤i) be the directed set underlying the net (xαi
i ). We then consider

the set Γ =
∏m

i=1Ai, and equip it with the order ≤ defined by (α1, . . . , αm) ≤ (β1, . . . , βm)

if and only if αi ≤ βi for all i ∈ {1, . . . ,m}. This order makes Γ directed. For each

γ = (α1, . . . , αm) ∈ Γ we define xγ = (xα1 , . . . , xαm) ∈ M , so (xγ) ⊆ M is a net. For any

y ∈M and γ = (α1, . . . , αm) ∈ Γ we have

hxγ (y) =
m∑
j=1

dj(x
αj

j , yj)− dj(x
αj

j , bj) =
m∑
j=1

h
x
αj
j
(yj).

Now, for every ε > 0 there exists α′
j ∈ Aj for each j ∈ {1, . . . ,m}, such that |hxαj (yj) −

hj(yj)| < ε for all αj ≥ α′
j. Thus, if we define γ

′ = (α′
1, . . . , α

′
m), the above equation means

that for all γ ≥ γ′

|h(y)− hxγ (y)| ≤
m∑
j=1

|h
x
γ(j)
j

(yj)− hj(yj)| < mε.

so limγ hxγ (y) = h(y). Therefore h ∈ M
h
. Now, if there exists a j0 ∈ {1, . . . ,m} such
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that j0 ∈ M
h,∞
j0

there exists a sequence (ynj0) ∈ Mj0 such that hj0(y
n
j0
) → −∞. If we then

evaluate h on the sequence (b1, . . . , y
n
j0
, . . . , bm) it follows that infM h(y) = −∞, so indeed

h ∈ M
h,∞

. If instead there exists a j0 ∈ {1, . . . ,m} with hj0 ∈ M
h,e

j0
and hi /∈ M

h,∞
i for

any i ̸= j0 then infM h > −∞. Furthermore there cannot exist any xj0 ∈ Mj0 such that

hj0(y) = hxj0 (y) for all y ∈ Mj0 . Now suppose by way of contradiction that there exists

some x ∈M such that h = hx. This would then mean that for every y ∈M , h(y) = hx(y).

In particular this would mean that, for every y ∈Mj0 ,

h((b1, . . . , y, . . . , bm)) = hx((b1, . . . , y, . . . , bm)) = hxj0 (yj0),

which implies that hj0(y) = hxj0 (y) for all y ∈ Mj0 , a contradiction. Thus h /∈ M . Our

assumption also means that infMj
hj > −∞ for all j, which means that h /∈ M

h,∞
. As

h ∈M
h
this must mean that h ∈M

h,e
.

We end the proof of Theorem 3.4.1 with:

Lemma 3.4.4. The horofunction h =
∑m

i=1 hi ∈M is a Busemann point ofM if and only if

each hi is either an internal metric functional or Busemann point ofMi, for i ∈ {1, . . . ,m},

and there exists at least one j ∈ {1, . . . ,m} such that hj is a Busemann point.

Proof. First assume we are given, for each i ∈ {1, . . . ,m}, an almost-geodesic net (xαi
i )

in Mi with corresponding internal metric functionals converging to hi, and there exists a

j such that hj is a Busemann point. Just as in the proof of Lemma 3.4.3 above, we can

construct the net (xγ) ⊂ M such that hxγ → h. The linearity of the ℓ1 metric d means

that (xγ) is an almost-geodesic net. Conversely, suppose that h is a Busemann point, and

that hxα → h pointwise, where (xα) = ((xαi )
m
i=1) is an almost-geodesic net. Fix an ε > 0.

By definition there exists a α′, so that for all β ≥ α ≥ α′

m∑
i=1

di(bi, x
β
i ) ≥

m∑
i=1

di(bi, x
α
i ) + di(x

β
i , x

α
i )− ε.
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For any j ∈ {1, . . . ,m}, we can subtract
∑

i ̸=j di(bi, x
β
i ) from both sides in the above in

equality to calculate

dj(bj, x
β
j ) ≥ dj(bj, x

α
j ) + dj(x

β
j , x

α
j ) +

m∑
i ̸=j

[
di(bi, x

α
i ) + di(x

β
i , x

α
i )− di(bi, x

β
i )
]
− ε

≥ dj(bj, x
β
j ) + dj(x

β
j , x

α
j )− ε,

where in the last line we applied the triangle inequality to each di(bi, x
α′
i ) for i ̸= j. This

then shows that each j ∈ {1, . . . ,m}, the net (xαj ) is an almost-geodesic. Lemma 3.2.2

tells us that, for each j ∈ {1, . . . ,m}, there exists hj ∈ M
h
which hxαj converges to. If, for

any j ∈ {1, . . . ,m}, the net (xαj ) is bounded, hj is an internal metric functional, say hxj

by Proposition 2.5 in [69]. Thus, if all (xαj ) are bounded, h =
∑m

j=1 hxj is also an internal

metric functional, a contradiction.

The above lemma means that for any h ∈ ∂BM
h
there exists a ∅ ≠ I ⊆ {1, . . . ,m} and

a decomposition

h =
∑
i∈I

hi +
∑
j∈Ic

hxj ,

where for each i ∈ I, hi is a Busemann point.

Theorem 3.4.5. Two Busemann points

h =
∑
i∈I

hi +
∑
j∈Ic

hxj , h′ =
∑
i∈I′

h′i +
∑
j∈I′c

hyj

are in the same part of the Busemann boundary if and only if I ′ = I and each hi ∈ ∂BM
h

i

is in the same part as h′i ∈ ∂BM
h

i . If h and h′ are in the same part, then

δ(h, h′) =
∑
i∈I

δ(hi, h
′
i) + 2

∑
j /∈I

d(yj, xj).

Proof. First assume we are given two Busemann points
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h =
∑
i∈I

hi +
∑
j∈Ic

hxj , h′ =
∑
i∈I′

h′i +
∑
j∈I′c

, hyj (3.4.2)

where I ′ = I and each hi ∈ ∂BM
h

i is in the same part as h′i ∈ ∂BM
h

i . Let (xα) be

an almost-geodesic net such that hxα → h, and (yβ) an almost-geodesic net such that

hyβ → h′. The proof of Lemma 3.4.4 shows that, for all i ∈ {1, . . . ,m}, the nets (xαi ) and

(yβi ) are also almost-geodesic nets in Mi. By Lemma 3.2.5 we know that

H(h, h′) = lim
α
d(b, xα) + h′(xα)

= lim
α

∑
i∈I

di(bi, x
α
i ) + h′i(x

α
i ) +

∑
j /∈I

dj(bj, x
α
j ) + hyj(x

j
α)

=
∑
i∈I

H(hi, h
′
i) +

∑
j /∈I

dj(bj, xj) + hyj(xj) <∞,

where the last inequality follows from the assumption that each hi and h′i are in the

same part of the boundary for each i ∈ I. A symmetrical argument shows similarly

that H(h′, h) <∞, so we conclude that h and h′ lie in the same part of the boundary.

Conversely, assume that h and h′ are of the form (3.4.2) and lie in the same part

of ∂BM
h
. Thus H(h, h′) < ∞ and H(h′, h) < ∞. We can assume that hxα → h and

hyβ → h′ for almost-geodesic nets (xα) and (yα). The proof of Lemma 3.4.4 shows that

each coordinate net (xαi ) and (yβi ) for i ∈ {1, . . . ,m} is also an almost-geodesic. Thanks to

Lemma 3.2.5 we can write

H(h, h′) = lim
α

∑
i∈I∩I′

di(bi, x
α
i ) + h′i(x

α
i ) +

∑
j∈I\I′

dj(bj, x
α
j ) + hyj(x

α
j )

+
∑
i∈I′\I

di(bi, x
α
i ) + h′i(x

α
i ) +

∑
j /∈I∪I′

dj(bj, x
α
j ) + hyj(x

α
j ).

The sum of the two constituent terms in each of the above four sums is non-negative for

all indices, so for H(h, h′) to be finite it is required that the limit of each sum of two terms
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within the sums is finite. For j /∈ I, (xαj ) is bounded, so we need only be concerned with

instances where j ∈ I. In particular we require that

∑
j∈I\I′

dj(bj, x
α
j ) + hyj(x

α
j ) <∞,

but hyj(x
j
α) ≥ dj(bj, yj) for each j ∈ I\I ′, whereas dj(bj, x

α
j )

α−→ ∞, so this is only possible

if I ⊆ I ′. A symmetrical argument applied to H(h′, h) shows that I ′ ⊆ I, meaning that

I = I ′. Thus,

H(h, h′) = lim
α

∑
i∈I

di(bi, x
α
i ) + h′i(x

α
i ) +

∑
j /∈I

dj(bj, x
α
j ) + hyj(x

α
j ), and

H(h′, h) = lim
β

∑
i∈I

di(bi, y
β
i ) + hi(y

β
i ) +

∑
j /∈I

dj(bj, y
β
j ) + hxj(y

β
j ).

Lemma 2.4.2 guarantees the existence of subnets (xγ) and (yγ) such that

δ(h, h′) = lim
γ

∑
i∈I

di(bi, x
γ
i ) + h′i(x

γ
i ) + di(bi, y

γ
i ) + hi(y

γ
i )

+
∑
j /∈I

dj(bj, x
γ
j ) + hyj(x

γ
j ) + dj(bj, y

γ
j ) + hxj(y

γ
j ).

Furthermore, the construction of the subnet in the proof of Lemma 2.4.2 makes it easy to

check that both (xγ) and (yγ) are also almost-geodesic nets. Thus, we can once again use

Lemma 3.2.5 in conjunction with the above equality to deduce that

δ(h, h′) =
∑
i∈I

δ(hi, h
′
i) +

∑
j /∈I

dj(bj, xj) + hyj(xj) + dj(bj, yj) + hxj(yj),

which can be finite only if δ(hi, h
′
i) is finite for each i ∈ I. It also immediately follows that
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if h and h′ are in the same part, then

δ(h, h′) =
∑
i∈I

δ(hi, h
′
i) + 2

∑
j /∈I

d(yj, xj).
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Chapter 4

Product Domains

This chapter, along with Chapters 5 and 6, consists of sections in [47], which was joint

work with Bas Lemmens. The reader may notice some content in the preliminary sections

of each of these chapters 4, 5, and 6 which has already been discussed in some form in

Chapters 2 and 3 above. The author decided to keep this content in these chapters for

the convenience of the reader, and to maintain consistency between these chapters and the

published journal article [47].

In this chapter we analyse the geometry and topology of the horofunction compactifi-

cation of bounded symmetric domains of the form B◦ = B◦
1 × · · · × B◦

r , where B
◦
i = {z ∈

Cni : |z1|2 + · · · + |zni
|2 < 1}, under the Kobayashi distance. In fact, we shall consider

slightly more general product domains where each B◦
i is the open unit ball of a norm on

Cni with a strongly convex C3-boundary. Even though these domains no longer correspond

to noncompact type symmetric spaces we shall see that there still exists a homeomorphism

between the horofunction compactification and the closed dual unit ball of the Finsler

metric at the origin. We will start by recalling some basic concepts.
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4.1 Product domains and Kobayashi distance

On a convex domain D ⊆ Cn the Kobayashi distance is given by

kD(z, w) = inf{ρ(ζ, η) : ∃f : ∆ → D holomorphic with f(ζ) = z and f(η) = w}

for all z, w ∈ D, where

ρ(z, w) = log
1 +

∣∣ w−z
1−z̄w

∣∣
1−

∣∣ w−z
1−z̄w

∣∣ = 2 tanh−1

(
1− (1− |w|2)(1− |z|2)

|1− wz̄|2

)1/2

is the hyperbolic distance on the open disc ∆ = {z ∈ C : |z| < 1}.

It is known, see [1, Proposition 2.3.10], that if D ⊂ Cn is bounded convex domain,

then (D, kD) is a proper metric space, whose topology coincides with the usual topology on

Cn. Moreover, (D, kD) is a geodesic metric space containing geodesic rays, see [1, Theorem

2.6.19] or [39, Theorem 4.8.6].

For the Euclidean ball B◦
n = {(z1, . . . , zn) ∈ Cn : ∥z∥2 < 1}, where ∥z∥2 =

∑
i |zi|2, the

Kobayashi distance satisfies

kBn(z, w) = 2 tanh−1

(
1− (1− ∥w∥2)(1− ∥z∥2)

|1− ⟨z, w⟩|2

)1/2

for all z, w ∈ B◦
n, see [1, Chapters 2.2 and 2.3].

In our setting we will consider product domains B◦ =
∏r

i=1B
◦
i , where each B◦

i is an

open unit ball of a norm in Cni , and we will use the product property of kB, which says

that

kB(z, w) = max
i=1,...,r

ki(zi, wi),

where ki is the Kobayashi distance on B◦
i , see [39, Theorem 3.1.9]. So for the polydisc
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∆r = {(z1, . . . , zr) ∈ Cr : maxi |zi| < 1}, the Kobayashi distance satisfies

k∆r(z, w) = max
i
ρ(zi, wi) for all w = (w1, . . . , wr), z = (z1, . . . , zr) ∈ ∆r.

For the Euclidean ball, B◦
n, it is well known that the horofunctions of (B◦

n, kBn), with

basepoint b = 0, are given by

hξ(z) = log
|1− ⟨z, ξ⟩|2

1− ∥z∥2
for all z ∈ B◦

n, (4.1.1)

where ξ ∈ ∂B◦
n. Moreover, each horofunction hξ is a Busemann point, as it is the limit

induced by the geodesic ray t 7→ et−1
et+1

ξ, for 0 ≤ t <∞.

Moreover, if B◦ is a product of Euclidean balls, then the horofunctions are known, see

[1, Proposition 2.4.12] and [41, Corollary 3.2]. Indeed, for a product of Euclidean balls

B◦ = B◦
n1

× · · · × B◦
nr

the Kobayashi distance horofunctions with basepoint b = 0 are

precisely the functions of the form

h(z) = max
j∈J

(
hξj(zj)− αj

)
,

where J ⊆ {1, . . . , r} nonempty, ξj ∈ ∂B◦
nj

for j ∈ J , and minj∈J αj = 0. Moreover, each

horofunction is a Busemann point.

The form of the horofunctions of the product of Euclidean balls is essentially due to the

product property of the Kobayashi distance and the smoothness and convexity properties of

the balls. Indeed, more generally, the following result holds, see [41, Section 2 and Lemma

3.3].

Theorem 4.1.1. If Di ⊂ Cni is a bounded strongly convex domain with C3-boundary, then

for each ξi ∈ ∂Di there exists a unique horofunction hξi which is the limit of a geodesic

γ from the basepoint bi ∈ Di to ξi. Moreover, these are all the horofunctions. If D =∏r
i=1Di, where each Di is a bounded strongly convex domain with C3-boundary, then each
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horofunction h of (D, kD) with respect to the basepoint b = (b1, . . . , br) is of the form

h(z) = max
j∈J

(
hξj(zj)− αj

)
, (4.1.2)

where J ⊆ {1, . . . , r} nonempty, ξj ∈ ∂Dj for j ∈ J , and minj∈J αj = 0. Furthermore,

each horofunction is a Busemann point, and the part of h, where h is given by (4.1.2),

consists of those horofunctions h′ of the form,

h′(z) = max
j∈J

(
hξj(zj)− βj

)
,

with minj∈J βj = 0.

Now let D =
∏r

i=1Di, where each Di is a bounded strongly convex domain with C3-

boundary. Given J ⊆ {1, . . . , r} nonempty, ξj ∈ ∂Dj for j ∈ J , and αj ≥ 0 for j ∈ J with

minj∈J αj = 0, we can find geodesic paths γj : [0,∞) → Dj from bj to ξj, and form the

path γ : [0,∞) → D, where

γ(t)j =

 γj(t− αj) for all j ∈ J and t ≥ αj

bj otherwise.
(4.1.3)

Lemma 4.1.2. The path γ : [0,∞) → D in (4.1.3) is a geodesic path, and hγ(t) → h where

h is given by (4.1.2).

Proof. Let ki denote the Kobayashi distance on Di. By the product property we have that

kD(γ(s), γ(t)) = max
i
ki(γ(s)i, γ(t)i)

for all s ≥ t ≥ 0. By construction ki(γ(s)i, γ(t)i) ≤ ki(γi(s), γi(t)) = s − t for all i and

s ≥ t ≥ 0. For j ∈ J with αj = 0 we have that kj(γ(s)j, γ(t)j) = kj(γj(s), γj(t)) = s− t for
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all s ≥ t ≥ 0, and hence

kD(γ(s), γ(t)) = max
i
ki(γ(s)i, γ(t)i) = s− t

for all s ≥ t ≥ 0.

Note that for z ∈ D we have

lim
t→∞

hγ(t)(z) = lim
t→∞

kD(z, γ(t))− kD(γ(t), b)

= lim
t→∞

max
i

(ki(zi, γ(t)i)− t)

= lim
t→∞

max
j∈J

(kj(zj, γ(t)j)− t)

= lim
t→∞

max
j∈J

(kj(zj, γj(t− αj))− kj(γj(t− αj), bj)− αj)

= max
j∈J

(
hξj(zj)− αj

)
,

which shows that hγ(t) → h.

Consider B◦ =
∏r

i=1B
◦
ni

⊆ Cn, where each B◦
ni

is an open unit ball of a norm in Cni .

Then B◦ is the open unit ball of the norm ∥ · ∥B◦ on Cn. In fact,

∥w∥B◦ = max
i=1,...,r

∥wi∥B◦
i
,

where ∥ · ∥B◦
i
is the norm on Cni with open unit ball B◦

i .

To analyse the dual norm of ∥ · ∥B◦ we identify the dual space of Cn1 × · · · × Cnr with

itself using the standard inner-product

⟨x, y⟩ =
r∑
i=1

⟨xi, yi⟩ for x = (x1, . . . , xr), y = (y1, . . . , yr) ∈ Cn1 × · · · × Cnr .

So, y ∈ Cn1 × · · · × Cnr 7→ ⟨·, y⟩ ∈ (Cn1 × · · · × Cnr)∗. Note that the dual norm ∥ · ∥∗B◦
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satisfies

∥y∥∗B◦ = sup
∥x∥B◦=1

Re⟨x, y⟩ = sup
∥x∥B◦=1

r∑
i=1

Re⟨xi, yi⟩ =
r∑
i=1

∥yi∥∗B◦
i

for y = (y1, . . . , yr) ∈ Cn1×· · ·×Cnr ,

as ∥x∥B◦ = maxi ∥xi∥B◦
i
. So we see that the closed dual unit ball is given by

B∗ = {y ∈ Cn1×· · ·×Cnr : Re⟨x, y⟩ ≤ 1 for all x ∈ B} = {y ∈ Cn1×· · ·×Cnr :
r∑
i=1

∥yi∥∗B◦
i
≤ 1}.

Now suppose that each B◦
i is strictly convex and smooth. The closed ball B∗ has

extreme points p(ξ∗i ) = (0, . . . , 0, ξ∗i , 0, . . . , 0), where ξ
∗
i ∈ Cni is the unique supporting

functional at ξi ∈ ∂B◦
i , i.e., Re⟨ξi, ξ∗i ⟩ = 1 and Re⟨wi, ξ∗i ⟩ < 1 for wi ∈ Bi with wi ̸= ξi.

The relatively open faces of B∗ are the sets of the form

F ({ξj ∈ ∂B◦
j : j ∈ J}) =

{∑
j∈J

λjp(ξ
∗
j ) :

∑
j∈J

λj = 1 and λj > 0 for all j ∈ J

}
,

where J ⊆ {1, . . . , r} is nonempty and ξj ∈ ∂B◦
j for j ∈ J are fixed. Here the relative

topology is taken with respect to the affine span of {p(ξ∗j ) : j ∈ J}.

On B◦ the Kobayashi distance has a Finsler structure in terms of the infinitesimal

Kobayashi metric, see e.g., [1, Chapter 2.3]. Indeed, we have that

kB(z, w) = inf
γ
L(γ),

where the infimum is taken over all piecewise C1-smooth paths γ : [0, 1] → B◦ with γ(0) = z

and γ(1) = w, and

L(γ) =

∫ 1

0

κB(γ(t), γ
′(t))dt,

with

κB(u, v) = inf{|ξ| : ∃ϕ ∈ Hol(∆, B◦) such that ϕ(0) = u and (Dϕ)0(ξ) = v}.
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Proposition 4.1.3. [1, Proposition 2.3.24] If B◦ is the open unit ball of a norm on Cn,

then

κB(0, v) = ∥v∥B◦ for all v ∈ Cn.

For z ∈ B◦ and i = 1, . . . , r, if zi ̸= 0, then we let z′i = ∥zi∥−1
B◦

i
zi ∈ ∂B◦

i and we write

p(z∗i ) = (0, . . . , 0, z∗i , 0, . . . , 0), where z
∗
i is the unique supporting functional at z′i ∈ ∂B◦

i . If

zi = 0, we set p(z∗i ) = 0.

We now define a map ϕB : B◦h → B∗ and show in the remainder of this section that it

is a homeomorphism. For z ∈ B◦ = B◦
1 × · · · ×B◦

r let

ϕB(z) =
1∑r

i=1 e
ki(zi,0) + e−ki(zi,0)

(
r∑
i=1

(eki(zi,0) − e−ki(zi,0))p(z∗i )

)
,

where ki is the Kobayashi distance on B◦
i . For a horofunction h given by (4.1.2) we define

ϕB(h) =
1∑

j∈J e
−αj

(∑
j∈J

e−αjp(ξ∗j )

)
.

More precisely, we prove the following theorem.

Theorem 4.1.4. If B◦ =
∏r

i=1B
◦
i , where each B◦

i is the open unit ball of a norm on Cni

which is strongly convex and has a C3-boundary, then ϕB : B◦h → B∗ is a homeomorphism,

which maps each part of ∂B◦h onto the relative interior of a boundary face of B∗.

4.2 The map ϕB: injectivity and surjectivity

Throughout the remainder of this section we assume that B◦ =
∏r

i=1B
◦
i and each B◦

i is

the open unit ball of a norm on Cni , which is strongly convex and has a C3-boundary. So

for each ξi ∈ ∂B◦
i there exists a unique ξ∗i ∈ Cni such that

Re⟨ξi, ξ∗i ⟩ = 1 and Re⟨wi, ξ∗i ⟩ < 1 for all wi ∈ Bi with wi ̸= ξi,
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as Bi is strictly convex and smooth.

We start with the following basic observation.

Lemma 4.2.1. For each z ∈ B◦ we have that ϕB(z) ∈ intB∗, and ϕB(h) ∈ ∂B∗ for all

h ∈ ∂B◦h.

Proof. Note that for z ∈ B◦ and w ∈ B we have that

Re⟨w, ϕB(z)⟩ =
1∑r

i=1 e
kj(zi,0) + e−ki(zi,0)

(
r∑
i=1

(eki(zi,0) − e−ki(zi,0))Re⟨wi, z∗i ⟩

)

≤ 1∑r
i=1 e

ki(zi,0) + e−ki(zi,0)

(
r∑
i=1

eki(zi,0) − e−ki(zi,0)

)
< 1− δ

for some 0 < δ < 1, which is independent of w. Thus, supw∈B Re⟨w, ϕB(z)⟩ < 1 − δ < 1,

hence ϕB(z) ∈ intB∗.

To see that ϕB(h) ∈ ∂B∗, note that for w =
∑

j∈J p(ξj) ∈ B, where p(ξj) = (0, . . . , 0, ξj, 0, . . . , 0),

we have that Re⟨w, ϕB(h)⟩ = 1.

To show that ϕB is injective on B◦, we need the following basic calculus fact, which can

be found in [32, Section 4].

Lemma 4.2.2. If µ : Rr → R is given by µ(x1, . . . , xr) =
∑r

i=1 e
xi + e−xi, then x 7→

∇ log µ(x) is injective on Rr.

Note that

(∇ log µ(x))j =
exj − e−xj∑r
i=1 e

xi + e−xi
for all j.

Lemma 4.2.3. The map ϕB is a continuous bijection from B◦ onto intB∗.

Proof. Cleary ϕB is continuous on B◦ and ϕB(z) = 0 if and only if z = 0. Suppose that

z, w ∈ B◦ \ {0} are such that ϕB(z) = ϕB(w). For simplicity write

αj =
ekj(zj ,0) − e−kj(zj ,0)∑r
i=1 e

ki(zi,0) + e−ki(zi,0)
≥ 0 and βj =

ekj(wj ,0) − e−kj(wj ,0)∑r
i=1 e

ki(wi,0) + e−ki(wi,0)
≥ 0.
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Note that αjp(z
∗
j ) = 0 if and only if zj = 0, and βjp(w

∗
j ) = 0 if and only if wj = 0. Thus,

zj = 0 if and only if wj = 0. Now suppose that zj ̸= 0, so wj ̸= 0. Then ⟨p(vj), ϕB(z)⟩ =

⟨p(vj), ϕB(w)⟩ for each vj ∈ B◦
j . This implies that

αj⟨vj, z∗j ⟩ = βj⟨vj, w∗
j ⟩ for all vj ∈ B◦

j ,

hence αjz
∗
j = βjw

∗
j . It follows that αj = βj and z

∗
j = w∗

j . Thus zj = µjwj for some µj > 0.

As αi = βi for all i ∈ {1, . . . , r}, we know by Lemma 4.2.2 that kj(zj, 0) = kj(wj, 0), hence

zj = wj by [1, Proposition 2.3.5]. So z = w, which shows that ϕB is injective.

As ϕB is injective and continuous on B◦, it follows from Brouwer’s domain invariance

theorem that ϕB(B
◦) is an open subset of intB∗ by Lemma 4.2.1. Suppose, by way of

contradiction, that ϕB(B
◦) ̸= intB∗. Then ∂ϕB(B

◦) ∩ intB∗ is nonempty, as otherwise

ϕB(B
◦) is closed and open in intB∗, which would imply that intB∗ is the disjoint union

of the nonempty open sets ϕB(B
◦) and its complement contradicting the connectedness of

intB∗. So let w ∈ ∂ϕB(B
◦) ∩ intB∗ and (zn) be a sequence in B◦ such that ϕB(z

n) → w.

As ϕB is continuous on B◦, we have that kB(z
n, 0) → ∞.

Using the product property, kB(z
n, 0) = maxi ki(z

n
i , 0), we may assume after taking

subsequences that αni = kB(z
n, 0)− ki(z

n
i , 0) → αi ∈ [0,∞] and zni → ζi ∈ Bi for all i. Let

I = {i : αi <∞}, and note that for each i ∈ I, ζi ∈ ∂B◦
i , as ki(z

n
i , 0) → ∞. Then

ϕB(z
n) =

1∑r
i=1 e

ki(zni ,0) + e−ki(z
n
i ,0)

(
r∑
i=1

(eki(z
n
i ,0) − e−ki(z

n
i ,0))p((zni )

∗)

)

=
1∑r

i=1 e
−αn

i + e−kB(zn,0)−ki(zni ,0)

(
r∑
i=1

(e−α
n
i − e−kB(zn,0)−ki(zni ,0))p((zni )

∗)

)
.

Letting n→ ∞, the righthand side converges to

1∑
i∈I e

−αi

(∑
i∈I

e−αip(ζ∗i )

)
= w.

But this implies that w ∈ ∂B∗, as Re⟨
∑

i∈I p(ζi), w⟩ = 1 and
∑

i∈I p(ζi) ∈ B, where
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p(ζi) = (0, . . . , 0, ζi, 0, . . . , 0). This is impossible and hence ϕB(B
◦) = intB∗.

We now analyse ϕB on ∂B◦h.

Lemma 4.2.4. The map ϕB maps ∂B◦h bijectively onto ∂B∗. Moreover, the part Ph,

where h is given by (4.1.2), is mapped onto the relative open boundary face

F ({ξj ∈ ∂B◦
j : j ∈ J}) =

{∑
j∈J

λjp(ξ
∗
j ) :

∑
j∈J

λj = 1 and λj > 0 for all j ∈ J

}
.

Proof. We know from Lemma 4.2.1 that ϕB maps ∂B◦h into ∂B∗. To show that it is onto

we let w ∈ ∂B∗. As B∗ is the disjoint union of its relative open faces (see [61, Theorem

18.2]), there exist J ⊆ {1, . . . , r}, extreme points p(ξ∗j ) of B∗, and 0 < λj ≤ 1 for j ∈ J

with
∑

j∈J λj = 1 such that w =
∑

j∈J λjp(ξ
∗
j ). Let µj = − log λj and µ∗ = minj∈J µj.

Now set αj = µj − µ∗ for j ∈ J . Then αj ≥ 0 for j ∈ J and minj∈J αj = 0.

Let h ∈ ∂B◦h be given by h(z) = maxj∈J(hξj(zj)− αj). Then

ϕB(h) =

∑
j∈J e

−αjp(ξ∗j )∑
j∈J e

−αj
=

∑
j∈J e

−µjp(ξ∗j )∑
j∈J e

−µj
=

∑
j∈J λjp(ξ

∗
j )∑

j∈J λj
= w.

To prove injectivity let h, h′ ∈ ∂B◦h, where h is as in (4.1.2) and

h′(z) = max
j∈J ′

(hηj(zj)− βj) (4.2.1)

for z ∈ B◦. Suppose that ϕB(h) = ϕB(h
′), so

ϕB(h) =

∑
j∈J e

−αjp(ξ∗j )∑
j∈J e

−αj
=

∑
j∈J ′ e−βjp(η∗j )∑

j∈J ′ e−βj
= ϕB(h

′).

We have that J = J ′. Indeed, if k ∈ J and k ̸∈ J ′, then

0 = Re⟨p(ξk), ϕB(h′)⟩ = Re⟨p(ξk), ϕB(h)⟩ > 0,
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which is impossible. For the other case a contradiction can be derived in the same way.

Now suppose there exists k ∈ J such that ξk ̸= ηk. If

e−αk∑
j∈J e

−αj
≤ e−βk∑

j∈J e
−βj

,

then

Re⟨p(ηk), ϕB(h)⟩ =
e−αk∑
j∈J e

−αj
Re⟨ηk, ξ∗k⟩ <

e−αk∑
j∈J e

−αj
≤ e−βk∑

j∈J e
−βj

= Re⟨p(ηk), ϕB(h′)⟩,

as B◦
k is smooth and strictly convex, which contradicts ϕB(h) = ϕB(h

′). The other case

goes in the same way. Thus, J = J ′ and ξj = ηj for all j ∈ J .

It follows that

e−αk∑
j∈J e

−αj
= Re⟨p(ξk), ϕB(h)⟩ = Re⟨p(ηk), ϕB(h′)⟩ =

e−βk∑
j∈J e

−βj

for all k ∈ J . To show that αk = βk for all k ∈ J let ν : RJ → R be given by ν(x) =∑
j∈J e

−xj . Then for x, y ∈ RJ and 0 < t < 1 we have that

ν(tx+ (1− t)y) ≤ ν(x)tν(y)1−t,

and we have equality if and only if there exists a constant c such that xk = yk + c for all

k ∈ J . So, if x ̸= y + (c, . . . , c) for all c, then −∇ log ν(x) ̸= −∇ log ν(y).

As minj∈J αj = 0 = minj∈J βj, we can conclude that αk = βk for all k ∈ J . This shows

that h = h′ and hence ϕB is injective on ∂B◦h.

To complete the proof, note that ϕB(h) is in the relative open boundary face F ({ξj ∈

∂B◦
j : j ∈ J}) of B∗. Moreover, h′ given by (4.2.1) is in the same part as h if, and only

if, J = J ′ and ξj = ηj for all j ∈ J by [41, Propositions 2.8 and 2.9]. So, ϕB(h
′) lies in

F ({ξj ∈ ∂B◦
j : j ∈ J}) if and only if h′ lies in the same part as h.
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4.3 Continuity and the proof of Theorem 4.1.4

We now show that ϕB is continuous on B◦h.

Proposition 4.3.1. The map ϕB : B◦h → B∗ is continuous.

Proof. Clearly ϕB is continuous on B◦. Suppose that (zn) is sequence in B◦ converging to

h ∈ ∂B◦h, where h is given by (4.1.2). To show that ϕB(z
n) → ϕB(h) we show that every

subsequence of (ϕB(z
n)) has a subsequence converging to ϕB(h). So, let (ϕB(z

nk)) be a

subsequence. We can take a further subsequence (znk,m) such that

1.

βmj = kB(z
nk,m , 0)− kj(z

nk,m

j , 0) → βj ∈ [0,∞] for all j ∈ {1, . . . , r}.

2. There exists j0 such that βmj0 = 0 for all m ≥ 1.

3. (z
nk,m

j ) converges to ηj ∈ Bj and hznk,m → hηj for all j ∈ {1, . . . , r}.

Let J ′ = {j : βj < ∞}. Then hznk,m → h′, where h′(z) = maxj∈J ′(hηj(zj) − βj) for

z ∈ B◦, as

lim
m→∞

kB(z, z
nk,m)−kB(znk,m , 0) = lim

m→∞
max
j

(kj(zj, z
nk,m

j )−kj(z
nk,m

j , 0)−βmj ) = max
j∈J ′

(hηj(zj)−βj),

by the product property of kB.

As h = h′, we know by [41, Propositions 2.8 and 2.9] that J = J ′, ξj = ηj and αj = βj

for all j ∈ J . We also know by Lemma 3.1.5 that kB(z
nk,m , 0) → ∞, as h is a horofunction.

So,

ϕB(z
nk,m) =

∑r
i=1(e

−βm
i − e−kB(z

nk,m ,0)−ki(z
nk,m
i ,0))p((znk,m)∗)∑r

i=1 e
−βm

i − e−kB(z
nk,m ,0)−ki(z

nk,m
i ,0)

→
∑

j∈J e
−βjp(η∗j )∑

j∈J e
−βj

= ϕB(h),

which shows that ϕB(z
n) → ϕB(h).
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We know from Lemma 4.2.1 that ϕB(B
◦) ⊆ intB∗ and ϕB(∂B◦h) ⊆ ∂B∗. So, to

complete the proof it remains to show that if (hn) in ∂B◦h converges to h ∈ ∂B◦h, where

h is as in (4.1.2), then ϕB(hn) → ϕB(h). For n ≥ 1 let hn be given by

hn(z) = max
j∈Jn

(hηnj (zj)− βnj ) for z ∈ B◦.

Again we show that every subsequence of (ϕB(hn)) has a convergent subsequence with limit

ϕB(h).

Let (ϕB(hnk
)) be a subsequence. Taking a further subsequence we may assume that

1. There exists J0 ⊆ {1, . . . , r} such that Jnk
= J0 for all k.

2. There exists j0 ∈ J0 such that βnk
j0

= 0 for all k.

3. βnk
j → βj ∈ [0,∞] for all j ∈ J0.

4. ηnk
j → ηj for all j ∈ J0.

Note that for each j ∈ J0 we have that hηnk
j

→ hηj in B
◦h
j , as the identity map on Bj, that

is ξj ∈ Bj → hξj ∈ B◦h
j , is a homeomorphism by [5, Theorem 1.2].

Let J ′ = {j ∈ J0 : βj <∞} and note that j0 ∈ J ′. Then for each z ∈ B◦ we have that

lim
m→∞

hnk
(z) = lim

k→∞
max
j∈J0

(hηnk
j
(zj)− βnk

j ) = lim
k→∞

max
j∈J ′

(hηnk
j
(zj)− βnk

j ) = max
j∈J ′

(hηj(zj)− βj).

So, if we let h′(z) = maxj∈J ′(hηj(zj)−βj) for z ∈ B◦, then h′ is a horofunction by Theorem

4.1.1 and hnk
→ h′ in B◦h. As hn → h, we conclude that h′ = h. This implies that J ′ = J

and ηj = ξj and βj = αj for all j ∈ J , as otherwise δ(h, h′) ̸= 0 by [41, Proposition 2.9

and Lemma 3.3]. This implies that βkmj → αj and η
km
j → ξj for all j ∈ J ′. Moreover, by

definition βnk
j → ∞ for all j ∈ J0 \ J ′. Thus,

ϕB(hnk
) =

∑
j∈J0 e

−βnk
j p((ηnk

j )∗)∑
j∈J0 e

−βnk
j

→
∑

j∈J e
−αjp(ξ∗j )∑

j∈J e
−αj

= ϕB(h),
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which completes the proof.

The proof of Theorem 4.1.4 is now straightforward.

Proof of Theorem 4.1.4. It follows from Lemmas 4.2.3 and 4.2.4 and Proposition 4.3.1 that

ϕB : B◦h → B∗ is a continuous bijection. As B◦h is compact and B∗ is Hausdorff, we

conclude that ϕB is a homeomorphism. Moreover, ϕB maps each part of ∂B◦h onto the

relative interior of a boundary face of B∗ by Lemma 4.2.4.
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Chapter 5

Finite Dimensional JB-algebras

Every finite dimensional normed space (V, ∥ · ∥) has a Finsler structure. Indeed, if we let

L(γ) =

∫ 1

0

∥γ′(t)∥dt

be the length of a piecewise C1-smooth path γ : [0, 1] → V , then

∥x− y∥ = inf
γ
L(γ),

where the infimum is taken over all C1-smooth paths γ : [0, 1] → V with γ(0) = x and

γ(1) = y. So, for normed spaces V the unit ball in the tangent space TbV is the same for

all b ∈ V .

In this section we analyse the problem posed by Kapovich and Leeb [34, Question 6.18]

concerning the existence of a natural homeomorphism between the horofunction compact-

ification of a finite dimensional normed space V and the closed dual unit ball of V in the

setting of Euclidean Jordan algebras equipped with the spectral norm. So we consider the

Euclidean Jordan algebra not as inner-product space, but as an order-unit space, which

makes it a finite dimensional (formally real) JB-algebra, see [4, Theorem 1.11]. We will

give an explicit description of the horofunctions of these normed spaces and identify the
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parts and the detour distance. In our analysis we make frequent use of the theory of Jordan

algebras and order-unit spaces. For the reader’s convenience we will recall some of the basic

concepts. Throughout the chapter we will follow the terminology used in [3, 4, 20].

5.1 Preliminaries

Order-unit spaces A cone V+ in a real vector space V is a convex subset of V with

λV+ ⊆ V+ for all λ ≥ 0 and V+ ∩ −V+ = {0}. The cone V+ induces a partial ordering ≤

on V by x ≤ y if y − x ∈ V+. We write x < y if x ≤ y and x ̸= y. The cone V+ is said

to be Archimedean if for each x ∈ V and y ∈ V+ with nx ≤ y for all n ≥ 1 we have that

x ≤ 0. An element u of V+ is called an order-unit if for each x ∈ V there exists λ ≥ 0 such

that −λu ≤ x ≤ λu. The triple (V, V+, u), where V+ is an Archimedean cone and u is an

order-unit, is called an order-unit space. An order-unit space admits a norm

∥x∥u = inf{λ ≥ 0: − λu ≤ x ≤ λu},

which is called the order-unit norm, and we have that −∥x∥uu ≤ x ≤ ∥x∥uu for all x ∈ V .

The cone V+ is closed under the order-unit norm and u ∈ intV+.

A linear functional ϕ on an order-unit space is said to be positive if ϕ(x) ≥ 0 for all

x ∈ V+. It is called a state if it is positive and ϕ(u) = 1. The set of all states is denoted by

S(V ) and is called the state space, which is a convex set. In our case, the order-unit space

is finite dimensional, hence S(V ) is compact. The extreme points of S(V ) are called the

pure states.

The dual space V ∗ of an order-unit space V is a base norm space, see [3, Theorem

1.19]. More specifically, V ∗ is an ordered normed vector space with cone V ∗
+ = {ϕ ∈

V ∗ : ϕ is positive}, V ∗
+ − V ∗

+ = V ∗, and the unit ball of the norm of V ∗ is given by

BV ∗ = conv(S(V ) ∪ −S(V )).
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Jordan algebras Important examples of order-unit spaces come from Jordan algebras.

A Jordan algebra (over R) is a real vector space V equipped with a commutative bilinear

product • that satisfies the identity

x2 • (y • x) = (x2 • y) • x for all x, y ∈ V.

A basic example is the space Hermn(C) consisting of n×n Hermitian matrices with Jordan

product A •B = (AB +BA)/2.

Throughout the chapter we will assume that V has a unit, denoted u. For x ∈ V we

let Lx be the linear map on V given by Lxy = x • y. A finite dimensional Jordan algebra

is said to be Euclidean if there exists an inner-product (·|·) on V such that

(Lxy|z) = (y|Lxz) for all x, y, z ∈ V.

A Euclidean Jordan algebra has a cone V+ = {x2 : x ∈ V }. The interior of V+ is a symmetric

cone, i.e., it is self-dual and Aut(V+) = {A ∈ GL(V ) : A(V+) = V+} acts transitively on

the interior of V+. In fact, the Euclidean Jordan algebras are in one-to-one correspondence

with the symmetric cones by the Koecher-Vinberg theorem, see for example [20].

The algebraic unit u of a Euclidean Jordan algebra is an order-unit for the cone V+, so

the triple (V, V+, u) is an order-unit space. We will consider the Euclidean Jordan algebras

as an order-unit space equipped with the order-unit norm. These are precisely the finite

dimensional formally real JB-algebras, see [4, Theorem 1.11]. In the analysis, however, the

inner-product structure on V will be exploited to identify V ∗ with V .

Throughout we will fix the rank of the Euclidean Jordan algebra V to be r. In a

Euclidean Jordan algebra each x can be written in a unique way as x = x+−x−, where x+

and x− are orthogonal element x+ and x− in V+, see [4, Proposition 1.28]. This is called

the orthogonal decomposition of x.

Given x in a Euclidean Jordan algebra V , the spectrum of x is given by σ(x) = {λ ∈

R : λu − x is not invertible}, and we have that V+ = {x ∈ V : σ(x) ⊂ [0,∞)}. We write
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Λ(x) = inf{λ : x ≤ λu} and note that Λ(x) = max{λ : λ ∈ σ(x)}, so that

∥x∥u = max{Λ(x),Λ(−x)} = max{|λ| : λ ∈ σ(x)}

for all x ∈ V . We also note that

Λ(x+ µu) = Λ(x) + µ

for all x ∈ V and µ ∈ R. Moreover, if x ≤ y, then Λ(x) ≤ Λ(y).

Recall that p ∈ V is an idempotent if p2 = p. If, in addition, p is non-zero and cannot be

written as the sum of two non-zero idempotents, then it is said to be a primitive idempotent.

The set of all primitive idempotent is denoted J1(V ) and is known to be a compact set

[31]. Two idempotents p and q are said to be orthogonal if p • q = 0, which is equivalent to

(p|q) = 0. According to the spectral theorem [20, Theorem III.1.2], each x has a spectral

decomposition, x =
∑r

i=1 λipi, where each pi is a primitive idempotent, the λi’s are the

eigenvalues of x (including multiplicities), and p1, . . . , pr is a Jordan frame, i.e., the pi’s are

mutually orthogonal and p1 + · · ·+ pr = u.

Throughout the chapter we will fix the inner-product on V to be

(x|y) = tr(x • y),

where tr(x) =
∑r

i=1 λi and x =
∑r

i=1 λipi is the spectral decomposition of x.

For x ∈ V we denote the quadratic representation by Ux : V → V , which is the linear

map,

Uxy = 2x • (x • y)− x2 • y = 2Lx(Lxy)− Lx2y.

In case of a Euclidean Jordan algebra Ux is self-adjoint, i.e. (Uxy|z) = (y|Uxz).

We identify V ∗ with V using the inner-product. So, S(V ) = {w ∈ V+ : (u|w) = 1},

which is a compact convex set, as V is finite dimensional. Moreover, the extreme points of

S(V ) are the primitive idempotents, see [20, Proposition IV.3.2]. The dual space (V, ∥ · ∥∗u)
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is a base norm space with norm,

∥z∥∗u = sup{(x|z) : x ∈ V with ∥x∥u = 1}.

If V is a Euclidean Jordan algebra, it is known that the (closed) boundary faces of the dual

ball BV ∗ = conv(S(V ) ∪ −S(V )) are precisely the sets of the form,

conv ((Up(V ) ∩ S(V )) ∪ (Uq(V ) ∩ −S(V ))), (5.1.1)

where p and q are orthogonal idempotents not both zero, see [18, Theorem 4.4].

5.2 Summary of results

To conveniently describe the horofunction compactification V
h
of (V, ∥ · ∥u), where V is a

Euclidean Jordan algebra, we need some additional notation. Throughout this section we

will fix the basepoint b ∈ V to be 0.

Let p1, . . . , pr be a Jordan frame in V . Given I ⊆ {1, . . . , r} nonempty, we write

pI =
∑

i∈I pi and we let V (pI) = UpI (V ). For convenience we set p∅ = 0, so V (p∅) =

U0(V ) = {0}.

Recall that V (pI) is the Peirce 1-space of the idempotent pI :

V (pI) = {x ∈ V : pI • x = x},

which is a subalgebra, see [20, Theorem IV.1.1]. Given z ∈ V (pI), we write ΛV (pI)(z) to

denote the maximal eigenvalue of z in the subalgebra V (pI).

The following theorem characterises the horofunctions in V
h
.

Theorem 5.2.1. Let p1, . . . , pr be a Jordan frame, I, J ⊆ {1, . . . , r}, with I ∩ J = ∅ and

I ∪ J nonempty, and α ∈ RI∪J such that min{αi : i ∈ I ∪ J} = 0. The function h : V → R,
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given by

h(x) = max

{
ΛV (pI)

(
−UpIx−

∑
i∈I

αipi

)
,ΛV (pJ )

(
UpJx−

∑
j∈J

αjpj

)}
for x ∈ V ,

(5.2.1)

is a horofunction, where we use the convention that if I or J is empty, the corresponding

term is omitted from the maximum. Each horofunction in V
h
is of the form (5.2.1) and a

Busemann point.

To conveniently describe the parts and the detour distance we introduce the following

notation. Given orthogonal idempotents pI and pJ we let V (pI , pJ) = V (pI)+V (pJ), which

is a subalgebra of V with unit pIJ = pI +pJ . The subspace V (pI , pJ) can be equipped with

the variation norm,

∥x∥var = ΛV (pI ,pJ )(x) + ΛV (pI ,pJ )(−x) = diam σV (pI ,pJ )(x),

which is a semi-norm on V (pI , pJ). The variation norm is, however, a norm on the quotient

space V (pI , pJ)/RpIJ .

Theorem 5.2.2. Given horofunctions h and h′, where

h(x) = max

{
ΛV (pI)

(
−UpIx−

∑
i∈I

αipi

)
,ΛV (pJ )

(
UpJx−

∑
j∈J

αjpj

)}
(5.2.2)

and

h′(x) = max

{
ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)}
, (5.2.3)

we have that

1. h and h′ are in the same part if and only if pI = qI′ and pJ = qJ ′.

2. If h and h′ are in the same part, then δ(h, h′) = ∥a − b∥var, where a =
∑

i∈I αipi +
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∑
j∈J αjpj and b =

∑
i∈I′ βiqi +

∑
j∈J ′ βjqj in V (pI , pJ).

3. The part (Ph, δ) is isometric to (V (pI , pJ)/RpIJ , ∥ · ∥var).

Remark 5.2.3. A basic example is (Rn, ∥ · ∥∞), where ∥z∥∞ = maxi |zi|, which is an

associative Euclidean Jordan algebra. In that case every horofunction is a Busemann

points and of the form

h(x) = max{max
i∈I

(−xi − αi),max
j∈J

(xj − αi)},

where I, J ⊆ {1, . . . , n} are disjoint, I∪J is nonempty and α ∈ RI∪J with mink∈I∪J αk = 0,

(see [26, Theorem 5.2] and [41]). Moreover, (Ph, δ) is isometric to (RI∪J/R1, ∥ ·∥var), where

1 = (1, . . . , 1) ∈ RI∪J .

We will show that the following map is a homeomorphism from V
h
onto BV ∗ . Let

ϕ : V
h → BV ∗ be given by

ϕ(x) =
ex − e−x

(ex + e−x|u)
=

1∑r
i=1 e

λi + e−λi

(
r∑
i=1

(eλi − e−λi)pi

)
(5.2.4)

for x =
∑r

i=1 λipi ∈ V , and

ϕ(h) =
1∑

i∈I e
−αi +

∑
j∈J e

−αj

(∑
i∈I

e−αipi −
∑
j∈J

e−αjpj

)
(5.2.5)

for h ∈ ∂V
h
given by (5.2.1).

We should note that ϕ is well defined. To verify this assume that the horofunction h

given by (5.2.1) is represented as

h(x) = max

{
ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)}

for x ∈ V . Then it follows from Theorem 5.2.2 that pI = qI′ and pJ = qJ ′ . Moreover, as

137



5.3. HOROFUNCTIONS

δ(h, h) = 0, we have that a =
∑

i∈I αipi +
∑

j∈J αjpj =
∑

i∈I′ βiqi +
∑

j∈J ′ βjqj = b, as

min{αi : I ∪ J} = 0 = min{βi : I ∪ J}. This implies that UpIa = UqI′ b and UpJa = UqJ′ b, so

that ∑
i∈I

αipi =
∑
i∈I′

βiqi and
∑
j∈J

αjpj =
∑
j∈J ′

βjqj.

Using the map v ∈ V 7→ e−v we deduce that
∑

i∈I e
−αipi+(u−pI) =

∑
i∈I′ e

−βiqi+(u−qI′),

and hence
∑

i∈I e
−αipi =

∑
i∈I′ e

−βiqi. Likewise
∑

j∈J e
−αjpj =

∑
j∈J ′ e−βjqj. We also find

that

∑
i∈I

e−αi+
∑
j∈J

e−αj = (
∑
i∈I

e−αipi+
∑
j∈J

e−αjpj|u) = (
∑
i∈I′

e−βiqi+
∑
j∈J ′

e−βjqj|u) =
∑
i∈I′

e−βi+
∑
j∈J ′

e−βj ,

so ϕ(h) is well defined.

We will also show that ϕ maps each part of the horofunction boundary onto the relative

interior of a boundary face of the dual unit ball. Recall that the relative interior of a face

F of BV ∗ is the interior of F as a subset of the affine span of F .

Theorem 5.2.4. Given a Euclidean Jordan algebra (V, ∥ · ∥u), the map ϕ : V
h → BV ∗ is

a homeomorphism. Moreover, the part Ph, with h given by (5.2.1), is mapped onto the

relative interior of the closed boundary face

conv (UpI (V ) ∩ S(V )) ∪ (UpJ (V ) ∩ −S(V ))).

5.3 Horofunctions

In this section we will prove Theorem 5.2.1. We first make some preliminary observations.

Note that x ≤ λu if and only if 0 ≤ λu−x, which by the Hahn-Banach separation theorem

is equivalent to (λu − x|w) ≥ 0 for all w ∈ S(V ). As the state space is compact, we have

for each x ∈ V that

Λ(x) = max
w∈S(V )

(x|w). (5.3.1)
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As ∥ · ∥u is the JB-algebra norm, ∥x • y∥u ≤ ∥x∥u∥y∥u, see [4, Theorem 1.11]. It follows

that if xn → x and yn → y in (V, ∥ · ∥u), then xn • yn → x • y. Thus, we have the following

lemma.

Lemma 5.3.1. If xn → x and yn → y in (V, ∥ · ∥u), then Uxnyn → Uxy.

We will also use the following technical lemma several times.

Lemma 5.3.2. For n ≥ 1, let pn1 , . . . , p
n
r be a Jordan frame in V and I ⊆ {1, . . . , r}

nonempty. Suppose that

1. pni → pi for all i ∈ I.

2. xn ∈ V (pnI ) with x
n → x ∈ V (pI).

3. βni ≥ 0 with βni → βi ∈ [0,∞] for all i ∈ I.

If I ′ = {i ∈ I : βi <∞} is nonempty, then

lim
n→∞

ΛV (pnI )
(xn −

∑
i∈I

βni p
n
i ) = ΛV (pI′ )

(UpI′x−
∑
i∈I′

βipi).

Proof. We will show that every subsequence of (ΛV (pnI )
(xn −

∑
i∈I β

n
i p

n
i )) has a convergent

subsequence with limit ΛV (pI′ )
(UpI′x−

∑
i∈I′ βipi). So let (ΛV (p

nk
I )(x

nk −
∑

i∈I β
nk
i p

nk
i )) be

a subsequence. By (5.3.1) there exists dnk ∈ S(V (pnk
I )) with

ΛV (p
nk
I )(x

nk −
∑
i∈I

βnk
i p

nk
i ) = (xnk −

∑
i∈I

βnk
i p

nk
i |dnk).

By taking subsequences we may assume that dnk → d ∈ S(V (pI)).

Using the Peirce decomposition with respect to the Jordan frame pnk
i , i ∈ I, in V (pnk

I ),

we can write

dnk =
∑
i∈I

µnk
i p

nk
i +

∑
i<j∈I

dnk
ij .

Note that as dnk ≥ 0, we have that µnk
i = (dnk |pnk

i ) ≥ 0 for all i ∈ I.
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We claim that for each i ∈ I \ I ′ we have that µnk
i → 0. Indeed, as I ′ is nonempty, there

exist l ∈ I ′ and a constant C > 0 such that

(xnk −
∑
i∈I

βnk
i p

nk
i |dnk) ≥ (xnk −

∑
i∈I

βnk
i p

nk
i |pnk

l ) = (xnk |pnk
l )− βnk

l ≥ −∥xnk∥u − βnk
l > −C

for all k, since (xnk |pnk
l ) ≤ ∥xnk∥u. Moreover,

(xnk −
∑
i∈I

βnk
i p

nk
i |dnk) = (xnk |dmk)−

∑
i∈I

βnk
i µ

nk
i ≤ ∥xnk∥u −

∑
i∈I′

βnk
i µ

nk
i −

∑
i∈I\I′

βnk
i µ

nk
i .

As βnk
i , µ

nk
i ≥ 0 for all i ∈ I and βnk

i → ∞ for all i ∈ I \ I ′, we conclude from the previous

two inequalities that µnk
i → 0 for all i ∈ I \ I ′.

Using the Peirce decomposition with respect to the Jordan frame pi, i ∈ I, we write

d =
∑
i∈I

µipi +
∑
i<j∈I

dij.

We now show that

d =
∑
i∈I′

µipi +
∑
i<j∈I′

dij, (5.3.2)

and hence d ∈ V (pI′). Note that

µi − µnk
i = (d|pi)− (dnk |pnk

i ) = (d− dnk |pi) + (dnk |pi − pnk
i ) → 0.

We conclude that µnk
i → µi for all i ∈ I, and hence (d|pj) = µj = 0 for all j ∈ I \ I ′. This

implies by [20, III, Exercise 3] that d • pj = 0 for all j ∈ I \ I ′. So,

0 = d • pj =
1

2

(∑
l<j

dlj +
∑
j<m

djm

)
,

which shows that dlj = 0 = djm for all l < j < m, as they are all orthogonal. This gives

(5.3.2).
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Next we show that limk→∞ ΛV (p
nk
I )(x

nk −
∑

i∈I β
nk
i p

nk
i ) = (UpI′x −

∑
i∈I′ βipi|d). First

note that

ΛV (p
nk
I )(x

nk −
∑
i∈I

βnk
i p

nk
i ) = (xnk −

∑
i∈I′

βnk
i p

nk
i |dnk)−

∑
i∈I\I′

(βnk
i p

nk
i |dnk)

= (xnk −
∑
i∈I′

βnk
i p

nk
i |dnk)−

∑
i∈I\I′

βnk
i µ

nk
i

≤ (xnk −
∑
i∈I′

βnk
i p

nk
i |dnk)

as βnk
i , µ

nk
i ≥ 0 for all i and k. This implies that

lim sup
k→∞

ΛV (p
nk
I )(x

nk −
∑
i∈I

βnk
i p

nk
i ) ≤ lim

k→∞
(xnk −

∑
i∈I′

βnk
i p

nk
i |dnk) = (x−

∑
i∈I′

βipi|d)

As UpI′d = d and UpI′ is self-adjoint, we find that

(x−
∑
i∈I′

βipi|d) = (x−
∑
i∈I′

βipi|UpI′d) = (UpI′x−
∑
i∈I′

βipi|d),

so that

lim sup
k→∞

ΛV (p
nk
I )(x

nk −
∑
i∈I

βnk
i p

nk
i ) ≤ (UpI′x−

∑
i∈I′

βipi|d). (5.3.3)

Now let pnk

I′ =
∑

i∈I′ p
nk
i . As pnk

I′ → pI′ , it follows from Lemma 5.3.1 that Upnk
I′
d→ UpI′d =

d. This implies that

(xnk −
∑
i∈I

βnk
i p

nk
i |Upnk

I′
d)(Upnk

I′
d|pnk

I )−1 ≤ ΛV (p
nk
I )(x

nk −
∑
i∈I

βnk
i p

nk
i )

for all k large, as (Upnk
I′
d|pnk

I ) → (UpI′d|pI) = (d|UpI′pI) = (d|pI′) = (d|pI) = 1. Moreover,

lim
k→∞

(xnk −
∑
i∈I

βnk
i p

nk
i |Upnk

I′
d)(Upnk

I′
d|pnk

I )−1 = lim
k→∞

(Upnk
I′
xnk −

∑
i∈I′

βnk
i p

nk
i |d)(Upnk

I′
d|pnk

I )−1

= (UpI′x−
∑
i∈I′

βipi|d).
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This shows that (UpI′x −
∑

i∈I′ βipi|d) ≤ lim infk→∞ ΛV (p
nk
I )(x

nk −
∑

i∈I β
nk
i p

nk
i ). From

(5.3.3) we conclude that

(UpI′x−
∑
i∈I′

βipi|d) = lim
k→∞

ΛV (p
nk
I )(x

nk −
∑
i∈I

βnk
i p

nk
i ). (5.3.4)

To complete the proof we show that

(UpI′x−
∑
i∈I′

βipi|d) = ΛV (pI′ )
(UpI′x−

∑
i∈I′

βipi). (5.3.5)

As (d|pI′) = (d|pI) = 1, we know that d ∈ S(VpI′ ). So, we get from (5.3.1) that

(UpI′x−
∑
i∈I′

βipi|d) ≤ sup
z∈S(V (pI′ ))

(UpI′x−
∑
i∈I′

βipi|z) = ΛV (pI′ )
(UpI′x−

∑
i∈I′

βipi).

On the other hand, if w ∈ S(V (pI′)) is such that

(UpI′x−
∑
i∈I′

βipi|w) = sup
z∈S(V (pI′ ))

(UpI′x−
∑
i∈I′

βipi|z) = ΛV (pI′ )
(UpI′x−

∑
i∈I′

βipi),

then by definition of dnk we get for all k large that

(x−
∑
i∈I

βnk
i p

nk
i |dnk) ≥ (x−

∑
i∈I

βnk
i p

nk
i |Upnk

I′
w)(Upnk

I′
w|pnk

I )−1 = (Upnk
I′
x−
∑
i∈I′

βnk
i p

nk
i |w)(Upnk

I′
w|pnk

I )−1,

as (Upnk
I′
w|pnk

I ) → (UpI′w|pI) = (w|pI′) = 1. This implies that

lim
k→∞

ΛV (p
nk
I )(x

nk−
∑
i∈I

βnk
i p

nk
i ) ≥ lim

k→∞
(Upnk

I′
x−
∑
i∈I′

βnk
i p

nk
i |w)(Upnk

I′
w|pnk

I )−1 = (UpI′x−
∑
i∈I′

βipi|w),

and hence (5.3.5) holds by (5.3.4).

To prove that all horofunctions in V
h
are of the form (5.2.1), we first establish the

following proposition by using the previous lemma.
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Proposition 5.3.3. Let (yn) be a sequence in V , with yn =
∑r

i=1 λ
n
i p

n
i . Suppose that

hyn → h ∈ ∂V
h
and (yn) satisfies the following properties:

1. There exists 1 ≤ s ≤ r such that |λns | = rn for all n, where rn = ∥yn∥u.

2. pnk → pk for all 1 ≤ k ≤ r.

3. There exist I, J ⊆ {1, . . . , r} disjoint with I ∪ J nonempty, and α ∈ RI∪J with

min{αi : i ∈ I ∪ J} = 0 such that rn − λni → αi for all i ∈ I, rn + λnj → αj for all

j ∈ J , and rn − |λnk | → ∞ for all k ̸∈ I ∪ J .

Then h satisfies (5.2.1).

Proof. Take x ∈ V fixed. Note that for all n ≥ 1,

∥x−yn∥u−∥yn∥u = max{Λ(x−yn),Λ(−x+yn)}−rn = max{Λ(x−yn−rnu),Λ(−x+yn−rnu)}.

As h is a horofunction, ∥yn∥u = rn → ∞ by Lemma 3.1.5. Thus, λni → ∞ for all i ∈ I and

λnj → −∞ for all j ∈ J . Now suppose that J is nonempty. Then rn + λnk ≥ rn− |λnk | → ∞

for all k ̸∈ J . As

Λ(x− yn − rnu) = Λ(x−
∑
j∈J

(rn + λnj )p
n
j −

∑
k ̸∈J

(rn + λnk)p
n
k),

it follows that

lim
n→∞

Λ(x− yn − rnu) = ΛV (pJ )(UpJx−
∑
j∈J

αjpj)

by Lemma 5.3.2. Likewise, if I is nonempty, then

lim
n→∞

Λ(−x+ yn − rnu) = ΛV (pI)(−UpIx−
∑
i∈I

αipi)
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by Lemma 5.3.2. We conclude that if I and J are both nonempty, then

h(x) = lim
n→∞

∥x− yn∥u − ∥yn∥u = lim
n→∞

max{Λ(−x+ yn − rnu),Λ(x− yn − rnu)}

= max{ΛV (pI)(−UpIx−
∑
i∈I

αipi),ΛV (pJ )(UpJx−
∑
j∈J

αjpj)}.

To complete the proof it remains to show that limn→∞ ∥x−yn∥u−∥yn∥u = limn→∞ Λ(−x+

yn − rnu) if J is empty, and limn→∞ ∥x − yn∥u − ∥yn∥u = limn→∞ Λ(x − yn − rnu) if I is

empty. Suppose that I is empty, so J is nonempty. Then for each i ∈ {1, . . . , r} we have

that rn − λni → ∞. Note that

−x+ yn − rnu = −x−
∑
i

(rn − λni )p
n
i ≤ −x−min

i
(rn − λni )u ≤ (∥x∥u −min

i
(rn − λni ))u.

Thus, Λ(−x + yn − rnu) ≤ Λ((∥x∥u −mini(r
n − λni ))u) = ∥x∥u −mini(r

n − λni ) for all n,

hence Λ(−x+ yn − rnu) → −∞. As

max{Λ(x− yn − rnu),Λ(−x+ yn − rnu)} = ∥x− yn∥u − ∥yn∥u ≥ −∥x∥u > −∞,

we conclude that ∥x− yn∥u − ∥yn∥u = Λ(x− yn − rnu) for all n sufficiently large, hence

h(x) = lim
n→∞

Λ(x− yn − rnu) = ΛV (pJ )(UpJx−
∑
j∈J

αjpj).

The argument for the case where J is empty goes in the same way.

The following corollary shows that each horofunction is of the form (5.2.1).

Corollary 5.3.4. If h is a horofunction in V
h
, then there exist a Jordan frame p1, . . . , pr in

V , disjoint subsets I, J ⊆ {1, . . . , r}, with I ∪ J nonempty, and α ∈ RI∪J with min{αi : i ∈

I ∪ J} = 0, such that h : V → R satisfies (5.2.1) for all x ∈ V .

Proof. Suppose that (yn) is a sequence in V with hyn → h in V
h
. Then for each x ∈ V we
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have that

lim
n→∞

∥x− yn∥u − ∥yn∥u = h(x)

and ∥yn∥u → ∞ by Lemma 3.1.5.

To show that the limit is equal to (5.2.1) it suffices to show that we can take a subse-

quences of (yn) that satisfies the conditions in Proposition 5.3.3. First we note that by the

spectral theorem [20, Theorem III.1.2], there exist for each n ≥ 1 a Jordan frame pn1 , . . . , p
n
r

in V and λn1 , . . . , λ
n
r ∈ R such that

yn = λn1p
n
1 + · · ·+ λnr p

n
r ,

where r is the rank of V . Denote rn = ∥yn∥u = maxi |λni |.

Now by taking subsequences we may assume that there exist I+ ⊆ {1, . . . , r} and

1 ≤ s ≤ r such that for each n ≥ 1 we have rn = |λns | and

λni > 0 for all i ∈ I+ and λni ≤ 0 for all i ̸∈ I+.

Now for each i ∈ {1, . . . , r} and n ≥ 1 define

αni =

 rn − λni for i ∈ I+

rn + λni for i ̸∈ I+.

Note that αni ∈ [0,∞) for all i. Again by taking subsequences we may assume that

αni → αi ∈ [0,∞] as n→ ∞, for all i. Recall that αns = 0 for all n, so αs = 0. Furthermore,

we may assume that pni → pi in J1(V ) for all i, as it is a compact set [31]. Note that

p1, . . . , pr is a Jordan frame in V .

Now let

I = {i : αi <∞ and i ∈ I+} and J = {j : αj <∞ and j ̸∈ I+}.

145



5.3. HOROFUNCTIONS

So, I ∩ J is empty, s ∈ I ∪ J and min{αi : i ∈ I ∪ J} = αs = 0. Then the subsequence

of (yn) satisfies the conditions in Proposition 5.3.3, hence h is a horofunction of the form

(5.2.1).

The next proposition shows that each function of the form (5.2.1) can be realised as a

horofunction, and is a Busemann point.

Proposition 5.3.5. Let p1, . . . , pr be a Jordan frame in V . Suppose that I, J ⊆ {1, . . . , r}

with I ∩ J = ∅ and I ∪ J nonempty, and α ∈ RI∪J with min{αi : i ∈ I ∪ J} = 0. If for

n ≥ 1 we let yn = λn1p1 + · · ·+ λnr pr, where

λni =


n− αi if i ∈ I

−n+ αi if i ∈ J

0 otherwise,

then (yn) is an almost geodesic sequence and hyn → h, where h satisfies (5.2.1) for all

x ∈ V . In particular, h is a Busemann point in V
h
.

Proof. Let k ≥ max{αi : i ∈ I ∪ J} and note that for n ≥ k we have that rn = ∥yn∥u = n,

as min{αi : i ∈ I ∪ J} = 0. The sequence (yn), where n ≥ k, satisfies the conditions in

Proposition 5.3.3. Indeed, for n ≥ k we have that rn−λni = αi for all i ∈ I, rn+λni = αi for

all i ∈ J , and rn−λni = n otherwise. Also for s with αs = 0, we have that |λns | = n = ∥yn∥u.

Finally to see that (hyn) converges, we note that if we define z =
∑

i∈I −αipi+
∑

j∈J αjpj

and w =
∑

i∈I pi −
∑

j∈J pj, then y
n = nw + z, which lies on the straight-line t 7→ tw + z.

Hence (yn) is an almost geodesic sequence, so

h(x) = lim
n→∞

∥x− yn∥u − ∥yn∥u

exists for all x ∈ V . Thus, we can apply Proposition 5.3.3 and conclude that h satisfies

(5.2.1), and h is a Busemann point in the horofunction boundary.

Combining the results so far we now prove Theorem 5.2.1.
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Proof of Theorem 5.2.1. Corollary 5.3.4 shows that each horofunction in V
h
is of the form

(5.2.1). It follows from Proposition 5.3.5 that any function of the form (5.2.1) is a ho-

rofunction and by the second part of that proposition each horofunction is a Busemann

point.

5.4 Parts and the detour metric

In this section we will identify the parts in the horofunction boundary of V
h
, derive a

formula for the detour distance, and establish Theorem 5.2.2. We begin by proving the

following proposition.

Proposition 5.4.1. If

h(x) = max

{
ΛV (pI)

(
−UpIx−

∑
i∈I

αipi

)
,ΛV(pJ )

(
UpJx−

∑
j∈J

αjpj

)}
, (5.4.1)

and

h′(x) = max

{
ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)}
(5.4.2)

are horofunctions with pI = qI′ and pJ = qJ ′, then h and h′ are in the same part and

δ(h, h′) = ∥a− b∥var = ΛV (pI ,pJ )(a− b) + ΛV (pI ,pJ )(b− a),

where a =
∑

i∈I αipi +
∑

j∈J αjpj and b =
∑

i∈I′ βiqi +
∑

j∈J ′ βjqj in V (pI , pJ) = V (pI) +

V (pJ).
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Proof. As in Proposition 5.3.5, for n ≥ 1 let yn = λn1p1 + · · ·+ λnr pr, where

λni =


n− αi if i ∈ I

−n+ αi if i ∈ J

0 otherwise,

and let wn = µn1q1 + · · ·+ µnr qr, where

µni =


n− βi if i ∈ I ′

−n+ βi if i ∈ J ′

0 otherwise.

By Proposition 5.3.5 we know that (yn) and (wn) are almost geodesic sequences with

hyn → h and hwn → h′. Note that

UpIw
m = UqI′w

m =
∑
i∈I′

µmi UqI′qi =
∑
i∈I′

µmi qi

for all m, so

ΛV (pI)(−UpIwm −
∑
i∈I

αipi + ∥wm∥upI) = ΛV (pI)(−UqI′w
m −

∑
i∈I

αipi + ∥wm∥uqI′)

= ΛV (pI)(
∑
i∈I′

(∥wm∥u − µmi )qi −
∑
i∈I

αipi).

Thus,

lim
m→∞

ΛV (pI)(−UpIwm −
∑
i∈I

αipi + ∥wm∥upI) = lim
m→∞

ΛV (pI)(
∑
i∈I′

(∥wm∥u − µmi )qi −
∑
i∈I

αipi)

= ΛV (pI)(
∑
i∈I′

βiqi −
∑
i∈I

αipi)

= ΛV (pI)(b− a).
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In the same way it can be shown that

lim
m→∞

ΛV (pJ )(UpJw
m −

∑
j∈J

αjpi + ∥wm∥upJ) = ΛV (pJ )(
∑
j∈J ′

βjqj −
∑
j∈J

αjpj) = ΛV (pJ )(b− a).

So, it follows from Lemma 3.2.5 that

H(h, h′) = lim
m→∞

∥wm∥u +max{ΛV (pI)(−UpIwm −
∑
i∈I

αipi),ΛV (pJ )(UpJw
m −

∑
j∈J

αjpj)}

= lim
m→∞

max{ΛV (pI)(−UpIwm −
∑
i∈I

αipi + ∥wm∥upI),ΛV (pJ )(UpJw
m −

∑
j∈J

αjpj + ∥wm∥upJ)}

= max{ΛV (pI)(
∑
i∈I′

βiqi −
∑
i∈I

αipi),ΛV (pJ )(
∑
j∈J ′

βjqj −
∑
j∈J

αjpj)}

= ΛV (pI ,pJ )(b− a).

Interchanging the roles of h and h′ gives H(h′, h) = ΛV (pI ,pJ )(a − b), hence δ(h, h′) =

∥a− b∥var.

To show that h and h′ are in different part if pI ̸= qI′ or pJ ̸= qJ ′ , we need the following

lemma.

Lemma 5.4.2. If p and q are idempotents in V with p ≰ q, then Upq < p.

Proof. We have that Upq ≤ Upu = p. In fact, Upq < p. Indeed, if Upq = p, then

p = Upu = Up(u− q) + Upq = Up(u− q) + p,

and hence Up(u− q) = 0. This implies that p+ (u− q) ≤ u by [30, Lemma 4.2.2], so that

p ≤ q. This is impossible, as p ≰ q, and hence Upq < p.

Proposition 5.4.3. If h and h′ are horofunctions given by (5.4.1) and (5.4.2), respectively,

and pI ̸= qI′ or pJ ̸= qJ ′, then

δ(h, h′) = ∞.
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Proof. Suppose that pI ̸= qI′ . Then pI ≰ qI′ or qI′ ≰ pI . Without loss of generality assume

that pI ≰ qI′ . Let (y
n) in V (pI) and (wn) in V (qI′) be as in Proposition 5.3.5, so hyn → h

and hwm → h′. To prove the statement in this case, we use Lemma 3.2.5 and show that

H(h′, h) = lim
m→∞

∥wm∥u + h(wm) = ∞. (5.4.3)

Note that

∥wm∥u+h(wm) ≥ ∥wm∥u+ΛV (pI)(−UpIwm−
∑
i∈I

αipi) = ΛV (pI)(−UpIwm−
∑
i∈I

αipi+∥wm∥upI).

As wm ≤ ∥wm∥uqI′ for all m large, we have that UpIw
m ≤ ∥wm∥uUpIqI′ for all m large.

Thus,

−UpIwm −
∑
i∈I

αipi + ∥wm∥upI ≥ −∥wm∥uUpIqI′ −
∑
i∈I

αipi + ∥wm∥upI

= ∥wm∥u(pI − UpIqI′)−
∑
i∈I

αipi

for all m large.

We know from Lemma 5.4.2 that pI − UpIqI′ > 0. As pI − UpIqI′ ∈ V (pI) we also have

that pI−UpIqI′ =
∑s

j=1 γjrj, where γj > 0 for all j and the rj’s are orthogonal idempotents

in V (pI). It now follows that for all m large,

ΛV (pI)(−UpIwm −
∑
i∈I

αipi + ∥wm∥upI) ≥ (∥wm∥u
s∑
j=1

γjrj −
∑
i∈I

αipi|r1)(pI |r1)−1

= (∥wm∥uγ1 − (
∑
i∈I

αipi|r1))(pI |r1)−1.

The right-hand side goes to ∞ as m→ ∞, and hence (5.4.3) holds.

For the case pJ ̸= qJ ′ a similar argument can be used.

We now prove Theorem 5.2.2.
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Proof of Theorem 5.2.2. Parts (i) and (ii) follow directly from Propositions 5.4.1 and 5.4.3.

Clearly the map ρ : Ph → V (pI , pJ)/RpIJ given by ρ(h′) = [b], where

h′(x) = max

{
ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)}
,

and b =
∑

i∈I′ βiqi +
∑

j∈J ′ βjqj ∈ V (pI , pJ) with mini∈I∪J βi = 0, is a bijection. So, by

Proposition 5.4.1, ρ is an isometry from (Ph, δ) onto (V (pI , pJ)/RpIJ , ∥ · ∥var).

5.5 The homeomorphism onto the dual unit ball

In this section we prove Theorem 5.2.4. To start we prove a lemma that will be useful in

the sequel.

Lemma 5.5.1. If q ≤ p are idempotents in V and z ∈ V (p), then ΛV (q)(Uqz) ≤ ΛV (p)(z).

Proof. If λ = ΛV (p)(z), then 0 ≤ λp − z, so that 0 ≤ λUqp − Uqz. As q = Uqq ≤ Uqp ≤

Uqu = q2 = q, we find that 0 ≤ λUqp− Uqz = λq − Uqz, hence ΛV (q)(Uqz) ≤ λ.

We will show that ϕ given by (5.2.4) and (5.2.5) is a continuous bijection from V
h

onto BV ∗ . As V
h
is compact and BV ∗ is Hausdorff, we can then conclude that ϕ is a

homeomorphism. We begin by showing that ϕ maps V into the interior of BV ∗ .

Lemma 5.5.2. For each x ∈ V we have that ϕ(x) ∈ intBV ∗.

Proof. For x ∈ V there exists y ∈ V with ∥y∥u = 1, such that

∥ϕ(x)∥∗u = sup
w∈V : ∥w∥u≤1

|(w|ϕ(x))| = (y|ϕ(x)),

where (v|w) = tr(v • w). So, if x has spectral decomposition x =
∑r

i=1 λipi, then we can

consider the Peirce decomposition of y,

y =
r∑
i=1

µipi +
∑
i<j

yij,
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to find that

∥ϕ(x)∥∗u = (ϕ(x)|y) = 1∑r
i=1 e

λi + e−λi
(

r∑
i=1

(eλi − e−λi)pi|y) ≤
∑r

i=1(e
λi − e−λi)|µi|∑r

i=1 e
λi + e−λi

< 1,

as µi = (y|pi) ≤ (u|pi) = 1 and µi = (y|pi) ≥ (−u|pi) = −1.

Lemma 5.5.3. The map ϕ is injective on V .

Proof. Suppose that x, y ∈ V with x =
∑r

i=1 σipi and y =
∑r

i=1 τiqi, where σ1 ≤ . . . ≤ σr

and τ1 ≤ . . . ≤ τr, satisfy ϕ(x) = ϕ(y). Then ϕ(x) =
∑r

i=1 αipi =
∑r

i=1 βiqi = ϕ(y). where

αj =
eσj − e−σj∑r
i=1 e

σi + e−σi
and βj =

eτj − e−τj∑r
i=1 e

τi + e−τi
for all j.

As α1 ≤ . . . ≤ αr and β1 ≤ . . . ≤ βr, it follows from the spectral theorem (version 2) [20,

Theorem III.1.2] that αj = βj for all j. Lemma 4.2.2 now implies that σ = (σ1, . . . , σr) =

(τ1, . . . , τr) = τ , as

(α1, . . . , αr) = ∇ log µ(σ) and (β1, . . . , βr) = ∇ log µ(τ).

Note that αi = αj if and only if σi = σj, and βi = βj if and only if τi = τj, as ∇ log µ(x) is

injective. It now follows from the spectral theorem (version 1) [20, Theorem III.1.1] that

x = y.

Lemma 5.5.4. The map ϕ maps V onto intBV ∗.

Proof. As ϕ is continuous on V and ϕ(V ) ⊆ intBV ∗ , it follows from Brouwer’s domain

invariance theorem that ϕ(V ) is open in intBV ∗ . Suppose, for the sake of contradiction,

that ϕ(V ) ̸= intBV ∗ . So, we can find a z ∈ ∂ϕ(V ) ∩ intBV ∗ . Let (yn) in V be such that

ϕ(yn) → z and write yn =
∑r

i=1 λ
n
i p

n
i . As ϕ is continuous on V , we may assume that

rn = ∥yn∥u → ∞. Furthermore, after taking a subsequence, we may assume that (yn)

satisfies the conditions in Proposition 5.3.3. So, using the notation as in Proposition 5.3.3,
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we get that

ϕ(yn) =

∑r
i=1(e

λni − e−λ
n
i )pni∑r

i=1 e
λni + e−λ

n
i

=

∑r
i=1(e

−rn+λni − e−r
n−λni )pni∑r

i=1 e
−rn+λni + e−r

n−λni
.

The right-hand side converges to

1∑
i∈I e

−αi +
∑

j∈J e
−αj

(∑
i∈I

e−αipi −
∑
j∈J

e−αjpj

)
= z.

But this implies that z ∈ ∂BV ∗ , which is impossible. Indeed, if we let pI =
∑

i∈I pi and

pJ =
∑

j∈J pj, then 1 ≥ ∥z∥∗u ≥ (z|pI − pJ) = 1, as −u ≤ pI − pJ ≤ u.

For simplicity we denote the (closed) boundary faces of BV ∗ by

Fp,q = conv ((Up(V ) ∩ S(V )) ∪ (Uq(V ) ∩ −S(V )))

where p and q are orthogonal idempotents in V not both zero, see [18, Theorem 4.4].

Lemma 5.5.5. If h is a horofunction given by (5.2.1), then ϕ maps Ph into relintFpI ,pJ .

Proof. Clearly, ϕ(h) ∈ FpI ,pJ if h is given by (5.2.1). So, ϕ maps Ph into FpI ,pJ by

Theorem 5.2.2(i). To show that ϕ maps Ph into relintFpI ,pJ , it suffices to show that

ϕ(h) ∈ relintFpI ,pJ .

To do this we first consider w = (|I| + |J |)−1(pI − pJ) ∈ FpI ,qJ and show that w ∈

relintFpI ,qJ . Let c ∈ FpI ,pJ be arbitrary. Note that we can write c =
∑

i∈I′ λiqi−
∑

j∈J ′ λjqj,

where
∑

i∈I′ qi = pI ,
∑

j∈J ′ qj = pJ , and
∑

i∈I′ λi +
∑

j∈J ′ λj = 1 with 0 ≤ λi, λj ≤ 1 for

all i and j. We see that w + ϵ(w − c) = (1 + ϵ)w − ϵc ∈ FpI ,pJ for all ϵ > 0 small, so

w ∈ relintFpI ,pJ by [61, Theorem 6.4].

To complete the proof we argue by contradiction. So suppose that ϕ(h) ̸∈ relintFpI ,pJ .

Then ϕ(h) is in the (relative) boundary of FpI ,pJ , hence

zϵ = (1 + ϵ)ϕ(h)− ϵw ̸∈ FpI ,pJ
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for all ϵ > 0, as w ∈ relintFpI ,pJ and FpI ,pJ is convex. However, for each i ∈ I we have that

the coefficient of pi in zϵ,

(1 + ϵ)e−αi∑
i∈I e

−αi +
∑

j∈J e
−αj

− ϵ

|I|+ |J |
,

is strictly positive for all ϵ > 0 sufficiently small. Likewise, for each j ∈ J we have that the

coefficient of −pj in zϵ,

(1 + ϵ)e−αj∑
i∈I e

−αi +
∑

j∈J e
−αj

− ϵ

|I|+ |J |
,

is strictly positive for all ϵ > 0 sufficiently small. This implies that zϵ ∈ FpI ,pJ for all ϵ > 0

small, which is impossible. This completes the proof.

Using the previous results we now show that ϕ is injective on V
h
.

Corollary 5.5.6. The map ϕ : V
h → BV ∗ is injective.

Proof. We already saw in Lemmas 5.5.2 and 5.5.3 that ϕ maps V into intBV ∗ and is

injective on V . So by the previous lemma, it suffices to show that if ϕ(h) = ϕ(h′) for

horofunctions h ∼ h′, then h = h′. Let h be given by (5.2.1) and suppose that h′ is given

by

h′(x) = max

{
ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)}
.

Then ∑
i∈I e

−αipi −
∑

j∈J e
−αjpj∑

i∈I e
−αi +

∑
j∈J e

−αj
=

∑
i∈I′ e

−βiqi −
∑

j∈J ′ e−βjqj∑
i∈I′ e

−βi +
∑

j∈J ′ e−βj
.

As mink αk = 0 = mink βk, it follows from the spectral theorem [20, Theorem III.1.2]

that

1∑
i∈I e

−αi +
∑

j∈J e
−αj

= ∥ϕ(h)∥u = ∥ϕ(h′)∥u =
1∑

i∈I′ e
−βi +

∑
j∈J ′ e−βj

,
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so that ∑
i∈I

e−αipi −
∑
j∈J

e−αjpj =
∑
i∈I′

e−βiqi −
∑
j∈J ′

e−βjqj.

As each x ∈ V can be written in a unique way as x = x+ − x−, where x+ and x− are

orthogonal elements in V+, see [4, Proposition 1.28], we find that
∑

i∈I e
−αipi =

∑
i∈I′ e

−βiqi

and
∑

j∈J e
−αjpi =

∑
j∈J ′ e−βjqj. This implies that

∑
i∈I

αipi = − log(
∑
i∈I

e−αipi + (u− pI)) = − log
∑
i∈I′

(e−βiqi + (u− qI′)) =
∑
i∈I′

βiqi

and

∑
j∈J

αjpi = − log(
∑
j∈J

e−αjpi + (u− pJ)) = − log(
∑
j∈J ′

e−βjqj + (u− qJ ′)) =
∑
j∈J ′

βjqj,

and hence h = h′.

The next result shows that ϕ is continuous on ∂V
h
.

Theorem 5.5.7. The map ϕ : V
h → BV ∗ is continuous.

Proof. Clearly ϕ is continuous on V . Suppose (yn) is a sequence in V with hyn → h ∈ ∂V
h
.

We wish to show that ϕ(yn) → ϕ(h). Let (ϕ(ynk)) be a subsequence. We will show that it

has a subsequence which converges to ϕ(h).

As h is a horofunction, we know that rn = ∥ynk∥u → ∞ by Lemma 3.1.5. For each k

there exists a Jordan frame qnk
1 , . . . , qnk

r in V and λnk
1 , . . . , λ

nk
r ∈ R such that

ynk =
r∑
i=1

λnk
i q

nk
i .

By taking a subsequence we may assume that there exist I+ ⊆ {1, . . . , r} and 1 ≤ s ≤ r

such that for each k, rnk = ∥ynk∥u = |λnk
s |, and λnk

i > 0 if and only if i ∈ I+.

For each k, let βnk
i = rnk − λnk

i for i ∈ I+, and β
nk
i = rnk + λnk

i for i ̸∈ I+. Note that

βnk ≥ 0 for all i and k, and βnk
s = 0 for all k. By taking a further subsequence we may
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assume that βnk
i → βi ∈ [0,∞] and qnk

i → qi for all i. Let I ′ = {i ∈ I+ : βi < ∞} and

J ′ = {j ̸∈ I+ : βj < ∞}. Note that s ∈ I ′ ∪ J ′ and we can apply Proposition 5.3.3 to

conclude that hynk → h′ ∈ ∂V
h
, where

h′(x) = max{ΛV (qI′ )
(−UqI′x−

∑
i∈I′

βiqi),ΛV (qJ′ )(UqJ′x−
∑
j∈J ′

βjqj)}.

As hynk → h, we know that h = h′ and hence δ(h, h′) = 0. This implies that pI = qI′ and

pJ = qJ ′ by Theorem 5.2.2. Moreover,

∑
i∈I

αipi +
∑
j∈J

αjpj =
∑
i∈I′

βiqi +
∑
j∈J ′

βjqj.

It follows that

∑
i∈I

αipi = UpI (
∑
i∈I

αipi +
∑
j∈J

αjpj) = UqI′ (
∑
i∈I′

βiqi +
∑
j∈J ′

βjqj) =
∑
i∈I′

βiqi

and ∑
j∈J

αjpj = UpJ (
∑
i∈I

αipi +
∑
j∈J

αjpj) = UqJ′ (
∑
i∈I′

βiqi +
∑
j∈J ′

βjqj) =
∑
j∈J ′

βjqj,

so that
∑

i∈I e
αipi =

∑
i∈I′ e

βiqi and
∑

j∈J e
αjpj =

∑
j∈J ′ eβjqj. We conclude that

lim
k→∞

ϕ(ynk) = lim
k→∞

∑r
i=1(e

−rnk+λ
nk
i − e−r

nk−λnk
i )qnk

i∑r
i=1(e

−rnk+λ
nk
i + e−r

nk−λnk
i )

=

∑
i∈I′ e

−βiqi −
∑

j∈J ′ e−βjqj∑
i∈I′ e

−βi +
∑

j∈J ′ e−βj
= ϕ(h).

From Lemmas 5.5.2 and 5.5.5 we know that ϕ maps V into intBV ∗ and ∂V
h
into ∂BV ∗ .

So to complete the proof it remains to show that if (hn) in ∂V
h
converges to h ∈ ∂V

h
, then

ϕ(hn) → ϕ(h). Suppose h is given by (5.2.1) and for each n the horofunction hn is given
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by

hn(x) = max

{
ΛV (qnIn )

(
−UqnInx−

∑
i∈In

βni q
n
i

)
,ΛV (qnJn )

(
UqnJnx−

∑
j∈Jn

βnj q
n
j

)}
for x ∈ V ,

(5.5.1)

where In, Jn ⊆ {1, . . . , r} are disjoint, In ∪ Jn is nonempty, and min{βnk : k ∈ In ∪ Jn} = 0.

To prove the assertion we show that each subsequence of (ϕ(hn)) has a convergent

subsequence with limit ϕ(h). Let (ϕ(hnk
)) be a subsequence. By taking subsequences we

may assume that

1. There exist I0, J0 ⊆ {1, . . . , r} disjoint with I0 ∪J0 nonempty, such that Ink
= I0 and

Jnk
= J0 for all k.

2. βnk
i → βi ∈ [0,∞] and qnk

i → qi for all i ∈ I0 ∪ J0.

3. There exists i∗ ∈ I0 ∪ J0 such that βnk
i∗ = 0 for all k.

Let I ′ = {i ∈ I0 : βi <∞} and J ′ = {j ∈ J0 : βj <∞}, and note that i∗ ∈ I ′ ∪ J ′.

Using Lemma 5.3.2 we now show that hnk
→ h′, where

h′(x) = max

{
ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)}
. (5.5.2)

Note that if I ′ is nonempty, then by Lemma 5.3.2 we have that

lim
k→∞

ΛV (q
nk
I0

)

(
−Uqnk

I0

x−
∑
i∈I0

βnk
i q

nk
i

)
= ΛV (qI′ )

(
−UqI′x−

∑
i∈I′

βiqi

)
,

as Uqnk
I0

x→ UqI0x by Lemma 5.3.1 and UqI′ (UqI0x) = UqI′x by [4, Proposition 2.26]. Likewise

if J ′ is nonempty, we have that

lim
k→∞

ΛV (q
nk
J0

)

(
Uqnk

J0

x−
∑
j∈J0

βnk
j q

nk
j

)
= ΛV (qJ′ )

(
UqJ′x−

∑
j∈J ′

βjqj

)
.

Thus, if I ′ and J ′ are both nonempty (5.5.2) holds.
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Now suppose that I ′ is empty, so J ′ is nonempty. As −x ≤ ∥x∥uu, we get that

−Uqnk
I0

x ≤ ∥x∥uUqnk
I0

u = ∥x∥uqnk
I0
.

This implies that −Uqnk
I0

x−
∑

i∈I0 β
nk
i q

nk
i ≤

∑
i∈I0(∥x∥u − βnk

i )qnk
i , hence

ΛV (q
nk
I0

)

(
−Uqnk

I0

x−
∑
i∈I0

βnk
i q

nk
i

)
≤ max

i∈I0
(∥x∥u − βnk

i ) → −∞.

On the other hand, hnk
(x) ≥ −∥x∥u for all k. Thus, for all k sufficiently large, we have

that

hnk
(x) = ΛV (q

nk
J0

)

(
Uqnk

J0

x−
∑
j∈J0

βnk
j q

nk
j

)
,

which implies that (5.5.2) holds if I ′ is empty. In the same way it can be shown that (5.5.2)

holds if J ′ is empty.

As hn → h, we know that h′ = h, so δ(h, h′) = 0. It follows from Theorem 5.2.2 that

pI = qI′ , pJ = qJ ′ , and
∑

i∈I αipi +
∑

j∈J αjpj =
∑

i∈I′ βiqi +
∑

j∈J ′ βjqj. This implies that

∑
i∈I

αipi =
∑
i∈I′

βiqi and
∑
j∈J

αjpj =
∑
j∈J ′

βjqj,

so that
∑

i∈I e
−αipi =

∑
i∈I′ e

−βiqi and
∑

j∈J e
−αjpj =

∑
j∈J ′ e−βjqj. Thus,

lim
k→∞

ϕ(hnk
) = lim

k→∞

∑
i∈I0 e

−βnk
i qnk

i −
∑

j∈J0 e
−βnk

j qnk
j∑

i∈I0 e
−βnk

i +
∑

j∈J0 e
−βnk

j

=

∑
i∈I′ e

−βiqi −
∑

j∈J ′ e−βjqj∑
i∈I′ e

−βi +
∑

j∈J ′ e−βj
= ϕ(h),

which completes the proof.

Theorem 5.5.8. The map ϕ : V
h → BV ∗ is onto.

Proof. From Lemma 5.5.4 we know that ϕ(V ) = intBV ∗ . Let z ∈ ∂BV ∗ . As BV ∗ is the

disjoint union of the relative interiors of its faces, see [61, Theorem 18.2], we know that

158



5.5. THE HOMEOMORPHISM ONTO THE DUAL UNIT BALL

there exist orthogonal idempotents pI and pJ such that z ∈ relintFpI ,pJ . Thus, we can write

z =
∑
i∈I

λipi −
∑
j∈J

λjpj,

where pI =
∑

i∈I pi, qJ =
∑

j∈J qj, 0 < λk ≤ 1 for all k ∈ I ∪ J , and
∑

k∈I∪J λk = 1.

Define µk = − log λk for k ∈ I ∪ J . So, µk ≥ 0. Let µ∗ = min{µk : k ∈ I ∪ J} and set

αk = µk − µ∗ ≥ 0. Note that min{αk : k ∈ I ∪ J} = 0.

Then h, given by

h(x) = max

{
ΛV (pI)

(
−UpIx−

∑
i∈I

αipi

)
,ΛV (pJ )

(
UpJx−

∑
j∈J

αjpj

)}

for x ∈ V , is a horofunction by Proposition 5.3.5. Moreover,

1∑
i∈I e

−µi +
∑

j∈J e
−µj

(∑
i∈I

e−µipi −
∑
j∈J

e−µjpj

)
=

1∑
i∈I λi +

∑
j∈J λj

(∑
i∈I

λipi −
∑
j∈J

λjpj

)
,

hence ϕ(h) = z, which completes the proof.

The proof of Theorem 5.2.4 is now straightforward.

Proof of Theorem 5.2.4. It follows from Theorems 5.5.7 and 5.5.8 and Corollary 5.5.6 that

ϕ : V
h → BV ∗ is a continuous bijection. As V

h
is compact and BV ∗ is Hausdorff, we

conclude that ϕ is a homeomorphism. It follows from Lemma 5.5.5 that ϕ maps each part

onto the relative interior of a boundary face of BV ∗ .

Remark 5.5.9. It is interesting to note that a similar idea can be used to show that the

horofunction compactification of a finite dimensional normed space (V, ∥ · ∥) with a smooth

and strictly convex norm is homeomorphic to the closed dual unit ball. Indeed, in that case

the horofunctions are given by h : z 7→ −x∗(z), where x∗ ∈ V ∗ has norm 1, see for example

[27, Lemma 5.3]. Moreover, for (yn) in V we have that hyn → h if and only if yn/∥yn∥ → x

and ∥yn∥ → ∞.
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In this case we define a map ψ : V
h → BV ∗ as follows. For x ∈ V with x ̸= 0, let

ψ(x) = −
(
e∥x∥ − e−∥x∥

e∥x∥ + e−∥x∥

)
x∗,

where x∗ ∈ V ∗ is the unique functional with x∗(x) = ∥x∥ and ∥x∗∥ = 1, and let ψ(0) = 0.

For h ∈ ∂V
h
with h : z 7→ −x∗(z) let

ψ(h) = −x∗.

It is straightforward to check that ψ is a bijection from V
h
onto BV ∗ , and ψ is continuous

on intBV ∗ . To show continuity on ∂V
h
, we assume, by way of contradiction, that (hn) is a

sequence of horofunctions with hn → h and hn(z) = −x∗n(z) for all z ∈ V , and there exists a

neighbourhood U of ψ(h) in BV ∗ such that ψ(hn) ̸∈ U for all n. Then, for each z∗ ∈ ∂BV ∗

with z∗ ̸∈ U we have that z∗(x) < 1. So, by compactness, δ = max{1 − z∗(x) : z∗ ∈

∂BV ∗ \ U} > 0. It now follows that

hn(x)− h(x) = −x∗n(x) + x∗(x) = 1− x∗n(x) ≥ δ > 0

for all n, which contradicts hn → h. This shows that ψ is a continuous bijection, and hence

a homeomorphism, as V
h
is compact and BV ∗ is Hausdorff.

More generally, one can consider product spaces V =
∏r

i=1 Vi with norm ∥x∥V =

maxri=1 ∥vi∥i, where each (Vi, ∥ · ∥i) is a finite dimensional normed space with a smooth

and strictly convex norm. In that case we have by [41, Theorem 2.10] that the horofunc-

tions of V are given by

h(v) = max
j∈J

(hξ∗j (vj)− αj), (5.5.3)

where J ⊆ {1, . . . , r} nonempty, minj∈J αj = 0, ξ∗j ∈ V ∗
j with ∥ξ∗j ∥ = 1, and hξ∗j (vj) =

−ξ∗j (vj). One can use similar ideas as the ones in Section 3 to show that the horofunction

compactification is homeomorphic to the closed unit dual ball of V . Indeed, one can define
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a map ϕV : V
h → BV ∗ by

ϕV (v) =
1∑r

i=1 e
∥vi∥i + e−∥vi∥i

(
r∑
i=1

(e∥vi∥i − e−∥vi∥i)p(v∗i )

)
for v ∈ V \ {0}

and ϕV (0) = 0. Here p(v∗i ) = (0, . . . , 0, v∗i , 0, . . . , 0) and v∗i is the unique functional such

that v∗i (vi) = ∥vi∥i and ∥v∗i ∥i = 1 if vi ̸= 0, and we set p(v∗i ) = 0, if vi = 0. For a

horofunction h given by (5.5.3) we define

ϕV (h) =
1∑

j∈J e
−αj

(∑
j∈J

e−αjp(ξ∗j )

)
.

Following the same line of reasoning as in Section 3 one can prove that ϕV is a homeomor-

phism.

Remark 5.5.10. The connection between the geometry of the horofunction compactifica-

tion and the dual unit ball seems hard to establish for general finite dimensional normed

spaces, and might not even hold. For the normed spaces discussed in this chapter and in

[32, 33] all horofunctions are Busemann points, but there are normed spaces with horo-

functions that are not Busemann, see [66]. It could well be the case that the horofunction

compactification of these spaces is not naturally homeomorphic to the closed dual unit ball,

but no counter example is known at present.
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Chapter 6

Hilbert Geometries

In this chapter we study the global topology and geometry of the horofunction compact-

ification of symmetric cones under the Hilbert distance. Recall that the Hilbert distance

is defined as follows. Let A be a real finite dimensional affine space. Consider a bounded,

open, convex set Ω ⊆ A. For x, y ∈ Ω, let ℓxy be the straight-line through x and y in A,

and denote the points of intersection of ℓxy and ∂Ω by x′ and y′, where x is between x′ and

y, and y is between x and y′. On Ω the Hilbert distance is then defined by

ρH(x, y) = log
( |x′ − y|
|x′ − x|

|y′ − x|
|y′ − y|

)
(6.0.1)

for all x ̸= y in Ω, and ρH(x, x) = 0 for all x ∈ Ω. The metric space (Ω, ρH) is called the

Hilbert geometry on Ω.

These metric spaces generalise Klein’s model of hyperbolic space and have a Finsler

structure, see [55, 57]. In our analysis we will work with Birkhoff’s version of the Hilbert

metric, which is defined on a cone in an order-unit space in terms of its partial ordering.

This provides a convenient way to work with the Hilbert distance and its Finsler structure.

In the next section we will recall the basic concepts involved in our analysis. Throughout

we will follow the terminology used in [46, Chapter 2], which contains a detailed discussion

of Hilbert geometries and some of their applications. We refer the reader to [57] for a
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comprehensive account of the theory of Hilbert geometries.

6.1 Preliminaries and Finsler structure

Let (V, V+, u) be a finite dimensional order-unit space. So, V+ is a closed cone in V with

u ∈ intV+. Recall that the cone V+ induces a partial ordering on V by x ≤ y if y−x ∈ V+,

see Section 4.1. For x ∈ V and y ∈ V+, we say that y dominates x if there exist α, β ∈ R

such that αy ≤ x ≤ βy. In that case, we write

M(x/y) = inf{β ∈ R : x ≤ βy} and m(x/y) = sup{α ∈ R : αy ≤ x}.

By the Hahn-Banach theorem, x ≤ y if and only if ψ(x) ≤ ψ(y) for all ψ ∈ V ∗
+ = {ϕ ∈

V ∗ : ϕ positive}, which is equivalent to ψ(x) ≤ ψ(y) for all ψ ∈ S(V ). Using this fact we

see that for each x ∈ V and y ∈ intV+,

M(x/y) = sup
ψ∈S(V )

ψ(x)

ψ(y)
and m(x/y) = inf

ψ∈S(V )

ψ(x)

ψ(y)
.

We also note that if A ∈ GL(V ) is a linear automorphism of V+, i.e., A(V+) = V+,

then x ≤ βy if, and only if, Ax ≤ βAy. It follows that M(Ax/Ay) = M(x/y) and

m(x/y) = m(Ax/Ay).

If w ∈ intV+, then w dominates each x ∈ V , and we define

|x|w =M(x/w)−m(x/w).

One can verify that | · |w is a semi-norm on V , see [46, Lemma A.1.1], and a genuine norm

on the quotient space V/Rw, as |x|w = 0 if and only if x = λw for some λ ∈ R.

Clearly, if x, y ∈ V are such that y = 0 and y dominates x, then x = 0, as V+ is a

cone. On the other hand, if y ∈ V+ \{0}, and y dominates x, then M(x/y) ≥ m(x/y). The

domination relation yields an equivalence relation on V+ by x ∼ y if y dominates x and x
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dominates y. The equivalence classes are called the parts of V+. As V+ is closed, one can

check that {0} and intV+ are parts of V+. The parts of a finite dimensional cone are closely

related to its faces. Indeed, if V+ is the cone of a finite dimensional order-unit space, then

it can be shown that the parts correspond to the relative interiors of the faces of V+, see

[46, Lemma 1.2.2]. Recall that a face of a convex set S ⊆ V is a subset F of S with the

property that if x, y ∈ S and λx+ (1− λ)y ∈ F for some 0 < λ < 1, then x, y ∈ F .

It is easy to verify that if x, y ∈ V+\{0}, then x ∼ y if, and only if, there exist 0 < α ≤ β

such that αy ≤ x ≤ βy. Furthermore, if x ∼ y, then

m(x/y) = sup{α > 0: y ≤ α−1x} =M(y/x)−1. (6.1.1)

Birkhoff’s version of the Hilbert distance on V+ is defined as follows:

dH(x, y) = log
(M(x/y)

m(x/y)

)
= logM(x/y) + logM(y/x) (6.1.2)

for all x ∼ y with y ̸= 0, dH(0, 0) = 0, and dH(x, y) = ∞ otherwise.

Note that dH(λx, µy) = dH(x, y) for all x, y ∈ V+ and λ, µ > 0, so dH is not a distance

on V+. It is, however, a distance between pairs of rays in each part of V+. In particular,

if ϕ : V → R is a linear functional such that ϕ(x) > 0 for all x ∈ V+ \ {0}, then dH is a

distance on

ΩV = {x ∈ intV+ : ϕ(x) = 1},

which is a (relatively) open, bounded, convex set, see [46, Lemma 1.2.4]. Moreover, the

following holds, see [46, Proposition 2.1.1 and Theorem 2.1.2].

Theorem 6.1.1. (ΩV , dH) is a metric space and dH = ρH on ΩV .

It is worth noting that any Hilbert geometry can be realised as (ΩV , dH) for some

order-unit space V and strictly positive linear functional ϕ.

A Hilbert geometry (ΩV , dH) has a Finsler structure, with Finsler metric F : TΩV →

[0,∞) given by F (w, x) = |x|w for w ∈ ΩV and x ∈ Tw, see [55]. It should be noted
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that in the case of Hilbert geometries the unit ball {x ∈ V/Rw : |x|w ≤ 1} in the tangent

space at w ∈ ΩV may have a different facial structure for different w. This phenomenon

appears frequently in the case where ΩV is a polytope, but does not appear in the Hilbert

geometries we will be considering here.

For the remainder of this chapter, let (V, V+, u) be an order-unit space, where V is a

Euclidean Jordan algebra of rank r, V+ is the cone of squares, and u is the algebraic unit.

So, intV+ is a symmetric cone and Isom(ΩV ) acts transitively on ΩV .

Throughout we will take ϕ : V → R with ϕ(x) = 1
r
tr(x), which is a state, and

ΩV = {x ∈ intV+ : ϕ(x) = 1} = {x ∈ intV+ : tr(x) = r}.

In this setting we shall call (ΩV , dH) a symmetric Hilbert geometry. A prime example is

ΩV = {A ∈ Hermn(C) : tr(A) = n and A positive definite}.

These spaces are important examples of noncompact type symmetric spaces with an invari-

ant Finsler metric, see [59]. In particular, the example above corresponds to the symmetric

space SL(n,C)/SU(n). For completeness, we now provide a proof that symmetric Hilbert

geometries have a Finsler structure.

Proposition 6.1.2. If (ΩV , dH) is a symmetric Hilbert geometry, then for each x, y ∈ ΩV

we have that dH(x, y) = inf L(γ), where the infimum is taken over all piecewise C1-smooth

paths γ : [0, 1] → ΩV with γ(0) = x and γ(1) = y, and

L(γ) =

∫ 1

0

|γ′(t)|γ(t)dt.

165



6.1. PRELIMINARIES AND FINSLER STRUCTURE

Proof. Let γ : [0, 1] → ΩV be a piecewise C1-path with γ(0) = x and γ(1) = y. We have

dH(x, y) = logM(y/x)− logm(y/x)

= max
ψ∈S(V )

log
ψ(y)

ψ(x)
− min

ψ∈S(V )
log

ψ(y)

ψ(x)

= max
ψ∈S(V )

∫ 1

0

d

dt
logψ(γ(t))dt− min

ψ∈S(V )

∫ 1

0

d

dt
logψ(γ(t))dt

= max
ψ∈S(V )

∫ 1

0

ψ(γ′(t))

ψ(γ(t))
dt− min

ψ∈S(V )

∫ 1

0

ψ(γ′(t))

ψ(γ(t))
dt

≤
∫ 1

0

max
ψ∈S(V )

ψ(γ′(t))

ψ(γ(t))
dt−

∫ 1

0

min
ψ∈S(V )

ψ(γ′(t))

ψ(γ(t))
dt

=

∫ 1

0

M(γ′(t)/γ(t))−m(γ′(t)/γ(t))dt

=

∫ 1

0

|γ′(t)|γ(t)dt.

Now let x, y ∈ ΩV and consider the C1-smooth path σ in C◦ given by,

σ(t) = Ux1/2(Ux−1/2y)t for 0 ≤ t ≤ 1.

Note that σ(0) = Ux1/2u = x and σ(1) = y. Define

µ(t) =
σ(t)

ϕ(σ(t))
for all 0 ≤ t ≤ 1.

So, µ is a C1-smooth path connecting x and y in ΩV . A direct calculation gives

µ′(t) =
σ′(t)

ϕ(σ(t))
− ϕ(σ′(t))

ϕ(σ(t))2
σ(t) for 0 ≤ t ≤ 1.

We also have that Uµ(t)−1/2 = ϕ(σ(t))Uσ(t)−1/2 for 0 ≤ t ≤ 1, which implies

Uµ(t)−1/2µ′(t) = Uσ(t)−1/2σ′(t)− ϕ(σ′(t))

ϕ(σ(t))
u. (6.1.3)
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Furthermore

σ′(t) = Ux1/2((Ux−1/2y)t log(Ux−1/2y)) for 0 ≤ t ≤ 1.

Write z = Ux−1/2y and let z =
∑r

i=1 λipi be the spectral decomposition of z. As

z ∈ intV+, we have that zt =
∑r

i=1 λ
t
ipi and log z =

∑r
i=1(log λi)pi, and hence

zt log z =
r∑
i=1

(λti log λi)pi. and Uz−t/2(zt log z) = log z.

From (6.1.3) we get that

M(µ′(t)/µ(t))−m(µ′(t)/µ(t)) = M(Uµ(t)−1/2µ′(t)/u)−m(Uµ(t)−1/2µ′(t)/u)

= M(Uσ(t)−1/2σ′(t)/u)−m(Uσ(t)−1/2σ′(t)/u).

It follows that

M(µ′(t)/µ(t))−m(µ′(t)/µ(t)) = M(σ′(t)/σ(t))−m(σ′(t)/σ(t))

= M(Ux−1/2σ′(t)/Ux−1/2σ(t))−m(Ux−1/2σ′(t)/Ux−1/2σ(t))

= M(zt log z/zt)−m(zt log z/zt)

= M(log z/u)−m(log z/u)

= logM(Ux−1/2y/u)− logm(Ux−1/2y/u)

= logM(y/x)− logm(y/x).

We conclude that

L(µ) =

∫ 1

0

logM(y/x)− logm(y/x)dt = dH(x, y),

which completes the proof.
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In a symmetric Hilbert geometry the distance can be expressed in terms of the spectrum.

Indeed, we know that for x ∈ V invertible, the quadratic representation Ux : V → V is

a linear automorphism of V+, see [20, Proposition III.2.2]. Moreover, U−1
x = Ux−1 and

Ux−1/2x = u. Furthermore, for x ∈ V we have that

M(x/u) = inf{λ : x ≤ λu} = maxσ(x) and m(x/u) = sup{λ : λu ≤ x} = minσ(x),

so that |x|u = maxσ(x)−minσ(x). Also for x, y ∈ intV+ we have that

logM(x/y) = max σ(logUy−1/2x) and logM(y/x) = −minσ(logUy−1/2x).

It follows that

dH(x, y) = logM(x/y)+logM(y/x) = | logUy−1/2x|u = diamσ(logUy−1/2x) for all x, y ∈ intV+.

Moreover, for each w ∈ ΩV we have that

|x|w =M(x/w)−m(x/w) =M(Uw−1/2x/u)−m(Uw−1/2x/u) = |Uw−1/2x|u for all x ∈ V,

which shows that the facial structure of the unit ball in each tangent space is identical, as

Uw−1/2 is an invertible linear map.

6.2 Horofunctions of symmetric Hilbert geometries

The main objective is to show for symmetric Hilbert geometries (ΩV , dH) that there exists

a natural homeomorphism between Ω
h

V and the closed dual unit ball of the Finsler metric

| · |u in the tangent space V/Ru at the unit u. To describe the homeomorphism, we recall

the description of the horofunction compactification of symmetric Hilbert geometries given

in [44, Theorem 5.6].
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Theorem 6.2.1. The horofunctions of a symmetric Hilbert geometry (ΩV , dH) are precisely

the functions h : ΩV → R of the form

h(x) = logM(y/x) + logM(z/x−1) for x ∈ ΩV , (6.2.1)

where y, z ∈ ∂V+ are such that ∥y∥u = ∥z∥u = 1 and (y|z) = 0.

It follows from the proof of [44, Theorem 5.6] that all horofunctions are in fact Busemann

points. Indeed, if y and z have spectral decompositions

y =
∑
i∈I

λipi and z =
∑
j∈J

µjpj,

where I, J ⊂ {1, . . . , r} are nonempty and disjoint, and p1, . . . , pr is a Jordan frame, then

the sequence (yn) ∈ intV+ given by

yn =
∑
i∈I

λipi +
∑
j∈J

1

n2µj
pj +

∑
k ̸∈I∪J

1

n
pk

has the property that yn → y, y−1
n /∥y−1

n ∥u → z and hyn → h, where h is as in (6.2.1). Note

that if we let vn = yn/ϕ(yn) ∈ ΩV , then hvn(z) = hyn(z) for all z ∈ ΩV , so hvn → h.

Also note that for n,m ≥ 1,

U
y
−1/2
n

ym =
∑
i∈I

pi +
∑
j∈J

n2

m2
pj +

∑
k ̸∈I∪J

n

m
pk.

This implies that for each n ≥ m ≥ 1,

M(ym/yn) =M(U
y
−1/2
n

ym/u) = ∥U
y
−1/2
n

ym∥u = n2/m2,

so that logM(ym/yn) = 2 log n − 2 logm. Moreover, logM(yn/ym) = log 1 = 0 for all
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n ≥ m ≥ 1. It follows that

dH(vn, vm) + dH(vm, v1) = dH(yn, ym) + dH(ym, y1) = dH(yn, y1) = dH(vn, v1)

for all n ≥ m ≥ 1. Thus, (vn) is an almost geodesic sequence in ΩV , and hence each

horofunction in Ω
h

V is a Busemann point.

Before we identify the parts in ∂Ω
h

V and the detour distance, it is useful to recall the

following fact:

M(x/y) =M(y−1/x−1) for all x, y ∈ intV+,

if intV+ is a symmetric cone, see [48, Section 2.4].

Proposition 6.2.2. Let (ΩV , dH) be a symmetric Hilbert geometry and h, h′ ∈ ∂Ω
h

V with

h(x) = logM(y/x) + logM(z/x−1) and h′(x) = logM(y′/x) + logM(z′/x−1)

for x ∈ ΩV . The following assertions hold:

1. h and h′ are in the same part if and only if y ∼ y′ and z ∼ z′.

2. If h and h′ are in the same part, then δ(h, h′) = dH(y, y
′) + dH(z, z

′).

Proof. Consider the spectral decompositions: y =
∑

i∈I λipi, z =
∑

j∈J µjpj, y
′ =
∑

i∈I′ αiqi,

and z′ =
∑

j∈J ′ βjqj. Set

yn =
∑
i∈I

λipi +
∑
j∈J

1

n2µj
pj +

∑
k ̸∈I∪J

1

n
pk and wn =

∑
i∈I′

αiqi +
∑
j∈J ′

1

n2βj
qj +

∑
k ̸∈I′∪J ′

1

n
qk.

Then hyn → h and hwn → h′ by the proof of [44, Theorem 5.6].

For all n ≥ 1 large we have that ∥wn∥u = ∥y′∥u = 1, so that

dH(wn, u) = logM(wn/u) + logM(u/wn) = log ∥wn∥u + logM(w−1
n /u) = log ∥w−1

n ∥u.
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Now set vn = w−1
n /∥w−1

n ∥u and note that by Lemma 3.2.5,

H(h′, h) = lim
n→∞

dH(wn, u) + h(wn)

= lim
n→∞

log ∥w−1
n ∥u + logM(y/wn) + logM(z/w−1

n )

= lim
n→∞

logM(y/wn) + logM(z/v−1
n ).

Clearly wn+1 ≤ wn and wn → y′. Also,

w−1
n =

∑
i∈I′

α−1
i qi +

∑
j∈J ′

n2βjqj +
∑

k ̸∈I′∪J ′

nqk.

So, for all n ≥ 1 large, we have that ∥w−1
n ∥u = n2, as maxj∈J βj = ∥z′∥u = 1. It follows

that

vn =
∑
i∈I′

1

n2αi
qi +

∑
j∈J ′

βjqj +
∑

k ̸∈I′∪J ′

1

n
qk

for all n ≥ 1 large. So, vn+1 ≤ vn for all n ≥ 1 large and vn → z′. It now follows

from Lemma 2.7.9 that H(h′, h) = ∞ if y′ does not dominate y, or, z′ does not dominate z.

Moreover, if y′ dominates y, and, z′ dominates z, thenH(h′, h) = logM(y/y′)+logM(z/z′).

Interchanging the roles between h and h′ we find that H(h, h′) = ∞ if y does not dom-

inate y′, or, z does not dominate z′, and H(h, h′) = logM(y′/y) + logM(z′/z), otherwise.

Thus, δ(h, h′) = dH(y, y
′) + dH(z, z

′) if and only if y ∼ y′ and z ∼ z′, and δ(h, h′) = ∞

otherwise.

The characterisation of the parts and the detour distance is a more explicit description of

the general one one given in [49, Theorem 4.9] in the case of symmetric Hilbert geometries.
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6.3 The homeomorphism

Let us now define a map φH : Ω
h

V → B∗
1 , where B

∗
1 is the unit ball of the dual norm of | · |u

on V/Ru. For x ∈ ΩV let

φH(x) =
x

tr(x)
− x−1

tr(x−1)
,

and for h ∈ ∂Ω
h

V given by (6.2.1) let

φH(h) =
y

tr(y)
− z

tr(z)
.

We note that φH(h) is well-defined by Proposition 6.2.2.

We will prove the following theorem in the sequel.

Theorem 6.3.1. If (ΩV , dH) is a symmetric Hilbert geometry, then the map φH : Ω
h

V → B∗
1

is a homeomorphism which maps each part of ∂Ω
h

V onto the relative interior of a boundary

face of B∗
1 .

We first analyse the dual unit ball B∗
1 of | · |u and its facial structure. The following

fact, which can be found in [48, Section 2.2], will be useful.

Lemma 6.3.2. Given an order-unit space (V, V+, u), the norm | · |u on V/Ru coincides

with the quotient norm of 2∥ · ∥u on V/Ru.

Recall that in a Euclidean Jordan algebra V each x has a unique orthogonal decompo-

sition x = x+ − x−, where x+ and x− are orthogonal elements in V+, see [4, Proposition

1.28]. Let

Ru⊥ = {x ∈ V : (u|x) = 0} = {x ∈ V : tr(x+) = tr(x−)}.

It follows from Lemma 6.3.2 that

(V/Ru, | · |u)∗ = (Ru⊥,
1

2
∥ · ∥∗u).
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So the dual unit ball B∗
1 in Ru⊥ is given by

B∗
1 = 2conv(S(V ) ∪ −S(V )) ∩ Ru⊥,

see [3, Theorem 1.19], and its (closed) boundary faces are precisely the nonempty sets of

the form

Ap,q = 2conv ((Up(V ) ∩ S(V )) ∪ (Uq(V ) ∩ −S(V ))) ∩ Ru⊥,

where p and q are orthogonal idempotents, see [18, Theorem 4.4].

To prove Theorem 6.3.1 we collect a number of preliminary results.

Lemma 6.3.3. For each x ∈ ΩV we have that φH(x) ∈ intB∗
1 , and for each h ∈ ∂Ω

h

V we

have that φH(h) ∈ ∂B∗
1 .

Proof. Let x =
∑r

i=1 λipi ∈ ΩV , so λi > 0 for all i. Note that (u|φH(x)) = 1 − 1 = 0

and hence φH(x) ∈ Ru⊥. Given −u ≤ z ≤ u, we have the Peirce decomposition of z with

respect to the frame p1, . . . , pr,

z =
r∑
i=1

σipi +
∑
i<j

zij,

with −1 = −(u|pi) ≤ σi = (z|pi) ≤ (u|pi) = 1. As this is an orthogonal decomposition we

have that

(z|φH(x)) =
r∑
i=1

σi

(
λi∑r
j=1 λj

− λ−1
i∑r

j=1 λ
−1
j

)
<

r∑
i=1

(
λi∑r
j=1 λj

)
+

r∑
i=1

(
λ−1
i∑r

j=1 λ
−1
j

)
= 2.

This implies that 1
2
∥φH(x)∥∗u = 1

2
sup−u≤z≤u(z|φH(x)) < 1, hence φH(x) ∈ intB∗

1 .

To prove the second assertion let h be a horofunction given by h(x) = logM(y/x) +

logM(z/x−1), where ∥y∥u = ∥z∥u = 1 and (y|z) = 0. Write y =
∑

i∈I αiqi and z =∑
j∈J βjqj. If we now let qI =

∑
i∈I qi and qJ =

∑
j∈J qj, then −u ≤ qI − qJ ≤ u and

∥φH(h)∥∗u ≥
1

2
(qI − qJ |φH(h)) = (1 + 1)/2 = 1.
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Moreover, for each −u ≤ w ≤ u we have that

|(w|φH(h))| ≤ |(w|y/tr(y))|+ |(w|z/tr(z))| ≤ (u|y/tr(y)) + (u|z/tr(z)) = 2.

Combining the inequalities shows that φH(h) ∈ ∂B∗
1 .

To prove injectivity of φH on ΩV we need the following lemma, which has a proof similar

to the one of Lemma 4.2.2 given in [32, Section 4].

Lemma 6.3.4. Let µi : Rr → R, for i = 1, 2, be given by µ1(x) =
∑r

i=1 e
xi and µ2(x) =∑r

i=1 e
−xi for x ∈ Rr, and let g : x 7→ log µ1(x) + log µ2(x). If x, y ∈ Rr are such that

y ̸= x+ c(1, . . . , 1) for all c ∈ R, then ∇g(x) ̸= ∇g(y).

Lemma 6.3.5. The map φH is injective on ΩV .

Proof. Suppose that φH(x) = φH(y), where x =
∑r

i=1 λipi and y =
∑r

i=1 µiqi in ΩV . Note

that 0 < λi, µi for all i and (x|u) = tr(x) = r = tr(y) = (y|u). After possibly relabelling

we can write

φH(x) =
r∑
i=1

(
λi∑r
j=1 λj

− λ−1
i∑r

j=1 λ
−1
j

)
pi =

r∑
i=1

αipi

and

φH(y) =
r∑
i=1

(
µi∑r
j=1 µj

− µ−1
i∑r

j=1 µ
−1
j

)
qi =

r∑
i=1

βiqi,

where α1 ≤ . . . ≤ αr and β1 ≤ . . . ≤ βr. By the spectral theorem (version 2) [20] we

conclude that αi = βi for all i.

Consider the injective map Log : intRr
+ → Rr given by Log(γ) = (log γ1, . . . , log γr).

Let ∆ = {γ ∈ intRr
+ :
∑r

i=1 γi = r}. The map (∇g) ◦ Log is injective on ∆ by Lemma

6.3.4 and

∇g(Log(γ)) =
(

γ1∑r
i=1 γi

− γ−1
1∑r

i=1 γ
−1
i

, . . . ,
γr∑r
i=1 γi

− γ−1
r∑r

i=1 γ
−1
i

)
.
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Writing λ = (λ1, . . . , λr) and µ = (µ1, . . . , µr), we have that λ, µ ∈ ∆ and

∇g(Log(λ)) = (α1, . . . , αr) = (β1, . . . , βr) = ∇g(Log(µ)),

so that λ = µ.

As (∇g) ◦ Log is injective on ∆, we also know that αk = αk+1 if and only if λk = λk+1.

Likewise, βk = βk+1 if and only if µk = µk+1. From the spectral theorem (version 1) [20]

we now conclude that x = y.

In the next couple of lemmas we show that φH is onto.

Lemma 6.3.6. The map φH maps ΩV onto intB∗
1 .

Proof. Note that ΩV is an open set of the affine space {x ∈ V : tr(x) = r}, which has

dimension dimV − 1. Also B∗
1 ⊂ Ru⊥ has dimension dimV − 1. As φH is a continuous

injection from ΩV into intB∗
1 by Lemmas 6.3.3 and 6.3.5, we know that φH(ΩV ) is a

open subset of intB∗
1 by Brouwer’s invariance of domain theorem. We now argue by

contradiction. So, suppose that φH(ΩV ) ̸= intB∗
1 . There then exists a w ∈ ∂φH(ΩV ) ∩

intB∗
1 . Let (vn) in ΩV be such that φH(vn) → w.

As φH is continuous on ΩV , we may assume that dH(vn, u) → ∞. After taking a

subsequence, we may also assume that vn → v ∈ ∂ΩV . Now let yn = vn/∥vn∥u and set

y = v/∥v∥u. Furthermore, let zn = y−1
n /∥y−1

n ∥u. After taking subsequences we may assume

that zn → z ∈ ∂V+ and yn → y ∈ ∂V+, so ∥y∥u = ∥z∥u = 1. As yn • zn = u/∥y−1
n ∥u → 0,

we find that y • z = 0, which implies that (y|z) = 0.

Using the spectral decomposition we write yn =
∑r

i=1 λ
n
i p

n
i and y =

∑
i∈I λipi, where

λi > 0 for all i ∈ I. Likewise, we let zn =
∑r

i=1 µ
n
i p

n
i and z =

∑
j∈J µjpj with µj > 0 for

all j ∈ J . Note that µni = (λni )
−1/∥y−1

n ∥u.
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Then

φH(vn) =

∑r
i=1 λ

n
i p

n
i∑r

k=1 λ
n
k

−
∑r

i=1(λ
n
i )

−1pni∑r
k=1(λ

n
k)

−1
=

∑r
i=1 λ

n
i p

n
i∑r

k=1 λ
n
k

−
∑r

i=1 µ
n
i p

n
i∑r

k=1 µ
n
k

→
∑

i∈I λipi∑
k∈I λk

−
∑

j∈J µjpj∑
k∈J µj

= w.

Now let w∗ =
∑

i∈I pi −
∑

j∈J pj and note that −u ≤ w∗ ≤ u, as (y|z) = 0. We find

that
1

2
∥w∥∗u ≥

1

2
(w|w∗) = (1 + 1)/2 = 1,

hence w ∈ ∂B∗
1 , which is a contradiction.

Lemma 6.3.7. The map φH maps ∂Ω
h

V onto ∂B∗
1 .

Proof. We know from Lemma 6.3.3 that φH maps ∂Ω
h

V into ∂B∗
1 . To prove that it is onto

let w ∈ ∂B∗
1 . Then there exists a face, say

Ap,q = 2conv ((Up(V ) ∩ S(V )) ∪ (Uq(V ) ∩ −S(V ))) ∩ Ru⊥

where p and q are orthogonal idempotents, such that w is in the relative interior of Ap,q,

as B∗
1 is the disjoint union of the relative interiors of its faces [61, Theorem 18.2]. So,

w =
∑
i∈I

αipi −
∑
j∈J

βjqj,

where αi > 0 for all i ∈ I, βj > 0 for all j ∈ J , and
∑

i∈I αi +
∑

j∈J βj = 2. Moreover,∑
i∈I pi = p and

∑
j∈J qj = q.

As w ∈ Ru⊥, we have that 0 = (u|w) =
∑

i∈I αi−
∑

j∈J βj, hence
∑

i∈I αi =
∑

j∈J βj =

1.

Put α∗ = maxi∈I αi and β
∗ = maxj∈J βj. Furthermore, for i ∈ I set λi = αi/α

∗ and for
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j ∈ J set µj = βj/β
∗. Then

w =

(∑
i∈I αipi∑
k∈I αk

)
−
(∑

j∈J βjqj∑
k∈J βk

)
=

(∑
i∈I λipi∑
k∈I λk

)
−
(∑

j∈J µjqj∑
k∈J µk

)
.

Note that 0 < λi ≤ 1 for all i ∈ I and maxi∈I λi = 1. Likewise, 0 < µj ≤ 1 for all j ∈ J

and maxj∈J µj = 1.

Now let y =
∑

i∈I λipi and z =
∑

j∈J µjqj. Then ∥y∥u = ∥z∥u = 1 and (y|z) = 0.

Furthermore, if we let h : ΩV → R be given by

h(x) = logM(y/x) + logM(z/x−1)

for x ∈ ΩV , then h is a horofunction by Theorem 6.2.1 and φH(h) = w, which completes

the proof.

We already saw in Lemma 6.3.6 that φH is injective on ΩV . The next lemma shows

that φH is injective on Ω
h

V .

Lemma 6.3.8. The map φH : Ω
h

V → B∗
1 is injective.

Proof. We know from Lemma 6.3.6 that φH is injective on ΩV . So, it remains to show that

if h, h′ ∈ ∂Ω
h

V and φH(h) = φH(h
′), then h = h′.

Suppose h(x) = logM(y/x) + logM(z/x−1) and h′(x) = logM(y′/x) + logM(z′/x−1)

for all x ∈ ΩV . Then

φH(h) =
y

tr(y)
− z

tr(z)
=

y′

tr(y′)
− z′

tr(z′)
= φH(h

′).

Using the fact that the orthogonal decomposition of an element in V is unique, see [4,

Proposition 1.26], we conclude that

y

tr(y)
=

y′

tr(y′)
and

z

tr(z)
=

z′

tr(z′)
.
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As ∥y∥u = ∥y′∥u = 1, we get that tr(y) = tr(y′), and hence y = y′. Likewise, ∥z∥u =

∥z′∥u = 1 implies that z = z′, hence h = h′.

6.4 Proof of Theorem 6.3.1

Before we prove Theorem 6.3.1, we recall a fact from Jordan theory. For x, z ∈ V let

[x, z] = {y ∈ V : x ≤ y ≤ z} be the order-interval. Given y ∈ V+ we write

face(y) = {x ∈ V+ : x ≤ λy for some λ ≥ 0}.

In a Euclidean Jordan algebra V every idempotent p satisfies

face(p) ∩ [0, u] = [0, p],

see [4, Lemma 1.39]. Also note that y ∼ y′ if and only if face(y) = face(y′).

Proof of Theorem 6.3.1. We know from the results in the previous section that φH : Ω
h

V →

B∗
1 is a bijection, which is continuous on ΩV .

To prove continuity of φH on the whole of Ω
h

V we first show that if (vn) in ΩV is such

that hvn → h ∈ ∂Ω
h

V , then φH(vn) → φH(h). Let h(x) = logM(y/x) + logM(z/x−1) for

x ∈ ΩV , where ∥y∥u = ∥z∥u = 1 and (y|z) = 0. For n ≥ 1 let yn = vn/∥vn∥u and note that

φH(vn) = φH(yn) for all n. Let wk = φH(vnk
), k ≥ 1 be a subsequence of (φH(vn)). We

need to show that (wk) has a subsequence that converges to φH(h).

As h is a horofunction and (ΩV , dH) is a proper metric space, dH(vn, u) = dH(yn, u) → ∞

by Lemma 3.1.5. It follows that (ynk
) has a subsequence (ykm) with ykm → y′ ∈ ∂V+ and

zkm = y−1
km
/∥y−1

km
∥u → z′ ∈ V+. Note that as y ∈ ∂V+, we have that ∥y−1

km
∥u → ∞. This

implies that

y′ • z′ = lim
m→∞

ykm •
y−1
km

∥y−1
km
∥u

= lim
m→∞

u

∥y−1
km
∥u

= 0,
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hence (y′|z′) = 0 (see [20, III, Exercise 3.3]) and z′ ∈ ∂V+. For x ∈ ΩV ,

lim
m→∞

hykm (x) = lim
m→∞

logM(ykm/x) + logM(x/ykm)− logM(ykm/u)− logM(u/ykm)

= lim
m→∞

logM(ykm/x) + logM(y−1
km
/x−1)− log ∥y−1

km
∥u

= lim
m→∞

logM(ykm/x) + logM(zkm/x
−1)

= logM(y′/x) + logM(z′/x−1).

So, if we let h′(x) = logM(y′/x) + logM(z′/x−1), then h′ is a horofunction by Theorem

6.2.1 and hykm → h′. As h = h′, we know that δ(h, h′) = dH(y, y
′) + dH(z, z

′) = 0, hence

y = y′ and z = z′. It follows that

φH(vkm) = φH(ykm) =
ykm

tr(ykm)
−

y−1
km

tr(y−1
km
)
→ y

tr(y)
− z

tr(z)
= φH(h).

Recall that φH maps ΩV into intB∗
1 and φH maps ∂Ω

h

V into ∂B∗
1 by Lemma 6.3.3. So, to

prove the continuity of φH it remains to show that if (hn) is a sequence in ∂Ω
h

V converging

to h ∈ ∂Ω
h

V , then φH(hn) → φH(h).

Let (φH(hnk
)) be a subsequence of (φH(hn)). We show that it has a subsequence

(φH(hkm)) converging to φH(h). We know there exists vm, wm ∈ ∂V+, with ∥vm∥u =

∥wm∥u = 1 and (vm|wm) = 0 such that

hkm(x) = logM(vm/x) + logM(wm/x
−1)

for x ∈ ΩV . By taking a further subsequence we may assume that vm → v ∈ ∂V+ and

wm → w ∈ ∂V+. Then ∥v∥u = ∥w∥u = 1 and (v|w) = 0. Moreover,

logM(vm/x) → logM(v/x) and logM(wm/x
−1) → logM(w/x−1)

for each x ∈ ΩV , as y 7→ M(y/x) is continuous on V , see [44, Lemma 2.2]. Thus, hkm →
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h∗ ∈ ∂Ω
h

V , where

h∗(x) = logM(v/x) + logM(w/x−1),

by Theorem 6.2.1. As hn → h, we have that h = h∗. This implies that y = v and z = w

by Proposition 6.2.2. Thus, vm → y and wm → z, hence

φH(hkm) =
vm

tr(vm)
− wm

tr(wm)
→ y

tr(y)
− z

tr(z)
= φH(h).

This completes the proof of the continuity of φH .

As φH : Ω
h

V → B∗
1 is a continuous bijection, Ω

h

V is compact, and B∗
1 is Hausdorff, we

conclude that φH is a homeomorphism.

To prove the second assertion let h(x) = logM(y/x)+ logM(z/x−1) be a horofunction,

where y =
∑

i∈I λipi and z =
∑

j∈J µjpj with λi, µj > 0 for all i ∈ I and j ∈ J . Let

pI =
∑

i∈I pi and pJ =
∑

j∈J pj. As φH is surjective, it suffices to show that φH maps Ph
into the relative interior of

ApI ,pJ = 2conv ((UpI (V ) ∩ S(V )) ∪ (UpJ (V ) ∩ −S(V ))) ∩ Ru⊥.

So, let h′ ∈ Ph where h′(x) = logM(y′/x) + logM(z′/x−1) for x ∈ ΩV . Then pI ∼

y ∼ y′ and pJ ∼ z ∼ z′. Using the spectral decomposition write y′ =
∑

i∈I′ αiqi and

z′ =
∑

j∈J ′ βjqj, where αi > 0 for all i ∈ I ′ and βj > 0 for all j ∈ J ′. Now let qI′ =
∑

i∈I′ qi

and qJ ′ =
∑

j∈J ′ qj. It follows that pI ∼ qI′ and pJ ∼ qJ ′ . So, face(pI) = face(qI′) and

face(pJ) = face(qJ ′). As face(pI)∩ [0, u] = [0, pI ] and face(qI′)∩ [0, u] = [0, qI′ ] by [4, Lemma

1.39], we conclude that pI = qI′ . In the same way we get that pJ = qJ ′ . As αi > 0 for all

i ∈ I ′ and βj > 0 for all j ∈ J ′, we have that

φH(h
′) =

y′

tr(y′)
− z′

tr(z′)

is in the relative interior of AqI′ ,qJ′ = ApI ,pJ .
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Chapter 7

Infinite Dimensional Normed Spaces

This chapter is a direct follow-up to the work of Gutiérrez in [27], where he provides a nice

classification of the horofunctions of arbitrary infinite dimensional ℓp spaces, for 1 ≤ p <∞.

He does not study the global geometry and topology of the horofunction compactifications

of these spaces, which is the goal of this chapter. We briefly recall the definition of arbitrary

ℓp spaces. Fix p ∈ [1,∞), and a set J of arbitrary cardinality. We can equip J with its

powerset as a σ-algebra. We can then equip the measurable space (J, 2J) with the counting

measure µ : 2J → [0,∞], defined by

µ(A) =

|A| if A is finite

∞ if A is infinite.

The triple (J, 2J , µ) is then a measure space, and we define ℓp(J) to be Lp(J, 2J , µ), the

space of all functions f : J → R such that

∫
J

|f |pdµ <∞,
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and we equip ℓp(J) with the standard Lp norm

∥f∥ =

(∫
J

|f |pdµ
)1/p

.

If J = N, this definition means that ℓp(N) is simply the more familiar space of p summable

sequences with norm

∥x∥ =

(
∞∑
i=1

|xi|p
)1/p

.

If J is uncountable, it follows from this definition of ℓp(J) that f ∈ ℓp(J) if and only if

there exists a countable I ⊆ J such that f(x) = 0 for all x ∈ J\I, and
∫
J
|f |pdµ < ∞. In

this case [15, Example 1.9]

∥x∥p = sup

{∑
i∈F

|xi|p : F ⊆ I is finite

}
.

This justifies the notation, for any x ∈ ℓp(J),

∥x∥ =

(∑
i∈J

|xi|p
)1/p

,

where the sum over J is understood to be taken as the supremum of the sum over finite

subsets of J .

The space ℓ2(J) is an important example of a Hilbert space, and in Section 7.1 we

study the topology and geometry of the horofunction compactification of arbitrary infinite

dimensional Hilbert spaces. For 1 < p <∞, ℓp spaces are important examples of uniformly

convex and uniformly smooth normed spaces (see Section 2.6 for a more detailed discussion

of smoothness and convexity), and in Section 7.2 we study the geometry and topology of the

horofunction compactification of uniformly smooth and strictly convex infinite dimensional

Banach spaces. We also include a subsection specifically on ℓp spaces, as more can be said in
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that setting. Finally, Section 7.3 deals with the study of the horofunction compactification

of ℓ1(J). The ℓ1 norm is not uniformly convex or smooth, and the results are strikingly

different.

7.1 Infinite Dimensional Hilbert Spaces

Let H be an infinite-dimensional real Hilbert space with norm ∥ · ∥ arising from the inner

product. Recall from Example 2.6.8 that H is uniformly smooth and convex. In [27,

Section 4], Gutiérrez explicitly calculated the horofunction compactification of H, which

we can divide into two parts- The so called exotic metric functionals ∂Hh,e
, consisting of

horofunctions that are bounded below, and ∂Hh,∞
, consisting of metric functionals which

are unbounded below:

∂Hh,e
= {hz,c : z ∈ H, c > ∥z∥} ∪ {h0}

∂Hh,∞
= {hz : 0 < ∥z∥ ≤ 1}, (7.1.1)

where for all x ∈ H,

hz,c(x) =
√

∥x∥2 − 2 ⟨x, z⟩+ c2 − c, and, hz(x) = −⟨x, z⟩ . (7.1.2)

It is interesting to note that for finite dimensional Hilbert spaces, the horofunction boundary

consists entirely of functions hz, where z has norm 1 (see Section 3.3.2).

Remark 7.1.1. Recall that Kapovich and Leeb defined the stratification of the horofunc-

tion boundary of a metric space (M,d) to be its partition under the equivalence relation

∼, where h ∼ h′ if and only if supx∈M |h(x) − h′(x)| < ∞. In [34] they asked the normed

space version of Question 1.0.1: whether the horofunction compactification of any finite

dimensional normed space is homeomorphic to the dual unit ball, under a homeomorphism

which bijectively associates equivalence classes in the stratification with the relative interi-

ors of faces of the dual unit ball. Gutiérrez’s classification shows that this is impossible in
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the infinite dimensional Hilbert space case. Indeed, Lemma 7.1.2 proved below shows that,

for any z ∈ H and c > ∥z∥, the equivalence class in the stratification of the horoboundary

containing hz,c also contains hz,d for all d > ∥z∥. Proposition 2.6.7 means that the only

faces of BH are extreme points. It is thus impossible for a homeomorphism mapping Hh

onto BH to map the equivalence class [hz,c] into a single face of the dual ball.

Lemma 7.1.2. Fix z ∈ H and c > d > ∥z∥. Then supx∈H |hz,c(x) − hz,d(x)| < ∞, where

hz,c, hz,d ∈ ∂Hh,e
are as in (7.1.2).

Proof. The Cauchy-Schwarz inequality shows that ∥x∥2 − 2 ⟨x, z⟩ ≥ ∥x∥2 − 2∥x∥∥z∥ for all

x ∈ H, where equality is achieved if and only if x = αz for α ≥ 0. Thus, for all x ∈ H,

∥x∥2 − 2 ⟨x, z⟩ ≥ inf
α≥0

∥z∥2(α2 − 2α).

From this we deduce that

∥x∥2 − 2 ⟨x, z⟩ ≥ −∥z∥2, (7.1.3)

for all x ∈ H. Let us now define the function f : [−d2,∞) → R by

f(t) =
√
t+ c2 −

√
t+ d2.

As c > d, a direct calculation shows that f(−d2) =
√
c2 − d2, f(t) ≥ 0 for all t ≥ −d2,

and f ′(t) < 0 for all t > −d2. From this we conclude that supt≥−d2 |f(t)| =
√
c2 − d2.

Combining this with (7.1.3) and the fact that ∥z∥ < d < c allows us to conclude that

sup
x∈H

|hz,c(x)− hz,d(x)| ≤
√
c2 − d2 + c− d <∞.

We can still investigate the geometry of the Busemann points of Hh
. Corollary 3.2.4

immediately implies that all Busemann points lie in ∂Hh,∞
, as all elements in ∂Hh,e

are

bounded below.
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Proposition 7.1.3. The Busemann points are precisely those elements hz ∈ ∂Hh,∞
where

∥z∥ = 1.

Proof. In the proof of Theorem 4.4 in[27], Guttiérez shows that for any hz ∈ ∂Hh,∞
the

sequence (hyn) converges to h
z, where (yn) is defined by

yn =
√

1− ∥z∥2un + nz,

where (un) is an orthonormal sequence weakly converging to 0. If ∥z∥ = 1 the horofunction

hz is thus the limit of the almost-geodesic sequence (nz), so it is Busemann point.

Conversely, assume that h = hz ∈ ∂Hh,∞
is a Busemann point, with converging almost-

geodesic net (xα). Lemma 3.2.3 means that (xα) must be unbounded, else (xα) would

contain a bounded almost-geodesic subnet converging to an internal metric functional, a

contradiction. The proof of Lemma 4.3 in [27] means that, by taking subnets if necessary,

we can assume xα/∥xα∥
w−⇀ z. Suppose, by way of a contradiction, that ∥z∥ < 1. Fix some

ε > 0. As (xα) is an almost-geodesic net there exists an α′ so that for all α ≥ β ≥ α′ we

have

∥xα − xβ∥+ ∥xβ∥ − ∥xα∥ < ε.

As this is true for all α ≥ β we can take the limit in α to find

−⟨xβ, z⟩+ ∥xβ∥ < ε,

which by the Cauchy-Schwarz inequality means that

∥xβ∥(1− ∥z∥) < ε

for all β ≥ α′. However, ∥xβ∥ → ∞, which results in a contradiction when ∥z∥ < 1.

Proposition 7.1.4. The Busemann boundary consists entirely of singleton parts.
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Proof. Fix Busemann points hz, hw ∈ ∂Hh,∞
, with z ̸= w. By Proposition 7.1.3 we know

∥z∥ = ∥w∥ = 1. We know that the sequences (nz) and (nw) are geodesics converging to the

respective Busemann points hz and hw. Lemma 3.2.5 means we can calculate the detour

distance using these geodesics:

δ(hz, hw) = lim
n→∞

n+ hw(nz) + lim
m→∞

m+ hz(mw)

= lim
n→∞

n(1− ⟨w, z⟩) + lim
m→∞

m(1− ⟨w, z⟩).

As H is a Hilbert space it has unique norming functionals, meaning ⟨w, z⟩ < 1 when w, z

both lie on the unit sphere and are distinct. Thus δ(hz, hw) = ∞.

As in the case of finite dimensional smooth spaces (Section 3.3.2), we would like to

homeomorphically identify ∂Hh
with the closed dual unit ball. However, in infinite dimen-

sions the closed dual unit ball is not compact with respect to the norm topology, so we

must consider it equipped with the weak topology. Another issue that arises, is the fact

that there is no natural way to include the exotic metric functionals in the domain of the

candidate homeomorphism. We can, however, prove a weaker result. Let us define the map

g : H ∪ ∂BH
h → BH by

g(x) = − tanh(∥x∥)
〈
·, x

∥x∥

〉
for x ∈ H\{0}, g(0) = 0, and g(h) = h for h ∈ ∂BH

h
.

(7.1.4)

As H is self-dual by the Riesz Representation Theorem, ⟨·, x/∥x∥⟩ = x∗ for all x ∈ H\{0},

so this is equivalent to the definition of g in Section 3.3.2.

Theorem 7.1.5. The map g defined above is a continuous bijection from H∪ ∂BH
h
to the

dual unit ball of H equipped with the weak topology. Furthermore, g|
∂BHh is a homeomor-

phism onto SH∗, and the homeomorphism maps parts of the boundary to extreme points of

the dual ball.

We will prove Theorem 7.1.5 via a series of lemmas.
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Lemma 7.1.6. The map g : H ∪ ∂BH
h → BH∗ defined above is a bijection onto BH∗.

Proof. The proof that g is injective is an exact replica of the corresponding part of the proof

of Lemma 3.3.6, as it does not rely on finite dimensionality. We need to adjust that proof

somewhat to prove surjectivity of g. Fix some 0 ̸= f ∈ int(B∗
H). We know that f = ⟨·, z⟩

for z ∈ int(BH). Set y = z/∥z∥ ∈ SH. The function tanh: R → (−1, 1) is bijective, so there

exists a c > 0 such that tanh(c) = ∥z∥, meaning tanh(∥cy∥) = ∥z∥. Therefore, g(−cy) =

∥z∥ ⟨·, z/∥z∥⟩ = f . Thus g|H is a bijection onto B◦
H∗ , meaning g : H ∪ ∂BH

h → BH∗ is

bijective, because g is a bijection on the boundary by its definition.

Lemma 7.1.7. If hxα → hx in Hh
for (xα) ⊆ H and x ∈ H, then ∥x− xα∥ → 0.

Proof. The net (xα) must be eventually bounded, else, as in the proof of [27, Lemma 4.3],

there will exist a subnet such that hxα → hz for some z ∈ BH, a contradiction, because

hz is linear whereas hx isn’t. Therefore (xα) must contain a bounded subnet, so by the

Banach-Alaoglu theorem, there exists a subnet (xβ) converging weakly to some y ∈ H, with

∥y∥ ≤ lim inf ∥xβ∥ = c. By passing to a further subnet we can assume that c = limβ ∥xβ∥.

Thus, for any z ∈ H, by the proof of [27, Lemma 4.1],

lim
β
hxβ(z) =

√
c2 − 2 ⟨z, y⟩+ ∥z∥2 − c.

By assumption we thus have, for all z ∈ H,

hy,c(z) =
√
c2 − 2 ⟨z, y⟩+ ∥z∥2 − c = ∥x− z∥ − ∥x∥ = hx(z).

We now note that, by the Cauchy-Schwarz inequality, for any z ∈ H,

√
c2 − 2 ⟨z, y⟩+ ∥z∥2 ≥

√
c2 − 2∥z∥∥y∥+ ∥z∥2,

where equality holds if and only if z = αy for some α ∈ R. Furthermore, for any α ∈ R we
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see that

hy,c(αz) =
√
c2 + ∥y∥2(α2 − 2α)− c.

which is at its global minimum when α = 1. From this we conclude that

minhy,c =
√
c2 − ∥y∥2 − c.

If two functions are equal, their minimums must be equal too, so we immediately deduce

that ∥x∥ = c−
√
c2 − ∥y∥2. Furthermore, hy,c(y) = hx(y), so

∥y − x∥ =
√
c2 − ∥y∥2 − c+ ∥x∥ = 0,

meaning y = x. Once again using the fact that hy,c(y) = hx(y) along with the fact that

x = y, we must have that

√
(c− ∥y∥)(c+ ∥y∥) = c− ∥y∥.

Thus, if c ̸= ∥y∥, c + ∥y∥ = c − ∥y∥, from which we deduce that y = 0 = x. This means

that hx = h0, and that hy,c(z) =
√
c2 + ∥z∥2 − c for all z ∈ H. Therefore, for all z ∈ H,

√
c2 + ∥z∥2 = ∥z∥+ c,

which is only possible if c = 0. Thus, in all cases, c = ∥y∥ = ∥x∥, from which we deduce

that

lim
β

∥xβ − x∥2 = c2 − 2∥x∥2 + ∥x∥2 = 0.

This argument can be used to show that every subnet of (xα) has a further subnet con-

verging to x in norm, which proves the lemma.

The proof of the above lemma can be simply adapted to prove the following:

Lemma 7.1.8. Two exotic metric functionals, hx,c and hx
′,c′, are equal if and only if x = x′
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and c = c′.

Proof. Just as in the proof of the above lemma, hx,c and hx
′,c′ , are equal if and only if they

achieve their minimum at the same point, and exactly as above we see that the minimum

of hx,c is achieved only at x, (because ∥x∥ < c), and similarly the minimum of hx
′,c′ is

achieved only at x′. Thus x = x′, which forces c′ = c.

The proof of Lemma 7.1.7 also proves the following:

Corollary 7.1.9. A function of the form hx,c is equal to an internal point if and only if

∥x∥H = c, in which case hx,c = hx.

We are now in a position to prove the continuity of g.

Lemma 7.1.10. The function g is continuous when BH∗ is equipped with the weak topology.

Proof. First we consider a net (hxα) ⊆ H converging to some hx ∈ H. Lemma 7.1.7

means that xα → x. From this we conclude that x∗α → x∗ in the weak topology (where

we use the convention that 0∗ = 0). Indeed, this follows immediately from applying the

Cauchy-Schwarz inequality to the fact that, for any y ∈ H,

|x∗α − x∗|(y) = 1

∥xα∥∥x∥
⟨y, ∥x∥xα − ∥xα∥x⟩ .

As ∥xα∥ → ∥x∥, the continuity of tanh means that tanh(∥xα∥) → tanh(∥x∥) in R, so

g(xα) → g(x).

Now consider some (hxα) ⊆ H converging to some hz ∈ ∂BH
h
. The proof of [27,

Lemma 4.3] implies (xα) is unbounded, because otherwise it would possess a bounded

subnet converging to a function bounded below, a contradiction. By the Banach-Alaoglu

theorem and the self-duality of Hilbert spaces there exists a subnet (xβ/∥xβ∥) converging

in the weak topology to some x in the dual unit ball. Furthermore, because ∥xβ∥ → ∞,

tanh(∥xβ∥) → 1. Thus

lim
β
g(hxβ) = −⟨·, x⟩ .
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If we use the Taylor expansion of the real function λ 7→
√
1 + λ, we get, as in the proof of

[27, Lemma 4.3], that for any y ∈ H and large enough β,

hxβ(y) =
∥y∥2

2∥xβ∥
−
〈

xβ
∥xβ∥

, y

〉
+O(

1

∥xβ∥
),

from which we see that hxβ converges pointwise to −⟨·, x⟩, meaning that x = z by unique-

ness of limits. This argument shows that all subnets of (g(xα)) must have a further subnet

converging to g(hz).

Suppose (hα) ⊆ ∂BH
h
converges to some h ∈ H ∪ ∂BH

h
. It is immediate from the

definition of g that g(hα) → g(h) in the weak topology, because the weak topology on BH

is equal to the topology of pointwise convergence on BH. Finally consider an arbitrary

net (hα) ⊆ H ∪ ∂BH
h
, converging to some h ∈ H ∪ ∂BH

h
. If h = hx for some x ̸= 0,

and (hα) has a subnet (hβ) such that hβ = hzβ for all β in some tail, then h(2x) = 0 and

h(−2x) = 2∥x∥, meaning that limβ −2 ⟨x, zβ⟩ > 0 but limβ 2 ⟨x, zβ⟩ = 0, an impossibility.

If x = 0 then h0 ≥ 0, leading to similar sign contradictions. Thus in this case we must have

that all subnets of (hα) are eventually internal metric functionals. We have then already

proven that g(hα) → g(h) above. If h ∈ ∂BH
h
, then every subnet of (hα) must have a

further subnet, say (hβ), lying entirely in H or in ∂βH
h
, but in either case we have already

proven that g(hβ) → g(h). Thus we can conclude that g is continuous.

Lemmas 7.1.10 and 7.1.6 show that g is a continuous bijection between H ∪ ∂BH
h
.

Furthermore, because the topology of pointwise convergence on linear functionals on H is

equal to the weak topology onH∗ = H, it is clear from definition that g−1|SH∗ is continuous,

which proves Theorem 7.1.5.

Proposition 7.1.11. The closure of ∂Hh,∞
intersected with ∂Hh,e

is equal to the singleton

{h0}.

Proof. Consider some h ∈ cl(∂Hh,∞
), and corresponding net (hα) ⊆ ∂Hh,∞

converging to

h, with hα = hzα for zα ∈ BH. Suppose by way of contradiction that h = hy,c. Take a fixed
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x ∈ y⊥ with ∥x∥ much larger than c. Then h(x) > 0. Thus limα hα(x) > 0, which means

that no subnet of (zα) can converge weakly to 0. There thus exists, by Banach-Alaoglu,

some non-zero z ∈ H and a subnet (zβ) converging weakly to z. As z ̸= 0 there exists

some u ∈ H with ⟨u, z⟩ > 2c. Thus limk hβ(u) = −⟨u, z⟩ < −2c. However, hy,c(u) ≥ −c,

contradicting the assumed convergence. Thus if (hα) ⊆ ∂Hh,∞
converges to h ∈ ∂Hh,e

, we

must have h = h0. If (en) is an orthonormal sequence in H converging weakly to 0, then

hen(y) = −⟨en, y⟩ converges to 0 for every y ∈ H. Thus, indeed, h0 is in the closure of

∂Hh,∞
.

Proposition 7.1.11 means that there cannot exist a homeomorphism from the whole ho-

rofunction compactification onto BH equipped with the weak topology, which maps Buse-

mann points bijectively onto the unit sphere, because SH is dense in BH under the weak

topology.

7.2 Uniformly Smooth and Strictly Convex Banach

Spaces

In this section we fix a uniformly smooth and strictly convex real Banach space (X, ∥ · ∥).

We recall from Section 2.6 that any x ∈ X\{0} has a unique norming functional, which

we denote by x∗ ∈ SX∗ . We know that X is reflexive by Theorem 2.6.6, which means that

the weak topology on X∗ is equal to the weak* topology on X∗. We also know that X∗

is uniformly convex by Theorem 2.6.5, and smooth by 2.6.4. The classic example to keep

in mind in this section is ℓp(N) for 1 < p < ∞. This space is actually uniformly convex,

which our proofs do not require. The following result is [27, Lemma 5.3], but we include a

slightly different proof for convenience.

Lemma 7.2.1. If (yα) is an unbounded net, then there exists a subnet (yβ) and a ψ ∈ BX∗
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such that hyβ(x) → hψ(x) for all x ∈ X, where

hψ(x) = −ψ(x). (7.2.1)

Proof. By taking subnets we can assume that yα ̸= 0 for each α. We then define zα =

yα/∥yα∥ ∈ SX . If we define the net (tα) = (1/∥yα∥), we can write, for any x ∈ X,

hyα(x) =
∥zα − tαx∥ − ∥zα∥

tα
.

We know, for each α, there exists functionals ψα, φ
x
α ∈ SX∗ , such that ψα(zα) = 1 and

φxα(zα − tαx) = 1. The Banach Alaoglu Theorem means there must exist ψ, φx ∈ BX∗ and

subnets (ψβ) and (φxβ) (with the same directed set and defining monotone function), such

that ψβ
w−⇀ ψ and φxβ

w−⇀ φx. Thus, for any β:

−ψβ(x) =
ψβ(zβ − tβx)− ψβ(zβ)

tβ
≤ ∥zβ − tβx∥ − ∥zβ∥

tβ
≤
φxβ(zβ − tβx)− φxβ(zβ)

tβ
= −φxβ(x).

(7.2.2)

We now note that, for all β

2 ≥ ∥φxβ + ψβ∥∗ ≥ |φxβ(zβ) + ψβ(zβ)| ≥ |φxβ(zβ − tβx) + ψβ(zβ)| − |tβφxβ(x)|.

However, tβφ
x
β(x) → 0, so by the squeeze theorem, ∥φxβ + ψβ∥∗ → 2. As X∗ is uniformly

convex, Lemma 2.6.3 means that ∥φxβ −ψβ∥∗ → 0. As ψβ
w−⇀ ψ and φxβ

w−⇀ φx we must thus

have that ψ = φx. Taking the limit as β → ∞ in inequality (7.2.2) thus shows that, for

any x ∈ X, limβ hyβ(x) = −ψ(x).

The following lemma is the converse of Lemma 7.2.1. It is a generalisation of a part of

[27, Theorem 5.4], where the result is only proved in the case of ℓp spaces.
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Lemma 7.2.2. For any ψ ∈ BX∗, there exists an unbounded sequence (yn) ⊆ X such that

hyn → hψ, with hψ as in (7.2.1).

Proof. We first note that because X∗ is reflexive, there exists a sequence (ϕn) ⊆ SX∗

converging weakly to 0 in X∗. As X∗ is smooth, and X is reflexive, there exists, for

each n ∈ N, a unique xn ∈ SX such that ϕn(xn) = 1. We claim that xn
w−⇀ 0 in X.

Indeed, suppose not. By the Banach-Alaoglu theorem, there exists a 0 ̸= x ∈ BX , and

a subsequence which we relabel (xn), such that xn
w−⇀ x. As X is smooth there exists a

unique norming functional x∗ ∈ SX∗ . As xn
w−⇀ x, x∗(xn) → 1. Thus, for large enough n,

2 ≥ ∥ϕn + x∗∥∗ ≥ |ϕn(xn) + x∗(xn)| = 1 + x∗(xn) → 2.

The squeeze theorem means ∥ϕn + x∗∥∗ → 2, which implies by Lemma 2.6.3 that ϕn con-

verges in norm to x∗, contradicting the fact that it weakly converges to 0. Thus indeed,

(xn) converges weakly to 0.

If ψ = 0, we define the sequence (yn) by yn = nxn, with (xn) as in the above paragraph.

So, if we set, as in the proof of Lemma 7.2.1, zn = ∥yn∥−1yn ∈ SX , then zn = xn for each

n ∈ N. The unique norming functional of each xn is ϕn, and we know ϕn
w−⇀ 0. Thus

the proof of Lemma 7.2.1 shows that hyn → hψ. If ψ ̸= 0, there exists, because X is

reflexive and X∗ is smooth by Proposition 2.6.4, a unique x ∈ SX such that ψ(x) = 1. If

ψ ∈ SX∗ , we choose yn = nx. Then, zn = ∥yn∥−1yn = x, so the norming functional for

zn is ψ for all n ∈ N, so again the proof of Lemma 7.2.1 shows that hyn → hψ. Finally

suppose that 0 < ∥ψ∥∗ < 1. As ϕn weakly converges to 0, for large enough n we know

that cϕn ̸= ψ for any c ∈ R. Thus 1 − ∥ψ∥∗ < ∥ϕn + ψ∥∗ < 2. For any fixed n ∈ N, the

map λ 7→ ∥λϕn + ψ∥∗ is continuous, and unbounded above. There thus exists, for every

n ∈ N, a 0 < λn < 2 − ∥ψ∥∗, such that φn = λnϕn + ψ ∈ SX∗ . As X is reflexive, and

X∗ is smooth, for every n ∈ N there exists a unique wn ∈ SX such that φn(wn) = 1. Let

us define yn = nwn. For every n ∈ N, zn = ∥yn∥−1yn = wn, which means that φn is the
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norming functional for zn for every n ∈ N. As ϕn
w−⇀ 0, and (λn) is bounded, φn

w−⇀ ψ. The

proof of Lemma 7.2.1 thus means that hyn → hψ.

Lemmas 7.2.1 and 7.2.2 completely characterise ∂X
h,∞

, and show that h ∈ ∂X
h,∞

if

and only if h = hψ for some ψ ∈ BX∗\{0} as in 7.2.1. To completely characterise ∂X
h
we

would need to classify the horofunctions that arise as limits of eventually bounded nets.

Without knowing more about the norm, all that we can say at this time is that if (xα)

is eventually bounded in X, and h = limα hxα , then h ∈ ∂X
e,∞

. Indeed, by passing to

a subnet if necessary we may assume that (xα) is bounded, so lim infα ∥xα∥ = c < ∞,

meaning h(x) ≥ −c for all x ∈ X. As the Busemann points are all contained in ∂X
h,∞

, we

can still study the geometry and topology of the Busemann boundary without any further

assumptions on the norm, which we now proceed to do.

Proposition 7.2.3. The set of all Busemann points of X is precisely the set of all functions

hψ where ψ ∈ SX∗.

Proof. Fix some arbitrary ψ ∈ SX∗ . In the proof of Lemma 7.2.2 we demonstrated a

sequence of the form (yn) = (ny) for y ∈ SX such that hyn → hψ. The sequence (yn) is

a geodesic sequence, so indeed hψ is a Busemann point. Conversely, let h be a Busemann

point. Thus h is the pointwise limit of some almost-geodesic net, say (yα). Lemma 3.2.3

means that (yα) is unbounded, else h would be an internal metric functional. Lemma

7.2.1 means there is a subnet (yβ) such that limβ hyβ = hψ for some ψ ∈ BX∗ . As the

metric compactification is Hausdorff this means that h = hψ. Let us assume, by way of

contradiction, that ∥ψ∥∗ < 1. As (yα) is an almost-geodesic net, for every ε > 0 there

exists a γε, such that for all α′ ≥ α ≥ γε,

∥yα′∥ ≥ ∥yα∥+ ∥yα′ − yα∥ − ε.

As this is true for all α′ ≥ α, we can take the limit in α′ to calculate

∥yα∥ − ψ(yα) ≤ ε.
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However, ∥yα∥ − ψ(yα) ≥ ∥yα∥(1 − ∥ψ∥∗), which by assumption tends to infinity as α

increases, a contradiction. Thus ∥ψ∥∗ = 1.

Proposition 7.2.4. The Busemann boundary of X consists entirely of singleton parts.

Proof. Fix an arbitrary ϕ, ψ ∈ SX∗ with ϕ ̸= ψ. As X is reflexive and X∗ is smooth, there

exists unique x, y ∈ SX such that ϕ(x) = 1 and ψ(y) = 1. From the proof of Proposition

7.2.3 we know that hnx → hϕ and hny → hψ. Lemma 3.2.5 thus means that we can calculate

δ(hψ, hϕ) as

δ(hψ, hϕ) = lim
n→∞

n− ψ(nx) + lim
m→∞

m− ϕ(my).

As both ψ and ϕ are norm 1, the only way that δ(hψ, hϕ) can be finite is if ψ(x) = 1 = ϕ(x),

and ϕ(y) = 1 = ψ(y). However, by the uniqueness of x and y as norming functionals for ϕ

and ψ this means that x = y but X∗ is uniformly convex, so Lemma 2.6.2 thus implies that

ψ = ϕ, a contradiction. Therefore hϕ and hψ lie in different parts of the boundary.

Having classified the Busemann boundary and its parts, we now prove the following.

Theorem 7.2.5. The Busemann boundary ∂BX
h
is homeomorphic to SX∗ when equipped

with the weak* topology, and the homeomorphism maps parts of the boundary onto the

relative interiors of the faces of the dual ball.

Proof. Proposition 7.2.3 combined with the fact that the weak* topology is equivalent to

the topology of pointwise convergence on X∗ shows that the map hφ 7→ −φ is a homeo-

morphism. As X∗ is uniformly convex, the only boundary faces of BX∗ are the singleton

sets on the boundary, i.e. F ⊆ BX∗ is a boundary face if and only if F = {x} for x ∈ SX∗ .

This in conjunction with Proposition 7.2.4 completes the proof.

It would be interesting to see whether, as in the Hilbert space case, there exists a

continuous bijection from X ∪ ∂BX
h
to BX∗ , which is a homeomorphism onto the dual

sphere when restricted to the Busemann boundary. It would seem natural to choose the
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analogue map of the Hilbert space homeomorphism (7.1.4), namely the function g defined

by

g(x) = − tanh(∥x∥)x∗ for x ∈ X\{0}, g(0) = 0, and g(h) = h for h ∈ ∂BX
h
. (7.2.3)

We can immediately prove that g still has some desirable properties:

Lemma 7.2.6. The map g is a bijection onto BX∗.

Proof. Injectivity of g|X follows in exactly the same way as in the proof of Lemma 3.3.6, as

finite dimensionality is not needed in that proof. Injectivity of g|
∂BX

h follows directly from

Proposition 7.2.3 and the definition of g|
∂BX

h . Thus g is injective. The proof needs to be

adjusted somewhat for surjectivity. Fix some φ ̸= 0 ∈ int(BX∗). As X is reflexive, there

exists some x ∈ SX such that φ(x) = ∥φ∥∗, meaning that φ = ∥φ∥∗x∗. As tanh: [0,∞) →

[0, 1) is monotone increasing and surjective, there exists a λ > 0 such that tanh(∥λx∥) =

∥φ∥∗. Thus g(−λx) = ∥φ∥∗x∗ = φ. Therefore g|X is surjective onto int(BX∗). Moreover,

g|
∂BX

h is clearly surjective onto SX∗ in light of Proposition 7.2.3, so g is surjective.

To prove continuity in the interior, we would need something akin to Lemma 7.1.7, but

it is not clear why this would necessarily be true for the general smooth and strictly convex

case. However, more can be said if we restrict our attention to ℓp.

7.2.1 The Topology of the Busemann Boundary of ℓp.

Let X = ℓp(J) for 1 < p <∞, and J an arbitrary index set. Recall that ℓp(J) is uniformly

smooth and uniformly convex [14]. Also note that X∗ = ℓq(J), where 1/p + 1/q = 1 [50,

Example 1.10.2]. In [27, Section 5], Guttiérez completely characterises the horofunction

boundary of ℓp(J), and shows that
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∂ℓp(J)
h,e

= {hz,c : z ∈ ℓp(J), c > ∥z∥} ∪ {h0}

∂ℓp(J)
h,∞

= {hφ : φ ∈ Bℓq(J)\{0}}, (7.2.4)

where for all y ∈ ℓp(J),

hz,c(y) = (∥z − y∥p − ∥z∥p + cp)1/p − c, and, hφ(y) = −φ(y).

We should note here how to interpret elements of ℓq(J) as elements of X∗- any φ ∈ ℓq(J)

acts on X by the map

y 7→ φ(y) =
∑
i∈J

yiφi.

The horofunction boundary of ℓp(N ) for finite N is markedly different, and consists only

of functions hφ for φ ∈ Sℓq(N ). The proof of Lemma 7.1.2 can be adapted almost verbatim

to prove that, for any z ∈ ℓp(J), and any c ≥ d > ∥z∥,

sup
y∈ℓp(J)

|hz,c(y)− hz,d(y)| <∞.

The observations in Remark 7.1.1 thus hold true also for infinite dimensional ℓp spaces,

and there exists no stratification preserving homeomorphism between the horofunction

compactification of ℓp(J) and the closed unit ball in ℓq(J). We define the map g : X
h ∪

∂BX
h → BX∗ exactly as (7.2.3) above.

Theorem 7.2.7. The map g is a continuous bijection onto BX∗ equipped with the weak*

topology, and g|
∂BX

h is a homeomorphism that maps parts of the boundary onto the relative

interior of the faces of the dual ball.

Before proving Theorem 7.2.7, we need, as in the Hilbert space case, the following

lemma:
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Lemma 7.2.8. If hxα → hx in the topology of compact convergence for (xα) ⊆ X and

x ∈ X, then ∥x− xα∥p → 0.

Proof. Without loss of generality, we can assume that (xα) is bounded, because if not then

hx cannot be bounded below, or hx = h0, a contradiction. Lemma 5.1 in [27] guarantees

the existence of a subnet (xβ), a z ∈ X, a c ≥ 0 with c ≥ ∥z∥ such that limβ ∥xβ∥ = c, and

for every y ∈ X,

hxβ(y)
β−→
(
∥y − z∥pp + cp − ∥z∥pp

) 1
p − c = hz,c(y).

It is clear that for all y ∈ X that

hz,c(y) ≥
(
cp − ∥z∥pp

) 1
p − c,

where equality holds if and only if y = z. As hz,c = hx it follows that inf hz,c = inf hx, and

also that inf hx = hx(z), so ∥x− z∥p = 0 meaning that x = z.

We must now consider some cases. If z = x = 0, then hx = h0, so for all y ∈ X

(∥y∥p + c)p = ∥y∥p + cp.

If c ̸= 0 choosing y with ∥y∥p = c would lead to a contradiction, so z = x = c = 0. If

x = z ̸= 0, then by choosing our argument to be x we require that cp−∥x∥pp = (c−∥x∥p)p,

which is only possible if ∥x∥p = c or ∥x∥p = 0, which shows that ∥x∥p = c in all cases. We

can thus calculate that

∥xβ − x∥p = hxβ(x) + ∥xβ∥p → (cp − ∥x∥pp)
1
p − c+ c = 0.

This argument shows that every subnet of (xα) has a further subnet converging to x, which

completes the proof.

We are now in a place to prove Theorem 7.2.7:
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Proof. Thanks to Theorem 7.2.5 and Lemma 7.2.6, we only need to show two things:

Namely that if hxα → hx for an interior metric functional hx, then g(hxα) → g(hx), and if

hxα → h where h is a Busemann point, then g(hxα) → g(h). If hxα → hx, Lemma 7.2.8

immediately gives that tanh(∥xα∥) → tanh(∥x∥). By reflexivity of ℓp(J) and Lemma 7.2.8,

x∗α(y) = y∗(xα) → y∗(x) = x∗(y),

meaning that x∗α converges to x∗ in the weak* topology, so indeed g(hxα) → g(hx). Finally,

let hxα → h ∈ ∂BX
h
. By definition g(hxα) = − tanh(∥xα∥)x∗α for all α, and we know from

the proof of Lemma 7.2.1 that x∗α converges weakly to a ψ ∈ BX∗ such that hxα(y) → hψ(y)

for every y ∈ X. Moreover, (xα) cannot be bounded, else h would be bounded below.

Therefore tanh(∥xα∥) → 1. Thus, indeed, g(hxα) → h = g(h) by the uniqueness of

limits.

Proposition 7.2.9. The closure of ∂ℓp(J)
h,∞

intersected with ∂ℓp(J)
h,e

is equal to the

singleton {h0}.

Proof. Consider some h ∈ cl(∂ℓp(J)
h,∞

), and corresponding net (hα) ⊆ ∂ℓp(J)
h,∞

converg-

ing to h, with hα = hzα for zα ∈ Bℓq(j). Suppose by way of contradiction that h = hx,c.

Take a fixed y ∈ ℓp(J) such that∥y−x∥ > c, making h(x) > 0. Thus limα hα(x) > 0, which

means that no subnet of (zα) can converge weakly to 0. There thus exists, by Banach-

Alaoglu, some non-zero z ∈ ℓq(J) and a subnet (zβ) converging weakly to z. As z ̸= 0

there exists some u ∈ ℓp(I) with ⟨u, z⟩ > 2c. Thus limβ hβ(u) = −⟨u, z⟩ < −2c. However,

hx,c(u) ≥ −c, contradicting the assumed convergence. Thus if (hα) ⊆ ∂ℓp(J)
h,∞

converges

to h ∈ ∂ℓp(J)
h,e
, we must have h = 0. If (en) is an orthonormal sequence in ℓq(J) converg-

ing weakly to 0, then hen(y) = −⟨en, y⟩ converges to 0 for every y ∈ ℓp(J). Thus, indeed,

0 is in the closure of ∂ℓp(J)
h,∞

.

Just as in the Hilbert space case, Proposition 7.2.9 means that there cannot exist a

homeomorphism from the whole horofunction compactification ℓp(J)
h
onto BX∗ equipped
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with the weak* topology, which maps Busemann points bijectively onto the unit sphere,

because the unit sphere of ℓq(J) is dense in the closed unit ball under the weak* topology.

7.3 The Topology of the Horoboundary of ℓ1.

Let J be an arbitrary set of infinite cardinality. In this section we study the horofunction

compactification of ℓ1(J). Before proceeding, we recall that, if J is countable, ℓ1(J) can

be identified with the sequence space ℓ1(N), and it is well known [50, Example 1.10.3] that

the dual of ℓ1(N) is ℓ∞(N), the space of all bounded sequences equipped with the norm

∥x∥∞ = sup
n∈N

xn.

If J is uncountable, ℓ∞(J) is the collection of all bounded functions x ∈ RJ equipped with

the norm

∥x∥∞ = sup
j∈J

x(j).

The dual of ℓ1(J) for uncountable J is still ℓ∞(J), but because the counting measure

space (J, 2J , µ) is not σ-finite, the usual proof must be adjusted, so we include a proof for

convenience.

Lemma 7.3.1. The dual of ℓ1(J) is ℓ∞(J), where we identify ℓ∞(J) with ℓ1(J)∗ under the

map x 7→ φx, where, for any y ∈ ℓ1(J),

φx(y) =

∫
J

x(j)y(j)dµ(j).

Proof. We first show that each φx is an element of ℓ1(J)∗. Note, for any y ∈∈ ℓ1(J),

|
∫
J

x(j)y(j)dµ(j)| ≤ ∥x∥∞
∫
J

|y(j)|dµ(j),

so |φx(y)| ≤ ∥x∥∞∥y∥1. The linearity of the integral also means that φx is linear, so indeed

200



7.3. THE TOPOLOGY OF THE HOROBOUNDARY OF ℓ1.

φx is a bounded linear functional. Furthermore, ∥φx∥∗ ≤ ∥x∥∞. Moreover, there must exist

a sequence (λn) ⊆ x(J) such that |λn| → ∥x∥∞, so for every n ∈ N we define yn ∈ ℓ1(J)

by yn(j) = 0 if j /∈ x−1(λn), and yn(j) = 1 if j ∈ x−1(λn). Thus |φx(yn)| → ∥x∥∞, so

∥φx∥∗ = ∥x∥∞. Conversely, fix some ϕ ∈ ℓ1(J)∗. For any j ∈ J we can define ej ∈ ℓ1(J) by

setting ej(j) = 1 and ej(i) = 0 if i ̸= j. This allows us to define x ∈ RJ by x(j) = ϕ(ej). If

x(j) was unbounded, there must exist a sequence (jn) ⊆ J such that ϕ(ejn) → ∞. However,

ϕ is bounded by assumption, and each ej ∈ Bℓ1(J), a contradiction. Thus x ∈ ℓ∞(J).

Moreover, any y ∈ ℓ1(J) is non-zero only on a countable subset I ⊆ J , meaning that we

can order I = {in}n∈N and write y =
∑∞

n=1 y(in)ein . Linearity and continuity thus mean

that ϕ(y) =
∑∞

n=1 y(in)ϕ(ein). Moreover

φx(y) =

∫
I

ϕ(ej)y(j) = sup

{∑
n∈F

y(in)ϕ(ein) : F ⊆ I is finite

}
= ϕ(y).

Thus x 7→ φx is an isometric isomorphism between ℓ∞(J) and ℓ1(J)∗.

We will also need the facial structure of the dual unit ball of ℓ1(J). In particular we

are interested in the weak* closed boundary faces.

Proposition 7.3.2. The weak* closed boundary faces of Bℓ∞(J) are precisely the sets F I
ε ,

for ∅ ≠ I ⊆ J and ε ∈ {−1, 1}, where

F I
ε = {x ∈ Bℓ∞(J) : x(j) = ε(j) for all j ∈ I}.

Proof. We first note that ℓ∞(J) is a unital Jordan algebra when equipped with pointwise

multiplication, with unit 1 defined by 1(j) = 1 for all j ∈ J . Furthermore, ∥ · ∥∞ turns

ℓ∞(J) into a JB-algebra, and ∥x2 − y2∥∞ ≤ max{∥x2∥∞, ∥y∥2∞}. Thus, because ℓ∞(J) is

the dual of ℓ1(J), it is a JBW- algebra. In Section 2.9.4 we discussed how JB-algebras are

also order unit spaces, and ℓ∞(J) is an order unit space with order unit 1. Recall that a

symmetry in a JBW-algebra is an element x such that x2 is the identity. We immediately see

that x ∈ ℓ∞(J) is a symmetry if and only if x(j) = ±1 for all j ∈ J . For any x, y ∈ ℓ∞(J),
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recall the definition of the order interval

[x, y]1 = {z ∈ ℓ∞(J) : z ≤ y, x ≤ z}.

Therefore for any symmetries x ≤ y, z ∈ [x, y]1 if and only if z(j) − x(j) ≥ 0 and y(j) −

z(j) ≥ 0 for all j ∈ J . This means that, if z ∈ [x, y]1 and x(j) = y(j), we must have

z(j) = x(j) = y(j), and if x(j) = −1 and y(j) = 1 then z(j) ∈ [−1, 1]. Thus, if we set

I = {j ∈ J : y(j) = x(J)} and define ε ∈ {−1, 1}I by ε(j) = y(j) = x(j) for all j ∈ I,

[x, y]1 = F I
ε .

Theorem 4.1 in [18] then proves the result, as it states that the weak* closed faces of the

unit ball of a JBW-algebra are precisely the order intervals between symmetries.

Gutiérrez showed in [27, Section 3] that the horofunction compactification of ℓ1(J) has

the form:

ℓ1(J)
h
= {hI,ε,z : ∅ ⊆ I ⊆ J, ε ∈ {−1, 1}I , z ∈ RJ\I}, (7.3.1)

where

hI,ε,z(x) =
∑
i∈I

ε(i)x(i) +
∑
j∈J\I

|x(j)− z(j)| − |z(j)|.

As a consequence,

∂ℓ1(J)
h
= {hI,ε,z : ∅ ≠ I ⊆ J, ε ∈ {−1, 1}I , z ∈ RJ\I},

and, for any x ∈ ℓ1(J), the internal metric functional hx is equal to h∅,∅,x. Unlike the

case for other infinite dimensional ℓp spaces studied above, the horofunctions of infinite

dimensional ℓ1 are all of the same form as in finite dimensions. Indeed, if we just replace

J with N in (7.3.1) above, we obtain the exact same horofunctions as described in Section

3.3.3. As a corollary to [27, Theorem 3.6], we find another startling difference:
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Corollary 7.3.3. Every horofunction in ∂ℓ1(J)
h
is a Busemann point.

Proof. In the proof of [27, Theorem 3.6], Gutiérrez constructs, for each horofunction h

given by (7.3.1), a net (yα) ⊆ ℓ1(J) such that hxα → h. If we can show that these nets

are almost-geodesic nets, we will be done. For convenience of the reader we repeat the

construction here. Fix some I, ε, and z as in (7.3.1). For every finite subset F ⊆ J we can

define yF ∈ ℓ1(J) by

yF (j) =


−ε(j)|F | if j ∈ F ∩ I

z(j) if j ∈ F ∩ (J\I)

0 otherwise

. (7.3.2)

This then defines a net (yF )F indexed by the set of all finite subsets of J ordered by ≤,

where F ≤ E if F ⊆ E. Gutiérrez shows in the proof of Theorem 3.6 in [27] that the net

hyF converges to the horofunction hI,ε,z. We now show that this net is an almost-geodesic.

To this end, fix arbitrary F ⊆ F ′ ⊆ J , with both F and F ′ finite. Note that we can write

∥yF ′∥1 =
∑
i∈I∩F ′

|F ′|+
∑

j∈F ′∩(J\I)

|z(j)|,

and

∥yF ′ − yF∥1 =
∑

i∈I∩(F ′\F )

|F ′|+
∑
i∈I∩F

(|F ′| − |F |) +
∑

j∈(F ′\F )∩(J\I)

|z(j)|.

Thus,

∥y′F∥1 − ∥yF∥1 = ∥yF ′ − yF∥1.

As F ′ and F were arbitrarily chosen, this shows that (yF )F is an almost-geodesic.

Knowing this, we can calculate the parts of ∂ℓ1(J)
h
:

Proposition 7.3.4. Two horofunctions, hI1,ε1,z1 and hI2,ε2,z2, are in the same part of the

boundary ∂ℓ1(J)
h
if and only if I1 = I2 = I, ε1 = ε2, and z1 − z2 ∈ ℓ1(J\I).

Proof. Fix h1 = hI1,ε1,z1 and h2 = hI2,ε2,z2 in ∂ℓ1(J)
h
. Let (y1F ) and (y2F ) be the geodesic
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nets converging to h1 and h2 respectively, as in (7.3.2). Lemma 3.2.5 thus allows us to

calculate the detour distance, δ(h1, h2)

δ(h1, h2) = H(h1, h2) +H(h2, h1) = lim
F

∥y1F∥1 + h2(y
1
F ) + lim

F
∥y2F∥1 + h1(y

2
F ).

Now, for any F ,

∥y1F∥1 + h2(y
1
F ) =

∑
i∈I1∩F

|F |+
∑

j∈F∩(J\I1)

|z1(j)|+
∑

i∈I2∩I1∩F

−ε1(i)ε2(i)|F |

+
∑

i∈I2∩F∩(J\I1)

ε2(i)z1(i) +
∑

j∈(J\I2)∩(I1∩F )

| − ε1(j)|F | − z2(j)| − |z2(j)|

+
∑

j∈(J\I2)∩(J\I1)∩F

|z1(j)− z2(j)| − |z2(j)|, (7.3.3)

and

∥y2F∥1 + h1(y
2
F ) =

∑
i∈I2∩F

|F |+
∑

j∈F∩(J\I2)

|z2(j)|+
∑

i∈I2∩I1∩F

−ε1(i)ε2(i)|F |

+
∑

i∈I1∩F∩(J\I2)

ε1(i)z2(i) +
∑

j∈(J\I1)∩(I2∩F )

| − ε2(j)|F | − z1(j)| − |z1(j)|

+
∑

j∈(J\I2)∩(J\I1)∩F

|z1(j)− z2(j)| − |z1(j)|. (7.3.4)

If δ(h1, h2) is finite, then both (7.3.3) and (7.3.4) must be finite in the limit, as the

detour cost is non-negative, which means so too must the limit of their sum. We should

therefore evaluate:
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∥y1F∥1 + h2(y
1
F ) + ∥y2F∥1 + h1(y

2
F ) (7.3.5)

=
∑

i∈I2∩I1∩ F

2|F |(1− ε1(i)ε2(i)) (7.3.6)

+
∑

j∈(J\I1)∩(I2∩F )

|F |+ | − ε2(j)|F | − z1(j)|+ ε2(j)z1(j) (7.3.7)

+
∑

j∈(J\I2)∩(I1∩F )

|F |+ | − ε1(j)|F | − z2(j)|+ ε1(j)z2(j) (7.3.8)

+
∑

j∈(J\I2)∩(J\I1)∩F

2|z1(j)− z2(j)|.

We first note that, for any finite F and any j ∈ J , the reverse triangle inequality means

that

|F |+ | − ε2(j)|F | − z1(j)|+ ε2(j)z1(j) ≥ |z1(j)|+ ε2(j)z1(j) ≥ 0,

and similarly we note that all terms in the sum (7.3.8) are non-negative, meaning that

(7.3.5) consists of four sums of non-negative terms. Therefore, if I1 ̸= I2, at least one of the

sums (7.3.7) or (7.3.8) is non-empty, and is unbounded in |F |, meaning that δ(h1, h2) = ∞

if I1 ̸= I2. If I1 = I2, but ε1 ̸= ε2, there exists a term in sum (7.3.6) of the form 2|F |,

and so the whole sum goes to infinity as |F | goes to infinity. Thus for δ(h1, h2) < ∞ it is

necessary for ε1 = ε2. Finally, it is clear that we must also have z1 − z2 ∈ ℓ1(J\I), from

which we can conclude that h1 is in the same part of h2 if and only if I1 = I2, ε1 = ε2, and

z1 − z2 ∈ ℓ1(J\I).

Remembering Proposition 7.3.2,

Theorem 7.3.5. There exists a homeomorphism φ : ℓ1(J)
h
→ Bℓ∞(J), where ℓ∞(J) is

equipped with the weak* topology, which injects parts of the horofunction boundary onto the

relative interiors of faces of Bℓ∞(J).

Proof. We first define, for each j ∈ J , the element ej ∈ ℓ∞(J) as the usual coordinate

basis vector. I.e. for ej(j) = 1 and ej(i) = 0 if i ̸= j. We can then define the map
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φ : ℓ1(J)
h
→ Bℓ∞(J) by

φ(hI,ε,z)(j) =

−ε(j)ej j ∈ I

tanh(z(j))ej j /∈ I.

.

It follows from routine calculation that this map is bijective, because tanh is bijective onto

(−1, 1), and I can be any subset of J . Let us now show that it is continuous, and let

(hIα,εα,zα) ⊆ ℓ1(J)
h
be a net converging to some hI,ε,z ∈ ℓ1(J)

h
. First we claim that, for

each i ∈ I, there must exist an αi, so that for all α ≥ αi, we have i ∈ Iα. Indeed, suppose

for the sake of contradiction that there exists i ∈ I so that for all α there exists a β ≥ α

such that i /∈ Iβ. For any λ ∈ R we consider the element fλi = λε(i)ei ∈ ℓ1(J). We then

have, for any α,

hIα,εα,zα(fλi ) =

εα(i)ε(i)λ if i ∈ Iα

|zα(i)− ε(i)λ| − |zα(i)| if i /∈ Iα

, and hI,ε,z(fλi ) = λ.

By our assumption, there exists a subnet hIβ ,εβ ,zβ such that hIβ ,εβ ,zβ(fλi ) = |zβ(i)− ε(i)λ|−

|zβ(i)| for all β. The only way this can converge to λ is if zβ(i) tends to plus or minus

infinity, depending on the sign of ε(i). Therefore ε(i)zβ(i) → −∞. Now let us define, for

j ∈ J\I, and λ ∈ R, gλj = λej. We thus have, for any β,

hIβ ,εβ ,zβ(gλj ) =

λ if j ∈ Iβ

|zβ(j)− λ| − |zβ(j)| if j /∈ Iβ

, and hI,ε,z(gλj ) = |z(j)− λ| − |z(j)|.

It is clear that if j ∈ Iβ for infinitely many β, then hIβ ,εβ ,zβ(gλj ) cannot converge to h
I,ε,z(gλj )

for all values of λ, meaning that there must exist a β′ such that β ≥ β′ implies j /∈ Iβ.

However, we know that |zβ(j)−λ| − |zβ(j)| → ε(i)λ, which cannot equal |z(j)−λ| − |z(j)|

for all λ ∈ R. This is a contradiction, so indeed, for each i ∈ I, there must exist an αi, so

that for all α ≥ αi we have i ∈ Iα. As a corollary from this proof we immediately see that
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εα(i) → ε(i) for all i ∈ I.

We can essentially repeat the above argument to show that for all j ∈ J\I, there must

exist an αj such that α ≥ αj implies that j ∈ J\Iα. Next we show that zα → z pointwise

on J\I. Using the previous remark, for any j ∈ J\I we know that for large enough α,

hIα,εα,zα(gλj ) = |zα(j)−λ|−|zα(j)|, which by assumption must converge to |z(j)−λ|−|z(j)|.

As previously noted, this must mean that (zα(j)) is bounded. Thus, every subnet of (zα(j))

must have a further subnet, say (zβ(j)), converging to some y ∈ R. By choosing λ = y and

λ = z(j) it is clear that y = z(j). Thus, indeed, zα(j) → z(j).

With this information, we can now show that φ(hIα,εα,zα) → φ(hI,ε,z) in the weak*

topology on Bℓ∞(J). To that end, let x ∈ ℓ1(J) be arbitrary. If we can show that

φ(hIα,εα,zα)(x) → φ(hI,ε,z)(x) we will be done. There exists a countable set C ⊆ J , such

that x(i) ̸= 0 if and only if i ∈ C. Thus, for any α,

|[φ(hIα,εα,zα)− φ(hI,ε,z)](x)| =
∣∣∣∣ ∑
i∈Iα∩C

−εα(i)x(i) +
∑

j∈(J\Iα)∩C

x(j) tanh(zα(j))

−
∑
i∈I∩C

−ε(i)x(i)−
∑

j∈(J\I)∩C

x(j) tanh(z(j))

∣∣∣∣.
Let us fix ε > 0. There must exist a finite Fε ⊆ C such that

∑
i∈C\Fε

|x(i)| < ε. We

therefore have

|[φ(hIα,εα,zα)− φ(hI,ε,z)](x)| <
∣∣∣∣ ∑
i∈Iα∩Fε

−εα(i)x(i) +
∑

j∈(J\Iα)∩Fε

x(j) tanh(zα(j))

−
∑
i∈I∩Fε

−ε(i)x(i)−
∑

j∈(J\I)∩Fε

x(j) tanh(z(j))

∣∣∣∣+ 2ε.

As Fε is finite, by the observations in the preceding paragraphs there must exist a β, so

that for all α ≥ β we have Iα ∩ Fε = I ∩ Fε and (J\Iα) ∩ Fε = (J\I) ∩ Fε. Therefore,
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because the above inequality is true for all α, we must have that

lim
α

|[φ(hIα,εα,zα)− φ(hI,ε,z)](x)| ≤ lim
α

∣∣∣∣ ∑
i∈I∩Fε

−εα(i)x(i) +
∑

j∈(J\I)∩Fε

x(j) tanh(zα(j))

−
∑
i∈I∩Fε

−ε(i)x(i)−
∑

j∈(J\I)∩Fε

x(j) tanh(z(j))

∣∣∣∣+ 2ε

= 2ε.

As ε and x were arbitrary, it follows that indeed φ(hIα,εα,zα) → φ(hI,ε,z) in the weak*

topology on Bℓ∞(J). Thus, φ is a continuous bijection between compact Hausdorff spaces,

so it is a homeomorphism.

Recalling the definition of the face F I
ε in Proposition 7.3.2, the definition of φ imme-

diately means that φ(hI,ε,z) ∈ F I
ε for all z ∈ RJ\I . Proposition 7.3.4 therefore shows that

every part of the Busemann boundary is entirely contained within a weak* closed face of

Bℓ∞(J).

Proposition 7.3.4 shows that two horofunctions hI,ε,z and hI,ε,w are in the same part

whenever z − w ∈ ℓ1(J\I), so if J\I is infinite, the proof of Theorem 7.3.5 means that

uncountably many parts of the boundary are injected into the face F I
ε . This is strikingly

different from the situation in smooth ℓp(J) spaces. The author suspects that this discrep-

ancy is fundamentally linked to the fact that ∂ℓ1(J)
h
contains only Busemann points, but

that investigation will be left to future work.
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Chapter 8

Infinite Dimensional Spin Factors

Let V = R⊕H be an infinite dimensional spin factor as in Section 2.9.5, with unit e = (1, 0),

and equipped with the JB-algebra norm ∥·∥, which we recall is just the order unit norm ∥·∥e.

We denote by V+ its cone of squares, which is equal to the set {(λ, x) ∈ V : λ ≥ ∥x∥H}. The

open cone V ◦
+ = {(λ, x) ∈ V : λ > ∥x∥H} is an infinite dimensional symmetric cone, and

we can equip it with a Finsler structure by defining F : TV ◦
+ → R by F (v, u) = ∥Uv−1/2u∥e.

This gives rise to a Finsler metric ρ on V ◦
+ by defining

ρ(u, v) = inf
γ

{∫ 1

0

F (γ(t), γ′(t))dt : γ(0) = u, γ(1) = v, γ is piecewise C1

}
.

It turns out that ρ is precisely the Thompson metric dT on V ◦
+ [55, Theorem 1.1]. Recall

that the Thompson metric dT is defined by, for u, v ∈ V ◦
+

dT (u, v) = max{logM(u/v), logM(v/u)},

whereM : V ×V ◦
+ → R is the gauge function (2.7.1). We should note that the above setting

is applicable to any JB-algebra A, but in this chapter we restrict our attention to the infinite

dimensional spin-factor V . We investigate the horofunction compactification of (V, ∥ · ∥)

with 0 as the basepoint, which we denote by V
h
, as well as the horofunction compactification
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of (V ◦
+, dT ) with e as the basepoint, which we denote by V ◦

+

h
. By the above remark we are

thus investigating the horofunction compactification of a Finsler metric space along with

the horofunction compactification of the tangent space of the base point equipped with the

Finsler norm. We explicitly calculate the horofunctions in ∂V
h
and ∂V ◦

+

h
, and in the spirit

of [42], we prove the following:

Theorem 8.0.1. The exponential map exp: V → V ◦
+ can be extended to a homeomorphism

between V
h
and V ◦

+

h
, and this extension maps parts of ∂BV

h
onto parts of ∂BV ◦

+

h
.

It is also interesting to projectivise the open cone by identifying rays, and so define the

space PV ◦
+ = V ◦

+/ ∼, where x ∼ y if y = λx for some λ > 0. We choose to identify PV ◦
+

with the hyperboloid

H = {v ∈ V ◦
+ : det(v) = 1}.

The spin factor is equipped with a natural quadratic form Q : V → R defined by

Q((γ, x)) = γ2 − ∥x∥2H,

and in [13], Claassens defines the hyperboloid to be the set

Ĥ = {v ∈ V ◦
+ : Q(v) = 1}.

These definitions are equivalent, because if v ∈ H\{e} has a spectral decomposition λp +

µ(e−p), then the fact that det(v) = 1 means that λµ = 1, so each v ∈ H\{e} has a unique

spectral decomposition λp + λ−1(e − p), where λ > 1 and p = (1
2
, x) for x ∈ 1

2
BH, which

means that

v =

(
λ+ λ−1

2
, (λ− λ−1)x

)
. (8.0.1)

From this we can calculate, for each v ∈ H\{e},

Q(v) =
1

4

[
(λ+ λ−1)2 − (λ− λ−1)2

]
=

1

4

[
(λ2 + 2 + λ−2)− (λ2 − 2 + λ−2)

]
= 1.
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Conversely, if v = (γ, x) ∈ Ĥ, Lemma 2.9.13 shows that the two eigenvalues of v are

γ + ∥x∥H and γ − ∥x∥H, so det(v) = γ2 − ∥x∥2H = 1, so indeed H = Ĥ. Equation (8.0.1)

is equivalent to saying that, for each v ∈ H\{e}, there exists a unique τ > 0 and x ∈ 1
2
BH

such that

v =

(
f(τ) + f(τ)−1

2
, τx

)
, where f(τ) =

√
τ 2

4
+ 1 +

τ

2
.

Thus, the map φ : H → V defined by

φ(v) =

0 if v = e

(0, τx) if v =
(
f(τ)+f(τ)−1

2
, τx
)
.

is a bijection, so H is a codimension-1 submanifold of V , and H is a C∞ manifold modelled

on H. We now want to characterise the tangent space of H at the unit e, which we denote

by Te. To that end, let us consider an arbitrary u ∈ V with tr(u) = 0. Thus u has spectral

decomposition u = λp−λ(e−p) for some λ ∈ R and primitive idempotent p. Let us define

the path γ : (−1, 1) → V by γ(t) = exp tu. Therefore, for any t ∈ (−1, 1),

det(γ(t)) = etλe−tλ = 1,

meaning that γ is a path in H with γ(0) = e. Furthermore, for any t ∈ (−1, 1) we can

calculate
d

dt

∣∣∣∣
t=0

γ(t) =
d

dt

∣∣∣∣
t=0

[eλtp+ e−λt(e− p)] = λp− λ(e− p) = u.

This implies that {v ∈ V : tr(v) = 0} ⊆ Te. However, {v ∈ V : tr(v) = 0} is a closed

subspace of codimension 1, indeed Lemma 2.9.13 means that

{v ∈ V : tr(v) = 0} = {0} ×H,

so this inclusions means that Te = {v ∈ V : tr(v) = 0}.

As in the finite dimensional case dealt with by Lemmens in [42], it is possible to equip
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H with a Finsler structure. We define the map G : TH → R by first defining the norm | · |e
on Te by

|v|e =
1

2
(M(v/e)−m(v/e)) =

1

2
(maxσ(v)−minσ(v)) =

1

2
diamσ(v).

This is the variation norm on Te (with a factor of (1/2)). We can then define, for any

w ∈ H and v ∈ Tw,

G(w, v) = |Uw−1/2v|e.

As Ua is a linear automorphism for any a ∈ H, it follows that the pair (H, G) is a ho-

mogeneous Finsler manifold. The factor space PV ◦
+ inherits this manifold structure in the

natural way. The proof of Proposition 6.1.2 does not rely on finite dimensionality, and so

shows that the Finsler distance on PV ◦
+ generated by G coincides with Birkhoff’s version

of the Hilbert metric, dH , where

dH(u, v) =
1

2
log(M(u/v)M(v/u)).

In [13], Claassens provides an explicit representation of the horofunctions of (PV ◦
+, dH).

He shows that the elements of PV ◦
+

h
are precisely the functions of the form hxr [13, Theorem

2], for x ∈ BH and r ∈ [0, 1] with ∥x∥H ≤ r, where for any (γ, y) ∈ PV ◦
+

hrx(γ, y) = log

(
γ − ⟨x, y⟩+

√
(γ − ⟨x, y⟩)2 − (1− r2)(γ2 − ∥y∥2H)
(1 + r)

√
γ2 − ∥y∥2H

)
. (8.0.2)

He also shows that if ∥x∥H = r < 1, then hr∥x∥H = h(1,x). Claassens does not analyse the

parts of PV ◦
+

h
in [13], so before proceeding we prove the following proposition:

Proposition 8.0.2. The boundary of PV ◦
+

h
consists solely of singleton parts.

Proof. In the proof of [13, Theorem 2], Claassens shows that if h1x is a horofunction with

∥x∥H = 1, then, if we define un = (1, (1 − 1
n
x)), hun → h1x. Recalling the definition of the
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gauge function M in Section 2.7, for any n > m,

M(un/um) = inf{β ∈ R : un ≤ βum}.

Thus,

M(un/um) = inf

{
β ≥ 1 : β − 1 ≥ |β(1− 1

m
)− (1− 1

n
)|
}
.

For any β ≥ 1, we can calculate that

β(1− 1

m
)− (1− 1

n
) ≥ 0 if and only if β ≥ m

n

n− 1

m− 1
.

Thus, if β ≤ m
n
n−1
m−1

, we can calculate that

β − 1 ≥ (1− 1

n
)− β(1− 1

m
) if and only if β ≥ m

n

2n− 1

2m− 1
.

Thus, because 2n−1
2m−1

≤ n−1
m−1

, we can conclude that

M(un/um) =
m

n

2n− 1

2m− 1
.

A similar calculation shows that

M(um/un) =
n

m
,M(un/e) = 2− 1

n
, and M(e/un) = n.

Therefore

dH(un, um) = log

√
2n− 1

2m− 1
, and dH(un, e) = log

√
2n− 1,

from which we see that (un) is an almost-geodesic sequence. In fact, it lies on a geodesic.

Claassens also proves in [13, Theorem 3] that the Busemann points of PV ◦
+

h
are precisely

those horofunctions of the form h1x, where ∥x∥H = 1. Now suppose that h1x and h1y are two

Busemann points in PV ◦
+

h
, and (un) is the geodesic defined above converging to h1x. Using

the above in combination with Lemma 3.2.5, we can calculate, using (8.0.2), the detour
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cost H(h1x, h
1
y):

H(h1x, h
1
y) = lim

n→∞
log

√
2n− 1 + hry(un)

= lim
n→∞

log
√
2n− 1 + log

1−
(
1− 1

n

)
⟨x, y⟩√

1− (1− 1
n
)2


= lim

n→∞
log(n− (n− 1) ⟨x, y⟩).

This allows us to deduce that H(h1x, h
1
y) < ∞ if and only if ⟨x, y⟩ = 1, which, by the

Cauchy-Schwarz inequality, is true if and only if x = y.

We are thus in the position to state the next main theorem of this chapter, which we

prove in Section 8.4.

Theorem 8.0.3. The exponential map exp: Te → PV ◦
+ can be extended to a homeomor-

phism between T
h

e and PV ◦
+

h
, and this extension maps parts of ∂BT

h

e onto parts of ∂BPV
h
.

8.1 Horoboundary of Spin factors

Let V = R ⊕ H be an infinite dimensional spin factor with unit e as above, equipped

with the standard inner product and Jordan multiplication. We want to examine the

horofunction boundary of the JB-algebra (V, ∥ · ∥), with ∥ · ∥ the JB-algebra norm. Recall

that ∥ · ∥ = ∥ · ∥e = ∥ · ∥σ where ∥ · ∥e is the order unit norm with e the distinguished order

unit [4, Theorem 1.11] and ∥ · ∥σ is the spectral radius norm [4, Corollary 1.22]. In section

2.9.5 we showed that for any (γ, x) ∈ V

∥(γ, x)∥ = |γ|+ ∥x∥H.

Thanks to this and Lemmas 3.4.2 and 3.4.3, which show that V
h
= Rh⊕Hh

, this investiga-

tion is made easier by the fact that we know the precise horofunction boundary of both H

(see [27]) and R. We recall that there are two classes of metric functionals in Rh
, the internal
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metric functionals hλ, and functionals of the form hε for ε ∈ {−1, 1}, where hε(x) = −εx.

In [27], Gutierrez showed that, if H is infinite dimensional then ∂Hh
= Hh,e ∪Hh,∞

, where

Hh,e
= {hx,c : x ∈ H, c ≥ ∥x∥H} ∪ {h0}

Hh,∞
= {hx : 0 < ∥x∥H ≤ 1}, (8.1.1)

where for all z ∈ H,

hx,c(z) =
√

∥z∥2H − 2 ⟨x, z⟩+ c2 − c, and, hx(z) = −⟨x, z⟩ . (8.1.2)

With this, and introducing the notation, for h1 ∈ Rh
and h2 ∈ Hh

,

h1 ⊕ h2((γ, x)) = h1(λ) + h2(x)

we can prove:

Theorem 8.1.1. If H is infinite dimensional, the horofunction boundary of V is given by

∂V
h,e

= F = {hλ ⊕ hx,c : λ ∈ R, x ∈ H, c > ∥x∥H} ∪ {hλ ⊕ h0 : λ ∈ R}

∂V
h,∞

= I = {hλ ⊕ hx : λ ∈ R, 0 ≤ ∥x∥H ≤ 1} ∪ {hε ⊕ hx : ε ∈ {1,−1}, 0 ≤ ∥x∥H ≤ 1}

∪ {hε ⊕ hx,c : ε ∈ {1,−1}, x ∈ H, c > ∥x∥H} ∪ {hε ⊕ hx : ε ∈ {1,−1}, x ∈ H}.

Proof. Lemma 3.4.2 in conjunction with (8.1.1) immediately gives that V
h,∞ ⊆ I and

V
h,e ⊆ F , because I ∪ F contains all possible functions h1 ⊕ h2, where h1 ∈ Rh

, h2 ∈ Hh
,

and at least one of h1 or h2 is not an internal metric functional. Conversely we now want

to show that all functions in F and I satisfy the conditions of Lemma 3.4.3. We first

note that for any x ∈ H and c with c ≥ ∥x∥H Gutierrez showed in [27, Theorem 4.4] that

if we choose the sequence (yn) ⊆ H defined by, if (en) ⊆ H is an orthonormal sequence

converging weakly to 0,

yn =
√
c2 − ∥x∥2Hen + x
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then hyn → hx,c. By picking the constant sequence, there also exists a sequence in R

resulting in hλ, so Lemma 3.4.3 means that hλ ⊕ hx,c ∈ V
h,e
. For any x ∈ BH Gutierrez

also showed in [27, Theorem 4.4] that if we choose the sequence (yn) ⊆ H defined by,

yn = n
√

1− ∥x∥2Hen + nx

then hyn → hx,c. Choosing x = 0 we thus see hλ ⊕ 0 ∈ V
h,e
, too. Therefore F ⊆ V

h,e
.

Using the same sequences for non-zero x ∈ H we immediately see that hλ ⊕ hx ∈ V
h,∞

.

It is a simple calculation to show that hεn → hε ∈ ∂Rh
, so again Lemma 3.4.3 means

that hε ⊕ hx ∈ V
h,∞

for any x ∈ H with ∥x∥H ≤ 1 and ε ∈ {−1, 1}, and also that

hε ⊕ hx,c ∈ V
h,∞

for any ε ∈ {−1, 1} and x ∈ H and c ≥ ∥x∥H. Finally, it also means that

any hε ⊕ hx ∈ V
h,∞

. Thus I ⊆ V
h,∞

.

If H is finite dimensional, then V is a proper geodesic metric space, so V
h,e

= ∅.

Corollary 8.1.2. If H is finite dimensional then the metric compactification of V is given

by

∂V
h
= {hλ ⊕ hx : λ ∈ R, ∥x∥H = 1} ∪ {hε ⊕ hx : ε ∈ {1,−1}, ∥x∥H = 1}

∪ {hε ⊕ hx : ε ∈ {1,−1}, x ∈ H}.

By combining Lemma 3.4.4, Proposition 7.1.3 and Proposition 7.1.4 we see that:

Proposition 8.1.3. The Busemann points of V are precisely:

∂BV
h
= {hλ ⊕ hx : λ ∈ R, ∥x∥H = 1} ∪ {hε ⊕ hx : ε ∈ {1,−1}, ∥x∥H = 1}

∪ {hε ⊕ hx : ε ∈ {1,−1}, x ∈ H}.

It is interesting to note that a spin-factor is finite dimensional if and only if its horo-

function boundary consists entirely of Busemann points.
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Remark 8.1.4. Note that the unions defining both ∂V
h
in Theorem and 8.1.1∂BV

h
in

Proposition 8.1.3 are disjoint, which gives us a useful way of categorising these elements.

We shall say two horofunctions in ∂V
h
are of the same type if they belong to the same

constituent set in the disjoint union defined in Theorem 8.1.1. For example hλ1 ⊕ hx1 is of

the same type as hλ2 ⊕ hx2 for λ1, λ2 ∈ R and x1, x2 ∈ BH, but hλ ⊕ hx1 is not of the same

type as hλ⊕ hx1,c for c, λ ∈ R and x ∈ cB◦
H. We shall also call the superscript data of each

Busemann point in Proposition 8.1.3 its data at infinity. For example, for hλ ⊕ hx ∈ ∂BV
h

its data at infinity is the point x ∈ SH, whereas for the point hε ⊕ hx ∈ ∂BV
h
its data at

infinity is the pair (ε, x) ∈ {−1, 1} × SH.

Although using the fact that the spin-factor can be seen as an ℓ1 sum provides an easy

proof for the characterising of its horofunction compactification, it does not make clear

the relation between a spin factor’s horofunctions and its JB-algebra structure. We would

expect to be able to express the Busemann points in terms of a spectral decomposition

similar to Theorem 5.2.1. The next theorem shows that we can, indeed, do this. Recall

that for a subalgebra A ⊆ V , we define, for any v ∈ A, ΛA(v) to be the maximum eigenvalue

of v considered as an element of the algebra A, and we define V (p) to be the Peirce 1-space

of an idempotent p. Also recall that for a collection of orthogonal idempotents {p1, . . . , pk}

and any I ⊆ {1, . . . , k} we define pI =
∑

i∈I pi, where as usual the sum over the empty set

is defined to be 0.

Theorem 8.1.5. For any Jordan frame p1 = p, p2 = e − p, I, J ⊆ {1, 2} with I ∩ J = ∅,

and I ∪ J ̸= ∅, and α ∈ RI∪J where min{αi} = 0, we define the function hI,Jp,α : V → R by,

for any v ∈ V ,

hI,Jp,α(v) = max

{
ΛV (pI)

(
−UpI (v)−

∑
i∈I

αipi

)
,ΛV (pJ )

(
UpJ (v)−

∑
j∈J

αjpj

)}
, (8.1.3)

where if I or J is empty, the corresponding term in the max is omitted. Each hI,Jp,α is a

Busemann point, and furthermore every h ∈ ∂BV
h
is of the form hI,Jp,α.
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Proof. Fix some primitive idempotent p = (1
2
, x) ∈ V , immediately implying that e− p =

(1
2
,−x). A direct computation using the definition of the quadratic representation (2.9.5)

shows that, for any v = (γ, u) ∈ V ,

Up(v) = (γ + 2 ⟨u, x⟩)p, and Ue−p(v) = (γ − 2 ⟨u, x⟩)(e− p). (8.1.4)

As V (q) = Rq for any primitive idempotent q, this means that, for any v = (γ, u) ∈ V ,

h{1},{2}p,α (v) = max{−γ − 2 ⟨u, x⟩ − α1, γ − 2 ⟨u, x⟩ − α2}

= max{−γ − α1, γ − α2} − ⟨u, 2x⟩ .

Thus, for any λ ≥ 0 and x ∈ SH, if we choose α = (0, 2λ) and p = 1
2
(1, x) we see that

h
{1},{2}
p,α is exactly equal to the Busemann point hλ ⊕ hx as in Proposition 8.1.3. Similarly,

for any λ < 0, if we choose α = (−2λ, 0) we see that h
{1},{2}
p,α = hλ ⊕ hx. Likewise, using

(8.1.4), we deduce that for any x ∈ SH, by choosing p = 1
2
(1, x),

h1 ⊕ hx = h
{1},∅
p,0 , and h−1 ⊕ hx = h

∅,{2}
p,0 .

Finally, if I = {1, 2}, we see for any primitive idempotent p = (1
2
, w) and α ∈ R2 with

min{αi} = 0 that, for any v = (γ, u) ∈ V ,

hI,∅p,α(v) = ΛV (e) (−Ue(v) + (α2 − α1)p− α2e)

= Λ (−v + (α2 − α1)p)− α2

= sup
ϕ∈S(V )

ϕ(−v + (α2 − α1)p)− α2

= sup
∥y∥H≤1

−γ + ⟨(α2 − α1)w − u, y⟩ − α1 + α2

2

We see that the supremum is attained when y = (α2−α1)w−u
∥(α2−α1)w−u∥H

, so for any x ∈ H we can
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find α2 ∈ [0,∞) and w ∈ 1
2
SH such that x = α2w, and choosing α1 = 0 we thus get

hI,∅p,α(v) = −γ + ∥u− x∥H − ∥x∥H = h1 ⊕ hx(v).

Similarly, for any x ∈ H, choosing J = {1, 2}, we can find an appropriate α ∈ R2 and

idempotent p such that

h∅,Jp,α(v) = h−1 ⊕ hx(v).

Thus every Busemann point in Proposition 8.1.3 is of the form (8.1.3), and similarly by

just reversing the choices in the above arguments, we see that every function of the form

(8.1.3) is in fact a Busemann point.

8.1.1 Geometry of a Spin Factor’s Busemann Points

It is well known that if V = Y ⊕ Z is a direct sum of Banach spaces with the ℓ1

product norm, ∥(y, z)∥ = ∥y∥Y + ∥z∥Z , then the continuous dual V ∗ is the Banach space

V ∗ = Y ∗ ⊕ Z∗ equipped with the maximum norm, ∥(y∗, z∗)∥∗ = max{∥y∗∥Y ∗ , ∥z∗∥Z∗} [50,

Theorem 1.10.13]. Thus, the unit ball of the dual of the spin factor is simply given by

BV ∗ = {(λ, x) ∈ V : max{|λ|, ∥x∥H} ≤ 1}.

If we recall the definition of type and data at infinity in Remark 8.1.4 above, then the

following proposition is a direct consequence of Proposition 7.1.4 and Theorem 3.4.5:

Proposition 8.1.6. Two Busemann points of V are in the same part of the boundary if

and only if they are of the same type, and their data at infinity is equal.

Theorem 3.4.5 also gives an easy way of calculating the detour distance on the Busemann

boundary. Using Theorem 8.1.3 this allows us to prove an analogous result to Theorem
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5.2.2. Recall that if p and q are orthogonal idempotents, we define V(p,q) = Vp ⊕ Vq, which

is a sub-algebra of V . On V(p,q), we can define the variation semi-norm ∥ · ∥var on V(p,q),

where

∥u∥var = ΛVp,q(u) + ΛVp,q(−u).

Theorem 8.1.7. Given two Busemann points hI,Jp,α and hI
′,J ′

β,q as in Theorem 8.1.5.

(i) hI,Jp,α and hI
′,J ′

β,q are in the same part if and only if pI = qI′ and pJ = qJ ′

(ii) If hI,Jp,α and hI
′,J ′

β,q are in the same part, then their detour distance is given by

δ(hI,Jp,α, h
I′,J ′

β,q ) = ∥a− b∥var,

where a =
∑

i∈I αipi +
∑

j∈J αjpj and b =
∑

i∈I′ βiqi +
∑

j∈J ′ βjqj.

Proof. Let us define, for all x ∈ SH, Px = {hλ ⊕ hx : λ ∈ R}, and for each ε ∈ {−1, 1},

Pε = {hε ⊕ hu : u ∈ H}. Propositions 8.1.6 and 8.1.3 mean that the parts of ∂BV
h
are

precisely all the sets Px and Pε, along with all the singletons {hε⊕ hx}, where ε ∈ {−1, 1}

and x ∈ SH.

Fix some x ∈ H. For any λ ≥ 0, the proof of Theorem 8.1.5 shows that if we choose

α = (0, 2λ), p = (1
2
, x/2), then hλ ⊕ hx = h

{1},{2}
p,α , and similarly if λ < 0, then choosing

α = (−2λ, 0) and p = (1
2
, x/2) gives hλ ⊕ hx = h

{1},{2}
p,α . By reversing the argument in

the proof of Theorem 8.1.5, we also see that every horofunction of the form h
{1},{2}
p,α where

p = (1
2
, x/2) is in Px. We should note that h

{1},{2}
p,α = h

{2},{1}
e−p,α′ . Thus

Px =

{
h{1},{2}p,α : p = (

1

2
, x/2)

}
=

{
h
{2},{1}
e−p,α : p = (

1

2
, x/2)

}
.

Furthermore, we know, from Theorem 3.4.2, that for any hλ ⊕ hx, hλ′ ⊕ hx ∈ Px,

δ(hλ ⊕ hx, hλ′ ⊕ hx) = 2|λ− λ′|.
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Now, if hλ ⊕ hx = h
{1},{2}
p,α and hλ′ ⊕ hx = h

{1},{2}
p,β , we set a = α1p + α2(e − p), and

b = β1p+ β2(e− p). We can calculate, due to the fact that Vp,e−p = Rp⊕ R(e− p), that

∥a− b∥var = max
i=1,2

{αi − βi}+max
i=1,2

{βi − αi}.

As α = (−2λ, 0) or α = (0, 2λ) and β = (−2λ′, 0) or β = (0, 2λ′) depending on the sign of

λ and λ′ respectively, it is simple to verify that

∥a− b∥var = 2|λ− λ′| = δ(hλ ⊕ hx, hλ′ ⊕ hx). (8.1.5)

Now fix ε ∈ {−1, 1}. Once again, the proof of Theorem 8.1.5 shows that every h ∈ Pε
is of the form h

{1,2},∅
p,α if ε = −1 or h

∅,{1,2}
p,α if ε = 1. Conversely, it also shows that if

α = (α1, α2), and α
′ = (α2, α1), then h

{1,2},∅
p,α = h

{1,2},∅
e−p,α′ and h

∅,{1,2}
p,α = h

∅,{1,2}
e−p,α′ . It thus also

allows us to conclude that every Busemann point of the form h
{1,2},∅
p,α is in P−1 and every

Busemann point of the form h
∅,{1,2}
p,α is in P1. Thus:

P1 =
{
h∅,{1,2}p,α : p, α as in Theorem. 8.1.5

}
, and P−1 =

{
h{1,2},∅p,α : p, α as in Theorem. 8.1.5

}
.

Furthermore, we know, from Theorem 3.4.2, that for any h−1 ⊕ hx, h
−1 ⊕ hy ∈ P−1,

δ(hε ⊕ hx, h
ε ⊕ hy) = 2∥x− y∥H.

Let us now fix h
{1,2},∅
p,α , h

{1,2},∅
q,β ∈ P−1 such that h

∅,{1,2}
p,α = hε⊕hx and h

∅,{1,2}
q,β = hε⊕hy. The

proof of Theorem 8.1.5 shows that p = (1
2
, 1
2∥x∥H

x), α = (0, 2∥x∥H), and q = (1
2
, 1
2∥y∥H

x),

β = (0, 2∥y∥H). As above we define a = α1p + α2(e − p) and b = β1q + β2(e − q). As
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pI = qI = e,

∥a− b∥var = Λ(α1p+ α2(e− p)− β1q − β2(e− q)) + Λ(β1q − β2(e− q)− α1p− α2(e− p))

= sup
ϕ∈S(V )

ϕ (α2(e− p)− β2(e− q)) + sup
φ∈S(V )

φ (β2(e− q)− α2(e− p))

= (∥x∥H − ∥y∥H) + sup
∥w∥H≤1

⟨y − x,w⟩+ (∥y∥H − ∥x∥H) + sup
∥z∥H≤1

⟨x− y, z⟩

= 2∥x− y∥H

= δ(hε ⊕ hx, h
ε ⊕ hy). (8.1.6)

Finally, let us consider a singleton Busemann point hε ⊕ hx. The proof of Theorem 8.1.5

shows that if we choose p = (1
2
, x/2), then hε ⊕ hx = h

{1},∅
p,0 if ε = 1 and hε ⊕ hx = h

∅,{2}
p,0

if ε = −1. It also shows that h
{1},∅
p,0 = h

{2},∅
e−p,0 and h

∅,{2}
p,0 = h

∅,{1}
e−p,0. We have thus shown

that every part of the Busemann boundary consists solely of functions of the form given

in Theorem 8.1.3 that satisfy the condition on their defining idempotents given in (i). By

reversing the above arguments it is simple to check by examination that if two Busemann

points satisfy (i) then they must be in the same part. Equations (8.1.5) and (8.1.6) give

part (ii).

8.2 Infinite Dimensional Spin Factor with the Thomp-

son Metric on the Positive Cone

With V an infinite dimensional spin factor as before, we now consider the infinite di-

mensional Lorentz cone V ◦
+, equipped with the Thompson metric dT . We use Claassens’

representation of the gauge function M [13, Prop. 2] to calculate the horofunction com-

pactification V ◦
+

h
. For the convenience of the reader we recall those results: for any
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(λ, x), (γ, y) ∈ V ◦
+,

M ((λ, x)/(γ, y)) =
γλ− ⟨x, y⟩+

√
(γλ− ⟨x, y⟩)2 − (γ2 − ∥y∥2H)(λ2 − ∥x∥2H)

γ2 − ∥y∥2H
. (8.2.1)

In case one of the elements is the identity, we can simplify this to

M ((λ, x)/(1, 0)) = λ+ ∥x∥H, and M ((1, 0)/(λ, x)) =
1

λ− ∥x∥H
. (8.2.2)

In the finite dimensional case, this analytical expression of M is not needed, as shown by

Lemmens in [42], because for any JB-algebra A, the gauge function M : A × A◦
+ → R is

continuous with respect to the product topology where each factor is equipped with the

JB-algebra norm (see Lemma 2.7.8), and in finite dimensions the compactness of the unit

ball means we only need to consider norm convergent sequences. In the infinite dimensional

case, we have to consider nets with no norm convergent subnets, and theM function is not

in general continuous when A and V ◦
+ are equipped with the weak topology. For example,

in our case with V an infinite dimensional spin factor, let (en) ⊆ SH be an orthonormal

sequence converging weakly to 0. If we define pn = 1
2
(1, en), M(pn/e) = 1 for all n ∈ N,

but (pn) converges weakly to 1
2
e, and M(1

2
e/e) = 1

2
. That being said, we shall see that

all Busemann points arise as the limit of sequences, which, when normalised, have norm

convergent subsequences, and as such we need a lemma from [42].

Lemma 8.2.1. For any JB-algebra (A, ∥·∥), the exponential map exp: (A, ∥·∥) → (A◦
+, dT )

is an isometry when restricted to span{p1, . . . , pk}, where {p1, . . . , pk} is a collection of

orthogonal primitive idempotents. Furthermore, for any u, v ∈ span{p1, . . . , pk}, with ∥v∥ =

1, if γ : A→ R is defined by γ(t) = tv + u, then φ : t 7→ exp(γ(t)) is a geodesic.

Proof. The proof is exactly that of [42, Lemma 3.1], as it does not rely on finite dimen-

sionality in any way.

We start with a lemma that is not needed in the finite dimensional case.
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Lemma 8.2.2. If (uα) is an eventually bounded net in V+, there exists a subnet (uβ), a

λ > 0, an x ∈ V+, and a c ∈ R with λ > c ≥ ∥x∥ such that huβ → hλ,x,c, where, for any

(γ, y) ∈ V+,

hλ,x,c((γ, y)) = max

{
log

(
γλ− ⟨x, y⟩+

√
(γλ− ⟨x, y⟩)2 − (γ2 − ∥y∥2H)(λ2 − c2)

λ2 − c2

)
,

log

(
γλ− ⟨x, y⟩+

√
(γλ− ⟨x, y⟩)2 − (γ2 − ∥y∥2H)(λ2 − c2)

γ2 − ∥y∥2H

)}
−max

{
log(λ+ c), log

(
1

λ− c

)}
. (8.2.3)

Furthermore, if ∥x∥H = c then hλ,x,c = h(λ,x), and if ∥x∥H < c, then hλ,x,c is not an internal

metric functional.

Proof. As (uα) is eventually bounded, there exists a subnet of (uα), which we again label

(uα), which is bounded. As dT (e, uα) ≥ log (λα + ∥xα∥H) by (8.2.2) this means (λα) and

(∥xα∥H) must be bounded too. There must thus exist a subnet so that λβ → λ ∈ R>0,

∥xβ∥H → c ∈ R, and by Banach-Alaoglu there exists some x ∈ H which xβ converges to

weakly, with ∥x∥H ≤ c. As we are assuming dT (e, uβ) is bounded, there exists some K > 0

such that λβ − ∥xβ∥H > K for all β, because by (8.2.2)

dT (e, uβ) ≥ log

(
1

λβ − ∥xβ∥H

)
.

Thus, λ > c. Therefore, for any β and any (γ, y) ∈ V ◦
+ we have, using equations (8.2.1)

and (8.2.2), that

lim
β
huβ((γ, y)) = max

{
log

(
γλ− ⟨x, y⟩+

√
(γλ− ⟨x, y⟩)2 − (γ2 − ∥y∥2H)(λ2 − c2)

λ2 − c2

)
,

log

(
γλ− ⟨x, y⟩+

√
(γλ− ⟨x, y⟩)2 − (γ2 − ∥y∥2H)(λ2 − c2)

γ2 − ∥y∥2H

)}
−max

{
log(λ+ c), log

(
1

λ− c

)}
.
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It is clear from the above equation that if c = ∥x∥H, then huβ → h(λ,x). Conversely, assume

by way of contradiction that ∥x∥H < c, but hλ,x,c = h(η,z) for some (η, z) ∈ V ◦
+. Let us first

consider the case where x = 0. Thus, for any (γ, y) ∈ V ◦
+,

hλ,0,c(γ, y) = max

{
log

(
γλ+

√
(γλ)2 − (γ2 − ∥y∥2H)(λ2 − c2)

λ2 − c2

)
,

log

(
γλ+

√
(γλ)2 − (γ2 − ∥y∥2H)(λ2 − c2)

γ2 − ∥y∥2H

)}
−max

{
log(λ+ c), log

(
1

λ− c

)}
.

It is therefore clear that hλ,0,c((γ, y)) = hλ,0,c((γ, y′)) whenever ∥y∥H = ∥y′∥H. However, if

z ̸= 0, then

h(η,z)((γ, y)) = max

{
log

(
γη − ⟨z, y⟩+

√
(γη − ⟨z, y⟩)2 − (γ2 − ∥y∥2H)(η2 − ∥z∥2H)

η2 − ∥z∥2H

)
,

log

(
γη − ⟨z, y⟩+

√
(γη − ⟨z, y⟩)2 − (γ2 − ∥y∥2H)(η2 − ∥z∥2H)

γ2 − ∥y∥2H

)}
−max

{
log(η + ∥z∥H), log

(
1

η − ∥z∥H

)}
,

from which we see that h(η,x)((η,−z)) > h(η,x)((η, z)). Thus we must have z = 0. We can

therefore write, for any (γ, 0) ∈ V+,

h(η,0)((γ, 0)) = max

{
log

(
γ

η

)
, log

(
η

γ

)}
−max

{
log(η), log

(
1

η

)}
,

whereas

hλ,0,c((γ, 0)) = max

{
log

(
γ

λ− c

)
, log

(
λ+ c

γ

)}
−max

{
log(λ+ c), log

(
1

λ− c

)}
.
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Now

min
γ
hλ,0,c((γ, 0)) = hλ,0,c((

√
λ2 − c2, 0)) = min

{
log(

√
λ2 − c2), log

(
1√

λ2 − c2

)}
,

and

min
γ
h(η,0)((γ, 0)) = −max

{
log(η), log

(
1

η

)}
.

By assumption these two minima must be equal, so η =
√
λ2 − c2. Thus for any (γ, y) ∈ V ◦

+

we have

h(
√
λ2−c2,0)((γ, y)) =max

{
log

(√
λ2 − c2(γ + ∥y∥H)

λ2 − c2

)
, log

(√
λ2 − c2(γ + ∥y∥H)
γ2 − ∥y∥2H

)}
−max

{
log(

√
λ2 − c2), log

(
1√

λ2 − c2

)}
,

whereas

hλ,0,c((γ, y)) =max

{
log

(
λγ +

√
∥y∥2H(λ2 − c2) + γ2c2

λ2 − c2

)
, log

(
λγ +

√
∥y∥2H(λ2 − c2) + γ2c2

γ2 − ∥y∥2H

)}
−max

{
log(λ+ c), log

(
1

λ− c

)}
.

However, these two cannot be equal for all (γ, y) ∈ V ◦
+. Indeed, fix (γ, y) where γ2−∥y∥2 >

10 + λ2 − c2, and define f : (1, log 10) → R by

f(ε) = hλ,0,c((γ, (1 + eε)y))− hλ,0,c((γ, y)) = log

(
λγ +

√
(1 + eε)∥y∥2H(λ2 − c2) + γ2c2

λγ +
√

∥y∥2H(λ2 − c2) + γ2c2

)
,

and g : (1, log 10) → R by

g(ε) = h(
√
λ2−c2,0)((γ, (1 + eε)y))− h(

√
λ2−c2,0)((γ, y)) = ε+ log

(
∥y∥H

γ + ∥y∥H

)
.

We see that g is linear in ε and f isn’t, but f and g must be equal if hλ,0,c = h(
√
λ2−c2,0), caus-

ing a contradiction. We now consider the case when x ̸= 0. Examining minγ h
λ,x,c((γ, 0)) =
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minγ h
(η,z)((γ, 0)) similarly to the case when x = 0, we calculate that η2 − ∥z∥2 = λ2 − c2.

Furthermore, we know that miny h(η,z)((η, y)) = h(η,z)((η, z)), meaning that

min
y
hλ,x,c((η, y)) = max

{
log

(
ηλ− ⟨x, z⟩+

√
(ηλ− ⟨x, z⟩)2 − (η2 − ∥z∥2H)(λ2 − c2)

λ2 − c2

)
,

log

(
ηλ− ⟨x, z⟩+

√
(ηλ− ⟨x, z⟩)2 − (η2 − ∥z∥2H)(λ2 − c2)

η2 − ∥z∥2H

)}
−max

{
log(λ+ c), log

(
1

λ− c

)}
= hλ,x,c((η, z)).

The fact that equality in the Cauchy-Schwarz inequality is achieved if and only if the two

elements are linearly dependent means that by applying the Cauchy-Schwarz inequality to

the above equation means hλ,x,c((η, z)) > hλ,x,c((η, ∥z∥H∥x∥H
x)) unless x = ξz for some ξ > 0,

in which case hλ,x,c((η, z)) = hλ,x,c((η, ∥z∥H∥x∥H
x)). Thus, to avoid a contradiction, x = ξz for

ξ > 0. Now, let us define the functions Φz,Ψz : (∥z∥H,∞)× (0,∞) → R by

Φz(γ) = h(η,z)(γ,−z)− h(η,z)(γ, z), and Ψz(γ) = hλ.x,c(γ,−z)− hλ,x,c(γ, z). (8.2.4)

A direct calculation shows that

Φz(γ) = log

(
ηγ + ∥z∥2H +

√
(ηγ + ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

ηγ − ∥z∥2H +
√

(ηγ − ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

)
,

and

Ψz(γ) = log

(
λγ + ξ∥z∥2H +

√
(λγ + ξ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

λγ − ξ∥z∥2H +
√

(λγ − ξ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

)
.
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Our assumption means that Φz(γ) = Ψz(γ) for all γ ∈ (∥z∥H,∞), which implies that

ηγ + ∥z∥2H +
√

(ηγ + ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

λγ + ξ∥z∥2H +
√

(λγ + ξ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

=
ηγ − ∥z∥2H +

√
(ηγ − ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

λγ − ξ∥z∥2H +
√

(λγ − ξ∥z∥2H)2 − (γ2 − ∥z∥2H)(λ2 − c2)

for all γ ∈ (∥z∥H,∞). In particular this above equation must hold in the limit as γ → ∥z∥H,

meaning that
η + ∥z∥H
λ+ ξ∥z∥H

=
η − ∥z∥H
λ− ξ∥z∥H

.

Thus, ξ = λ
η
. By definition, we also know that ξ = ∥x∥H/∥z∥H, so

∥x∥H
∥z∥H

=
λ

η
.

Combining this with the fact that η =
√
λ2 − c2 + ∥z∥2H leads to the equation

∥z∥H = ∥x∥H

√
λ2 − c2

λ2 − ∥x∥2H
,

and because we know that c > ∥x∥H this means that ∥z∥H < ∥x∥H. Thus λ > η. Now let

us define functions Γz : [0, η/∥z∥H) → R and Λz : [0, η/∥z∥H) → R by

Γz(t) = hλ,x,c((η, tz)), and Λz(t) = h(η,z)((η, tz)).

If we set

r1 = max

{
log(λ+ c), log

(
1

λ− c

)}
, and r2 = max

{
log(η + ∥z∥H), log

(
1

η − ∥z∥H

)}
,
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we can calculate that, for any t ≤ 1

Γz(t) = log

(
ξ(η2 − t∥z∥2H) +

√
ξ2(η2 − t∥z∥2H)2 − (η2 − t2∥z∥2H)(η − ∥z∥2H)

η2 − ∥z∥2H

)
− r1,

and

Λz(t) = log

(
η2 − t∥z∥2H +

√
(η2 − t∥z∥2H)2 − (η2 − t2∥z∥2H)(η − ∥z∥2H)

η2 − ∥z∥2H

)
− r2.

Employing the chain rule multiple times, we can calculate the left hand derivatives of Γz

and Λz at t = 0+ and find that

d

dt

∣∣∣∣
t=0+

Γz(t) =
∥z∥H

η2 − ∥z∥2H

√
ξ2 − 1− ξ√
ξ2 − 1 + ξ

,

whereas
d

dt

∣∣∣∣
t=0+

Λz(t) = − ∥z∥H
η2 − ∥z∥2H

.

As ξ > 1, these derivatives are different, which means that if Γz(1) = Λz(1), there must

exist some δ > 0 such that Γz(1 − s) ̸= Λz(1 − s) for all 0 < s < δ. This contradicts the

fact that hλ,x,c = h(η,z).

We now investigate the behaviour of unbounded nets, and borrow the ideas of [42,

Theorem 3.2],

Lemma 8.2.3. If (uα) = ((λα, xα)) is an unbounded net in (V ◦
+, dT ), then there must exist

a subnet (uβ) such that huβ converges to h, where h is of one of the following forms, where
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we use the convention that log 0 = −∞:

h = hu,v, where u, v ∈ V+, max{∥u∥e, ∥v∥e} = 1, v • u = 0, and, for all w ∈ V ◦
+,

hu,v(w) = max{logM(u/w), logM(v/w−1)}. (8.2.5)

h = hλ̂,µ̂,λ̄,µ̄x where λ̂, λ̄, µ̂, µ̄ ∈ [0, 1], max{λ̂, λ̄, µ̂, µ̄} = 1, λ̂λ̄ = µ̂µ̄ = 0,

λ̂µ̂ < 1, λ̄µ̄ < 1, ∥x∥H < 1/2, and, for all w = (γ, y) ∈ V ◦
+, with w−1 = (γ′, y′)

hλ̂,µ̂,λ̄,µ̄x (w) = max

{
log

(
γ λ̂+µ̂

2
− (λ̂− µ̂) ⟨x, y⟩
γ2 − ∥y∥2H

+

√
(γ λ̂+µ̂

2
− (λ̂− µ̂) ⟨x, y⟩)2 − λ̂µ̂(γ2 − ∥y∥2H)

γ2 − ∥y∥2H

)
,

log

(
γ′ λ̄+µ̄

2
− (λ̄− µ̄) ⟨x, y′⟩
γ′2 − ∥y′∥2

+

√
(γ′ λ̄+µ̄

2
− (λ̄− µ̄) ⟨x, y′⟩)2 − λ̄µ̄(γ′2 − ∥y′∥2H)

γ′2 − ∥y′∥2H

)}
.

(8.2.6)

Proof. By passing to a subnet, we assume that dT (e, uα) → ∞. We make use of the

approach of Lemmens in his proof of Theorem 3.2 in [42]. To that end let us define, for

each α, rα = edT (e,uα), vα = u−1
α , and ûα = uα

rα
, v̂α = vα

rα
. As V has rank 2 and admits a

spectral decomposition (Theorem 2.9.12), for each α there exists a primitive idempotent

pα ∈ V , and eigenvalues λα, µα ∈ R such that uα = λαpα + µα(e − pα). As uα ∈ V ◦
+, we

know that λα, µα > 0. Thus we know, for all α, that vα = λ−1
α pα + µ−1

α (e − pα). The

spectral calculus means that

dT (e, uα) = ∥ log uα∥e = ∥ log vα∥e,

so we know ûα ≤ e and v̂α ≤ e. As ∥uα∥e = max{λα, µα}, ∥vα∥e = max{λ−1
α , µ−1

α }, we can

230



8.2. INFINITE DIMENSIONAL SPIN FACTOR WITH THE THOMPSON METRIC
ON THE POSITIVE CONE

thus write:

ûα = λ̂αpα + µ̂α(e− pα), and v̂α = λ̄αpα + µ̄α(e− pα),

where λ̂α, µ̂α, λ̄α, µ̄α ∈ (0, 1] and max{λ̂α, µ̂αλ̄α, µ̄α} = 1.

Now, for any w ∈ V ◦
+, we can utilise the properties of the gauge function M (Lemma 2.7.8)

to calculate

huα(w) = max{logM(uα/w), logM(w/uα)} − log rα

= max{logM(uα/w), logM(u−1
α /w−1)} − log rα

= max{log
(
r−1
α M(uα/w)

)
, log

(
r−1
α M(u−1

α /w−1)
)
}

= max{logM(ûα/w), logM(v̂α/w
−1)}. (8.2.7)

We now need to consider two cases: either (ûα) has subnet (ûβ) such that (pβ) converges

in the JB-algebra norm to some p ≤ e, or there is no such subnet. Suppose the former,

that there exists some subnet (ûβ) and a p ≤ e with ∥pβ − p∥e → 0. We can choose

the subnet so that 1 is obtained by the same eigenvalue among λ̂β, µ̂β, λ̄β, µ̄β for all β.

As pβ = (1
2
, xβ), where ∥xβ∥H = 1

2
for all β, it is clear that p must also be a primitive

idempotent. We can, by choosing further subnets if necessary and relabelling (see Lemma

2.3.6), find λ̂, µ̂, λ̄, µ̄ ∈ [0, 1], with max{λ̂, µ̂, λ̄, µ̄} = 1, such that

λ̂β → λ̂, µ̂β → µ̂, λ̄β → λ̄, and µ̄β → µ̄. (8.2.8)

It is simple to see that if a limiting eigenvalue equals 1, its hat or bar twin must equal 0

(i.e. if λ̂ = 1 then λ̄ = 0), so we also know min{λ̂, µ̂, λ̄, µ̄} = 0. The triangle inequality thus

means that ûβ → u = λ̂p+µ̂(e−p) and v̂β → v = λ̄p+µ̄(e−p) in the JB-algebra norm, and

max{∥v∥e, ∥u∥e} = 1. As the Jordan product is continuous with respect to the JB-algebra

norm, and ûβ • v̂β = r−2
β e → 0, we must then have u • v = 0. As u • v = λ̂λ̄p+ µ̂µ̄(e− p),
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this means that λ̂λ̄ = −µ̂µ̄. However, we know that one of the four eigenvalues is 0, from

which we deduce that min{λ̂, λ̄} = 0 = min{µ̂, µ̄}. As the map M : V × V ◦
+ → R is norm

continuous [44, Lemma 2.2], (8.2.7) in conjunction with the above implies that, for any

w ∈ V ◦
+,

lim
β
huβ(w) = max{logM(u/w), logM(v/w−1)} = hu,v(w).

Let us now consider the case where (pα) has no norm convergent subnet. We know

that, for each β, pβ = (1
2
, xβ), where ∥xα∥H = 1

2
. The Banach-Alaoglu Theorem means

that there must exist a x ∈ H with ∥x∥ ≤ 1/2, and a subnet (xβ), such that xβ converges

weakly to x in H. Now, if ∥x∥H = 1
2
, then ∥x − xβ∥2H = 1/4 − 2 ⟨x, xβ⟩ − 1/4 → 0, which

contradicts our assumption on (pα) having no norm convergent subnets. As above we can

choose further subnets and relabel such that (8.2.8) holds. Using the same notation as

above we can thus write, for all β,

ûβ =

(
λ̂β + µ̂β

2
, (λ̂β − µ̂β)xβ

)
, and v̂β =

(
λ̄β + µ̄β

2
, (λ̄β − µ̄β)xβ

)
.

Furthermore, for any w ∈ V ◦
+, we have the spectral decomposition w = (η+ξ

2
, (η − ξ)z)

for some η, ξ > 0 and z ∈ H with ∥z∥H = 1/2, from which we deduce that w−1 =

(η
−1+ξ−1

2
, (η−1 − ξ−1)z). For convenience we will write w = (γ, y) and w−1 = (γ′, y′)
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Combining this with (8.2.2) and (8.2.7), we thus see for any w = (γ, y) ∈ V ◦
+ and any β

huβ(w) = max{logM(ûα/w), logM(v̂α/w
−1)}

= max

{
logM

((
λ̂β + µ̂β

2
, (λ̂β − µ̂β)xβ

)
/(γ, y)

)
,

logM

((
λ̄β + µ̄β

2
, (λ̄β − µ̄β)xβ

)
/(γ′, y′)

)}
= max

{
log

(
γ
λ̂β+µ̂β

2
− (λ̂β − µ̂β) ⟨xβ, y⟩
γ2 − ∥y∥2H

+

√
(γ

λ̂β+µ̂β
2

− (λ̂β − µ̂β) ⟨xβ, y⟩)2 − λ̂βµ̂β(γ2 − ∥y∥2H)
γ2 − ∥y∥2H

)
,

log

(
γ′
λ̄β+µ̄β

2
− (λ̄β − µ̄β) ⟨xβ, y′⟩
γ′2 − ∥y′∥2

+

√
(γ′

λ̄β+µ̄β
2

− (λ̄β − µ̄β) ⟨xβ, y′⟩)2 − λ̄βµ̄β(γ′2 − ∥y′∥2H)
γ′2 − ∥y′∥2H

)}
.

Thus,

lim
β
huβ(w) = max

{
log

(
γ λ̂+µ̂

2
− (λ̂− µ̂) ⟨x, y⟩
γ2 − ∥y∥2H

+

√
(γ λ̂+µ̂

2
− (λ̂− µ̂) ⟨x, y⟩)2 − λ̂µ̂(γ2 − ∥y∥2H)

γ2 − ∥y∥2H

)
,

log

(
γ′ λ̄+µ̄

2
− (λ̄− µ̄) ⟨x, y′⟩
γ′2 − ∥y′∥2

+

√
(γ′ λ̄+µ̄

2
− (λ̄− µ̄) ⟨x, y′⟩)2 − λ̄µ̄(γ′2 − ∥y′∥2H)

γ′2 − ∥y′∥2H

)}
= hλ̂,µ̂,λ̄,µ̄x (w), (8.2.9)

where λ̂, µ̂, λ̄, µ̄ ∈ [0, 1], and max{λ̂, µ̂, λ̄, µ̄} = 1. To conclude, note that ∥ûβ • v̂β∥e =

r−2
β → 0, but also that, for every β, ∥ûβ • v̂β∥e = max{λ̂βλ̄β, µ̂βµ̄β}, so indeed min{λ̂, λ̄} =
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min{µ̂, µ̄} = 0. It is a simple exercise to check, using (8.2.1), that h1,1,0,0x = he,0 and

h0,0,1,1x = h0,e for all x ∈ H, which is why we also exclude these possibilities in our definition

of (8.2.6)

Theorem 8.2.4. A function h ∈ V ◦
+

h
is a horofunction of (V ◦

+, dT ) if and only if h is of

the form (8.2.3), (8.2.5), or (8.2.6).

Proof. Let h ∈ ∂V ◦
+

h
. There thus exists a net (xα) ⊆ V ◦

+ with hxα → h in the topology of

pointwise convergence. Now, (d(e, xα)) is a net contained in the compact space [0,∞], so

there must exist a subnet (xβ) and a k ∈ [0,∞] such that d(e, xβ) → k. If k ∈ R, Lemma

8.2.2 means that h = hλ,x,c for ∥x∥ < c < λ. If k = ∞, then Lemma 8.2.3 means that

either h = hu,v, or h = hλ̂,µ̂,λ̄,µ̄x .

Now consider an arbitrary u, v ∈ V+ such that max{∥u∥e, ∥v∥e} = 1 and u • v = 0.

Let us assume that both u and v are non-zero. Lemma 2.9.14 means that there exists a

primitive idempotent p, and eigenvalues λ, µ > 0 with max{λ, µ} = 1, such that u = λp and

v = µ(e−p). Now let us define x = log(λ)p−log(µ)(e−p) and y = p−(e−p). Define γ(t) =

ty+x, and φ : R+ → V by φ(t) = exp(γ(t)). Now, ∥ty+x∥e = max{|t+log(λ)|, |t+log(µ)|},

but max{log(λ), log(µ)} = 0, so for all t ≥ −min{log(λ), log(µ)},

dT (e, φ(t)) = ∥ log(φ(t))∥e = ∥ty + x∥e = t.

Thus, just as we did for (8.2.7), we can calculate, for any w ∈ V ◦
+ and t ≥ −min{log(λ), log(µ)},

hφ(t)(w) = max
{
logM(e−tφ(t)/w), logM(e−tφ(t)−1/w−1)

}
.

We know, thanks to the spectral calculus, that φ(t)−1 = exp(−ty − x) for all t > 0, so

lim
t→∞

e−tφ(t) = lim
t→∞

e−t
(
λetp+ µ−1e−t(e− p)

)
= λp = u,
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and

lim
t→∞

e−tφ(t)−1 = lim
t→∞

e−t
(
λ−1e−tp+ µet(e− p)

)
= µ(e− p) = v.

Thus, due to the order-norm continuity of M ,

lim
t→∞

hφ(t)(w) = max
{
logM(u/w), logM(v/w−1)

}
= hu,v(w).

As φ is an unbounded geodesic (Lemma 8.2.1), the above means that hu,v is a Busemann

point and horofunction (Corollary 3.2.4). If one of u or v is zero, we can slightly modify

the same argument. Suppose without loss of generality that v = 0. We thus know that

u = p + λ(e − p) for some λ ∈ [0, 1]. Define φ : R+ → V ◦
+ by φ(t) = exp(tp + tλ(e − p)).

The same argument as above thus show that φ is a geodesic and hφ(t) → hu,0. Thus, every

hu,v with u, v ∈ V+, max{∥u∥e, ∥v∥e} = 1 and u • v = 0 is a Busemann point.

Now let us assume that we are given some hλ̂,µ̂,λ̄,µ̄x as in (8.2.6). As H is an infinite

dimensional Hilbert space, we know there exists an orthonormal sequence (en) ⊆ H, such

that en
w−⇀ 0. We now define, for all n ∈ N,

cn =
−⟨x, en⟩+

√
⟨x, en⟩2 − 4∥x∥2H + 1

2
, and xn = x+ cnen.

As cn →
√

1
4
− ∥x∥2H, we see that xn converges weakly to x, and we can also calculate that

∥xn∥H = 1
2
for all n ∈ N. Thus, each pn = (1

2
, xn) is a primitive idempotent in V+. We now

need to consider cases: first let us assume that λ̂, µ̂ > 0, meaning that λ̄ = µ̄ = 0. Define,

for each n ∈ N, un = nλ̂pn+nµ̂(e− pn), meaning u−1
n = (nλ̂)−1pn+(nµ̂)−1(e− pn). Let us

define rn = edT (e,un), so, because max{λ̂, µ̂} = 1, rn = n for n large enough. Thus, following

a similar approach as in the proof of Lemma 8.2.3, we see, for any w = (γ, y) ∈ V ◦
+, and

large n,

hun(w) = max{logM(n−1un/w), logM(n−1u−1
n /w−1)}.
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Now if we note that n−1un = ( λ̂+µ̂
2
, (λ̂− µ̂)xn), and n

−1u−1
n → 0 in the order unit norm, we

can use the above to show that limn→∞ hun(w) = hλ̂,µ̂,0,0x (w) using Claassens’ representation

(8.2.1), following the same approach as in the latter part of the proof of Lemma 8.2.3.

It is simple to adjust this argument if one of λ̂ and µ̂ is 0. If instead λ̂, µ̂ > 0, by

choosing vn = (n)̄
−1
λpn + (nµ̄)−1(e − pn) we can replicate the same argument to show

that limn→∞ hvn(w) = h0,0,λ̄,µ̄x (w) for all w ∈ V ◦
+. Now let us assume that max{λ̂, µ̂} > 0

and max{λ̄, µ̄} > 0. As we know hat and bar ”conjugates” cannot both be non-zero, so we

can assume without loss of generality that λ̂ > 0 and µ̄ > 0. Let us now define, for each

n ∈ N, un = nλ̂pn + (nµ̄)−1(e − pn), meaning u−1
n = (nλ̂)−1pn + nµ̄(e − pn) and because

max{λ̂, µ̄} = 1 we have edT (e,un) = n for large n. Thus, once again following a similar

approach as in the proof of Lemma 8.2.3, we see, for any w = (γ, y) ∈ V ◦
+, and large n,

hun(w) = max{logM(n−1un/w), logM(n−1u−1
n /w−1)},

but also,

n−1un =

(
λ̂+ n−2µ̄−1

2
, (λ̂− n−2µ̄−1)xn

)
, and n−1u−1

n =

(
n−2λ̂−1 + µ̄

2
, (n−2λ̂−1 − µ̄)xn

)
.

Using this we can once again use (8.2.1) and follow the same argument as in the latter part

of the proof of Lemma 8.2.3 to show that limn→∞ hun(w) = hλ̂,0,0,µ̄x (w) for all w ∈ V ◦
+. The

case where λ̄ > 0 and µ̂ > 0 follows in the same way. We can thus conclude that every

function hλ̂,µ̂,λ̄,µ̄x as in (8.2.6) is an element of V ◦
+

h
.

To prove that each hλ̂,µ̂,λ̄,µ̄x ∈ ∂V ◦
+

h
we thus just need to show that it isn’t an internal

metric functional. We need to consider two cases. Either λ̂µ̂ = 0 = λ̄µ̄, or max{λ̂µ̂, λ̄µ̄} >

0. Let us first consider some fixed hλ̂,µ̂,λ̄,µ̄x as in (8.2.6), where λ̂µ̂ = 0 = λ̄µ̄. For any

w = (γ, y) ∈ V ◦
+ with w′ = (γ′, y′), we have
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hλ̂,µ̂,λ̄,µ̄x (w) = max

{
log

(
γ(λ̂+ µ̂)− 2(λ̂− µ̂) ⟨x, y⟩

γ2 − ∥y∥2H

)
, log

(
γ′(λ̄+ µ̄)− 2(λ̄− µ̄) ⟨x, y′⟩

γ′2 − ∥y′∥2

)}
.

Combining this with Lemma 2.9.15 leads to

hλ̂,µ̂,λ̄,µ̄x (w) = max

{
log

(
γ(λ̂+ µ̂)− 2(λ̂− µ̂) ⟨x, y⟩

γ2 − ∥y∥2H

)
, log

(
γ(λ̄+ µ̄) + 2(λ̄− µ̄) ⟨x, y⟩

)}
.

(8.2.10)

Due to symmetry we may as well assume without loss of generality that λ̂ = 1. By way of

contradiction, let us assume that hλ̂,µ̂,λ̄,µ̄x = hη,z for (η, z) ∈ V ◦
+. However, we know from

(8.2.1) that

hη,z(η, z) = −max

{
log

(
1

η − ∥z∥H

)
, log(η + ∥z∥H)

}
,

but from (8.2.10),

hλ̂,µ̂,λ̄,µ̄x (η, z) = max

{(
log

η − 2 ⟨x, z⟩
η2 − ∥z∥2H

)
, log (ηµ̄− 2µ̄ ⟨x, z⟩)

}
.

As ∥x∥H < 1
2
, the Cauchy-Schwarz inequality thus gives

hλ̂,µ̂,λ̄,µ̄x (η, z) > max

{
log

(
1

η + ∥z∥H

)
, log(η − ∥z∥H) + log µ̄

}
,

meaning that, to avoid an immediate contradiction, we require µ̄ < 1, and 1
η−∥z∥H

≥

η + ∥z∥H. For any, (γ, 0) ∈ V ◦
+, we can also calculate, using (8.2.1) and (8.2.10), that

hλ̂,µ̂,λ̄,µ̄x (γ, 0) = max

{
log

(
1

γ

)
, log(µ̄γ)

}
, and hη,z(γ, 0) = max

{
log

(
1

γ

)
, log(γ)

}
.

As we have already shown that µ̄ < 1 the above means that for γ >
√
η2 − ∥z∥2H, we

have hλ̂,µ̂,λ̄,µ̄x (γ, 0) ̸= hη,z(γ, 0), a contradiction. We can thus conclude that, whenever

λ̂µ̂ = 0 = λ̄µ̄, the function hλ̂,µ̂,λ̄,µ̄x as in (8.2.6) is a horofunction. Now let us consider
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the case when max{λ̂µ̂, λ̄µ̄} > 0. Once again, by symmetry, we may as well assume that

λ̂µ̂ > 0, which means that λ̄ = µ̄ = 0. Thus, for any (γ, 0) ∈ V ◦
+, we have,

hλ̂,µ̂,λ̄,µ̄x (γ, 0) = log

 λ̂+µ̂
2

+
√

1
4
(λ̂2 − 2λ̂µ̂+ µ̂2)

γ

 = log

(
λ̂

γ

)
,

meaning that hλ̂,µ̂,λ̄,µ̄x is not bounded below, meaning it must be a horofunction.

Unlike the finite dimensional case, we have non-Busemann points in ∂V ◦
+

h
:

Theorem 8.2.5. A function h ∈ ∂V ◦
+ is a Busemann point if and only if h = hu,v as in

(8.2.5).

Proof. We prove in the first part of the proof of Theorem 8.2.4 that each hu,v is a Busemann

point. What is left is to show that these are the only Busemann points. We first show that

no hλ̂,µ̂,λ̄,µ̄x as in (8.2.6) is a Busemann point. First let us consider some fixed hλ̂,µ̂,λ̄,µ̄x , where

λ̂µ̂ = 0 = λ̄µ̄, and max{λ̂, µ̂},max{λ̄, µ̄} > 0. Without loss of generality we may as well

assume that λ̂ = 1. Combining (8.2.10) with the Cauchy-Schwarz inequality, and the fact

that ∥x∥H < 1
2
means that there exists a δ ∈ [0, 1), so that, for any (λ, y) ∈ V ◦

+

hλ̂,µ̂,λ̄,µ̄x (γ, y) > max

{
log

(
1

γ + ∥y∥H

)
, log(µ̄) + log(γ − δ∥y∥H)

}

> max

{
log

(
1

2γ

)
, log(µ̄) + log(γ(1− δ))

}

≥ max

{
log

(
1

2
√

2µ̄(1− δ)

)
, log(µ̄)− 1

2
log(2µ̄) + log(

√
1− δ)

}
,

where the last inequality comes from noting that log( 1
2γ
) is monotone decreasing in γ

whereas log(µ̄) + log(γ(1 − δ)) is monotone increasing in γ, and they are equal when

γ = (2µ̄(1− δ))−1/2. Therefore hλ̂,µ̂,λ̄,µ̄x is bounded below, so cannot be a Busemann point

(Corollary 3.2.4). Let us now consider the case λ̄ = 0 = µ̄. Assume, by way of contradiction,
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that hλ̂,µ̂,0,0x is a Busemann point. There thus exists an almost geodesic (uα) ⊆ V ◦
+, where

uα = (γβ, yβ), with associated internal metric functionals converging to hλ̂,µ̂,0,0x . Following

the proof of Lemma 8.2.3, we know that we can use the spectral decomposition to write

uα = λαpα + µα(e − pα) for primitive idempotents pα. Following that proof, if we define

rα = edT (e,uα), λ̂α = r−1
α λα, µ̂α = r−1

α µα, λ̄α = r−1
α λ−1

α , and µ̄α = r−1
α µ−1

α , there must exist a

subnet, say uα′ , such that pα′ converges weakly to some z ∈ H with ∥z∥H ≤ 1
2
, and there

must exist λ̂′, µ̂′, λ̄′, µ̄′ ∈ [0, 1] such that

λ̂α′ → λ̂′, µ̂α′ → µ̂′, λ̄α′ → λ̄′, and µ̄α′ → µ̄′.

Furthermore, we must have huα′ → hλ̂
′,µ̂′,λ̄′,µ̄′
z . However, V ◦

+

h
is Hausdorff, so hλ̂

′,µ̂′,λ̄′,µ̄′
z =

hλ̂,µ̂,0,0x , meaning λ̂ = λ̂′ and µ̂ = µ̂′. As the subnet of an almost geodesic net is an almost-

geodesic net, we might as well relabel (uα′) and consider it as (uα). By Lemma 3.2.6, for

any ε > 0 there exists a η, so that for all α ≥ η

hλ̂,µ̂,0,0x (uα) + dT (uα, e) ≤ ε. (8.2.11)

Now, for any α,

hλ̂,µ̂,0,0x (uα) = log

(
γα

λ̂+µ̂
2

− (λ̂− µ̂) ⟨x, yα⟩
γ2α − ∥yα∥2H

+√
(γα

λ̂+µ̂
2

− (λ̂− µ̂) ⟨x, yα⟩)2 − λ̂µ̂(γ2α − ∥yα∥2H)
γ2α − ∥yα∥2H

)
,

so, setting δ = ∥x∥H < 1/2, and ∆ = min{λ̂, µ̂} < 1, we can use the Cauchy-Schwarz
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inequality to calculate

hλ̂,µ̂,0,0x (uα) ≥ log

(
γα

1+∆
2

− δ(1−∆)
2

∥yα∥H
γ2α − ∥yα∥2H

+√
(γα

1+∆
2

− 1−∆
2

∥yα∥)2 −∆(γ2α − ∥yα∥2H)
γ2α − ∥yα∥2H

)
,

= log

(
γα

1+∆
2

− δ(1−∆)
2

∥yα∥H +
∣∣γα 1−∆

2
− 1+∆

2
∥yα∥H

∣∣
γ2α − ∥yα∥2H

)
.

Thus, for all α,

hλ̂,µ̂,0,0x (uα) + dT (e, uα) ≥ log

(
γα

1+∆
2

− δ(1−∆)
2

∥yα∥H +
∣∣γα 1−∆

2
− 1+∆

2
∥yα∥H

∣∣
γα − ∥yα∥H

)

= log

(
r−1
α

r−1
α

[
γα

1+∆
2

− δ(1−∆)
2

∥yα∥H +
∣∣γα 1−∆

2
− 1+∆

2
∥yα∥H

∣∣]
γα − ∥yα∥H

)
.

(8.2.12)

However, we know, for all α, that r−1
α γα = λ̂α+µ̂α

2
→ 1+∆

2
and r−1

α ∥yα∥H = |λ̂α−µ̂α|
2

→ 1−∆
2

.

As inequality (8.2.12) is true for all α, it thus follows that, if ∆ > 0, then for every ε > 0,

there exists a η, so that for all α ≥ η,

hλ̂,µ̂,0,0x (uα) + dT (e, uα) ≥
(1− δ)(1 + ∆2) + 2∆(1 + δ)

2∆
− ε,

but this contradicts (8.2.11), as for all δ ∈ [0, 1/2) and ∆ ∈ (0, 1),

(1− δ)(1 + ∆2) + 2∆(1 + δ)

2∆
> 1.

If ∆ = 0, taking the limit in (8.2.12) shows that hλ̂,µ̂,0,0x (uα) + dT (e, uα) → ∞, again a

contradiction.

Proposition 8.2.6. Let h = hu,v and h′ = hu
′,v′ be two Busemann points as in (8.2.5), with
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data having corresponding spectral decompositions u =
∑

i∈I e
−λipi and v =

∑
j∈J e

−λjpj.

Denote pI =
∑

i∈I pi and pJ =
∑

j∈J pJ Then, h and h′ are in the same part of the boundary

if and only if u ∼ u′ and v ∼ v′. Furthermore, if h and h′ are in the same part, then

δ(h, h′) = dH((u, v), (u
′, v′)),

where δH is the Hilbert metric on the product cone UpI (V+)⊕UqJ (V+). If either u or v is 0,

then we drop the corresponding term in the direct sum, and the Hilbert metric just reduces

to the Hilbert metric on the face of the cone containing the remaining element.

Proof. We closely follow the proof of Lemmens in [42, Theorem 3.4]. Let us first assume that

u, v ̸= 0. As in the proof of Theorem 8.2.4 we know there exists a primitive idempotent p,

and eigenvalues λ, µ > 0 with max{λ, µ} = 1, such that u = λp and v = µ(e−p). Similarly

we define x = log(λ)p − log(µ)(e − p) and y = p − (e − p). Define γ(t) = ty + x, and

φ : R+ → V by φ(t) = exp(γ(t)). Now, ∥ty + x∥e = max{|t + log(λ)|, |t + log(µ)|}, but

max{log(λ), log(µ)} = 0, so for all t ≥ −min{log(λ), log(µ)}, dT (e, φ(t)) = t. In Theorem

8.2.4 we prove that φ is an almost geodesic such that limt→∞ hφ(t) = hu,v. We thus know

from [69] that

H(h, h′) = lim
t→∞

dT (e, φ(t)) + h′(φ(t))

= lim
t→∞

t+max{logM(u′/φ(t), logM(v′/φ(t)−1)}

= lim
t→∞

max{logM(u′/e−tφ(t)), logM(v′/e−tφ(t)−1)}

Now, we know from the proof of Theorem 8.2.4 that e−tφ(t) → u and e−tφ(t)−1 → v in

the JB algebra norm. Furthermore, for any t ≥ s,

e−tφ(t) = λp+ µ−1e−2t(e− p) ≤ λp+ µ−1e−2s(e− p) = e−sφ(s),

and similarly e−tφ(t)−1 ≤ e−sφ(s)−1, thus Lemma 2.7.9 means that H(h, h′) < ∞ if and
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only if u dominates u′ and v dominates v′, in which caseH(h, h′) = max{logM(u′/u), logM(v′/v)}.

A symmetrical argument shows that h and h′ are in the same part if and only if u ∼ u′

and v ∼ v′, in which case, by Corollary 2.8.2

δ(h, h′) = max{logM(u′/u), logM(v′/v)}+max{logM(u/u′), logM(v/v′)}

= dH((u, v), (u
′, v′)).

Now let us assume, without loss of generality, that v = 0. Once again as in the proof

of Theorem 8.2.4 we then know that u = p+ λ(e− p) for some primitive idempotent p and

λ ∈ [0, 1]. If we define φ(t) = exp(tp+ t log(λ)(e− p)), following the same proof, we know

that φ is an almost-geodesic such that limt→∞ hφ(t) = hu,0. Thus,

H(h, h′) = lim
t→∞

dT (e, φ(t)) + h′(φ(t))

= lim
t→∞

t+max{logM(u′/φ(t), logM(v′/φ(t)−1)}

= lim
t→∞

max{logM(u′/e−tφ(t)), logM(v′/e−tφ(t)−1)},

but we know that e−tφ(t)−1 → 0, e−tφ(t) → u and for all t ≥ s,

e−tφ(t) = p+ λ(e− p) = e−sφ(s),

and

e−tφ(t)−1 = e−2tp+ e−2tλ(e− p) ≤ e−sφ(s)−1.

Lemma 2.7.9 thus means that H(h, h′) can only be finite if u dominates u′ and v′ = 0,

and symmetry means that H(h′, h) can only be finite if u′ dominates u and v = 0. Thus,

δ(h, h′) is finite if and only if u ∼ u′ and v = v′ = 0. As above, we thus have

δ(h, h′) = logM(u′/u) + logM(u/u′).
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To make the proofs in the next section more readable, it makes sense at this point to

introduce the following corollary:

Corollary 8.2.7. The non-Busemann elements of ∂V ◦
+

h
can be divided further, and consist

entirely of functions of the following two forms:

h = hµx,ε, where µ ∈ [0, 1), ε ∈ {−1, 1}, ∥x∥H < 1/2,

and, for w = (γ, y) ∈ V ◦
+, with w−1 = (γ′, y′)

hµx,1(w) = log

(
γ 1+µ

2
− (1− µ) ⟨x, y⟩
γ2 − ∥y∥2H

+

√
(γ 1+µ

2
− (1− µ) ⟨x, y⟩)2 − µ(γ2 − ∥y∥2H)

γ2 − ∥y∥2H

)
, and

hµx,−1(w) = log

(
γ′ 1+µ

2
+ (1− µ) ⟨x, y′⟩
γ′2 − ∥y′∥2H

+

√
(γ′ 1+µ

2
+ (1− µ) ⟨x, y′⟩)2 − µ(γ′2 − ∥y′∥2H)

γ′2 − ∥y′∥2H

)
. (8.2.13)

h = hλ,µx , where λ, µ ∈ (0, 1], max{λ, µ} = 1, ∥x∥H < 1/2,

and, for w = (γ, y) ∈ V ◦
+, with w−1 = (γ′, y′)

hλ,µx (w) = max

{
log

(
γλ− 2λ ⟨x, y⟩
γ2 − ∥y∥2H

)
, log

(
γ′µ+ 2µ ⟨x, y′⟩
γ′2 − ∥y′∥2H

)}
. (8.2.14)

Proof. It is clear from their definition that all functions of the form (8.2.13) and (8.2.14)

are also functions of the form (8.2.6), so are therefore non-Busemann horofunctions by

Theorems 8.2.4 and 8.2.5. Conversely, by examining (8.2.6), we see that, for any µ̂ ∈ [0, 1)

and x ∈ 1
2
BH, h

1,µ̂,0,0
x = hµ̂,1,0,0−x , and similarly h0,0,1,µ̄x = h0,0,µ̄,1−x for all µ̄ ∈ [0, 1) and x ∈ 1

2
B◦

H.
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Thus all horofunctions in the class (8.2.6) of the form hλ̂,µ̂,0,0x and h0,0,λ̄,µ̄x are of the form

hµx,ε as in (8.2.13) (remembering that in these cases max{λ̂, µ̂} = 1 and max{λ̄, µ̄} = 1).

Similarly we see, for all λ̂, µ̄ ∈ (0, 1] with max{λ̂, µ̄} = 1, and all x ∈ 1
2
B◦

H, that h
λ̂,0,0,µ̄
x =

h0,λ̂,µ̄,0−x , which allows us to conclude that all horofunctions in the class (8.2.6) of the form

hλ̂,0,0,µ̄x and h0,λ̄,µ̂,0x are actually of the form hλ,µx as in (8.2.14). This shows that all non-

Busemann horofunctions of the form (8.2.6) are actually of the form (8.2.13) or (8.2.14),

proving the corollary.

Finally, it is useful to know that our characterisation of non-Busemann horofunctions

uniquely partitions the set ∂V ◦
+

h\∂BV ◦
+

h
:

Proposition 8.2.8. If h, h′ ∈ ∂V ◦
+

h
are two non-Busemann points with h = h′, then either

both h and h′ are of the form (8.2.3), or both are of the form (8.2.13), or both are of the

form (8.2.14).

Proof. First assume that h = hλ,x,c as in (8.2.3). It is clear that h′ cannot be of the form

(8.2.13), as hµx,ε is unbounded below, whereas hλ,x,c is bounded below. So, assume by way

of contradiction that h′ = hλ
′,µ
x′ as in (8.2.14). Using Lemma 2.9.15 we can write, for any

w = (γ, y) ∈ V ◦
+,

hλ
′,µ
x′ (w) = max

{
log

(
γλ′ − 2λ′ ⟨x′, y⟩
γ2 − ∥y∥2H

)
, log

(
γµ+ 2µ ⟨x′, y⟩

)}
. (8.2.15)

By assumption, hλ,x,c((γ, 0)) = hλ
′,µ
x′ ((γ, 0)) for any γ > 0, so, if we define

r = max

{
log(λ+ c), log

(
1

λ− c

)}
,

evaluating (8.2.3) and (8.2.15) at (γ, 0) means that

max

{
log

(
e−rγ

λ− c

)
, log

(
e−r(λ+ c)

γ

)}
= max

{
log

(
λ′

γ

)
, log(µγ)

}
.
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As this is true for all γ, it means that

e−r

λ− c
= µ, and e−r(λ+ c) = λ′

Let us suppose without loss of generality that λ′ = 1. Then r = log(λ+ c), and µ = 1
λ2−c2 .

As µ ≤ 1, λ2 − c2 ≥ 1. As H is infinite dimensional we can choose y = αz, where z ̸= 0 is

perpendicular to both x and x′ in H, and α > 0. Then, for w = (γ, αz),

hλ
′,µ
x′ (w) = max

{
log

(
γ

γ2 − ∥αz∥2H

)
, log

(
γ

λ2 − c2

)}
,

whereas

hλ,x,c(w) = max

{
log

(
λγ +

√
∥αz∥2H(λ2 − c2) + c2γ2

(λ+ c)(γ2 − ∥αz∥2H)

)
,

log

(
λγ +

√
∥αz∥2H(λ2 − c2) + c2γ2

(λ+ c)(λ2 − c2)

)}
.

Thus, if we choose γ and α such that γ2 − ∥αz∥2 ≥ 2(λ2 − c2), and fix γ, it is clear that

hλ,x,c(γ, αz) varies with small perturbations of α, whereas hλ
′,µ
x′ (γ, αz) does not, meaning

that hλ,x,c ̸= hλ
′,µ
x′ .

Now suppose that h = hλ,µx as in (8.2.14). Cauchy-Schwarz and the fact that ∥x∥H < 1/2

means that, by setting δ = 2∥x∥H < 1, for any (γ, y) ∈ V ◦
+,

γλ− 2λ ⟨x, y⟩
γ2 − ∥y∥2H

>
λ

2γ
, and γµ+ 2µ ⟨x, y⟩ > µ(1− δ)γ.

As λ, µ, 1− δ > 0, it thus follows from applying these inequalities to (8.2.15) that

hλ,µx ≥ λ

2µ(1− δ)
.
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Thus we know that h′ cannot be of the form (8.2.13), and we have already shown it cannot

be of the form (8.2.3).

Lemma 8.2.9. The representation of non-Busemann horofunctions of the form (8.2.3),

(8.2.13), and (8.2.14) depends uniquely on the data. That is hλ,x,c = hλ
′,x′,c′ if and only if

λ = λ′, x = x′, and c = c′, and similary for horofunctions of the form hλ,µx and hµx,ε

Proof. First suppose that hλ,x,c = hλ
′,x′,c′ . Utilising a similar strategy as in the proof

of Proposition 8.2.8, we can calculate setting r = max
{
log(λ+ c), log

(
1
λ−c

)}
and r′ =

max
{
log(λ′ + c′), log

(
1

λ′−c′
)}

, that for all γ > 0

max

{
log

(
e−rγ

λ− c

)
, log

(
e−r(λ+ c)

γ

)}
= max

{
log

(
e−r

′
γ

λ′ − c′

)
, log

(
e−r

′
(λ′ + c′)

γ

)}
,

from which we deduce that

e−r

λ− c
=

e−r
′

λ′ − c′
, and e−r(λ+ c) = e−r

′
(λ′ + c′),

which immediately implies that λ2 − c2 = λ′2 − c′2. We can now utilise a similar strategy

as the one used in the proof of Lemma 8.2.2. By choosing a unit vector y perpendicular to

both x and x′ in H, we can examine hλ,x,c and hλ
′,x′,c′ acting on points (γ, αy) for γ and α

such that γ >> α. If hλ,x,c = hλ
′,x′,c′ as we assume, this evaluation leads to the conclusion

that the two expressions

λγ +
√

(α(λ2 − c2) + γ2c2, and λ′γ +
√

(α(λ2 − c2) + γ2c′2

must have the same partial derivatives in some neighbourhood of (γ, α) ∈ R2. Calculating

the partial derivatives with respect to α of the above expressions shows that c = c′, from

which we immediately deduce that λ = λ′. If x ̸= x′ it is clear that x = βx′ for some

β ∈ R, else we can choose a 0 ̸= y ∈ H such that y is perpendicular to x but not x′, and see

from (8.2.3) that hλ,x,c(γ, y) ̸= hλ,x
′,c(γ, y). It is similarly simple enough to see that β = 1
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by evaluating both horofunctions at (γ, x) for any large enough γ. Thus, indeed, λ = λ′,

x = x′, and c = c′.

A much simpler version of the same argument shows that if hλ,µx = hλ
′,µ′

x′ then λ = λ′,

µ = µ′, and x = x′. Applying Lemma 2.9.15 to any hµx,−1 as in (8.2.13) shows that it cannot

be equal to hµ
′

x′,1 for any allowed choice of µ′ and x′. Thus if hµx,ε = hµ
′

x′,ε′ , ε = ε′, and using

a simple version of the argument above it is routine to show that µ = µ′ and x = x′.

8.3 Extending the Exponential map to the Boundary

In [42], Lemmens showed that the exponential map extends as a homeomorphism from the

horofunction compactification of a finite dimensional JB-algebra A onto the horofunction

compactification of the interior of the positive cone of A equipped with the Thompson

metric. In this section we show an analogous result for infinite dimensional spin Factors

and their associated cone of squares, which we recall is the positive cone when considered

as an order unit space with order unit e, the identity.

As above, let (V, ∥·∥) be an infinite dimensional spin factor equipped with the JB-algebra

norm, which is also the order unit norm ∥ · ∥e. We use V ◦
+

h
to denote the horofunction

compactification of V ◦
+ equipped with the Thompson metric dT . As in [42], let us define an

extended exponential map Exp: V
h → V ◦

+

h
. For u ∈ V , we define Exp(u) = exp(u) where

exp is the standard exponential on V , which can be defined using the spectral calculus.

We need to define Exp |
∂V

h piecewise. Recall that for a Busemann point h ∈ ∂V
h
, we

know it is of the form (8.1.3) by Theorem 8.1.5. We can now define Exp piecewise, where

all horofunctions used in the definition are as in Theorem 8.1.1, Corollary 8.2.7, (8.2.3),

(8.1.3), or (8.2.5):

Exp(u) = exp(u) for u ∈ V
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Exp(hI,Jp,α) = hu,v, where u =
∑
i∈I

e−αipi and v =
∑
j∈J

e−αjpj

Exp(h) =



hλ
′,x′,c′ if h = hλ ⊕ hx,c, where λ′ = eλ+c+eλ−c

2
, c′ = eλ+c−eλ−c

2
, x′ = eλ+c−eλ−c

2c
x

he
−2c

x/(2c),ε if h = hε ⊕ hx,c, c > ∥x∥H

h0x/2,ε if h = hε ⊕ hx, ∥x∥H < 1

h1,e
−2λ

x/2 if h = hλ ⊕ hx, and λ ≥ 0, ∥x∥H < 1

he
2λ,1
x/2 if h = hλ ⊕ hx, and λ < 0, ∥x∥H < 1.

(8.3.1)

If u = (γ, x) ∈ V , the spectral calculus in conjunction with Lemma 2.9.13 allow us to

calculate

exp(u) =

(
eγ+∥x∥H + eγ−∥x∥H

2
,
eγ+∥x∥H − eγ−∥x∥H

2∥x∥H
x

)
. (8.3.2)

It is clear that Exp is well defined on V , as it is the usual exponential. It is also clear that

it is well defined on the non-Busemann horofunctions of V
h
, because they are uniquely

defined by their data in Theorem 8.1.1. To prove that Exp is well defined on ∂BV
h
, we

borrow [42, Lemma 4.2]:

Lemma 8.3.1. Let x, y ∈ V have spectral decompositions x =
∑

i∈I λipi and y =
∑

j∈J µjqj.

If
∑

i∈I pi =
∑

j∈J qj and x = y, then
∑

i∈I e
−λipi =

∑
j∈J e

−µjqj.

Proof. As above, we let pI =
∑

i∈I pi and qJ =
∑

j∈J qj. Now x = 0(e−pI)+
∑

i∈I λipi, and

y = 0(e−qJ)+
∑

j∈J µjqj. Note that the collections {pi}i∈I∪{e−pI} and {qj}j∈J ∪{e−pJ}

are complete collections of orthogonal idempotents, so, using the assumption x = y,

exp(x) = e− pI +
∑
i∈I

e−λipi = e− qJ +
∑
j∈J

e−µjqj = exp(y),

which gives the result, because by assumption exp(x) = exp(y) and pI = qJ .

Now let us suppose we are given two representations of the same Busemann point h

in ∂BV
h
, say hI,Jp,α and hI

′,J ′

q,β . Theorem 8.1.7 means that pI = qI′ and pJ = qJ ′ , and as
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δ(hI,Jp,α, h
I′,J ′

q,β ) = 0 it also follows that

∑
i∈I

αipi +
∑
j∈J

αjpj =
∑
i∈I′

βiqi +
∑
j∈J ′

βjqj.

As pI is perpendicular to pJ , qI′ is perpendicular to qJ ′ , and pI = qI′ , it follows that

∑
i∈I

αipi = UpI

(∑
i∈I

αipi +
∑
j∈J

αjpj

)
= UqI′

(∑
i∈I′

βiqi +
∑
j∈J ′

βjqj

)
=
∑
i∈I′

βiqi.

Similarly,
∑

j∈J αjpj =
∑

j∈J ′ βjqj. Lemma 8.3.1 thus means that Exp(hI,Jp,α) = Exp(hI
′,J ′

q,β ),

so indeed Exp is well defined.

Lemma 8.3.2. The map Exp: V
h → V ◦

+

h
is a bijection mapping V onto V ◦

+ and ∂V
h
onto

∂V ◦
+

h
. It also maps ∂BV

h
bijectively onto ∂BV ◦

+

h
.

Proof. By the spectral theorem, any u ∈ V can be written as u = λp + µ(e − p), for a

primitive idempotent p, where λ and µ uniquely determine u. Thus Exp(u) = eλp+eµ(e−p),

from which we immediately deduce that Exp maps V bijectively onto V ◦
+. For a Busemann

point h ∈ ∂BV
h
with representation hI,Jp,α, Exp(h) = hu,v, where u =

∑
i∈I e

−αipi and v =∑
j∈J e

−αjpj. As minαi = 0, it follows that max{∥u∥e, ∥v∥e} = 1, and as pI and qI are

orthogonal idempotents, u and v are also orthogonal. Theorem 8.2.5 thus implies Exp maps

∂BV
h
into ∂BV ◦

+

h
. Now suppose that Exp(h) = Exp(h′) for h, h′ ∈ ∂BV

h
, where h = hI,Jp,α

and h′ = hI
′,J ′

q,β . We know that Exp(h) = hu,v and Exp(h′) = hu
′,v′ , where

u =
∑
i∈I

e−αipi, v =
∑
j∈J

e−αjpj, u
′ =
∑
i∈I′

e−βiqi and v =
∑
j∈J ′

e−βjqj.

As δ(hu,v, hu
′,v′) = 0, Theorem 8.2.5 means that u = u′ and v = v′. Following a similar ar-

gument as in the proof of Lemma 8.3.1,
∑

i∈I αipi =
∑

i∈I′ βiqi and
∑

j∈J αjpj =
∑

j∈J ′ βjqj

and also that pI = qI′ and pJ = qJ ′ . Thus h = h′, and Exp is an injective mapping from

Busemann points to Busemann points. For any h ∈ ∂BV
◦
+ there exists u, v ∈ ∂V+ such that

h = hu,v as per Theorem 8.2.5. We know that u = λ1p+ µ1(e− p) and v = λ2q+ µ2(e− q)
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for idempotents p, q and λi ≥ µi ≥ 0. As u • v = 0, Lemma 2.9.14 means that either

u = λ1p and v = λ2(e− p), or one of u and v is 0. Without loss of generality first assume

that v = 0. If λ1, µ1 > 0, then h = Exp(h
{1,2},∅
p,α ) where α = (− log λ1,− log µ1). If one of

λ1, µ1 is 0 then h = Exp(h
{1},∅
0,p ) or h = Exp(h

{2},∅
0,p ) depending on which one is 0. Now, if

both u and v are non-zero, then Lemma 2.9.14 means that q = e− p, and µ1 = 0 = µ2. In

this case, h = Exp(hI,Jp,α), where I = {1}, J = {2}, and α = (− log(λ1),− log(λ2)). We can

thus conclude that indeed Exp maps ∂BV
h
bijectively onto ∂BV ◦

+

h
.

As the horofunction compactification of any metric space is the disjoint union of internal

metric functionals, Busemann points, and non-Busemann horofunctions, what is left is to

show that Exp maps the non-Busemann horofunctions in V
h
bijectively onto the non-

Busemann horofunctions in V ◦
+

h
. Proposition 8.2.8 means that if Exp(h) = Exp(h′) for

non-Busemann horofunctions in V
h
, then Exp(h) and Exp(h′) have to be of the same form,

by which we mean both Exp(h) and Exp(h′) have to be of one of the three forms (8.2.3),

(8.2.13), or (8.2.14). Lemma 8.2.9 shows that the defining data for Exp(h) and Exp(h′)

must be identical, but Exp is uniquely defined by the defining data, so h = h′. It is

a simple matter of data matching to verify that Exp surjectively maps ∂V
h\∂BV

h
onto

∂V ◦
+

h\∂BV ◦
+

h
.

We now need to prove that Exp is continuous. We do this by proving that if (hα) is

a net in V
h
converging to some h ∈ V ◦

+

h
, then Exp(hα) converges to Exp(h). If (hα) is

a net of internal metric functionals, the continuity of exp immediately implies this. The

other cases take more work to prove, so we break up the proof into a series of propositions

and lemmas. The structure of the proof of each of Lemmas 8.3.4, 8.3.5, 8.3.6, 8.3.8, 8.3.9,

8.3.10, and 8.3.12 proved below is similar. We consider a net (hα) ⊆ V
h
, and show that

every subnet of (hα) has a further subnet, say (hβ) such that Exp(hβ) converges to Exp(h).

This is equivalent to showing that every subnet of Exp(hα) has a further subnet converging

to Exp(h), which shows that Exp(hα) → Exp(h).
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Proposition 8.3.3. If (huα) ⊆ V
h
is a net of internal metric functionals converging to

some h ∈ ∂V
h
, then Exp(huα) converges to Exp(h) in ∂V ◦

+

h
.

Proof. The proof of Proposition 8.3.3 is given by combining Lemmas 8.3.4, 8.3.5, and 8.3.6

proved below.

Lemma 8.3.4. If (uα) ⊆ V is an eventually bounded net such that huα converges to some

h ∈ ∂V
h
, then Exp(huα) converges to Exp(h) in ∂V ◦

+

h
.

Proof. Assume (uα) = ((γα, yα)) is bounded in the JB-algebra norm, so (γα) is bounded in

R and (yα) is bounded in H. Lemma 4.1 in [27] thus means that h = hλ ⊕ hx,c for λ ∈ R

and ∥x∥ < c. Let us assume without loss of generality that yα ̸= 0 for large enough α. For

each α, we have the spectral decomposition

uα =

(
ηα + µα

2
,
ηα − µα
2∥yα∥H

yα

)
,

where ηα ≥ µα and both depend uniquely on uα. As (uα) is bounded in the JB-algebra

norm, both (ηα) and (µα) must also be bounded. In combination with Banach Alaoglu

there must then exist a subnet (uβ), η, µ ∈ R, y ∈ H, and c′ ≥ ∥y∥ such that ηβ → η,

µβ → µ,
(ηβ−µβ)
2∥yβ∥H

yβ
w−⇀ y, and

ηβ−µβ
2

→ c′. Furthermore we know that y = η−µ
2
z, where z is

the weak limit of
yβ

∥yβ∥H
. The proof of Lemma 4.1 in [27] means that huβ → h(η+µ)/2 ⊕ hy,c

′
.

Uniqueness of limits in a Hausdorff space in combination with Lemma 7.1.8 thus means

that λ = η+µ
2
, x = y, and c = c′. Now,

exp(uβ) =

(
eηβ + eµβ

2
,
eηβ − eµβ

2∥yβ∥H
yβ

)
,

which converges weakly to
(
eη+eµ

2
, e

η−eµ
2

z
)
. We now note that, using the relationships we

have established, we can calculate that

η = λ+ c, and µ = λ− c,
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Thus we can conclude that

exp(uβ)
w−⇀
(
eλ+c + eλ−c

2
,
eλ+c − eλ−c

2c
x

)
.

The proof of Lemma 8.2.2 then shows that Exp(huβ) converges to h
λ′,x′,c′ = Exp(h), with

λ′, x′, and c′ as in definition (8.3.1). As every subnet of an eventually bounded net contains

a bounded subnet, this argument actually shows that any subnet of (uα) must have a

further subnet (uβ), such that Exp(huβ) converges to h
λ′,x′,c′ = Exp(h) in ∂V ◦

+

h
, so indeed

Exp(hα) → Exp(h).

Lemma 8.3.5. If (uα) ⊆ V is an unbounded net such that huα converges to some non-

Busemann h ∈ ∂V
h
, then Exp(huα) converges to Exp(h) in ∂V ◦

+

h
.

Proof. As h is not a Busemann point, (uα) is not an almost-geodesic. Once again, we

spectrally decompose each uα to write

uα =

(
ηα + µα

2
,
ηα − µα
2∥yα∥H

yα

)
.

We initially consider the case when (γα) is bounded in R. (yα) must then be unbounded

in H. The proof of Theorem 8.1.1 implies then that there exists a subnet (uβ) such that

huβ converges to hλ ⊕ hx, for ∥x∥H < 1 and λ ∈ R. Thus h = hλ ⊕ hx. Similarly to the

proof of the above lemma, there must exist a subnet (uβ) and a λ′ ∈ R and y ∈ H such

that
ηβ+µβ

2
→ λ′ and yβ/∥yβ∥H converges weakly to y. The proof of [27, Lemma 4.3] and

uniqueness of limits means that λ = λ′ and x = y. Furthermore, we must have that ηβ and

µβ are unbounded, and limβ
ηβ
µβ

= −1 (else either (uβ) would be bounded or (λβ) would be

unbounded). As ηβ ≥ µβ for all β this means that ηβ → ∞ and µβ → −∞. This argument

shows that any subnet has a similarly convergent subnet, so we must have yα/∥yα∥H
w−⇀ x,

ηα+µα
2

→ λ, and limα
ηα
µα

= −1. Using spectral decomposition, we can write

Expuα = eηαpα + eµα(e− pα), and
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(Expuα)
−1 = e−ηαpα + e−µα(e− pα)

where pα = (1
2
, 1
2∥yα∥H

yα). If λ ≥ 0, then for large enough α, ηα ≥ |µα|, and if λ < 0 then

ηα, < |µα|. Keeping this in mind, if we then follow the proof of Lemma 8.2.3 in combina-

tion with the proof of Corollary 8.2.7, we see that hExpuα converges to h1,e
−2λ

x/2 if λ ≥ 0 and

he
−2λ,1
x if λ < 0, so indeed limα Exp(hα) = Exp(h).

If (γα) is unbounded but (yα) is bounded, the proof of Theorem 8.1.1 then implies that

h = hε ⊕ hx,c. For each α we again have the spectral decomposition

uα = ηαpα + µα(e− pα),

where pα = (1
2
, 1
2∥yα∥H

yα), and ηα ≥ uα. We can combine the arguments in the two para-

graphs above to see that ηα+µα
2

→ ±∞, where the sign is determined by ε, and yα
w−⇀ x

and ∥yα∥H = ηα−µα
2

→ c, which means that, for large enough α, ηα and µα must have the

same sign, and ||ηα| − |µα|| ≤ K for some K > 0. Thus, the proof of Lemma 8.2.3 in com-

bination with the proof of Corollary 8.2.7 shows that indeed Exp(huα) → he
−2c

x/(2c),ε = Exp(h).

Finally, suppose that both (γα) and (yα) are unbounded. The proof of Theorem 8.1.1

implies then that there exists a subnet (uβ) such that huβ converges to hε⊕hx, for ∥x∥H < 1

and ε ∈ {−1, 1}. Thus h = hε ⊕ hx. As above, for each α we can choose the spectral

representation

uα = ηαpα + µα(e− pα),

where pα = (1
2
, 1
2∥yα∥H

yα), and ηα ≥ uα. We can combine the arguments above to see that

ηα+µα
2

→ ±∞, where the sign is determined by ε, and xα/∥xα∥H converges weakly to x.

As ηα−µα
2

= ∥yα∥H → ∞, and

Expuα = eηαpα + eµα(e− pα), and
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we must either have, for large enough α, that ∥ log(Exp(uα))∥e = ηα and −ηα ± µα →

−∞ if ε = 1, and ∥ log(Exp(uα))∥e = −µα and µα ± ηα → −∞ if ε = −1. Thus the

proof of Lemma 8.2.3 in combination with the proof of Corollary 8.2.7 shows that indeed

Exp(huα) → h0x/2,ε = Exp(h).

Lemma 8.3.6. If (uα) ⊆ V is an unbounded net such that huα converges to some Busemann

h ∈ ∂BV
h
, then Exp(huα) converges to Exp(h) in ∂V ◦

+

h
.

Proof. As h is a Busemann point, it must be of the form hI,Jp,α by Theorem 8.1.5. We can

utilise the proof of [42, Lemma 4.4] with some tweaking. For each α, if uα = (λα, yα), we

once again choose the spectral representation

uα = ηαpα + µα(e− pα),

where pα = (1
2
, 1
2∥yα∥H

yα), and ηα ≥ uα. As h is not bounded below by Corollary 3.2.4,

(uα) must be unbounded. If (yα) is bounded in H, then there must exist a subnet (yβ)

and a c ≥ 0 and x ∈ H such that ∥yβ∥H → c and yβ
w−⇀ x. If ∥x∥H < c, the proof

of Theorem 8.1.1 shows that h = hε ⊕ hx,c, which is not a Busemann point by Theorem

8.1.3, a contradiction. Thus, if (yα) is bounded and does not converge to 0 in norm, there

must exist a subnet (uβ) and y ∈ H such that, if y ̸= 0, the net pβ = 1
2∥yβ∥H

yβ converges

weakly to 1
2∥y∥H

y, which is a primitive idempotent, say p′, and as in the proof of Lemma

8.2.3, this means that pβ must actually converge in norm to p′. If yα → 0 we immediately

see that huα → hε ⊕ h0, and ηβ − µβ → 0. Now if (yα) is unbounded, there must exist

a subnet (uβ), and an x ∈ H, such that yβ/∥yβ∥H converges weakly to x. The proof of

Theorem 8.1.1 thus means that h = hε ⊕ hx or h = hλ ⊕ hx. If ∥x∥H < 1, Theorem

8.1.3 means that h cannot be a Busemann point. Therefore once again there must exist

a subnet such that (pβ) converges in norm to a primitive idempotent p′ = (1/2, x). Thus,

if (yα) does not converge to 0, there exists a subnet (uβ) such that pβ → p′ = (1/2, x)

for a primitive idempotent p′. The proof of Theorem 8.1.1 thus shows that huβ must

converge to one of either hε ⊕ hax for some a ∈ R, or hλ ⊕ h2x, or hε ⊕ h2x. The proof of
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Theorem 8.1.5 thus shows that p = p′, and the statement of the same theorem along with

its proof means that there must exist I ′, J ′ ⊆ {1, 2} satisfying I ′ ∩ J ′ = ∅, I ′ ∪ U ′ ̸= ∅,

and a α′ ∈ RI′∪J ′
with minα′ = 0, so that limβ huβ = hI

′J ′

p,α′ . Furthermore the proof of

Theorem 8.1.5 combined with Lemma 2.9.13 shows that α′
i = limβ ∥uβ∥e − µβ, if i ∈ I ′,

and α′
i = limβ ∥uβ∥e + ηβ if i ∈ J ′. Now, following the proof of Lemma 8.2.3, there must

exist a further subnet (uβ), and u
′, v′ ∈ ∂V+, u

′ = λ̂p + µ̂(e − p) and v′ = λ̄p + µ̄(e − p)

with max{∥u′∥e, ∥v′∥e} = 1 and u′ • v′ = 0, such that Exp(huβ) → hu
′,v′ . We also know

from definition 8.3.1 that Exp(h) = hu,v, where u =
∑

i∈I e
−αipi and v =

∑
j∈J e

−αjpj. If

yα → 0, then huα → hε⊕h0, so the proof of Lemma 8.2.3 shows that (Exp(huα)) converges

to either he,0 or h0,e depending on the sign of ε, and the proof of Theorem 8.1.5 shows

that hε ⊕ h0 = h
{1,2},∅
p,0 or hε ⊕ h0 = h

∅,{1,2}
p,0 depending on the sign of ε. We are now in the

position where the proof of Lemma 4.4 in [42] applies directly, as we have avoided the need

to rely on finite dimensionality with the above paragraph.

Proposition 8.3.7. If (hα) ⊆ ∂V
h
is a net converging to some h ∈ ∂V

h
, then Exp(hα)

converges to Exp(h) in ∂V ◦
+

h
.

Proof. Via Theorem 8.1.1, we know that we can write h = hR ⊕ hH, where hR ∈ Rh
,

hH ∈ Hh
, and at least one of hR or hH is a horofunction. Similarly we can decompose

each hα = hRα ⊕ hHα . Lemma 2.3.6 in conjunction with the uniqueness of limits means that

hRα → hR and hHα → hH. Using this fact we consider the various cases in Lemmas 8.3.8,

8.3.9, 8.3.10, and 8.3.12 below, which taken together prove the proposition.

Lemma 8.3.8. If (hα) ⊆ ∂V
h
is a net converging to some hλ ⊕ hx,c ∈ ∂V

h
, where hx,c is

as in (8.1.2), then Exp(hα) converges to Exp(h) in ∂V ◦
+

h
.

Proof. As hε(ε2λ) = −2λ for ε ∈ {−1, 1} we must have, for every tail, that hRα = hλα for

all α large enough, where λα → λ. We also claim that if x ̸= 0, then there cannot exist

any subnets (hHβ ) so that hHβ = hxβ for all β in a cofinal set. Indeed, suppose that such a

subnet does exist. It is simple to calculate, if x ̸= 0 that hx,c(2x) = 0, and hx,c(−2x) > 0.

This means that limβ −2 ⟨x, xβ⟩ = 0 and limβ 2 ⟨x, xβ⟩ > 0, a clear impossibility. If x = 0 a
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similar sign argument evaluating at any y,−y ∈ cBH shows the same impossibility. Thus,

every subnet of (hα) must have a further subnet such that hβ = hxβ ,cβ . We claim that (cβ)

must be bounded. Indeed, suppose by way of contradiction that it is unbounded. For any

y ∈ H the Cauchy-Schwarz inequality means that, for any β,

√
c2β − 2∥y∥H∥xβ∥H + ∥y∥2H − cβ ≤ hxβ ,cβ(y) ≤

√
c2β + 2∥y∥H∥xβ∥H + ∥y∥2H − cβ.

As ∥xβ∥H < cβ, we can set tβ = ∥xβ∥H/cβ, and choose a further subnet such that tβ → t ∈

[0, 1], and rewrite the above inequality to read

cβ

(√
1− 2tβ∥y∥H

cβ
+

∥y∥2H
c2β

− 1

)
≤ hxβ ,cβ(y) ≤ cβ

(√
1 +

2tβ∥y∥H
cβ

+
∥y∥2H
c2β

− 1

)
.

Recall the Taylor expansion of
√
1 + a for small a,

√
1 + a = 1 + a/2 + O(a2). It is clear

that
2tβ∥y∥H

cβ
+

∥y∥2H
c2β

→ 0, so we can use this expansion in the above inequality and calculate,

for large β, that

cβ

(
−tβ∥y∥H

cβ
+

∥y∥2H
2c2β

+O

(
1

c2β

))
≤ hxβ ,cβ(y) ≤ cβ

(
tβ∥y∥H
cβ

+
∥y∥2H
2c2β

+O

(
1

c2β

))
.

Thus, for large β,

−tβ∥y∥H +
∥y∥2H
2cβ

+O

(
1

cβ

)
≤ hxβ ,cβ(y) ≤ tβ∥y∥H +

∥y∥2H
2cβ

+O

(
1

cβ

)
, (8.3.3)

and because hx,c ̸= 0, this can only be true if t > 0. Thus t−1 ∈ [1,∞) is well defined.

Furthermore, Banach-Alaoglu means we can pick a further subnet and a z ∈ H such that

zβ = xβ/∥xβ∥ converges weakly to z. Now, we can use a similar approach as above to
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write, for all y ∈ H and large enough β,

hxβ ,cβ(y) = t−1
β ∥xβ∥H

(√
1− 2 ⟨y, zβ⟩

t−2
β ∥xβ∥H

+
∥y∥2H

t−2
β ∥xβ∥2H

− 1

)

= −tβ ⟨y, zβ⟩+
tβ∥y∥2H
2∥xβ∥H

+O

(
1

∥xβ∥H

)
, (8.3.4)

meaning that limβ h
xβ ,cβ = htz, a contradiction. Thus, indeed, (cβ) is bounded, and so too

is ∥xβ∥H. There must thus exist a further subnet (hβ) such that cβ → d for some d ∈ R, and

xβ
w−⇀ z for some z ∈ H. It is then clear to see, by definition, that hHβ → hz,d, so by Lemma

7.1.8 we have x = z and c = d. Now, Exp(hβ) = hλ
′
β ,c

′
β ,x

′
β , where λ′β = e

λβ+cβ+e
λβ−cβ

2
, c′β =

e
λβ+cβ−eλβ−cβ

2
, and x′β = e

λβ+cβ−eλβ−cβ

2cβ
xβ. It is clear that λ

′
β → λ′, c′β → c′, and so x′β

w−⇀ x′.

Thus, for any (γ, y) ∈ V ◦
+ we see by (8.2.3) that limβ Exp(hβ) = hλ

′,x′,c′ = Exp(h). This

argument shows that every subnet of (hα) has a subnet (hβ) such that Exp(hβ) → Exp(h),

proving the lemma.

Lemma 8.3.9. If (hα) ⊆ ∂V
h
is a net converging to some h = hε⊕hx,c ∈ ∂V

h
, where hx,c

is as in (8.1.2), then Exp(hα) converges to Exp(h) in ∂V ◦
+

h
.

Proof. We have to consider two cases. Either there exists a subnet (hβ) such that hRβ = hλ

for all β, meaning that hHβ ∈ ∂Hh
, or there exists a subnet such that hRβ = hε, meaning

that the hHβ can either be internal functionals or horofunctions. Let us first assume we are

in the former case. The same argument as above shows that every subnet of (hβ) has a

further subnet (hβ) where h
H
β = hxβ ,cβ , and xβ

w−⇀ x and cβ → c. The only difference in the

above argument is that now λβ → ±∞. To simplify calculations we define, for any δ > 0,

z ∈ H, and (γ, y) ∈ V ◦
+,

ζzδ (γ, y) =

√(
1 + e−2δ)γ

2
− 1− e−2δ

2δ
⟨z, y⟩

)2

− e−2δ(γ2 − ∥y∥2H). (8.3.5)
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Factoring out ecβ from the square root term in (8.2.3), we can thus write

Exp(hβ)(γ, y) = max

{
log

(
(ecβ + e−cβ)γ

2
− ecβ − e−cβ

2cβ
⟨xβ, y⟩+ ecβζ

xβ
cβ (γ, y)

)
− 2λβ,

log

 (e
cβ+e

−cβ )γ
2

− e
cβ−e−cβ

2cβ
⟨xβ, y⟩+ ecβζ

xβ
cβ (γ, y)

γ2 − ∥y∥2H

}
+ λβ −max {λβ + cβ, cβ − λβ} .

If λβ → −∞, it is clear from the above in combination with Lemma 2.9.15 that, for all

(y, γ) ∈ V ◦
+,

lim
β

Exp(hβ)(γ, y) = lim
β

log

(
(ecβ + e−cβ)γ

2
− ecβ − e−cβ

2cβ
⟨xβ, y⟩+ ecβζ

xβ
cβ (γ, y)

)
− cβ

= log

(
(1 + e−2c)γ

2
− (1− e−2c) ⟨x/2c, y⟩+ ζxc (γ, y)

)
= he

−2c

x/2c,−1(γ, y) = Exp(hcx,−1)(γ, y).

Similarly, if λβ → ∞, we see that limβ Exp(hβ) = Exp(hcx,1).

Let us now consider the case where there exists a subnet (hβ) such that hRβ = hε and

hHβ = hxβ ,cβ for all β. As above, every subnet must have a further subnet such that

xβ
w−⇀ x and cβ → c. It is thus clear from the definition of (8.3.1) along with (8.2.13) that

limβ Exp(hβ) = Exp(hcx,ε). Finally, let us consider the case where there exists a subnet (hβ)

such that hRβ = hε and hHβ = hHxβ for all β. As we proved above, it cannot be the case that

(xβ) is unbounded in H, so there must exist a further subnet such that xβ
w−⇀ x and cβ → c.

Now, if ε = 1, the proof of Theorem 8.1.5 shows that for all β we can write hβ = hI,∅pβ ,αβ
,

where I = {1, 2}, pβ = (1
2
, 1
2∥xβ∥H

xβ), and α = (0, 2∥xβ∥H). Thus

Exp(hβ) = hvβ ,0, where vβ = pβ + e−2∥xβ∥H(e− pβ).
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Using Claassens’ representation of the gauge function (8.2.1) we can thus write, for any

(γ, y) ∈ V ◦
+ and any β

Exp(hβ)(γ, y) = log

 (1+e
−2∥xβ∥H )γ

2
− (1− e−2∥xβ∥H) ⟨x/2∥xβ∥H, y⟩+ ζ

xβ
∥xβ∥H(γ, y)

γ2 − ∥y∥2H

 ,

meaning that

lim
β

Exp(hβ)(γ, y) = he
−2c

x/2c,1 = Exp(h1 ⊕ hx,c).

A similar argument shows that if ε = −1 then limβ Exp(hβ)(γ, y) = Exp(h−1 ⊕ hx,c). So,

indeed, in all cases, limα Exp(hα) = Exp(h).

Lemma 8.3.10. If (hα) ⊆ ∂V
h
is a net converging to some h = hλ ⊕ hx ∈ ∂V

h
, where hx

is as in (8.1.2), then Exp(hα) converges to Exp(h) in ∂V ◦
+

h
.

Proof. As noted above, without loss of generality we can assume that hRα = hλα , where

λα → λ. Thus, there must either exist a subnet (hβ) such that hHβ = hxβ ,cβ , or hHβ = hxβ .

Let us first assume the former. Note, for any β, that infH h
xβ = −cβ. Thus if (cβ) is a

bounded net, infH h
x ≥ − supβ cβ > −∞, a contradiction unless x = 0. If x = 0, and (cβ) is

bounded, these same remarks mean that inf cβ = 0, meaning that inf ∥xβ∥H = 0, but then

limβ h
xβ ,cβ = h0, a contradiction, so indeed (cβ) is unbounded. As in the above proofs we

set tβ = ∥xβ∥H/cβ ∈ [0, 1]. The argument employed around (8.3.4) shows that there exists

a further subnet such that hHβ converges to htz, where t = limβ tβ, and z is the weak limit

of zβ = xβ/∥xβ∥H. The uniqueness of limits implies that tz = x. Now, Exp(hβ) = hλ
′
β ,c

′
β ,x

′
β ,

where λ′β = e
λβ+cβ+e

λβ−cβ

2
, c′β = e

λβ+cβ−eλβ−cβ

2
, and x′β = e

λβ+cβ−eλβ−cβ

2cβ
xβ. Using (8.3.5), we
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can thus write

Exp(hβ)(γ, y) = max

{
log

(
(1 + e−2cβ)γ

2
− 1− e−2cβ

2cβ
⟨xβ, y⟩+ ζ

xβ
cβ (γ, y)

)
− 2λβ,

log

 (1+e
−2cβ )γ
2

− 1−e−2cβ

2cβ
⟨xβ, y⟩+ ζ

xβ
cβ (γ, y)

γ2 − ∥y∥2H

}
+ λβ + cβ −max {λβ + cβ, cβ − λβ} .

As we can write xβ/cβ = tβzβ, it follows that, recalling Lemma 2.9.15, if λ ≥ 0,

lim
β

Exp(hβ)(γ, y) = max

{
log (γ − ⟨tz, y⟩)− 2λ, log

(
γ − ⟨tz, y⟩
γ2 − ∥y∥2

)}
.

= h1,e
−2λ

x/2 .

Similarly, if λ < 0 it follows that limβ Exp(hβ) = he
−2λ,1
x/2 . Thus, if ∥x∥H < 1, limβ Exp(hβ) =

Exp(h). If ∥x∥ = 1, the proof of Theorem 8.1.5 shows that h = h
{1},{2}
p,α , where p = (1

2
, 1
2
x)

and α = (0, 2λ) if λ ≥ 0 and α = (−2λ, 0) if λ < 0. Thus Exp(h) = hu,v, where u = p and

v = e−2λ(e− p) if λ ≥ 0, and u = e−2λp and v = (e− p) if λ < 0. Claassens’ representation

(8.2.1) thus shows that hu,v = h1,e
−2λ

x/2 or he
−2λ,1
x/2 depending on the sign of λ, where this

horofunction is defined exactly as in (8.2.14), but we allow ∥x/2∥H = 1/2. Thus, in all

cases limβ Exp(hβ) = Exp(h).

We now consider the case when there exists a subnet such that hHβ = hxβ . By Banach

Alaoglu and uniqueness of limits, there must exist a further subnet such that (xβ) converges

weakly to x. Now, if λ ≥ 0, for any (γ, y) ∈ V ◦
+,

lim
β

Exp(hβ) = lim
β

max

{
log

(
γ − ⟨xβ, y⟩
γ2 − ∥y∥2H

)
, log

(
γ′e−2λβ + e−2λβ ⟨xβ, y′⟩

γ′2 − ∥y′∥2H

)}
,

so indeed limβ Exp(hβ) = Exp(h). This result follows similarly if λ < 0. Thus we have

shown that every subnet of (hα) has a further subnet (hβ) such that limβ Exp(hβ) = Exp(h),

260



8.3. EXTENDING THE EXPONENTIAL MAP TO THE BOUNDARY

meaning that, indeed, limα Exp(hα) = Exp(h).

Remark 8.3.11. At the end of the proof above, we showed, using Claassens’ characteri-

sation of the M function (8.2.1), that if p = 1
2
(1, x) for x ∈ SH is a primitive idempotent,

then for λ ∈ (0, 1], hp,λ(e−p) = h1,λx/2 and hλp,(e−p) = hλ,1x/2, where h
1,λ
x/2 and hλ,1x/2 are defined

exactly as in (8.2.14). This observation can be extended, and directly applying (8.2.1) to an

arbitrary Busemann point hu,v ∈ ∂BV ◦
+

h
we see that every Busemann point hu,v ∈ ∂BV ◦

+

h
is

actually equal to a function of the form (8.2.13) or (8.2.14), but where ∥x∥H = 1
2
, and every

function of the form (8.2.13) or (8.2.14) where ∥x∥H = 1
2
is equal to some hu,v ∈ ∂BV ◦

+

h
.

Lemma 8.3.12. If (hα) ⊆ ∂V
h
is a net converging to some h = hε ⊕ hx ∈ ∂V

h
, where hx

is as in (8.1.2), then Exp(hα) converges to Exp(h) in ∂V ◦
+

h
.

Proof. We first note, that if ∥x∥H = 1, then by the proof of Theorem 8.1.5, setting p =

(1
2
, 1
2∥x∥H

x), we have h = h
{1},∅
p,0 if ε = 1, and h = h

∅,{2}
p,0 if ε = −1. Thus, Exp(h) = hp,0

if ε = 1, and Exp(h) = h0,e−p if ε = −1. Using Claassens’ representation of the gauge

function (8.2.1), we see that these correspond to h0x/2,ε for ε = −1 and ε = 1 respectively,

where h0x/2,ε is exactly as in (8.2.13), except we now allow ∥x/2∥H = 1
2
in the definition.

Let us first consider the case where there exists a subnet such that hHβ = hxβ , meaning

hRβ = hε for sufficiently large β. It follows from section 4 of [27] and the uniqueness of

limits that xβ is unbounded, and xβ/∥xβ∥H converges weakly to x. As above, if ε = 1, the

proof of Theorem 8.1.5 shows that for all β we can write hβ = hI,∅pβ ,αβ
, where I = {1, 2},

pβ = (1
2
, 1
2∥xβ∥H

xβ), and α = (0, 2∥xβ∥H). Thus

Exp(hβ) = hvβ ,0, where vβ = pβ + e−2∥xβ∥H(e− pβ).

Using Claassens’ representation of the gauge function (8.2.1) and (8.3.5) we can thus write,

for any (γ, y) ∈ V ◦
+ and any β

Exp(hβ)(γ, y) = log

 (1+e
−2∥xβ∥H )γ

2
− (1− e−2∥xβ∥H) ⟨xβ/2∥xβ∥H, y⟩+ ζ

xβ
∥xβ∥H(γ, y)

γ2 − ∥y∥2H

 ,
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meaning that

lim
β

Exp(hβ)(γ, y) = log

(
γ − 2 ⟨x/2, y⟩
γ2 − ∥y∥2H

)
= h0x/2,1.

The same argument shows that, if ε = −1, limβ Exp(hβ) = h0x/2,−1, so indeed limβ Exp(hβ) =

Exp(h).

If there exists a subnet such that hRβ = hε and hHβ = hxβ ,cβ , the same argument as

in the proof of Lemma 8.3.10 above shows that (cβ) cannot be bounded. We again set

tβ = ∥xβ∥H/cβ ∈ [0, 1], and zβ = xβ/∥xβ∥H. There must exist a further subnet, which we

relabel by β, and a t ∈ [0, 1] and z ∈ BH, such that t = limβ tβ, and zβ
w−⇀ z. Equation

(8.3.4) shows that hHβ converges to htz. The uniqueness of limits implies that tz = x. Now,

if ε = 1, for any β and (γ, y) ∈ V ◦
+,

Exp(hβ)(γ, y) = log

(
(1+e

−2cβ )γ
2

− (1− e−2cβ) ⟨xβ/2cβ, y⟩+ ζ
xβ
cβ (γ, y)

γ2 − ∥y∥2H

)
,

with ζ
xβ
cβ as in (8.3.5). Therefore, because xβ/cβ = tβzβ, and

lim
β
ζ
xβ
cβ (γ, y) =

(
γ

2
− t

2
⟨z, y⟩

)
,

we have

lim
β

Exp(hβ)(γ, y) = log

(
γ − 2 ⟨x/2, y⟩
γ2 − ∥y∥2H

)
= h0x/2,1.

Similarly, if ε = −1, limβ Exp(hβ) = h0x/2,−1. If there exists a subnet such that hRβ = hε

and hHβ = hxβ , just as in previous cases there must exist a further subnet such that xβ

converges weakly to x. Thus, if ε = 1, for any (γ, y) ∈ V ◦
+,

lim
β

Exp(hβ) = lim
β

log

(
γ − 2 ⟨xβ/2, y⟩
γ2 − ∥y∥2H

)
= h0x/2,1.
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Similarly, if ε = −1, we can conclude that limβ Exp(hβ) = h0x/2,−1.

We now switch to the cases where h is still of the form hε⊕hx, but there exists a subnet,

say (hβ), such that hRβ = hλβ for all β. In this case, there must exist a further subnet such

that hHβ = hxβ ,cβ for all β, or hβ = hxβ . Let us first assume we are in the former case.

As proven in Lemma 8.3.10 we know that (cβ) cannot be bounded. Recall that we set

tβ = ∥xβ∥H/cβ ∈ [0, 1]. Yet again, the argument employed around (8.3.4) show that there

exists a further subnet such that hHβ converges to htz, where t = limβ tβ, and z is the weak

limit of zβ = xβ/∥xβ∥H. The uniqueness of limits implies that tz = x. For any β,

Exp(hβ)(γ, y) = max

{
log

(
(1 + e−2cβ)γ

2
− 1− e−2cβ

2cβ
⟨xβ, y⟩+ ζ

xβ
cβ (γ, y)

)
− 2λβ,

log

 (1+e
−2cβ )γ
2

− 1−e−2cβ

2cβ
⟨xβ, y⟩+ ζ

xβ
cβ (γ, y)

γ2 − ∥y∥2H

}
+ λβ + cβ −max {λβ + cβ, cβ − λβ} .

Now, if ε = 1, λβ → ∞, so the above immediately implies that indeed limβ Exp(hβ) =

h0x/2,1. Similarly, if ε = −1, and if we recall Lemma (2.9.15), the above implies that

limβ Exp(hβ) = h0x/2,−1. To finish the proof, we just need to investigate the case where

there exists a subnet such that hRβ = hλβ and hHβ = hxβ for all β. As above, every further

subsequence must have a subsequence such that xβ
w−⇀ x. If ε = 1, λβ → ∞, so

lim
β

Exp(hβ) = lim
β

max

{
log

(
γ − 2 ⟨xβ/2, y⟩
γ2 − ∥y∥2H

)
, log

(
γ′e−2λβ + e−2λβ ⟨xβ, y′⟩

γ′2 − ∥y′∥2H

)}
= h0x/2,1.

Similarly, if ε = −1, limβ Exp(hβ) = h0x/2,−1. As this argument applies to every subnet of

(hα), indeed Exp(hα) → Exp(h).

Proposition 8.3.13. If (hα) ⊆ ∂V
h
is a net converging to some h(λ,x) ∈ V

h
, then Exp(hα)
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converges to Exp(h(λ,x)) in V ◦
+

h
.

Proof. From the proof of Lemma 8.3.8, we know that we can assume without loss of gen-

erality that hRα = hλα , where hλα → hλ. Furthermore, if there exists a subnet such that

hHβ = hxβ , the Banach-Alaoglu theorem means there must exist a further subnet and z ∈ BH

such that hxβ → hz, but hz is either unbounded below, or is identically 0, so it cannot equal

hx. Thus we can assume without loss of generality that hHα = hxα,cα . If cα is unbounded we

define tα = ∥xα∥H/cα ∈ [0, 1], and through relabelling and passing to a subnet there exists

a t ∈ R such that tα → t. In this case, inequality (8.3.3) shows that limα |hxα,cα(y)| ≤ t∥y∥H
for all y ∈ H, and because |hx(x)| = ∥x∥H, we must have t = 1, so ∥xα∥H is unbounded.

However, if (xα) is unbounded, there must exist a further subnet, (hβ), such that xβ/∥xβ∥H
converges weakly to some z ∈ BH , but then (8.3.4) means (hxβ ,cβ) converges to hz, which

is a contradiction. Thus (cα) and (xα) are bounded. By the Banach-Alaoglu theorem there

exists a subnet (hxβ ,cβ) and a z ∈ H and c ≥ 0 such that cβ → c and xβ
w−⇀ z. Thus

hxβ ,cβ → hz,c, and Corollary 7.1.9 in conjunction with uniqueness of limits then means that

z = x and c = ∥x∥H. As this argument applies to every subnet, we must have that cα → c

and xα
w−⇀ x. Thus Exp(hα) = hλ

′
α,c

′
α,x

′
α , where λ′α = eλα+cα+eλα−cα

2
, c′α = eλα+cα−eλα−cα

2
, and

x′α = eλα+cα−eλα−cα

2cα
xα. As

λ′ → λ =
eλ+c + eλ−c

2
, c′α → c′ =

eλ+c − eλ−c

2
, and x′α

w−⇀ x′ =
eλ+c − eλ−c

2c
x,

we see via (8.2.3) that Exp(hα) → hλ
′,c′,x′ . However, as ∥x∥H = c the above shows that

∥x′∥H = c′, so hλ
′,c′,x′ = h(λ′,x′) by Lemma 8.2.2, but by (8.3.2) h(λ′,x′) = Exp(hλ,x).

Propositions 8.3.3, 8.3.7, and 8.3.13 show that Exp is a continuous bijection between

compact Hausdorff spaces, so it is indeed a homeomorphism. Finally, we need to prove

that Exp maps parts of ∂BV
h
onto parts of ∂BV ◦

+

h
.

Proposition 8.3.14. Two Busemann points h, h′ ∈ ∂BV
h
are in the same part of ∂BV ◦

+

h
,

if and only if Exp(h) and Exp(h′) lie in the same part of ∂BV ◦
+

h
.
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Proof. The proof of Theorem 1.1a) in [42] suffices, as it does not actually rely on finite

dimensionality in any way. However, in our case we can present a more rudimental argu-

ment. Let us first consider elements w = λ1p+µ1(e−p) ∈ V+ and z = λ2p+µ2(e−p) ∈ V+

for λi, µi ∈ [0,∞), where max{λ1, µ1} > 0 and max{λ2, µ2} > 0. Using Lemma 2.7.4, we

can calculate that w ∼ z if and only if there exists 0 < α ≤ β such that

βλ2 − λ1 + βµ2 − µ1 ≥ 0, and β(λ2 + µ2)− λ1 − µ1 ≥ |β(λ2 − µ2) + µ1 − λ1|,

and

λ1 − αλ2 + µ1 − αµ2 ≥ 0, and λ1 + µ1 − α(λ2 + µ2) ≥ |λ1 − µ1 − α(λ2 − µ2)|.

This is true if and only if one of the following three conditions is satisfied:

(i) λ1, λ2, µ1, µ2 > 0.

(ii) λ1, λ2 > 0, and µ1 = µ2 = 0.

(iii) µ1, µ2 > 0 and λ1 = λ2 = 0.

Theorem 8.1.7 shows that h = hI,Jp,α and hI
′,J ′

β,q are in the same part if and only if pI = qI′ and

pJ = qJ ′ . Thus if h and h′ are in the same part, Exp(h) = hu,v and Exp(h′) = hu
′,v′ where

either u =
∑

i∈I e
−αipi, v =

∑
j∈J e

−αjpj, and u
′ =

∑
i∈I′ e

−βiqi, v
′ =

∑
j∈J ′ e−βjqj, where

q ∈ {p, e− p}, or precisely one of {u, u′} or {v, v′} lies in V ◦
+ while the other contains only

0. Lemma 2.7.4 immediately implies that in the latter case Exp(h) and Exp(h′) lie in the

same part of ∂BV ◦
+

h
, and in the former case, points (i)− (iii) above imply the same. Thus

Exp(h) and Exp(h′) are in the same part if h and h′ are in the same part. Conversely, if

hu,v and hu
′,v′ lie in the same part of ∂BV ◦

+, Proposition 8.2.6 in conjunction with Lemma

2.9.14 and (i) − (iii) above means that either precisely one of {u, u′} or {v, v′} lies in V ◦
+

while the other contains only 0, or u = λp, u′ = λ′p, v = µ(e − p) and v′ = µ′(e − p) for

some primitive idempotent p, where λ, λ′, µ, µ′ ∈ [0,∞), and λ > 0 if and only if λ′ > 0 and
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similarly µ > 0 if and only if µ′ > 0. If we are in the former case, then Exp−1(hu,v) = hI,Jp,α

and Exp−1(hu
′,v′) = hI

′,J ′

β,q where either I = I ′ = {1, 2} or J = J ′ = {1, 2}, so either

pI = qI′ = e or pJ = qJ ′ = e, meaning that hI,Jp,α and hI
′,J ′

β,q are in the same part of ∂BV
h
by

Theorem 8.1.7. If we are in the latter case Exp−1(hu,v) = hI,Jp,α and Exp−1(hu
′,v′) = hI

′,J ′

β,p ,

where I = I ′ and J = J ′, meaning that again hI,Jp,α and hI
′,J ′

β,p are in the same part of ∂BV
h

by Theorem 8.1.7.

Theorem 8.0.1 is thus proved by Propositions 8.3.2 8.3.3, 8.3.7, 8.3.13 and 8.3.14. Meth-

ods used in the above proofs also allow us to prove something similar in spirit to the previous

chapters. Namely, that there is a continuous bijection from V ∪∂BV
h
to BV ∗ equipped with

the weak* topology, and this bijection is a homeomorphism between ∂BV
h
and SV ∗ , and

maps each part of ∂BV
h
onto the relative interior of a single boundary face of SV ∗ . First

let us recall that V ∗ is the Banach space (R⊕H, ∥ · ∥∗), where ∥(λ, x)∥∗ = max{|λ|, ∥x∥H}

[50, Theorem 1.10.13]. Therefore, the boundary faces of BV ∗ are precisely the sets F ε for

ε ∈ {−1, 1}, Fz for z ∈ SX , and F
ε
z where

F ε = {(ε, x) : x ∈ BX}, and Fz = {(λ, z) : λ ∈ BR} , and F ε
z = {(ε, z)}.

This suggests a candidate bijection, and we define a map φ : V ∪ ∂BV
h → BV ∗ by:

φ((λ, x)) =


(
tanh(λ), tanh(∥x∥H)

∥x∥H
x
)

if x ̸= 0

(tanh(λ), 0) if x = 0

, (8.3.6)

if (λ, x) ∈ V , and for Busemann points of the form given in Proposition 8.1.3,

φ(hλ⊕ hx) = (tanh(λ), x), φ(hε⊕ hx) = (ε, x), φ(hε⊕ hx) =

(
ε,
tanh(∥x∥H)

∥x∥H
x

)
, (8.3.7)

where in the last equation we have implicitly assumed that x ̸= 0, and we define

φ(hε ⊕ h0) = (ε, 0). We prove the following:
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8.3. EXTENDING THE EXPONENTIAL MAP TO THE BOUNDARY

Theorem 8.3.15. The map φ : V ∪ ∂V
B → BV ∗ is a continuous bijection when BV ∗ is

equipped with the weak* topology, and when restricted to the Busemann boundary it is a

homeomorphism onto SV ∗ equipped with the weak* topology. Furthermore φ maps parts of

∂BV
h
bijectively onto the relative interiors of boundary faces of SV ∗.

Theorem 8.3.15 means that we can think of V ∪ ∂V
B

as the cylinder [−1, 1] × BH

illustrated in Figure 8.1 below, where all internal points live in the interior of the cylinder.

The part of the Busemann boundary consisting of Busemann points of the type h1 ⊕ hx is

associated to the top face of the cylinder, the part of the Busemann boundary consisting of

Busemann points of the type h−1⊕hx is associated to the interior of the bottom face of the

cylinder. The singleton Busemann points of the type hε⊕hx are associated to points in the

top and bottom boundary disks of the cylinder, and the parts of the Busemann boundary

consisting of Busemann points of the type hλ⊕ hx are associated to the interior of vertical

lines on the surface of the cylinder.

BH

[−1, 1]

Figure 8.1: The closed unit ball of V ∗.

We prove Theorem 8.3.15 via a sequence of lemmas.

Lemma 8.3.16. The map φ is a bijection onto V ∪ ∂V B → BV ∗.

Proof. To prove injectivity, assume that φ(h1) = φ(h2), for h1, h2 ∈ V ∪∂V B
. By definition

of φ we see this is only possible if both h1 and h2 lie in V or both lie in ∂V
B
. We also
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know that tanh: R → (−1, 1) is bijective, so if

tanh(∥x∥H)
∥x∥H

x =
tanh(∥y∥H)

∥y∥H
y,

we can take the norm of both sides to get ∥x∥H = ∥y∥H, meaning x = y. The bijectivity

of tanh also makes it routine to verify that h1 = h2 if their images under φ are equal on

the boundary. Surjectivity can also be checked directly case by case, where all that needs

to be kept in mind is that

B◦
H\{0} ∋ y 7→ tanh−1(∥y∥H)

∥y∥H
y ∈ H\{0}

is the inverse of x 7→ tanh(∥x∥H)
∥x∥H

x, and tanh−1 : (−1, 1) → R is a bijection.

Lemma 8.3.17. The maps φ and φ−1 are continuous when BV ∗ is considered with the

weak* topology.

Proof. Let us first suppose that (h(λα,xα)) = (hλα ⊕ hxα) is a net converging to some

h(λ,x) = hλ ⊕ hx ∈ V
h
. For any y ∈ H, h(λα,xα)(0, y) = hxα(y) → h(λ,x)(0, y) = hx(y),

so by 7.1.7 we know that ∥xα − x∥H → 0. Similarly we see that λα → λ. Thus, by

the continuity of tanh, and the fact that if xα → 0 then tanh(∥xα∥H)
∥xα∥H

xα → 0, we see that

limα φ(h(λα,xα)) = φ(h(λ,x)).

We now consider the case when (h(λα,xα)) is a net converging to some h ∈ ∂V
B
. The

same reasoning as in the proof of Proposition 8.3.3 combined with the continuity of tanh

allow us to put restrictions on the behaviour of the nets (λα) and (xα) depending on the

data at infinity of h, and because a net (hxα) ⊆ Hh
converges to some Busemann point hx in

∂BH
h
if and only if the net (xα/∥xα∥H) converges weakly to x in §H, the same convergence

arguments used to prove Proposition 8.3.3 show that φ(hα) → φ(h). To prove the continuity

of φ on the boundary and the continuity of φ−1|SV ∗ we recall that V is reflexive and H

and R are self-dual, so ((λα, xα)) ⊆ SV ∗ converges to (λ, x) ∈ SV ∗ in the weak* topology
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if and only if λα → λ and ⟨xα, z⟩ → ⟨x, z⟩ for every z ∈ H. Thus, if (hα) ⊆ ∂BV
h
we

can use the same reasoning as in the proof of Propositions 8.3.7 to determine the weak*

limits of the data at infinity of the net to show that φ(hα) → φ(h). We can similarly use

arguments akin to those in Proposition 8.3.7 to show that if ((λα, xα)) ⊆ SV ∗ converges to

(λ, x) ∈ SV ∗ in the weak* topology then φ−1((λα, xα)) → φ−1((λ, x)).

Lemma 8.3.18. Parts of ∂BV
h
are mapped bijectively under φ onto the relative interiors

of boundary faces of BV ∗

Proof. Recall that the boundary faces of BV ∗ are precisely the sets F ε for ε ∈ −1, 1, Fz for

z ∈ SH, and F
ε
z where

F ε = {(ε, x) : x ∈ BH}, and Fz = {(λ, z) : λ ∈ BR} , and F ε
z = {(ε, z)}.

Proposition 8.1.6 in combined with the definition of φ then immediately proves the lemma.

8.4 The Horofunction Compactification of (PV ◦
+, dH)

In this section we give a specific infinite dimensional extension of Theorem 1.1 b) in [42],

as well as situating some results about the horofunction compactification of infinite dimen-

sional separable real hyperbolic space in [16] in a more general context. In [16], Duchesne

restricts his attention to separable hyperbolic spaces and separable Hilbert spaces, and in

this setting of separability shows that the horofunction compactification of (PV ◦
+, dH) is

homeomorphic to the horofunction compactification of (H, ∥ · ∥H), by showing that both

are homeomorphic to the truncated cone, what he calls the frustum:

F = {(γ, x) ∈ [0, 1]× BH : ∥x∥H ≤ γ},
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which he equips with the weak topology. He makes extensive use of the stereographic pro-

jection σH : H → BH given by x 7→ 1√
1+∥x∥2H

x with inverse σ−1
H given by x 7→ 1√

1−∥x∥2H
x.

He uses the results of Claassens [13], and claims that the map g : F → PV ◦
+

h
given by

(γ, x) 7→ hγx is a continuous bijection from F onto PV ◦
+

h
. He then repeats the construction

of Gutiérrez in [27, Section 4] (modulo some renorming) to compute the horofunction com-

pactification of H, and thus states that the map f : F → Hh
given by (γ, x) 7→ hσ

−1
H (x),σ−1

R (γ)

for ∥x∥H ≤ γ < 1, and f(γ, x) = hx for γ = 1 is a continuous bijection. He does not deal

with how Busemann points and the parts are affected by the the bijection f−1 ◦ g. In

keeping with the theme of this thesis, we believe that the relationship between Hh
and

PV ◦
+

h
is best illuminated by viewing dH as an infinite dimensional Finsler distance, and H

as the tangent space at the unit.

Recall that Te = {v ∈ V : tr(v) = 0}. Thus,

Te = {λp+ (−λ)(e− p) : λ ∈ R, p is a primitive idempotent} = {0} ×H.

Now, for any y ∈ H, (0, y) has spectral representation λp+(−λ)(e−p), where p = (1
2
, 1
2∥y∥H

)

and λ = ∥y∥H, which gives us the form of the variation norm | · |e on Te arising from the

Finsler metric:

|(0, y)|e = |λ| = ∥y∥H.

Thus, we immediately see that T
h

e = Hh
, where we make the natural identification h(0, y) =

h(y) for any h ∈ Hh
. The standard exponential exp can be defined on Te in the usual way,

and by using spectral decomposition in combination with the above remarks we see that,

for any v = (0, y) ∈ Te, e
∥y∥H and e−∥y∥H are the two eigenvalues of exp(v), meaning that

exp(v) =

(
e∥y∥H + e−∥y∥H

2
,
e∥y∥H − e−∥y∥H

2∥y∥H
y

)
.
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Therefore, det exp(v) = 1, so exp is indeed a map from Te to PV
◦
+. We want to extend the

exponential exp: Te → PV ◦
+ to a parts preserving homeomorphism between T

h

e and PV ◦
+

h
.

To that end, recall that the elements of PV ◦
+

h
are precisely those functions hrx as in (8.0.2)

for ∥x∥H < r ≤ 1, and so we define ExpH : T
h

e → PV ◦
+

h
by

ExpH(y) = exp(y) for y ∈ Te

ExpH(h) =


h
tanh(c)
tanh(c)

c
x

if h = hx,c, c > ∥x∥H

h1x if h = hx,

(8.4.1)

where hx and hx.c are elements of ∂Hh
as in (8.1.2).

Lemma 8.4.1. The map ExpH : T
h

e → PV ◦
+

h
is a bijection mapping Te onto PV

◦
+ and ∂T

h

e

onto ∂PV ◦
+

h
. ExpH also maps ∂BT

h

e bijectively onto ∂BPV ◦
+

h
. Furthermore, two Busemann

points h, h′ ∈ ∂BT
h

e are in the same part if and only if ExpH(h) and ExpH(h
′) lie in the

same part of ∂BPV ◦
+

h
.

Proof. By the Spectral Theorem, we know that any y ∈ PV ◦
+ has the form y = λp+λ−1(e−

p) for a primitive idempotent p and λ > 0. As log(λ)p−log(λ)(e−p) ∈ Te, ExpH is bijective

on Te. A very similar argument to the one in the proof of Lemma 8.2.9 shows that hrx = hr
′

x′

if and only if r = r′ and x = x′, and because tanh: [0,∞) → [0, 1) is bijective, we thus have

that ExpH |
∂Te

h is a bijection. The only Busemann points in Te are horofunctions h
x where

x ∈ SH by Proposition 7.1.3, and the only Busemann points in ∂BPV ◦
+

h
are horofunctions

h1x where x ∈ BH [13, Theorem 3], so it is clear that ExpH |
∂BTe

h is a bijection. The final

statement of the lemma thus follows trivially, because all parts of both ∂BTe
h
and ∂BPV ◦

+

h

are singletons by Propositions 7.1.4 and Proposition 8.0.2.

We should note here that we are only choosing the set {v ∈ V ◦
+ : det(v) = 1} to represent

PV ◦
+, but PV

◦
+ is actually a quotient space consisting of equivalent classes of rays. Recall

that Birkhoff’s version of the Hilbert metric, dH , is still a well defined function on the whole
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interior of the positive cone, but for any v ∈ V ◦
+ and any α, β > 0,

dH(αv, βv) = 0.

Thus if hv is an internal metric functional on PV ◦
+ for some v ∈ H, then hαv is well defined

as a function on V ◦
+ for any α > 0, and hαv = hv. Any h ∈ PV ◦

+

h
is also a function on

V ◦
+, where, for any v ∈ H, and α > 0, h(αv) = h(v). This is useful, because it means to

calculate horofunctions we can use whatever representation of a ray that is most convenient.

Specifically, we note that for any v = (0, x) ∈ Te,

exp(v) =

(
e∥x∥H + e−∥x∥H

2
,
e∥x∥H − e−∥x∥H

2∥x∥H
y

)
,

so multiplying by the constant 2/(e∥x∥H + e−∥x∥H), the above remarks mean that

hexp(v) = h
(1,

tanh(∥x∥H)

∥x∥H
x)
.

From this, in combination with (8.2.2), we calculate that for any (γ, y) ∈ V ◦
+

hexp(v)(γ, y)

= log

γ − tanh(∥x∥H)
∥x∥H

⟨x, y⟩+
√

(γ − tanh(∥x∥H)
∥x∥H

⟨x, y⟩)2 − (1− tanh(∥x∥H)2)(γ2 − ∥y∥2H)

(1 + tanh(∥x∥H))
√
γ2 − ∥y∥2H


(8.4.2)

The structure of the proof of the following lemma is very similar to those of Lemmas 8.3.3

and 8.3.7, so we may omit some routine details to spare the reader, but they can all be

found in the proofs of the aforementioned lemmas.

Lemma 8.4.2. If (hα) ⊆ Te
h
is a net converging to some h ∈ Te

h
, then ExpH(hα) converges

to ExpH(h) in PV
◦
+

h
.

Proof. First let us assume that h = hx ∈ Te. There is either a subnet (hβ) such that
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hβ = hxβ for all β, or hβ = hxβ ,cβ . If we are in the former case, we know that xβ → x in

H by Lemma 7.1.7, from which we immediately deduce that limβ ExpH(hβ) = ExpH(h).

If we are in the latter case we know that (cβ) must be bounded, so hxβ ,cβ → hx, meaning

that xβ converges weakly to x, and cβ converges to ∥x∥H. Thus, for any (γ, y) ∈ PV ◦
+ and

any β

Exp(hβ)(γ, y)

= log

γ − tanh(cβ)

cβ
⟨xβ, y⟩+

√
(γ − tanh(cβ)

cβ
⟨xβ, y⟩)2 − (1− tanh(cβ)2)(γ2 − ∥y∥2H)

(1 + tanh(cβ))
√
γ2 − ∥y∥2H


→ h

tanh(∥x∥H)
tanh(∥x∥H)

∥x∥H
x
(γ, y) = h

(1,
tanh(∥x∥H)

∥x∥H
x)
(γ, y).

We can thus conclude that limα Exp(hα) = ExpH(hx). Now let us assume that h = hx,c.

If there exists a subnet (hβ) such that hβ = hcβ ,xβ , the above argument can easily be

adjusted to see that limβ ExpH(hβ) = ExpH(h). Similarly, if there exists a subnet (hβ)

such that hβ = hxβ , we know from the proof of Lemma 8.3.3 that (xβ) is bounded, and

xβ
w−⇀ x, and ∥xβ∥H → c. Thus, using (8.4.2) we again see that limβ ExpH(hβ) = h,

so we conclude that limα Exp(hα) = ExpH(h
x,c). Finally suppose that h = hx. If there

exists a subnet hβ = hxβ , we know that xβ
w−⇀ x, from which we easily deduce that

limβ ExpH(hβ) = ExpH(h). If there exists a subnet such that hβ = hxβ ,cβ , the proof of

Lemma 8.3.7 shows that (cβ) is unbounded, and there exists a z ∈ BH and t ∈ [0, 1]

such that xβ/∥xβ∥H
w−⇀ z, tβ = ∥xβ∥H/cβ → t, and tz = x. Taken together this shows

that xβ/cβ
w−⇀→ x, and tanh(cβ) → 1, from which we can use the above expression for

Exp(hβ)(γ, y) to calculate limβ ExpH(hβ) = ExpH(h). If there exists a subnet such that

hβ = hxβ , we know that xβ/∥xβ∥H
w−⇀ x, and tanh(∥xβ∥H) → 1. Equation (8.4.2) thus

shows that limβ ExpH(hβ) = ExpH(h), so indeed we can conclude that limα Exp(hα) =

ExpH(h
x).

Lemmas 8.4.1 and 8.4.2 prove Theorem 8.0.3.
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Chapter 9

Concluding Remarks

In Chapters 4, 5, and 6, we provided further classes of homogeneous Finsler metric spaces

whose horofunction compactifications are homeomorphic to their dual unit ball in the tan-

gent space at the base point. This of course does not answer Question 1.0.1 fully, but does

give further evidence. During the duration of this thesis, further positive evidence has also

been provided in [12], where the authors show that this duality phenomenon also holds for

Hermitian symmetric spaces and JB*-triples. A key observation is that in all cases dealt

with in these chapters, as well as the cases in [12] and the other literature discussed in

the introduction, every horofunction is a Busemann point, and so Question 1.0.1 can be

reframed by asking whether parts of the boundary were mapped to the relative interiors

of faces of the dual ball. In all proofs, this fact was utilised explicitly, and at present we

are unable to see how these proofs could be replaced without using properties unique to a

space having only Busemann points as horofunctions.

We currently are not aware of any evidence showing that the horofunction compactifi-

cation of homogeneous Finsler metric spaces with non-Busemann points is homeomorphic

to the dual ball in the tangent space at the base point, where the homeomorphism maps

equivalence parts of the natural stratification of the boundary bijectively onto the relative

interior of faces of the dual ball. In fact we are not aware of any evidence showing that
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this is true even for finite dimensional normed spaces possessing non-Busemann points.

This suggests to us that a full answer to Question 1.0.1 is more likely to be obtained

by restricting our attention to trying to prove that Question 1.0.1 has a positive answer

for homogeneous Finsler metric spaces with horofunction boundaries consisting entirely of

Busemann points, and separately searching for an example of a finite dimensional normed

space possessing non-Busemann horofunctions that cannot be homeomorphic to the dual

ball and maintain a bijection between the equivalence classes in the stratification and the

relative interiors of faces of the dual ball. We stress that this problem is still wholly open.

The infinite dimensional case is fascinating for different reasons. In Chapter 7 we

showed that all infinite dimensional ℓp spaces, for 1 < p < ∞, possess a multitude of

non-Busemann horofunctions, and in fact for any infinite dimensional Hilbert space H the

non-Busemann horofunctions are dense in Hh
. We have also shown that the Busemann

points are homeomorphic to the dual unit sphere equipped with the weak* topology, and

because all Busemann points are singletons and all faces of the dual ball are singletons,

parts of the boundary are mapped bijectively to the relative interior of faces of the dual.

We also showed that any such homeomorphism cannot be extended to a homeomorphism

from the whole horofunction compactification to the closed unit ball in the dual.

The situation for infinite dimensional ℓ1 spaces is strikingly different. We showed that

every horofunction is a Busemann point, and that there does exist a homeomorphism from

the whole horofunction compactification onto the dual unit ball, which maps Busemann

points bijectively onto the dual unit sphere. However, this homeomorphism is not a bijec-

tion between the parts of the boundary and the relative interiors of faces of the dual ball.

In fact this homeomorphism injects uncountably many parts of the boundary into faces of

the dual ball. We were not able to adequately explain this phenomenon during the course

of this thesis. However, we believe it may have something to do with the fact that the

horofunction compactification of infinite dimensional uniformly smooth and strictly convex
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Banach spaces is a topological compactification by the usual definition. The embedding is

a homeomorphism onto its image. However, an infinite dimensional ℓ1 space is not homeo-

morphically embedded in its horofunction compactification, as the inverse of the embedding

fails to be continuous. There may be a link between this property, and the fact that all

horofunctions of ℓ1 are Busemann points, which naively seems to be why there are ”too

many” parts of the boundary.
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