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Abstract

This thesis concerns the global geometry and topology of the horofunction compactification
of various metric spaces. In Chapters 4-6 we study the horofunction compactification of
various homogeneous Finsler metric spaces, and establish a homeomorphism between the
horofunction compactification and the dual unit ball in the tangent space at the base point.
This homeomorphism establishes a one-to-one correspondence between the geometric parts
of the horoboundary and the relative interiors of faces of the dual ball. In Chapter 7 we
build on the work of Gutiérrez, and explore the topology and geometry of the horofunc-
tion compactification of infinite dimensional P spaces for 1 < p < oco. We show a clear
disconnect between the global geometry and topology of the horofunction compactification
in the infinite dimensional case versus the finite dimensional case. We also establish a
marked difference in the behaviour of the horoboundary of ¢! versus (7 for 1 < p < 0.
Chapter 8 deals with the horofunction compactification of infinite dimensional spin factors
considered as JB-algebras. We show that the exponential map extends to a geometry pre-
serving homeomorphism on the boundary, mapping the horofunction compactification of
the spin factor homeomorphically onto the horofunction compactification of the positive
cone equipped with the Thompson metric. We conclude by showing that, considering an in-
finite dimensional Hilbert space as the tangent space at the identity of infinite dimensional
real hyperbolic space, the exponential extends to a homeomorphism between the horofunc-
tion compactification of infinite dimensional Hilbert space and infinite dimensional real

hyperbolic space.
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Chapter 1

Introduction and Summary of Results

A basic notion in point set topology is the concept of the Alexandroff or one-point com-
pactification of a non-compact topological space X. This compactification is obtained by
adjoining a ”point at infinity”, normally denoted by oo, and considering the set X U {oc}.
The set X U{oo} is turned into a topological space, by declaring a set U C X U {oo} open
if U C X isopenin X, or if U = X\ K U{oo} for some closed and compact K C X. Under
this topology, X U {oco} becomes a compact topological space in which X is an open dense
subset. If X is Hausdorff and locally compact, then X U {co} is also Hausdorff, and is
up to homeomorphism the minimal compactification of X [54, Theorem 29.1]. As metric
spaces are topological spaces, the Alexandroff compactification can be used to embed a
non-compact metric space in a compact topological space. However, the Alexandroff com-
pactification loses a lot of information about the metric structure of a space. Consider, for
example, the metric space R" with the standard Euclidean norm || - ||2. The Alexandroff
compactification of R" is homeomorphic to the unit sphere of R**! denoted by S™. To
define the homeomorphism, first recall the definition of the inverse stereographic projec-

tion o7t R™ — S™\{(1,0,...,0)}. If {eg,...,e,} is the standard basis for R*"! then for

y:(yh)yn)eRn

2
_ yllz — 1 Z 2y;
o l(y) o H H2 eo + - e;.
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We can then define the homeomorphism f: R" U {oco} — S™ by f(z) = o7 !(z) if z € R",
and f(oo) = (1,...,0). The Alexandroff compactification thus provides a "nice” embed-
ding of Euclidean R™ into a compact topological space. However, every norm || - || on R”
generates the usual Euclidean topology on R", so the function f is a homeomorphism from
the Alexandroff compactification of any n-dimensional normed space, X, onto S™. If all
we are given is the Alexandroff compactification of X, we can deduce nothing about the
metric structure of X. This is unsurprising, because if 7 is an unbounded geodesic in X,
then f o y(t) converges to the pole (1,0,...,0) € S™, which reflects the fact that ()
converges to oo in X U {oco}. The Alexandroff compactification is therefore incapable of
distinguishing even geodesics moving in opposite directions, so has little chance of captur-
ing any of the underlying metric structure. As the Alexandroff compactification is defined
purely topologically, this is to be expected. The above discussion suggests that if one would
want to define a compactification of a normed space that preserves some metric structure,
the compactification at, the very least, needs to be able to distinguish geodesics moving in

different directions.

If (M, d) is a proper complete CAT(0) metric space (as defined in [10, Page 159]), such
a compactification exists, and is constructed by appending the boundary at infinity, also
known as the visual boundary, M to M. This boundary consists of equivalence classes
of geodesics v: [0,00) — M, where 7, is equivalent to 7y, if sup, d(71(t),72(t)) < co. The
set M U OM equipped with the cone topology is a compact Hausdorff space containing M
as a densely embedded subspace [10, 8.5]. This compactification M U OM is referred to
as the geodesic compactification of M. If M is any complete n-dimensional Riemannian
manifold of non-positive sectional curvature, it is homeomorphic to the closed unit ball
of Euclidean R", and the homeomorphism maps dM homeomorphically onto the sphere
S™=1 [10, Example 8.11]. In light of this observation, some authors refer to OM as the
sphere at infinity. By its construction, we see that M U OM distinguishes between un-

bounded geodesics, unlike the Alexandroff compactification. Furthermore, an isometry f



on M can naturally be extended to a map on M, because isometries map geodesics to
geodesics and preserve equivalence classes, and this extension is a homeomorphism on M
[T0, Corollary 8.9]. This extension of isometries to M actually gives some information
about the metric structure of M. If f is a parabolic isometry of M, by which we mean
d(f(z),z) > inf, d(f(y),y) for all € M, then its extension to dM must have a fixed
point in M [10, Proposition 8.25]. As a simple example, this provides another proof that
rotation around any point in (R, || - ||) is not a parabolic isometry, as its extension to the
boundary acts as rotation on the sphere. The geometric compactification of CAT(0) spaces

naturally leads to the notion of the horofunction compactification of general metric spaces.

The modern notion of the horofunction compactification of a metric space (M,d) is
generally attributed to Gromov’s 1978 work [25], where he uses them to study hyperbolic
manifolds and their associated groups and actions. To define the horofunction compactifi-
cation of (M, d), we first fix an arbitrary b € M, and define Lip,(M) to be the collection
of all real valued Lipschitz-1 functions on M evaluating to 0 at b. This space is compact
when equipped with the topology of pointwise convergence. The map ¢: M — Lip,(M)
defined by

v(z) =d(-,x) —d(b,x)

injects M into Lip, (M), and the closure of «(M) in Lip, (M) with respect to the topology of
pointwise convergence is a compact Hausdorff space, which is called the horofunction com-
pactification of M, denoted by ", Functions in M " are called horofunctions. The choice
of base point does not matter, as different base points lead to the same horofunctions just
shifted by a constant. If M is a proper CAT(0) space, then ¢ extends uniquely to a homeo-
morphism between M and MUOM [10, Theorem 8.13]. Horofunctions have since appeared
in multiple contexts and found many different applications. The application of horofunc-
tions started with their use in the study of non-positively curved manifolds in [25] but has
since branched out to include diverse areas, from dynamical systems [7], 23, 35, 44l 51], to

Teichmiiller theory [17, [36], 53] [67], to complex analysis [I], 6, [8, 9} 1T, [70].
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Rieffel used the horofunction compactification in his study of non-commutative geome-
try [60], where he introduced a special class of horofunctions, known as Busemann points,
which arise as limits of almost-geodesics. It is known that if (M, d) is a complete CAT(0)
space, then every horofunction is a Busemann point (see [10, Corollary 8.19] for example),
but in other settings far less is known. Rieffel asked the question in [60] whether every
horofunction of a finite dimensional normed space is a Busemann point. In [38], Karlsson,
Metz, and Noskov showed that the horofunctions of any polyhedral normed space are all
Busemann points. In [66] Walsh answers this question completely, where he provides a
topological condition on the collection of faces of the dual unit ball which is satisfied if
and only if every horofunction is Busemann point, and provides examples of normed spaces
where this condition does not hold. The study of Busemann points is particularly useful,
as they can be used to study the group of isometries of metric spaces and the isometric

embeddings between metric spaces [411, [49] 68, 69].

The horofunctions of various spaces have been identified with varying degrees of speci-
ficity. This includes the horofunctions of various normed spaces [26, 27, 28, 138, (64, [66, [69],
the horofunctions of cones with the projective Hilbert or Thompson metrics [43], [49] [69],
the horofunctions of certain Teichmiiller spaces with the Teichmiiller and Thurston metrics
[24, [67], the horofunctions of real infinite dimensional hyperbolic space [13], the horo-
functions of Schatten p-metrics on the symmetric cone of Hermitian matrices [21], and
the horofunctions of symmetric spaces of non-compact type [12), 29 [64]. In many cases,
even though an explicit representation of the horofunctions is known, not much can be said
about the global geometry and topology of the horofunction compactification. For any met-
ric space (M, d), the horoboundary OM" can be partitioned into equivalence classes, where
fig€ OM" are in the same equivalence class if sup ¢, | f() — g(z)| < oco. Kapovich and
Leeb called this partition of the boundary its stratification, and they asked in [34], Question

6.18], whether for any finite dimensional normed space X, there exists a homeomorphism
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between X and the closed unit ball in the dual space X*, which maps horofunctions onto
the sphere of the dual unit ball, and maps all horofunctions in a given equivalence class
of the stratification bijectively onto the relative interior of a face of the dual unit ball.
Schilling and Ji [32] 33] showed that this holds true for every finite dimensional space with
a polyhedral norm. This question is still open in general. Inspired by the observation
that the horofunction compactification of symmetric Riemannian spaces of non-positive
sectional curvature is homeomorphic to the Euclidean ball, and each equivalence class in
the stratification is a singleton, this question of Kapovich and Leeb can be generalised to
(finite dimensional) homogeneous Finsler metric spaces. We say a Finsler metric space,
(M, F), is homogeneous if, for every z,y € M, there is a linear bijection between the tan-
gent spaces T}, and T, which maps the collection of relative interiors of the faces of the unit
ball in (7, F'(z,-)) bijectively onto the collection of relative interiors of the faces of the
unit ball in (7, F(y,-)). For example, if the group of Finsler isometries of (M, F') acted
transitively on (M, F'), then (M, F') would be homogeneous.

Question 1.0.1. When does there exist a homeomorphism from the horofunction com-
pactification of a homogeneous Finsler metric space onto the closed dual unit ball of the
norm on the tangent space at the basepoint, which preserves the natural stratification of

the equivalence classes?

Question is the motivation behind much of this thesis. Busemann points play
an important role in the investigation of the question. There exists an extended met-
ric, 0, (possibly infinitely valued) on the collection of Busemann points, called the detour
distance. The detour cost induces a partition of the Busemann points into equivalence
classes, called parts of the boundary, where Busemann points f, g are in the same part if
d(f,g9) < co. Busemann points f and g are in the same part of the boundary if and only if
sup,ear | f(x) — g(x)| < oo. Thus, if every horofunction of a normed space is a Busemann
point, Question [I.0.1] can be reframed entirely in terms of parts of the boundary, instead

of in terms of its stratification.
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Question obviously does not make much sense in the infinite dimensional setting,
because the dual ball in infinite dimensions is never compact, whereas the horofunction
compactification always is. However, the dual ball equipped with the weak® topology
is always compact. As infinite dimensional normed spaces aren’t proper, the horofunc-
tion compactification is often more complicated than their finite dimensional analogues.
Gutiérrez [27] provided a nice description of the horofunctions of infinite dimensional ¢?
spaces for 1 < p < oo. We built on his work to identify the Busemann points of these

spaces, which motivated the question:

Question 1.0.2. For which infinite dimensional normed spaces X does there exist a home-
omorphism from the Busemann points of 5X" onto the dual unit sphere S+ equipped with
the weak™ topology, which maps parts of the Busemann boundary bijectively onto the rel-

ative interiors of faces of the dual ball?

While Questions |1.0.1] and [1.0.2| were being studied during this thesis, Lemmens [42]

noticed that the exponential map on a finite dimensional JB-algebra V' can be extended to
a homeomorphism between the horofunction compactification of V' and the horofunction
compactification of the interior of the positive cone of V' equipped with the Thompson met-
ric, and the homeomorphism maps parts to parts. He also showed that if the projectivised
positive cone PV, is equipped with the Finsler metric H defined by H(w,v) = |U,-1/2,]e,
where |v|, = diam(o(v)) is the spectral radius of v, and U, is the quadratic representation
of z, then the exponential on the tangent space T, extends as a homeomorphism between
Teh and the horofunction compactification of PV, equipped with the Finsler distance, and
parts are mapped to parts. Concurrently, Duchesne [16] released a paper stating that
the horofunction compactification of infinite dimensional separable real hyperbolic space
is homeomorphic to the horofunction compactification of a separable infinite dimensional

Hilbert space. This lead to the final question investigated in this thesis:

Question 1.0.3. Can the work of Lemmens in [42] be extended to the setting of infinite
dimensional spin factors, and in so doing provide an alternative proof for Duschesne’s state-

ment that the horofunction compactification of infinite dimensional real hyperbolic space
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is homeomorphic to the horofunction compactification of a separable infinite dimensional

Hilbert space?

Structure of the Thesis

The thesis is structured to (partly) address Questions . We provide a brief
breakdown of the chapters below. Chapters 4,5, and 6 consist of joint work with Bas
Lemmens, which has already been published [47], and concerns Question . Each of
these chapters correspond to a main section of the paper, and we have left them mostly

unchanged. Chapters 7 and 8 consist of solo work by the author dealing with Questions
[1.0.2] and [.0.3]

Chapter 2

This chapter is the preliminary chapter, and is a collection of content needed to under-
stand later chapters that can be found in various textbooks. Most proofs are omitted, but
references to the relevant textbooks are given for the interested reader. The exception to
this are the sections on order-unit spaces and Jordan algebras, where the author provides
certain proofs, mainly for his own edification. The main purpose of this chapter is to stan-
dardise notation and definitions that will be used throughout, and to serve as a convenient

repository of standard results that will be used in later chapters.

Chapter 3

Chapter 3 serves as the full introduction to the theory of horofunctions that is needed to
fully appreciate the thesis. All the relevant theory is introduced fully and discussed, and
some examples are worked out in detail. Most of what is found in this chapter can be found
in various published research papers. Some results are well known, but the author provided

his own proofs to be more consistent with the terminology of the thesis. In particular the
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author is not aware of a reference using the same proof for Lemma [3.2.1] The results
in Section 3.4 on the horofunction compactification of finite /! sums of arbitrary metric
spaces does not appear in the literature as far as the author knows. Analogous results for
the case of proper geodesic metric spaces are contained in [45], which is joint work with

Bas Lemmens and Cam Milliken .

Chapter 4

This chapter corresponds precisely to Section 3 in the joint paper with Lemmens [47]. We
study the horofunction compactification of product domains B = [[;_, By, equipped with
the Kobayashi distance, where each B,,, is the open unit ball in C™ for some strictly convex
C? norm on C%. The two main results are Theorem [4.1.1l and Theorem [1.1.4l In Theorem
we classify the horofunctions of B° and show that they are all Busemann points, and
in Theorem we show that B is homeomorphic to the closed unit ball in the dual B*,
and this homeomorphism maps parts of the boundary bijectively to the relative interiors

of faces of B*.

Chapter 5

Chapter 5 corresponds to Section 4 of [47]. In it we study the horofunction compactification
of finite dimensional JB-algebras. We use the fact that the JB-algebra norm is equal to the
spectral radius norm, and exploit the fact that finite dimensional JB-algebras correspond
to Euclidean Jordan algebras. This allows us to prove the three main theorems of the
chapter: Theorem [5.2.1] Theorem [5.2.2] and Theorem Theorem provides a
complete characterisation of the horofunctions of any finite dimensional JB-algebra, and
proves that every horofunction is a Busemann point. Theorem provides an analytical
expression for the detour distance between any two Busemann points, and characterises
the parts of the boundary. Building upon these two theorems, Theorem shows that

the horofunction compactification of a finite dimensional JB-algebra is homeomorphic to
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the closed dual unit ball, and maps parts of the boundary to the relative interiors of faces

of the dual.

Chapter 6

This chapter corresponds to Section 5 of [47], where we consider the horofunction com-
pactifications of symmetric Hilbert geometries, which are the intersection of a hyperplane
with a symmetric cone equipped with the (projective) Hilbert metric. The horofunction
compactification is always considered with base point being the unit e of the JB-algebra.
There is one noticeable difference, however, as we include the proof of Proposition [6.1.2]
which shows that a symmetric Hilbert geometry can be realised as a Finsler distance. The
horofunctions of symmetric Hilbert geometries were already classified in [44], so the main
results of this chapter utilise that result, and are Proposition [6.2.2] and Theorem [6.3.1]
Proposition completely characterises the detour distance and parts of the boundary
of the horofunction compactification of a symmetric Hilbert geometry, and Theorem [6.3.]]
shows that the horofunction compactification of a symmetric Hilbert geometry is homeo-
morphic to the dual unit ball of the tangent space at e (with norm coming from the Finsler

structure used in Proposition [6.1.2]).

Chapter 7

We now shift our attention to non-proper metric spaces, and try to address Question [1.0.2]
We build on the work of Gutiérrez in [27], and investigate the geometry and topology of
various infinite dimensional Banach spaces. The chapter is divided into three sections, each
one dealing with a specific class of space. Section 7.1 deals with infinite dimensional Hilbert
spaces H. We classify all the Busemann points of 8ﬁh, which Gutiérrez does not consider in
[27], and then prove the main result of this section, Theorem This theorem answers
Question in the affirmative, and shows that the Busemann boundary of a Hilbert

space is homeomorphic to the dual sphere equipped with the weak*® topology. Corollary
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follows from this proof, and shows that the class of functions in oH" arising from
bounded weakly convergent nets, which Gutiérrez classifies in [27], are in fact horofunc-
tions, and not just different representations of internal metric functionals. This is taken for
granted in [27], but was not a priori clear to the author. Although simple to prove, Propo-
sition is interesting, because it shows a fundamental difference between finite and
infinite dimensional normed spaces. Namely it shows that there can be no homeomorphism
between ﬂh and the closed dual unit ball equipped with the weak* topology that maps
parts of the Busemann boundary bijectively onto the sphere. Section 7.2 generalises the
results of Section 7.1 to the case of uniformly smooth and strictly convex infinite dimen-
sional Banach spaces. We classify the Busemann points of uniformly smooth and strictly
convex infinite dimensional Banach spaces, and then prove Theorem [7.2.5, which shows
that the Busemann points of uniformly smooth and strictly convex infinite dimensional
Banach spaces are homeomorphic to the unit sphere in the dual, and parts are mapped
onto the relative interiors of faces of the dual ball. If we restrict our attention to infinite
dimensional ¢F spaces (1 < p < o0), Proposition then shows that there exists no
homeomorphism between the horofunction compactification and the dual unit ball which
maps Busemann points bijectively onto the sphere, unlike in the finite dimensional case.
Section 7.3 is perhaps the most surprising of the section, as we deal with the horofunction
compactification of infinite dimensional ¢! spaces over any arbitrary index set I. We first
note that every horofunction in 86_1h is a Busemann point, and completely classify the parts
of the boundary in Proposition [7.3.4 The highlight of this section is Theorem [7.3.5 where
we prove that, unlike in the smooth case in the previous sections, E_lh is homeomorphic
to the closed dual unit ball, and Busemann points are mapped bijectively onto the dual
sphere. Where the infinite dimensional case differs from the finite dimensional case, is that
this homeomorphism maps infinitely many parts of the boundary into the relative interior

of a single face of the dual ball.
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Chapter 8

Chapter 8 is the longest chapter of the thesis, and completely answers Question [1.0.3]
The chapter is divided into four sections. Throughout we consider an infinite dimensional
spin factor V with JB-algebra norm, and positive cone V. In Section 8.1, we completely

characterise the horofunction compactification of V' in Theorem [8.1.1] as well as classify

the Busemann points and parts of the boundary in Propositions|8.1.3|and [8.1.6/In Theorem

we also show how the Busemann points of OV" can be represented in the same form
as the horofunctions of finite dimensional JB-algebras as in Chapter 5. Section 8.2 consists
entirely of classifying the horofunctions of the open cone V; equipped with the Thompson
metric. The main results are Theorem [8.2.4] where we give an analytical form for all the
horofunctions, and Theorem [8.2.5 where we classify all the Busemann points. In Section
8.3 we construct an extension of the exponential exp: V' — V¢, and prove in Theorem m
that this extension is a parts preserving homeomorphism from 7" onto the horofunction
compactification of V7 equipped with the Thompson metric, which extends Theorem 4.3
of [42] to infinite dimensions. In Section 8.4 we consider the hyperboloid model of real
infinite dimensional hyperbolic space, which can be considered as an infinite dimensional
Finsler manifold embedded in V' with the projective Hilbert metric as its Finsler distance.
The tangent space T, at the unit e of V' is precisely the Hilbert space underlying V', and
we prove Theorem [8.0.3] which states that there exists a parts preserving homeomorphism
between the horofunction compactification of T, and the horofunction compactification of

infinite dimensional hyperbolic space. This fully answers Question [1.0.3]

Chapter 9

This is the concluding chapter, where we provide some reflections on the results obtained

and how they relate to Questions|1.0.1jand [1.0.2] and discuss avenues for further research on

these questions, as well as other natural questions about the global geometry and topology

of horofunction compactifications.
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Chapter 2

Preliminaries

For the convenience of the reader, we introduce the basic definitions and theorems that will
be ubiquitous throughout this thesis. All that we discuss here is well known, and there exist
multiple textbooks covering each section in great detail. If the reader is already familiar
with the areas discussed, they can comfortably skip it, and only refer back when theorems

are cited, or they need clarification on a choice of definition or terminology.

2.1 Topological Preliminaries

In this section we shall briefly recall some important topological notions, but a recap of all
the relevant topological notions is out of the scope of this thesis, so if a reader is unsure of
any topological term used we refer them to [54], as all topological notions used throughout
this thesis should be consistent with the definitions and terminology introduced there. A
topological space (X, T), consists of a set X and a topology on that set, 7 C 2% (the powerset

of X)), satisfying:
i) X,0er.
(ii) If, for any arbitrary index set I, A; € 7 for all ¢ € I, then J,.; A; € 7.
(iii) If, for each i € {1,...n} for n € N, A; € 7, then (,_; 4; € 7.
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We call elements of 7 the open sets of the topological space, and their complements
are called the closed sets of the space. It follows from the above properties of 7 that an
arbitrary intersection of closed sets is closed, and a finite union of closed sets is closed. If
the topology on a set X is understood, we often drop the notation (X, 7), and just refer to
the topological space X. Recall that a space X is said to be Hausdorff if any two distinct
points are elements of two disjoint closed sets. For any point x € X, we call an open set
U containing = a neighbourhood of x. The collection of neighbourhoods of x is generally
denoted by N,. We say a sequence (x,) C X converges to a point x € X, if for every
neighbourhood U of x, there exists an N € N, such that z,, € U for every n > N. We say a
point x is an interior point of A C X, if there exists a neighbourhood of x, say U, such that
U C A. We define the interior of a set A C X, to be the union of all open sets contained in
A, and we denote it by int(A) or A°. Unsurprisingly, A° is equal to the union of all interior
points of A. For any A C X, we say z is a limit point of A, if for every neighbourhood U of
x, UN A\{z} # 0. Some authors prefer to call limit points accumulation points or cluster
points. We define its closure A, to be the intersection of all closed sets containing A. A set
is closed if and only if it equals its closure, and if and only if it contains all its limit points.
The boundary of A C X, denoted by dA is defined to be 9A = A\A°. We say A C X is

dense in X, if A = X. If the space X contains a countable dense subset, we call it separable.

We call a function f: X — Y between topological spaces continuous, if f~1(U) is an
open set in X for all open sets U C Y. We declare f sequentially continuous if, for any se-
quence (z,) C X converging to = € X, the corresponding sequence (f(x,)) C Y converges
to f(x). Any continuous function between topological spaces is sequentially continuous,
but the converse isn’t always true. If f: X — Y is a continuous bijection, with a continuous
inverse, it is called a homeomorphism, and in this case we say X and Y are homeomorphic.
If (X,7) is a topological space, we can turn any non-empty subset A C X into its own
topological space by equipping it with the subspace topology, by declaring B C A open if
and only if B is of the form C'N A for some C € 7. It is a useful fact that, if {7;};cs is an
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arbitrary non-empty collection of topologies on a set X, then (., 7; is also a topology on
X. Furthermore, for any collection C C 2%, the collection of topologies on X containing C
is non-empty (as it must consist of at least 2%), which means we can define the topology
generated by C as the intersection over all topologies containing C. If 73 and 7, are both
topologies on X, we say that 7 is coarser than  if /; C 75, and in this case we say that
Ty is finer than 71. Thus, the topology generated by a collection of subsets is the coarsest
topology containing the collection. We call a collection C C 2% a basis for a topological
space X, if every open set in X is equal to a union of elements of C. We say C C 2% is
a subbasis of X if every open set is a union of finite intersections of elements of C. Thus
the topology generated by a basis or subbasis of a topological space X is the same as the
original topology on X, and any topology generated by a collection makes that collection
a subbasis for that topology. A topological space is called second countable if it possesses
a countable basis (or equivalently subbasis). For example, R as it is usually considered
(where convergence is given with respect to the absolute value) is a topological space given
by taking the collection of all open intervals as its basis. The density of the rationals in R
means we can equivalently take the collection of all open intervals with rational end points

as a basis, and so R is second countable.

Of particular importance to us in this thesis are functions between topological spaces,
and the different topologies induced by collections of functions, as well as topologies on the
function spaces themselves. If X is a set, and .# is a collection of functions f: X — Y7,
where each Y} is a topological space, we can define the .#-weak topology on X. This is
the coarsest topology on X for which every f € .% is continuous, and corresponds to the
topology generated by the collection {f~'(V): V is openin Y}, f € #}. For any sets
X and Y, recall that we denote by Y¥ the set of all functions from X to Y. The space

Y¥ can be identified with the product space [] . Y. We can define, for every z € X

reX
the projection 7,: Y* — Y defined by m,(f) = f(z). If Y is a topological space, then

YX can be equipped with the product topology, which is the coarsest topology making
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each projection 7, continuous. When thinking of Y¥ as a space of functions, the product
topology is generally known as the topology of pointwise convergence, because a sequence
(fn) € Y¥ converges to f € Y in the product topology if and only if (f,(z)) C Y
converges to f(z) in Y for every x € X. For any point # € X and open set U C Y we can
define the set

Sev={feY¥: f(x) €U} (2.1.1)

The collection of all S, ;; forms a subbasis for the topology of pointwise convergence on Y ¥

[54], Section 46].

This thesis is about compactifications, so we shall devote a bit more space to the notion
of compactness. We call a topological space (X, ) compact, if every open cover has a finite
U, there
must exist a finite sub-collection {Uj; }_; C {Ui}icr, such that X = (J;_, U;;. We say that

subcover. By this we mean, for every collection {U;}ic; C 7 such that X = J,,
a subset A C X is a compact subset of X if A is a compact topological space when inher-
iting the subspace topology on X. Equivalently, A is a compact subset of X, if for every
{Ui}ier C 7 such that A C (J;; Ui, there exists a finite sub-collection {U;, }7_; € {U;}icr,
such that A C U?zl Ui,. There is also the notion of sequential compactness, where a space
X is said to be sequentially compact if every sequence in X has a subsequence converg-
ing to a x € X. This definition applies just as readily to subsets of a space. In general,
compactness and sequential compactness are not equivalent. As we shall see in the next
section, any unbounded metric space is not compact, which means, for example, that R
with the usual topology is not compact. It is, however, locally compact, which means that

for any point x, there exists a neighbourhood U of x, and a compact set K, such that

UCK.

As we shall see in later sections, the compactness of a topological space allows powerful

tools, which is why there is the notion of compactification:
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Definition 2.1.1. A compact topological space Y is said to be a compactification of a
topological space X, if there exists a continuous injection ¢: X — Y, such that +(X) is a

homeomorphism onto ¢(X) with the subspace topology, and ¢(X) is dense in Y.

In general, a function f: X — Y which is a homeomorphism onto its image is known

as an embedding of X into Y.

2.2 Metric Space Preliminaries

The horofunction compactification is a method of compactifying metric spaces, so before
we introduce it we recall some of the relevant notions. We once again don’t have space to
introduce all the relevant notions, so we refer the interested reader to [40] and [54] if any
of the metric space theory used in the thesis is unclear. A metric space is a pair (M, d),

where M is a set and d: M x M — [0, 00) satisfies:
(i) d(z,z) =0 for all z € M.
(i) d(x,y) = d(y,x) for all z,y € M (symmetry).
(iii) d(z,2) <d(z,y)+d(y,z) for all z,y,z € M (the triangle inequality).
(iv) d(z,y) = 0 implies x = y for all z,y € M.

The full definition of a metric is a rather strong requirement, and there are many cases
where it is useful to consider spaces where some of the requirements are weakened. We call
(M, d) a pseudo-metric space if d satisfies (i)-(iii) above, but we don’t require that separate
points have a strictly positive distance between them. We call (M, d) a hemi-metric if d
satisfies (i), (iii), (iv) above, but is not symmetric. In this thesis we are primarily interested
in metric spaces, but the horofunction compactification has been studied in the context of
both pseudo-metric spaces and hemi-metric spaces (for examples see [33, 22] [44] 69] [67]).

Unless specified otherwise, in all that follows, we shall be considering (M, d) to be a metric
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space, although a lot of the terminology is the same for hemi/pseudo-metric spaces.

For any = € (M,d), and r > 0, we define the open ball of radius r centred at x by
B°(z;r) = {y € M : d(x,y) < r}, and similarly the closed ball of radius r centred at x
by B(z;r) = {y € M : d(z,y) < r}. We define the sphere of radius r centered at = by
S(x;r) = B(x;r)\B°(x;r). The set of all open balls generates a topology on M, and unless
otherwise specified, this is the topology we will be referring to when referring to topological
properties about (M, d). Recall that a topological space (X, 7) is said to be metrisable if
there exists a metric d on X generating 7. We say two metrics on a set are equivalent if
they both generate the same topology. Metrisable spaces are particularly useful due to the
following theorem, which is a collection of well known topological facts, which can be found

in [54, Section 20-21].
Theorem 2.2.1. Let X be a metrisable space, then the following hold:

(i) A function f: X =Y, for any topological space Y, is continuous if and only if it is

sequentially continuous.

(i) A point x € X is a limit point of a set A if and only if there exists a sequence (z,) C A

such that x,, — x.

(11i) X is compact if and only if it is sequentially compact. Similarly, A C X is compact

if and only if it is sequentially compact.

Recall that a metric space is called complete if every Cauchy sequence converges to an
element in the metric space.
Example 2.2.2 (Homeomorphisms aren’t enough). Equip the sets R and (—1,1) with the
usual metric d(x,y) = |z—y|. These are thus two distinct metric spaces, with corresponding
metric topologies. R and (—1, 1) under these metric topologies are homeomorphic. Indeed,
it is a common exercise to show that x + tanh(x) is a homeomorphism from R onto (—1, 1).
However, as a metric space, R is unbounded and complete, whereas (—1, 1) is bounded and

not complete.
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The above example shows that homeomorphisms aren’t, predictably, enough to preserve
the structure of a metric space. A map f: M — N between two metric spaces (M, d) and
(N, p) is called an isometry if d(x,y) = p(f(x), f(y)) for all z,y € M. We say M and N

are isometric if there exists a bijective isometry between them.

We call (M, d) a proper metric space if all closed balls are compact. A prototypical ex-
ample is any finite-dimensional normed space over R or C, which we know is proper thanks
to the famous Heine-Borel theorem. Proper metric spaces are complete and separable [50,
page 28]. A path in a metric space is a continuous function y: I — M, where I C R is an
interval. A path + is called geodesic if d(~(t),v(s)) = |t — s| for all t,s € I. We call M a
geodesic space if for every x,y € M there exists a geodesic path v: [0,d(x,y)] — M with

7(0) = x and y(d(,y)) = y.

If we are given a finite collection of metric spaces, (M;,d;), for i € {1,...,m}, we

can form the ¢ product metric space of these metric spaces, for p € [1,00], by defining

M =T[%, M;, and for any (z,y) = ((z1, ..., Zm), (Y1, -, Ym))s

P

dp(l.’ y) = <Z dl(mw yz)p> ) for D€ [17 OO), and doo(x, y) = maxdl(xz, yl)
i=1
It is useful that the ¢/ product space generally inherits nice properties from its con-
stituent factors. The following lemma [50, Proposition 2.6.6] is particularly useful:

Lemma 2.2.3. If (M;,d;) are proper geodesic metric spaces for i € {1,...,m}, then the
P product space, (M, dP), of these metric spaces is also a proper geodesic metric space for

all p € [1,00].
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2.3 Nets

In practice, investigating whether a set is closed or compact, or a function is continuous, is
very difficult simply using the topological definition. If a space is metrisable, Theorem [2.2.]]
means that we can investigate the topological properties of it, its subsets, and functions
on it through analysing the behaviours of sequences, which is a lot more tractable. It also
guarantees that if the space is compact, any sequence must have a convergent subsequence,
which is often a crucial argument in the study of horofunctions. Some of the spaces dealt
with in this thesis are not metrisable, which is why we introduce the notion of nets, which
can be thought of as a generalisation of sequences. Our exposition closely aligns with that
of Megginson [50, Chapter 2]. Recall that a directed set is a set with a relation, (A, <),
where < is reflexive and transitive, and for every «, § € A, there exists a v € A such that
a <~vand 5 < 7. A net in a topological space X consists of a directed set (A, <) and a
function f: A — X. We generally denote f(a) by z, for all @ € A, and refer to the net
(Za)aea, or just (z,) if the index set is understood. We say that a net (z,)aca converges
to a point x € X if, for every neighbourhood U of = there exists an a € A such that for
all @« < 8, g € U. The following example is important enough that it can be thought of

motivating the definition of a net.

Example 2.3.1. Let (X, 7) be any topological space. We can order 7 with the relation <,
by saying that A < B if A D B. It follows immediately from the definition of set inclusion
that < is transitive and reflexive. By the definition of a topology, if A, B € 7, the ANB € T,
and A D ANB and B 2 AN B, meaning that (7, <) is a directed set. Furthermore, for any
x € X, the same reasoning shows that the collection of all neighbourhoods of z is also a
directed set under O. Now assume that x € X is a limit point for some A C X. Thus, for
every neighbourhood U of x, U N A\{x} # (. If N, is the collection of all neighbourhoods
of 2, we can use the axiom of choice to define f: N, — X by f(U) = zy € U N A\{z}.
From what we have just shown, (zy)uen;, is a net in X, and by construction (zy) C A,

and zy — x. We can thus conclude that a point is a limit point of a subset of a topological
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space if and only if there exists a net contained in the set converging to the point. This is
not, in general, the case for sequences; there exists topological spaces where a point can be

a limit point of a set, but there exists no sequence in that set converging to the point.

Just as in the case for sequences, it is desirable to have a notion of a subnet. Unlike in
the case of sequences, it is not immediately obvious what notion one should choose for the
definition of a subnet. There are in fact various definitions of subnets, which are similar,
but not equivalent. A full discussion of the different types of subnets can be found in
[63, Chapter 7]. In this thesis we exclusively what are known as Willard subnets, which
we now define. Recall that a subset of a directed set, say B C A, is cofinal if for every
a € A there exists a § € B such that a < 5. We say that x is a cluster point of the net
(%o )aca if, for every U € N, the set {o € A : x, € U} is cofinal in A. We say that a map
f: A— A between two directed sets is a cofinal map, if, for every cofinal B C A, f(B) is
cofinal in A’. A map f: A — A’ between two directed sets is known as monotone if a < 3
implies that f(a) < f(B). A net J: B — X is said to be a subnet of [: A — X, if there
exists a monotone function ¢: B — A such that J = I o ¢, and ¢(B) is cofinal in A. The
following example shows that care needs to be taken when defining properties of nets in

metric spaces.

Example 2.3.2. The set N with the usual ordering is a directed set, from which we see
that any sequence in a topological space is a net. Conversely, there are many nets which
aren’t sequences, some of which can have surprising behaviour. Consider for example the
set NU {oc}, with the ordering <., defined by n < n and n < oo for all n € N. This is, by
construction, a directed set, so we can consider the net (zq)aenu{oc} in R with the usual
topology, where z,, = n, and x,, = 0. It is clear that z, is contained in any neighbourhood
of 0, but also, {« € NU {0} : 00 <, a} = {0}, so (z,) actually converges to 0, but
for every K € R there exists an o with z, > K. Thus we see that, unlike in the case of

sequences, convergent nets in a metric space are not necessarily bounded.

We say that a net (z,) € M in a metric space (M, d) converges to infinity if there exists

a b € M, such that for every n € N there exists a § so that for all & > (3, d(z,,b) > n.
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To avoid the issue highlighted in Example we define a net (z,) € M in a metric
space (M,d) to be an unbounded net if there exists a subnet (r3) converging to infinity.
If the net is not unbounded, we call it an eventually bounded met. By this definition,
the net in Example [2.3.2] is eventually bounded. We should note that this definition is
slightly different than what some authors use, but for setup is more convenient. What is
important for our setup, is that our definition of eventually bounded nets means that any
eventually bounded net (z,) € M has a subnet (z3) that is entirely contained in some ball
B(d;r), and an unbounded net has a subnet converging to infinity. The main utility of nets
are encapsulated by the following theorem, which is a combination of Proposition 2.1.21,

Corollary 2.1.36, and Proposition 2.1.37 in [50].
Theorem 2.3.3. For any topological space X :

(i) X is compact if and only if every net in X has a convergent subnet.

(i) A C X is closed if and only if for every net (x,) C X with z, — x € X, we have

x € A.

(11i) A function f: X — Y is continuous at a point x € X if and only if every net

f(zo) — f(z) for every net (x,) converging to x.

The proof of Theorem [2.3.3] needs the following lemma, which is interesting for its own
sake [50, Proposition 2.1.35]:

Lemma 2.3.4. If x € X is a cluster point of the net (o)aca, then it has a subnet con-

verging to x. Conversely, if (x4)aca has a subnet converging to x, then x is a cluster point
Of (ﬁa)aeA'
This lemma is interesting because the analogous statement does not hold for sequences.

In general, just because a sequence has an accumulation point, it does not need to have a

subsequence converging to that point.

Remark 2.3.5. A subsequence of a sequence (x,) C X can be thought of as a sequence

(yn) and a monotone, injective function ¢: N — N such that y, = x,(,) for all n € N.
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Thus, every subsequence of a sequence is also a subnet. Conversely, not every subnet of
a sequence is also a subsequence, as a subnet of a sequence is a net (y,), together with a
directed set A and monotone cofinal map ¢: A — N such that y, = 74(), which means
that (y,) could very easily not even be a sequence, for example if A = R. This distinction
is important to keep in mind in light of part (i) of Theorem just because a sequence

must have a convergent subnet, does not mean it must have a convergent subsequence.

In this thesis we will be dealing with product spaces, in which we will need the following

lemma [50, Proposition 2.1.16]:

Lemma 2.3.6. If X = [],.; X; is a product of topological spaces, and x € X, then a net

(%) = (x8);er converges x € X, if and only if for every i € I the net (x¢

¢ ®) converges to x;.

2.4 Normed Spaces and Topological Vector Spaces

The study of normed spaces and topological vector spaces falls under the umbrella of
functional analysis. There are many excellent texts covering the foundations of the subject,
but our main points of reference for this thesis are [62] and [50]. Recall that a normed
space is a pairing (X, || - ||), where X is a vector space over a field F (technically it could
be any field, but in our case, and in most cases in the literature, it is either C or R), and

Il - ||: X — R satisfies the following:

(i) [|ax| = |af||z| for all z € X and a € F (homogeneity).

(i) |lz+yl < |zl + ||y] for all z,y € X (the triangle inequality).
(iii) ||z|| = 0 implies x = 0 for all x € X.

Conditions (i) and (ii) imply that ||z|| > 0 for all € X, and ||0|| = 0. If we drop require-
ment (iii), the resulting || - || is known as a seminorm. Every normed space (X, || - ||) has
a natural metric structure, where the metric is given by X x X 3 (z,y) — ||z — y||. The

norm topology on a normed space is simply the metric topology generated by this metric.
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For convenience, if the norm on (X, || - ||) is understood, we will just refer to the normed
space X. We define B = B°(0;1), and Bx = B(0; 1), and call them the open and closed
unit balls of X, respectively. We call Sx = Bx\B% the unit sphere of X.

We call a normed space a Banach space if it is complete under this metric. We call two
norms, || -||; and || - ||2, on the same vector space X equivalent, if there exists a, 5 € [0, 00),
such that, for all x € X

aflzlly <zl < Bl

It is well known that equivalent norms generate equivalent metrics, so the norm topology on
a space is invariant under equivalent norms. The main structure preserving maps between
normed spaces are the so called bounded linear operators. 1If T: X — Y is a linear map

between normed spaces, with norms || - ||x and || - ||y respectively, we call it bounded if

sup ||Tz|ly < oo.
Z‘GBX

We call this quantity the operator norm of T, and if we equip the space of all bounded
linear operators between X and Y with this norm, it becomes a normed space, which we
denote by L(X;Y). It is an standard exercise to show that an operator between normed
spaces is continuous with respect to the norm topology if and only if it is bounded. An
important space in functional analysis is L(X;TF), the set of bounded linear operators from
X to its field. This is known as the dual space of X, and we denote it by X*. The elements
of X* are known as the continuous linear functionals. Regardless of the completeness of
X, X* is always a Banach space. We can also talk about the bi-dual of X, which is simply
the dual of the dual, and denoted by X**. It is always possible to isometrically embed X
into X** by defining J: X — X** by

J(x) = ¢, € X, where ¢,.(f) = f(x). (2.4.1)
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If J is an isomorphism, we say that X is reflexive, and will write X = X**, where this
equality is to be understood through the action of J. If X and Y are Banach spaces, we
can associate to every 7' € L(X;Y) a unique T* € L(Y*; X*) defined by f(Tx) = T*f(z)
for every z € X and f € Y*. We call T* the adjoint of T, and || T*|| = ||T||. In the case
of finite dimensional real vector spaces, the adjoint of a linear map is simply given by its

matrix transpose.

There are some strong topological differences between normed spaces over finite and

infinite-dimensional vector spaces, which we collect in the following theorem [62]:

Theorem 2.4.1. (i) A vector space X is finite-dimensional if and only if every norm

on it is equivalent to every other norm.

(i) A wvector space X is finite-dimensional if and only if every linear functional on it is

continuous.

(i1i) A normed space X is finite-dimensional if and only if its closed unit ball is compact

in the norm topology.

The topology induced by a norm is fairly strong, as seen by the above theorem. In some
cases it is useful to weaken the topology on a normed space. We call a vector space X
equipped with a topology a topological vector space (TVS) if it is a Hausdorff topological

space satisfying:

(i) The addition map +: X x X — X given by (z,y) — x +y is continuous with respect
to the product topology on X x X.

(ii) The scalar multiplication map -: F x X — X given by (A, x) — Az is continuous with

respect to the product topology on I x X.

If X is a finite dimensional TVS, there always exists a norm generating its topology,

which is why the study of topological vector spaces as objects in themselves only really
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occurs in the infinite dimensional setting. If X and Y are topological vector spaces, it no
longer makes sense to talk about bounded linear operators between them, but it still makes
sense to talk about continuous linear operators between them. As in the normed space,
we denote by L(X;Y') the space of all continuous linear operators by L(X;Y’). There are
various ways to put topologies on L(X;Y) to make it into a TVS, but this is out of the
scope of this thesis, and we refer the interested reader to [62]. It is clear by the definition
of a TVS, that if (z,) and (y,) are sequences in some TVS X, and z,, — z and y, — v,

then x,, + y, — x +y. The following shows that something similar is true for nets:

Lemma 2.4.2. If (z4)aca and (yz)pep are nets in a topological vector space V', converging
tox €V andy € V respectively, then we can construct subnets with the same indexing set

(2)yer and (y,)yer such that z., + y, converges to x + y.

Proof. Let I' = A x B be equipped with the ordering (o, 8) < (o/,f') if and only if
a<a in Aand g < ' in B. It is straightforward to check that this makes I' a directed
set. Now define p1: ' — A by ¢1(e,8) = «, and p9: ' — B by @o(a,8) = 5. It is
a routine calculation to check that these cofinal maps make the nets (2(qg)) and (y(a,s))
subnets of (x,) and (yg) respectively. Thus lim g T = @ and limeg) Y = Y-
This also shows for any neighbourhood of the form U x W of the point (z,y) € V x V
there exists an (o/, ') € I' so for all (o, 3) > (o, 8') we have (z(a,8):Ya,) € U x V.
Thus lim, ) (%(a,8), Y(a,8) = (2,y), and because addition is continuous it follows that

limq, g) T(a,8) + Y(a,8) = T + ¥. O

Perhaps the most important examples of topological vector spaces not arising from a
norm, and the only ones we will need in this thesis, are the weak and weak* topologies
on a normed space X. The weak topology on X is simply an abbreviation for the X*-
weak topology, as defined in section 2.1, and the weak* topology on X* is likewise an
abbreviation for the J(X)-weak topology, with J as in . Convergence in these spaces
is pointwise, by which we mean that a net (z,) C X converges weakly to x € X if and

only if f(z,) — f(x) for every f € X*, and a net (f,) C X* converges to f in the weak*
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topology on X* if and only if f,(z) — f(x) for all z € X. These topologies will be
particular useful to us, in light of the following famous theorem, a proof of which can be

found in [62):

Theorem 2.4.3 (Banach-Alaoglu Theorem). If X is a normed space, then Bx- is closed
in the weak™ topology on X*.

2.5 Convex Geometry

There is a close relationship between the horofunction compactification of normed spaces,
and the convex geometry of the closed dual ball. For the convenience of the reader we shall
briefly recall the relevant facts about convex geometry in this section. We refer the reader
to [61] for a full account. Let V' be an R vector space. We say that a set C' C V is conver,
if the line segment between any two points in C'is contained in C. Precisely, C'is convex if,
for all z,y € C, and all X € [0, 1], we have Az + (1 — A)y € C. We use [z, y| to denote such
a line segment. Similarly, we shall use (z,y) to denote the open line segment, which is the
collection of points Az + (1 — Ay, for A € (0,1). We call a set A C V an affine subspace of
V' if the line passing between any two distinct points in A is also contained in A, by which
we mean, if x,y € A, then we have {\z + (1 — \)y: A € R} C A. Tt is clear that an affine
subspace must be convex. It is often useful to make use of the fact that an affine subspace
is just a translated vector subspace of V. That is: A is an affine subspace of V' if and only
if there exists a subspace of V', say W, and an x € V, such that A = z + W. We collect

some useful facts about convex sets and affine subspaces in the following proposition:

Proposition 2.5.1. Let V and W be R vector spaces, let T: V — W be a linear operator
{Citier and {A;}icr be arbitrary collections of convexr subsets and affine subspaces of V

respectively, then:

(i) The sets (,c; Ci and (;,c; Ai are convex and affine, respectively.

32



2.5. CONVEX GEOMETRY

(ii) If C C V and C'" C W are convex, then both T(C) and T~'(C") are conver. The

same holds if we replace convex with affine.

(i1i) If V is a topological vector space, then both the interior and closure of a convex set

is again a convex set, and similarly for an affine subspace.

We call an affine subspace, A, an affine hyperplane, if A = x+ker(f) for some non-zero
linear functional f acting on V. If V is a topological vector space, all the closed affine
hyperplanes are precisely those hyperplanes A of the form A = z + ker(f) for 0 # f € V*.
To any hyperplane A = z + ker(f) we can define the associated closed half-space in V,
which is the set {v € V' : f(v) < f(z)}, and the associated open half-space, which is the
set {v € V' : f(v) > f(z)}. Thus each hyperplane splits V' into two disjoint convex sets. If
C is a non-empty convex set, we say that H is a supporting hyperplane for C' if HNC # 0,
and C' is contained in the closed half-space generated by H. If C' C V is a convex set,
and xy € C, we say that f € V* is a supporting functional of C at the point xy if f # 0,
and f(z) < f(zo) for all x € C'. Supporting functionals are closely related to supporting
hyperplanes. Indeed, if f is a supporting functional for C' at zg, and f(xg) > inf,cc f(2),
then H = f~1(f(xo)) is a supporting hyperplane for C. If V is a complex vector space, we
define the supporting functional of a convex set C' C V similarly, except we say f supports

C at zg € C if Re f(xg) > Re f(x) for all z € C.

Given any non-empty set S C V', there are useful ways to generate a convex or affine
set containing S. The convexr hull of S, denoted by conv(S) is defined as the smallest
convex set containing S, and similarly the affine hull of S is defined to be the smallest
affine set containing S, which we denote by aff(S). It follows immediately from part (i7)
of Proposition that conv(S) is precisely the intersection of all convex sets containing
S, and likewise that aff(.S) is the intersection of all affine subspaces containing S.

Important information about convex sets is encoded in their so-called facial structure.

If C'is a convex subset of an R vector space V', we call a convex set F' C (' a face of C,
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if for every [z,y] C C such that (x,y) N F # 0, [z,y] N C C F. Each convex set has itself
and the empty set as trivial faces. If F' C C'is a face that is not trivial it is called a proper
face. 1f the singleton {z} is a face of C, it is called an extreme point of C. If there exists
a linear function f on V and an a € R such that F' = f~'(a) N C, and f(z) < f(a) for all
x € C, then F is a face of C, and it is known as an exposed face. If V is finite dimensional
we say that a face F' is a facet if dim(F') = dim(C) — 1, where we use dim to denote the
dimension of the affine span of a set. We also say that C' is polyhedral if it is bounded and

is precisely the intersection of finitely many half-planes

Important examples of convex sets are cones. Let V' be a real vector space. We call a set
C C V acone if it is convex and A\C' C C' for all A > 0. We call C proper if CN—C = {0}.
Some authors use the term cone and proper cone interchangeably, and refer to a cone that
isn’t proper as a wedge. If V' is a topological vector space, the dual cone of a closed cone
C is defined by
C*={peV*:p(x)>0foralxecC}

whereas the dual cone of an open cone € is defined as

' ={peV":p(x)>0foral z € Q}.

The automorphism group of such an €2 is defined by

Aut(Q) ={T € L(V;V) : T is an isomorphism and T(Q2) = Q}.

If V' is a finite dimensional real Hilbert space and {2 C V' is an open cone, we can make the

identification

={yeV:(xr,y) >0 forall z € Q}.

We say that such an € is self-dual if €2 = Q*. An open cone €2 is called a symmetric cone if

it is self-dual, and Aut(Q2) acts transitively on € (by which we mean for all z,y € € there
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exists a T € Aut(Q2) such that Tz = y).

As cones are convex, the notion of faces defined above applies to them. A face [ is called
an exposed face if there exists a p € C* such that F = C' N !(0), which is equivalent to
the definition for exposed faces of general convex sets. Similarly, we say that C'is polyhedral

if there exists ¢1,...,¢, € V such that
C =i '([0,00)).
i=1

The intersection of cones is also a cone, which allows us to define the conical hull of any
non-empty S C V as the intersection of all cones containing S. There are useful analytic

descriptions of the hulls we have introduced, which we collect below:

Proposition 2.5.2. Let S CV be an arbitrary subset of a real vector space. Then
(i)
conv(S) = {Z)\sz cx; €8, >0, neN, and Z/\i - 1}

i=1 i=1
(it)
aff(S) = {Z)\sz 1, €8, M eR, neN, and Z)‘i = 1}.

i=1 i=1
(iii)
cone(S) = {Z)\Z:UZ cx; €8, Ay >0, andn € N} )

i=1

Sums of the form found in (7) and (i7) above are referred to as, respectively, a convex
and affine combination of the elements x;. There are various different ways of defining the
interior of a subset of a vector space with respect to its convex structure, which we collect

in the following definition:

Definition 2.5.1. Let V be an R vector space, and X an R topological vector space. We
then define:
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(i) We say = € V is in the algebraic relative interior of A C V| if for every straight line
L that passes through z and is contained in aff(A), there exists an open segment

(a,b) C L, such that x € (a,b) and (a,b) C A.

(ii) We say that x € X is in the relative interior of A C X, if x is in the topological
interior of A, considered as a subset of aff(A) equipped with the subspace topology.

We denote the collection of all such points as ri(A).

(iii) We define the quasi-relative interior of A C X by, if cone(B) denotes the closure in
X of the conic hull of B C X,

qri(A) = {x € A : cone(A — z) is a subspace of X}.

If X is a finite dimensional normed space, and C' C X is convex, then all three of
the notions of relative interior coincide. We are particularly interested in these notions of
relative interior in light of the following theorem, a proof of which can be found in [61]

Theorem 18.2],

Theorem 2.5.3. If C is a compact convex subset of a finite dimensional normed space X,

then ri(Fy) Nri(Fy) = 0 for all distinct faces Fy, Fy C C, and

= J ).
F face
of C

2.6 Smoothness and Convexity of Normed Spaces

The topic of convexity and smoothness of normed spaces is a rich area, and in this section
we only introduce the bare necessities that we will need later on. The interested reader
is referred to Chapter 5 of [50] and Chapters 8 and 9 of [19] for further reading. We say
that a normed space X is strictly convex if, for any x,y € Sy satisfying ||z + y|| = 2, then

x = y. Strictly convex spaces are also known as rotund spaces. There is a stronger notion
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of convexity, and we say that a normed space X is uniformly convex if for each 0 < ¢ < 2
there exists a 0 > 0 so for all z,y € Sy with ||z — y|| > ¢ we have ||Z%|| <1 — 4. Every
uniformly convex space is strictly convex [50, Proposition 5.2.6] and strictly convex finite
dimensional normed spaces are uniformly convex [50, Proposition 5.2.14]. In the 1930’s,
Milman [52] and Pettis [58] independently proved the following theorem, which bears their

name:

Theorem 2.6.1. (The Milman-Pettis Theorem) Every uniformly convex Banach space is

reflexive.
Proof. See [50, Theorem 5.2.15] for a more modern proof. ]

The notion of supporting hyperplanes and supporting functionals introduced in Section
2.5 play an important role in the study of convexity and smoothness of normed spaces.
Of particular importance are the notion of norming functionals. As a consequence of the
Hahn-Banach extension theorem, if X is a normed space, for any x € X, there exists a
f € X* such that ||f]|« = 1, and f(z) = ||z||. We call f a norming functional for x. We
denote by z* a norming functional for x, which in general does not need to be unique. For
any x € Sy, its norming functionals are precisely the supporting functionals of Bx at x of
norm one. Later we shall need the following fact about strictly convex spaces and norming

functionals:

Lemma 2.6.2. If X s a strictly convex space, and x* and y* are norming functionals for

x,y € X\{0} with ||z|| = ||ly||, and z* = y*, then z = y.

Proof. Without loss of generality we might as well assume that z,y € Sx. Assume that
x # y, so by definition of a strictly convex space, ||z + y|| < 2. As ||z*|| = 1 it follows
that ||z + y|| > [2*(z + y)| = |z*z + y*y| = ||z|| + ||y||, from which we deduce that

|z + yl| = ||z|| + ||ly|| = 2, contradicting strict convexity. O

We will also need the following fact about uniformly convex normed spaces:
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Lemma 2.6.3. If X is a uniformly convex normed space, and (x,) C Sx and (y,) C Sx

are nets indexed by the same directed set, and ||To + Yao|| — 2, then ||Ta — Yol — 0.

Proof. Assume by way of contradiction that ||z, — ya|| 7 0. There must thus exist a e > 0
and subnets (z5) and (yg) such that ||xg — yg|| > € for all 5. As X is uniformly convex,
there exists a § > 0 such that ||zg + ys|| <2 — 0 for all 5, a contradiction. O

We now turn our attention to the notion of smoothness. There are different definitions
of a smooth normed space in the literature, but as the word smooth is often associated with
differentiability, we shall use the definition involving Gateaux derivatives. For a function
f: X — R we say that f is Gateaux differentiable at x € X if

i 4@ 1Y) = f(2)

t—0 t

exists for all y € X. This quantity is then called the directional derivative of f at x in
the direction of y. If f is Gateaux differentiable at x, we use Vf,: X — R to denote the
Gateaux derivative of f at x, which is defined, for all y € X, by:

V£.(y) = lim fla+ty) — fx)

t—0 t

We use the notation V||z|| to denote the Gateaux derivative of || - || at the point z € X.
Note that for any 0 # x € X, y € X, and t € R\{0},

|l + ty[l = ll=]]
t

< [lyll,

and if we choose y = x the inequality becomes an equality, meaning that V|z| = z*. We
say that X is a smooth normed space if its norm || - || is Gateaux differentiable on X\{0}.
This condition is equivalent to requiring that, for each z € X\{0}, there exists a unique
norming functional z* € Sx« [19, Lemma 8.4], characterised by z*(x) = ||z||. Thus, if X

is a smooth normed space, then for any non-zero z € X and ¢ > 0, (cz)* = z*. Indeed:
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(cx)*(cz) = c||z||, meaning that (cz)*x = ||z||, which by uniqueness enforces the conclusion.

This characterisation of smoothness allows us to prove the following:

Proposition 2.6.4. A normed space is strictly convex if its dual space is smooth, and it

1s smooth if its dual space is strictly convex.

Proof. Suppose that X is not smooth. By the above characterisation of smoothness, there
must then exist some z € Sx with two norming functionals, say xj,z5 € Sx+ such that
xix = zixr = 1. As By« is convex, ||z} + 23|/« < 2, and by the definition of the dual norm
llos 4+ 25|l > (2F +x35)(z) = 2, so ||a] + 25|« = 2, but x] # x5, so X* is not strictly convex.
Next, suppose that X is not strictly convex. There thus exists z,y € Sx with ||z +y| = 2,
but x # y. Thus z = %(x—i—y) € Sx. As z* € Sx+ and x,y € Sy we must have z*xr < 1
and z*y < 1, so the only way that 2*z = 1 is if 2* is also a norming functional for x and .
If J denotes the natural embedding of X into X** as defined in Section [2.4] it thus follows
that J(z)z* =1 and J(y)z* =1, but as x # y, J(z) # J(y), so z* has two distinct norming

functionals in X**. Therefore X* is not smooth. O

Similarly as in the case of smoothness, there are different definitions of uniform smooth-
ness of normed spaces in the literature, and we choose the one based on a differentiability
criterion. We say that a function f: X — R is Fréchet differentiable at a point z € X if

there exists a linear functional D f, € X* such that

o M@+ h) = () = DE(R)

=0.
h—0 Al

We call the functional Df, the Fréchet derivative of f at x. We denote by D|z| the
Fréchet derivative of || - || at z. If f: X — R is Fréchet differentiable at x € X then it is
also Gateaux differentiable, and D f, = V f,. We say that f: X — R is uniformly Fréchet
differentiable on an open set U C X if f is Fréchet differentiable at every point x € U,
and the map =z — Df, is a uniformly continuous map. We say that a normed space X
is uniformly smooth if its norm is uniformly Fréchet differentiable on X\{0}. In 1940,

Smulian [65] proved an analogue to close relationship between convexity and smoothness:
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Theorem 2.6.5. A normed space is uniformly convez if and only if its dual space is uni-

formly smooth, and it is uniformly smooth if and only if its dual space is uniformly convex.
Proof. See [50, Theorem 5.5.12] for a modern proof. O

As a corollary to the above theorem and the Milman-Pettis Theorem (Theorem [2.6.1)

Smulian [65] proved an analogue to the Milman-Pettis Theorem:
Theorem 2.6.6. Every uniformly smooth Banach space is reflexive.

To end this section, we prove a result about the facial structure of the dual unit balls

of strictly convex and uniformly smooth normed spaces.

Proposition 2.6.7. If X is a uniformly smooth and strictly convex Banach space, then the
only proper faces of Bx+ are extreme points {f} C Sx+, and every f € Sx- is an extreme

point.

Proof. Theorem means that X is reflexive, and Theorems [2.6.4] and [2.6.5] mean that

X* is smooth and uniformly convex. Thus for any f € Sy, there exists a unique x € Sx
such that f(z) = 1. Lemma [2.6.2 means that for any y # = with y € By, f(y) < 1. Thus
{f} is exposed by € X**  so it is a face. Conversely, suppose that F' C Sy« is a proper
face of Bx«, and f,g € F. Let x be the unique norming functional for f as above. As F'is

convex, we must then have (f + g) € Sx-, but

If +glls < f(2) +g(x) =1+ 9g(x),

so for £(f+g) to be in Sx+ we must have g(z) = 1, which by Lemma means f =g. [

James Clarkson proved, in his 1936 paper [14] introducing the notion, that LP(X, F, ) is
uniformly convex for any measure space (X, F, ) and any 1 < p < oco. This, in combination
with Theorem , and the fact that the dual of LP(X, F, u) is LY(X, F, u), where %—i—% =

1, shows that LP(X, F, u) is also uniformly smooth. As a corollary, all 7 sequence spaces,
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for 1 < p < oo, are also uniformly convex and uniformly smooth. Another classic example

of uniformly smooth and uniformly convex normed spaces are Hilbert spaces:

Example 2.6.8. Let H be an arbitrary Hilbert space. Fix arbitrary 0 < ¢ < 2 and

x,y € Sy. The parallelogram law means that

lz +yl1* = 2ll=]|* + 2lly[I* = [l -y,

1 g2 g2
- <y J1i-S<1-Z
Heul < 1-S <15

Thus by definition H is uniformly convex. The Riesz-Representation Theorem means that

H* = H, so the dual of H is also uniformly convex, which by Theorem means that H

so if [lz —yl > ¢,

is uniformly smooth.

2.7 Order-unit Spaces

Let V' be a real vector space. We say that (V, <) is an ordered vector space if < is a partial

ordering on V satisfying the following two properties:

(i) fz<y,thenz+z2<y+zforall z,y,z€ V.

(i) If z <y, then Az < Ay for all x,y € V and A > 0.

A classical example of an ordered vector space is (R", <), where we define (z1,...,z,) <
(Y1, ..., y0) if & < y; for all i € {1,...,n} (where < on R is the usual ordering). We say
that (V, <) is Archimedean if, for any =,y € V such that x < dy for all § > 0, then z < 0.
A proper cone C' C V induces a partial order < on V', where z < y if and only if y —x € C.
It follows almost immediately from the definition of a cone that this partial ordering in fact
makes (V) <) an ordered vector space (where we need the fact that C' is proper to ensure

< is antisymmetric). In fact, the converse is also true:
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Lemma 2.7.1. Let V' be an R vector space. The set of partial orderings on V' that turn V'
into an ordered vector space is in one-to-one correspondence with the collection of proper

cones, C, on V.

Proof. As we have just seen, given a proper cone C, we can associate a partial order <g
on V by setting x < y if and only if y —x € C'. Conversely, given a partial order < on V,
which makes (V, <) an ordered vector space, let us define the set C<« = {z € V : 0 < V}.
We claim that C< is a cone. Indeed, axiom of ordered vector spaces immediately
means that Az € C for all z € C<c and A > 0. Now let z,y € C<, and A € (0,1).
We have just shown that Az € C< and (1 — \)y € C<, and axiom |(i)| of ordered vector
spaces thus means that Az < Az + (1 — )y, and the transitivity of < thus means that
Az < Ax+ (1 — Ny € Cc, making C< convex. Thus indeed C< is a cone. To see that it
is proper, suppose that x € C< N —C<, meaning that 0 < z and 0 < —z, which means
z < 0, so by the antisymmetry of <, we must have x = 0. Furthermore r <¢_ y if and
only if y — 2z € C, if and only if 0 < y — z, if and only if z < y, which establishes
a unique correspondence between cones and partial orderings turning V' into an ordered

vector space. ]

The cone C< in the above proof is often referred to as the positive cone of (V, <), and
is denoted by V.. In light of the above lemma we often refer to an ordered vector space
(V, <) as the vector space V' with positive cone V,. We say V, is an Archimedean cone if
the order associated with it is Archimedean. Let us now fix some (V, <) with associated
positive cone V. We call an element e € V. an order-unit if, for every z € V, there exists
a A > 0 such that —Ae <z < Xe. If V. is Archimedean, and such an e exists, we can define

the order-unit norm || - ||c on V' by
|z]|e = inf{A > 0: —Xe < x < Ae}.

We should note that even if V is not Archimedean, || - ||, is still well-defined and is a

semi-norm, but it may fail to be a full norm. If V, is Archimedean, and an order-unit e
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exists, we call the triple (V,V,, e) an order-unit space, and e the distinguished order-unit.
If (V,V,,e) is an order-unit space, we denote by V¢ the interior of V. with respect to the

order-unit norm. We have the following useful fact:

Lemma 2.7.2. In an order-unit space (V, V. e), the positive cone V. is closed in the norm

topology induced by || - ||, and e € V7.

Proof. Let (x,) C V. converge to some x € V in || - ||c. Thus, for all € > 0, there exists a
N € N so that for all n > N, —ee < x — z,, < ge, but as each x,, € V,, this means that
—ce < x for all € > 0, which means 0 < z as V. is Archimedean, meaning that x € V. If

x € Ble, %), then %e <z, so indeed e € V7. O

We say that y € V. dominates x € V if there exists a, 8 € R such that ay <z < By.
We say © ~ y if x dominates y, and y dominates x. This partitions V into equivalence
classes under ~, which we call the parts of V.. We can define the so called gauge function,

M:V xVy — RU{oco} and reverse gauge function, m: V x V. — RU{—o0} by
M(z/y) =inf{\ e R:ax < Ay}, and m(z/y) =sup{\ € R: \y <z}, (2.7.1)

where we use the standard convention that inf ) = co and sup® = —o0.

Corollary 2.7.3. Lemma immediately implies that if (za), (Ya) are two nets in V

converging to x and y respectively in norm, and x, < yo for all a, then x <.

It would be useful if the gauge functions were real valued functions, which is why we

prove the following.

Lemma 2.7.4. If (V,V,,e) is an order-unit space, then every y € Vi dominates every
x € V. Furthermore, if x,y € V,\{0}, then x ~ y if and only if there exists 0 < a < f3

such that ax <y < fx

Proof. Fix some y € V; and z € V. Note that for all n € N, |ly — (y — L)l = ||z[. — 0

T on

and |y — (y + 1z)|le = ||z|le — 0. As y is an interior point of V., this must mean that
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for all n large enough, y + %x € Vi, meaning z < ny, and —ny < z. Now let us fix
z,y € V,\{0} with x ~ y. By assumption we know that 0 < y < ax for some o > 0,
because z € V., so if @« < 0, —x € V., a contradiction. In fact, @ > 0, because else
anti-symmetry means y = 0. Similarly, we know that z < pBy for § > 0. Thus xz < Sax,
meaning 37! < a, as V, is a proper cone, meaning 'z < y < ax. Conversely, suppose
x,y € V. \{0}, and that there exists 0 < a <  such that ax <y < fx. So x dominates v,

but as o > 0 clearly S~y < 2 < ay, so indeed z ~ y. O

This immediately implies that both the gauge functions are real-valued functions when
restricted to VP x V. In some sense the reverse gauge function is superfluous, because, for

any z,y € V7, if Ay < x for some A > 0, then y < X'z, so m(z/y) = M(y/x)~".

If (V,V,,e) is an order unit space, we shall use V* to denote its topological dual,
equipped with the standard dual norm || - ||.. It is a simple calculation to verify that
the closed dual cone V7 is a proper cone, and we call its elements positive functionals.
The Hahn-Banach theorem guarantees that V} is non-empty, so V* inherits an order from

(V7 V—l—)

Lemma 2.7.5. For any x,y € V, v <y if and only if (z) < ¢(y) for all p € VI, and a
functional ¢ € V* is positive if and only if p(e) = |||«

Proof. It is clear that if # < y then p(x) < (y) for all ¢ € V. Conversely, suppose by way
of contradiction that ¢(z) < ¢(y) for all ¢ € V and some z,y € V, but 2 £ y, meaning
y —x ¢ V.. The Hahn-Banach separation theorem, along with the fact that V. is closed
and convex and 0 € V, means that there exists a f € V* such that f(z) > 0 for all z € V,
and f(z) < 0forall z ¢ V,. Thus f € VI, but f(y —z) < 0, a contradiction. To prove
the second statement, suppose first that ¢ € V. For any x € By, —e < x < e, which
means, because ¢ is positive, |p(z)| < ¢(e), showing that indeed ¢(e) = ||¢||.. Conversely,
suppose that ¢(e) = [|¢||.. Fix some arbitrary z € V,.. Then 0 < z < ||z||.e, from which

we deduce that 0 < ||z[l.e — z < ||z[lee. Thus ¢(||z|e — ) < ||@||«||x]le, from which we
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deduce that 0 < z. O

Of particular importance in the study of order-unit spaces are the so called states. We

say ¢ € VI is a state if ¢(e) = 1, and we denote by S(V') the set of all states.

Lemma 2.7.6. For any order-unit space (V,V, e), and z € V,
[z]le = sup{e(z) : ¢ € S(V)U =S(V)},

and S(V') is a conver weak™ compact subset of V*.

Proof. For a fixed x € V, let us define £ = sup{p(z) : p € S(V)U =S(V)}. We know
that |p(z)| < |¢ll«|lz]e for every ¢ € Vi. Lemma [2.7.5 means that |¢[l, = 1 for all
states ¢, so taking the supremum on both sides of the inequality shows that & < ||z||.. If
e—x,Ee+x € Vo, then by the definition of the order-unit norm, [|z||. < &, so we'd be done.
Suppose by way of contradiction that e — x ¢ V.. Once again, as in the proof of Lemma
the Hahn-Banach separation theorem means that there exists a non-zero f € V' such
that f(z) < 0 for all z ¢ V. Furthermore, Lemma [2.7.5 means that ¢ = f/||f||. € S(V).
Thus, (e — x) < 0, meaning that £ < ¢(x), contradicting the definition of &, so indeed

e —x € V,. A similar argument shows that {e + = € V., meaning that indeed £ = ||z||..

Now, for any ¢,¢ € S(V), and A € (0,1), [A¢ + (1 — N)é](e) = 1, so indeed S(V) is
convex. Furthermore, for any net (¢,) C S(V), ¢a(e) = 1, so if ¢, converges in the weak*
topology to some ¢ € V., we must have ¢(e) = 1. Similarly, if x € V., ¢, (z) > 0 for all «,
so ¢ € V. Thus S(V) is weak* closed, and is also norm bounded by Lemma [2.7.5] The
Banach-Alaoglu Theorem thus means that S(V') is weak™ compact. O

In light of the above lemma, the Krein-Milman means that S(V') is the weak™ closure
of the convex hull of its extreme points, and we call these extreme points the pure states.
If (V,V,,e)and (W, W, w) are two order-unit spaces, their product is a natural order-unit

space:
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Lemma 2.7.7. Let (V,V,,e) and (W,W_, w) be two order-unit spaces. The triple (V X

W, Vi x Wy, (e,w)) is also an order-unit space, and moreover

M((x1,y1)/ (22, y2)) = max{ M (z1/x2), M (y1/ya) }

for all (x1,31), (w2, 92) € V2 x WZ.

Proof. 1t is clear from the definition of products of vector spaces that V., x W, is a proper
cone in V' x W, so indeed (V x W,V x W, ) is an ordered vector space, where (z1,7;) <
(x2,y2) if and only if ; < 25 in V and y; < y, in W. Furthermore, if —Xe < z < Xe
for some z € V and A\ > 0, and —yw < y < ~w for some y € W and v > 0, then
—max{\,7}(e,w) < (z,y) < max{\,v}(e,w), proving that (V x W,V x W4, (e,w)) is
an order-unit space, and also that ||(z,y)||(e,w) = max{||z||, ||y|lw}. The exact same logic

shows that
M((w1,y1)/ (22, y2)) = max{ M (21/x2), M(y1/y2) }

for all (l’l,y1>, (QIQ,yQ) S Vi X Wi ]
We are now in a position to prove some useful facts about gauge functions.

Lemma 2.7.8. Let (V,V,,e) be an order-unit space, and consider M:V x V2 — R the

restricted gauge function as in (2.7.1]).

(i)

and the supremum is attained.

(ii) M:V x VP — R is continuous with respect to the product topology of the topology

generated by || - ||e on each factor.
(1it) If T:'V — V is a linear injection satisfying T'(Vy) C V., then M (z/y) = M (Tz/Ty).
(w) For any xz,y € V x V7, o, 8 >0, M(azx/By) = af~M(z/y)
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Proof. (i) As e,y € V¢, we know by Lemma that there exists a A > 0 such that
Ae <y, meaning that ¢(y) > A > 0 for all ¢ € S(V). By the same lemma, we know there
exists some A € R such x < Ay, so for any such A we have A > % for any ¢ € S(V'), mean-
ing M(x/y) > sup,e S(V) %. Suppose by way of contradiction that the inequality above is
strict, then there exists a € > 0 such that ¢(x) < ¢([M(z/y) +¢ly) for all ¢ € S(V), which
by Lemma means © < (M(z/y) + ¢)y, contradicting M (z/y) being the infimum. As
S(V) is weak* compact and ¢ — % is continuous with bounded range the supremum is

achieved.

(i) Let ((za,ya)) €V x V? be a net converging to some (z,y) € V x V7. For each a,

we have just proved that there exists a ¢, € S(V) such that M(z,/ya) = %. Lemma

means that there exists a subnet ((xg,y5)) and a ¢ € S(V) such that ¢z converges
to ¢ in the weak* topology. Now, for any (3,

|os(5) — (@) < lpp(zs — )+ |(p = w5)(2)]
< llesllsllzs = 2lle + [(¢ = pp) (@)
= llzg = zlle + (v = ) (2)]

— 0.

Similarly we can show that ¢3(ys) — ¢(y). Thus M(zg/ys) — %. Corollary [2.7.3| thus

means that z < %y, which by the definition of the gauge function and part (i) we have
just proved means that indeed M (x/y) = %. This argument shows that every subnet of

(M(xo/ya)) has a further subnet converging to M (x/y), so indeed M is continuous.

(i11)-(iv) If By —x € Vi, then T(fy — x) € V*, which by linearity implies that
M(Tz/Ty) = M(xz/y). Furthermore if x < Ay for A € R, then ax < B~ 'aABy, from
which we deduce that M (az/By) = aB~*M(z/y). O

Lemma 2.7.9. Let (V,V,,u) be an order-unit space. If v € 0V, and w, € intV, with
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Wpi1 < wy, for alln > 1 and w, — w € AV, then

;

M(v/w) ifv+#0 and w dominates v

nll_>Holo M(v/wn) = { 0o if v #0 and w doesn’t dominate v

0 ifv=0.

\

Proof. Set A, = M(v/w,) for n > 1. Then for n > m > 1 we have that 0 < \,w, —v <
AWy, —v. This implies that A, < A, for all m < n, hence (\,) is monotonically increasing.

Now suppose that A = M (v/w) < oo, i.e., w dominates v. Then 0 < \w —v < Aw,, — v,
hence A, < A for all n. This implies that A\, = \* < XA < o00. As 0 < \,w,, —v for all n and
V. is closed, we know that lim, ,., \yw,, —v =X w —v € V.. So A* > A, hence \* = \.
We conclude that if w dominates v, then lim, ., M (v/w,) = M(v/w).

On the other hand, if w does not dominate v, then
Aw—v gV, foral A >0. (2.7.2)

Assume, by way of contradiction, that (\,) is bounded. Then A\, — \* < oo, since (A,)
is increasing, and \,w, —v — AXw —v € V., as V. is closed. This contradicts ,
and hence A\, = M(v/w,) — oo, if w does not dominate v. Finally, M (0/w,) = 0 for all
n € N. O

2.8 The Hilbert and Thompson Metric on Cones

It is possible to equip any open and bounded convex set C' C R™ with Hilbert’s metric,
dp. Sometimes called Hilbert’s projective metric, it was introduced by Hilbert to generalise
Cayley’s notion of distance in the Klein model of hyperbolic geometry. We set dp,(z,z) =0
for all x € C', and metric between two distinct points x and y € C' is defined by first
identifying x’ as the unique point on the boundary of C' intersected by the ray emanating

from y and passing through z, and 3’ as the unique point on the boundary of C' intersected
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by the ray emanating from z and passing through y, as illustrated in Figure and

1 xz—1 -7
ot = og (L2l =21Y,

lz = 2|l ly — v/l

defining

where || - || is the usual Euclidean norm.

X

L

Figure 2.1: Hlustration of the line segments used to define the Hilbert metric.

The factor of % is often ignored when studying Hilbert’s metric, as its only purpose is
to set the sectional curvature of the space to —1 if C' is the unit ball, to perfectly match
Klein’s model of hyperbolic geometry.

In an ordered vector space (V, V. ), we can define Birkhoff s version of the Hilbert metric,

on V., by defining dg: Vy x V. — [0, 00| by

p

log(M(z/y)M(y/x)) ifx~y, y#0
du(z,y) =140 ifr=y=0

00 if  and y are not in the same part of V.

\

Lemma means that dy(ax/By) = dg(x/y) for all a, f > 0, meaning that dy does not

distinguish between points on rays, so it cannot be a full metric. If we restrict dy to a slice
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of the cone, however, then it is a full metric as the next lemma shows:

Lemma 2.8.1. Let (V,V,,e) be an order unit space, and ¢ € S(V), then if we define
Qv = 1 (1) NV, the space (v, dg) is a metric space.

Proof. 1t is clear from the definition that dg(z,z) = 0 and dy(z,y) = du(y,z) for all
z,y € Qy. As Qpy C V7, Lemmamshows that dg(z,y) € [0,00) for all z,y € Qy. Now,
suppose that dg(z,y) = 0. Thus M(z/y) = M(y/x)~!, so using the definition of the gauge
function, this leads to x < M(z/y)y < x, which means that, using Lemma and the
definition of Qy, M(z/y) = M(y/x) = 1. Thus 2 < y and y < x, which means = = y by
antisymmetry. Finally, fix any z,y, z € €y,. Transitivity and the definition of the gauge
function as an infimum shows us that M(x/2)M(z/y) > M(z/y) and M(y/z)M(z/y) >
M(y/z). Thus dy(x/y) < dy(z/z) + dy(z/y), and so we can conclude that (2y,dy) is a

metric space. O

The study of Birkhoff’s version of the Hilbert metric is motivated by the fact that, if
V' is finite dimensional, then (Qy,2d,) = (Qy,dy). A proof of this fact is given in [46],
Theorem 2.1.2]. It will be useful for us to understand the Hilbert metric on a product
of order unit-unit spaces, but this actually follows as a simple corollary of combined

with the fact that log is monotone increasing.

Corollary 2.8.2. Let (V x W,V x W, (e,w)) be a product of two order-unit spaces
(V,Vi,e) and (W, Wi, w). If x1 ~xo in'V, and yy ~ yo € W, then

du((z1,91), (v2,y2)) = max{log M (x1/x2),log M (y1/y2) }+max{log M (zy/x1),log M (y2/y1)}-

Closely related to Birkhoff’s Hilbert metric is the Thompson metric on a cone. If (V, V. )
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is an ordered vector space, the Thompson metric, dr: Vy x V. — [0, 00], is defined by

max{log M(z/y),log M(y/x)} ifx~y
dr(z,y) =140 ifr=y=0

00 if x and y are not in the same part.

\

If V; is Archimedean, dr is a complete metric on each part of V. |46, Appendix A.2].

2.9 Jordan and JB Algebras

Let F be either R or C. An F Jordan algebra is a standard commutative algebra (i.e a
vector space V' with a commutative bilinear product - @ -: V- x V' — V), with the further

property, that for all z,y € V:

ve(zPey)=ae(zey). (2.9.1)
In general a Jordan algebra does not need to be associative. If L,: V — V is the linear
operator L,y =z ey, and [T,S] =TS — ST for any two V endomorphisms we can rewrite

condition (2.9.1)) as
[Ly, Ly2] =0 (2.9.2)

for all x € V. We should note that any associative and commutative algebra is automati-
cally a Jordan algebra. We say a Jordan algebra is unital if there exists some e € V' such
that e @ x = x, and e is called the unit. Throughout this thesis we shall only be dealing
with unital Jordan algebras, so throughout the reader should read Jordan algebra as unital
Jordan algebra. We say that y is the inverse of x € V if x @ y = e. If an inverse exists it
is unique, and we denote it by z=!. We define the spectrum of z € V', denoted by o(x), in
the usual way

o(x) ={\ € F: Xe — x is not invertible}.
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Example 2.9.1. If A is an associative (but noncommutative) algebra over F' we can equip

it with the so called Jordan product e, where

1
Tey = Q(nyryx),

which turns A into a Jordan algebra.

Any Jordan algebra V' which arises by equipping an associative algebra with the Jordan
product is known as a special Jordan algebra. A Jordan algebra which cannot be constructed
from an associative algebra structure on the underlying vector space via the Jordan product

is called an exceptional Jordan algebra.

Example 2.9.2. If V is a linear subspace of an associative algebra A that is stable under
squares, by which we mean that x € V' == 22 € V then V equipped with the Jordan
product is a Jordan algebra. A good example of this is the space of symmetric n x n

matrices over R, denoted by Sym(n, R).

We call an algebra V' power associative if 2PT9 = zPz? for all z € V and p,q € N. All

Jordan algebras are power associative [20, Proposition I1.1.2].

2.9.1 The Minimal Polynomial

Let V' be a finite dimensional power associative algebra. Let F[X] denote the algebra over

[F of all polynomials in one variable with coefficients in IF. Then naturally for any z € V'
Flz] = {p(z) : p € F[X].}
Furthermore F[z] is isomorphic to F[X]|/J (x), where

J(x) ={p e F[X]:p(x) =0}
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This follows from the first isomorphism theorem for algebras, by choosing the natural
homomorphism p — p(x). Now as F[X] is a principal ideal domain, J(z) is generated by
a single monic polynomial, which we call the minimal polynomial of x. With this we can

define m(z) to be the degree of the minimal polynomial of z. We have the following lemma:

Lemma 2.9.3. For any x € V,
m(x) = min{k > 0: {e,z,...,2"} are linearly dependent}

Proof. Let p be the minimal polynomial of x. Then, for any ¢ € J(x), we know that ¢ = pr
for some r € F[X], so, if ¢ is non-zero, then deg(q) > deg(p). Furthermore if d is the degree
of p then {e,x,..., 2%} are linearly dependent as p(z) = 0 and p is non-zero. These two

facts put together prove the claim. O

We can now define the rank of a power associative algebra:
r =rank V = max{m(z) : x € V'}
We say that © € V is regular if m(x) = r. We have the following theorem about regular

elements of V' [20], Proposition 11.2.1]:

Theorem 2.9.4. The set of reqular elements is open and dense in V. Furthermore there
exists unique F valued polynomials ai,...,a, on V, with a; homogeneous of degree j, so

that the minimal polynomial f of every v € V' is given by:
f(X;0) = X" —a;(0) X"+ ag() X2+ -+ (=1D)7a.(v).

Let us now recall a basic linear algebra fact: If two matrices A and B are similar,
then their determinants and traces are equal. Thus the determinant and trace is a well
defined property of endomorphisms on V. We use Det T" and Tr T to represent these values

respectively. We can generalise this and define the trace and determinant of elements in V',
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by tr(z) = a;(z) and det(x) = a,(z). Note that the polynomials a; are fixed and defined
on all of V| so these notions are well defined for all elements, and not just the regular
ones. This nomenclature is justified by the following observation. Let Ly(x) denote the
restriction of L, to F[z]. For a regular element x, the set {e,z,..., 2"} forms a basis for

F[x], and with respect to this basis Lo(z) has matrix representation A(z), where

00 0 (=1)"la.(x)
10 0 (—1)"2a,_1(x)

Al) =10 1 0 (—=1)"3a,_s(x) (2.9.3)
0 0 1 ay(z)

To see this consider any v = S,_ bya*, where 20 = e. Clearly Lo(z)v = S;_, bp_12",

and we calculate

(—1) by 1)
bo + (—1)T*Qbr_1ar_1(x)
A(@)v = | by + (—=1)"3b,_1a,_(2)

%
|
—

r

bp_12" + b, Z(—l)j_laj(x)xj_r.

1 j=1

i

br—o + by_1a:1(7)

Now note that because f(z,z) = 0 the above calculation in conjunction with Theorem

implies that
r—1 r
Alx)v = Z bp_12" + b1 (f(z,2) +2") = Z bp_12" = Lo(x)v.
k=1 k=1
With this matrix representation it is then clear to see that

Tr(Lo(z)) = a1(z) = tr(x), and Det(Lg(x)) = a,(x) = det(x).
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We can also define the characteristic polynomial of x over variable A as F'(A;z) = Det(A] —

Lo(z)). We can immediately prove the following:

Lemma 2.9.5. For any x € V' the minimal polynomial of x is a factor of the characteristic

polynomial of x.

Proof. The Cayley-Hamilton Theorem immediately gives that F/(Lo(z);z) = 0 for all = €

= p(Lo(z))e for all
x € X. Thus, for any z € V, F(z;z) = F(Lo(x);x)e = 0, so F(\;z) € J(x), which gives
the result. 0

V. Furthermore, for any polynomial p € F[X]| we know that p(x)

Lemma 2.9.6. F(\;x) = f(\;z) for any reqular x € V.

Proof. We first show that if z is regular then so too is Ae — x. This is in fact quite clear,
because if ¢ is the minimal polynomial for Ae — z with degq < r then g(Ae — x) can be
expanded into p € Flz| such that p(xz) = 0, but degp = deggq < r, which contradicts x
being regular. Clearly \e — = € F[z]. Thus

det(Ae — x) = Det(Lg(Ae — x)) = Det(A — Lo(x)) = Det(N — A(z)),

with A(z) asin (2.9.3). By expanding along the last column it is clear that Det(Al—A(zx)) =
fx ).

Proposition 2.9.7. For any x € V' the characteristic polynomial of x is given by:

F(xz) = Z(—l)iai(x)kr_i,

where ag(x) = 1.

Proof. If x is regular then this statement is precisely Lemma in conjunction with
Theorem Now let € V' be non-regular. By Theorem there exists a sequence
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(x,) CV converging to x in norm. Thus for each n € N and fixed A € F

F(/\,an) = Z(_l)iai(xn>/\r_i'
i=0
The continuity of each a; on V' and Det on the space of matrices and the continuity of Ly
on V allows us to take the limit as n — oo on both sides of the above equality to get the

result. O

Theorem 2.9.4] can be used to show that an element x in a finite dimensional Jordan
algebra V' over F is invertible if and only if det(x) # 0 [20, Proposition I1.2.4]. Thus, for
any x € V,

o(z) ={A € F:det(de —z) =0}. (2.9.4)

2.9.2 Euclidean Jordan Algebras

A Euclidean Jordan Algebra is a finite dimensional Jordan algebra over R equipped with an
inner product (-, -) satisfying (L,u,v) = (u, L,v) for all u,v,z € V. An algebra is known as
formally real if 2? +y? = 0 if and only if x = 0 = y. All Euclidean Jordan algebras are for-
mally real by the fact that L, is self adjoint, which means that (z? + % €) = (z,z)+ (y, y) .
Conversely, any formally real finite dimensional Jordan algebra is a Euclidean Jordan al-

gebra [20], Proposition VIII.4.2].

Recall that an element p € V satisfying p? = p is called an idempotent. We call two
elements ¢,d € V' orthogonal if c e d = 0. We call a collection of idempotents {py,...,c,}
a complete system of orthogonal idempotents if p; @ p; = 0 for all ¢ # j and Zle pi = e,
where e is the algebra identity. The next two theorems are fundamental in the study of

Euclidean Jordan Algebras, and will be used extensively throughout the thesis.

Theorem 2.9.8. (First Spectral Theorem) For any x € V there exists a unique system

of complete idempotents {pi,...,pr} and corresponding unique collection of real numbers
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{A1, ..., A} such that
k
L= Z Aipi.
i=1

Furthermore each p; € Rlz], and we call {\1, ..., \;} the eigenvalues of x.
Proof. See |20, III.1.1]. O

We say that an idempotent is primitive if it is non-zero and cannot be written as a sum
of two orthogonal non-zero idempotents. We say that a collection {p,...,pn} is a Jordan

frame if it is a complete system of orthogonal idempotents with each p; primitive.

Theorem 2.9.9. (Second Spectral Theorem) Let V' have rank r. For x € V there then
exists a Jordan Frame {p1,...,p.} and real numbers {\1, ..., A} uniquely determined by
x so that
Tr = Z /\jpj'

i=1

Furthermore for any x € V' the minimal polynomial is given by
k
f(Xa) =] =)

=1

where the \; are as in Theorem [2.9.8, and k < r, where equality is achieved precisely for

reqular elements. Finally:

detx = ﬁ)\i, tro = zr:)\j.
i=1 Jj=1

Proof. See [20, 111.1.2]. O

We should make a quick remark that calling the numbers \; in the above two theo-
rems eigenvalues is well founded, because for every = € V., if {\1,..., \x} are the unique

eigenvalues of x guaranteed by Theorem [2.9.8| then

o(z) ={M, ..., \}.
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Indeed, by Theorem , x = Zle Aipi, where {p1, ..., px} is a complete set of orthogonal

idempotents. Thus, for any A € F, we can write

k

e — 1 = Z()\ — \)pi-

=1

The uniqueness of the spectral decomposition in Theorem with respect to a complete
system of orthogonal idempotents means that 0 is an eigenvalue of e — z if and only if
A€ {\i,..., A}, so by Theorem det(Ae — x) = 0, if and only if A € {A,..., \¢}
meaning that A € o(z) if and only if A € {A1,..., A} by (2.9.4). We now discuss an

important example:

Example 2.9.10. Equip V = Sym(n, R) with the Jordan product A e B = 3(AB + BA).
It is then clearly a Jordan algebra, with rank V' = n. To prove this latter claim, we first
note that Ae A = AA for any A € V, so we see that the minimal polynomial for any A over
V is the same as the minimal polynomial for A over Sym(n, R) considered as an associative
algebra with the standard matrix multiplication. From linear algebra we know that the
minimal polynomial of any n x n matrix has degree less than or equal to n. Furthermore
any diagonal matrix with each element on the diagonal having a different entry will have

n distinct eigenvalues, and so its minimal polynomial will be of degree n.

We can also show that the ”Jordan” eigenvalues of a matrix A are exactly its regular
eigenvalues. This follows from the uniqueness of ”Jordan” eigenvalues given by Theorem
m, as A can always be written as the sum )" AP, where the \; are the regular eigen-
values (including multiplicities) and the P; are projections onto the eigenspace of the i-th

linearly independent eigenvector of A. The P;s form a Jordan frame. This immediately

implies that det(A) = Det(A) and tr(A) = Tr(A) for all A € V.

Equipped with the form A, B — tr(A e B), V is in fact a Euclidean Jordan algebra.
This follows from utilizing the above observation, combined with the fact that Tr(Ae B) =
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Tr(AB) for symmetric matrices A and B, so we can calculate for any X,Y,Z € V and
A € R that

tr( A X +Y)eZ)=Tr( (X +Y)Z + %Z(X + Y))

=Tr (- (XZ+YZ)+ %(ZX + ZY))

=Tr

N N N
N> N> N>

(XZ + ZX)) +Tr (g(yz + ZY))

=Ar(XeZ)+ Atr(Y e Z),

—~

proving that indeed tr(- e -) is a real inner-product on V. Furthermore

tr(LxY eZ)=tr((X oY) e Z)
- (}l(xy FYX)Z 4 XY YX))
~ G(Xyz VY YXZ 4 ZXY + ZYX))
_ }l (Te(XY Z) + Te(Y X Z) + Te(ZXY) + Tt (ZY X))
_ }1 (Tr(YXZ) + Te(YZX) + Te(ZXY) + Te(X ZY))
~tr (}l(xz +ZX)Y + iY(XZ + ZX))

=tr(Y e LxZ),

proving that indeed V' equipped with tr(- e -) is a Euclidean Jordan algebra.

The trace is not just important in the case of matrices. Indeed, a Jordan Algebra V' is
Euclidean if and only if the map (z,y) — tr(xey) is an inner product on V' [20, Proposition
[1.1.5]. If V is a Euclidean Jordan algebra, the set V., = {z? : x € V} is a closed cone,
known as the cone of squares, and V7 is a symmetric cone [20, Theorem II1.2.1]. The
converse is also true, and every symmetric cone can be realised as the interior of the cone

of squares of some Euclidean Jordan Algebra. The Koecher-Vinberg theorem states that
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this correspondence is one-to-one [20, Chapter 3].

2.9.3 The Quadratic Representation and Peirce Decomposition

Let V be a Euclidean Jordan algebra. If p € V is an idempotent, L, is a root of the
polynomial 2X? —3X?%+ X [20, Proposition III 1.3], so the only possible eigenvalues of L,

are 0, %, and 1. By the definition of a Euclidean Jordan Algebra, L, is self-adjoint, so the
spectral theorem for self-adjoint matrices means that we have the orthogonal (with respect

to the inner product) decomposition
1

where V (p, i) is the eigenspace of L, for the eigenvalue ¢. This decomposition is called the
Peirce decomposition of V' with respect to p. It is useful to understand the projections

associated to these eigenspaces. To that end, we define the quadratic representation of V'

to be the map U: V — V, defined by
Uy =2L2 — L, (2.9.5)

We should note that the quadratic representation is defined as above for all Jordan algebras,
not just Euclidean ones. If p € V is an idempotent, and P;: V — V(p, 1) for i € {0,1/2,1}

denote the orthogonal projections onto the Peirce subspaces, then [20, Page 64]
Plep, P[):Ue_p, andPl/Q:]—Up—Ue_p.

Furthermore, V' (p, 1) and V(p, 0) are Jordan subalgebras of V', and they are orthogonal with
respect to the Jordan product [20, Proposition IV.1.1]. If {py,...,p,} is a Jordan frame
for V, a direct calculation shows that each of the L,, commute with each other, allowing
a simultaneous diagonalisation of the collection {L,,, ..., Ly }. If, for all i, € {1,...,7} we

define V;; = V(p;, 1) and V;; = V(p;, 1/2) NV (p;, 1/2), this observation allows the following
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to be proved [20, Theorem IV.2.1]

Theorem 2.9.11. If {p1,...,p,} is a Jordan frame for V', then V admits the orthogonal

decomposition

V=V,

1<j

with orthogonal projections Pj;: V — Vi; given by

Pi=U,, and P; = 4L, L

pj-

Furthermore Vi; @ Vo = {0} if {i, 5} N {¢, k} = 0.

The decomposition in Theorem [2.9.11| is called the Peirce decomposition of V with
respect to the Jordan frame {py,...,p,}.

2.9.4 JB-Algebras

Let V be a Jordan algebra over R. If || - || is a norm on V, we call the normed algebra

(VoI a JB-algebra if (V|| - ||) is complete, and || - || satisfies the following for all x,y € V'

() flz eyl < ll[lyl
(i) [l = [l=[*
(i) [l2*]] < [l=* + o]

Condition (74i) implies that every JB-algebra is formally real, so the finite dimensional
JB-algebras are precisely the Euclidean Jordan algebras by remarks made in the beginning
of subsection [2.9.2l Thus everything that follows applies to Euclidean Jordan algebras.
Condition (i) implies that the operators L, and U, are bounded for every x € V. In fact
U\l = |#2|| = ||z||* [4, Theorem 1.25]. Interestingly, every JB-algebra is actually an order
unit space with positive cone V, = {z? : z € V} and order unit e coinciding with the

Jordan algebra unit and order unit norm | - || coinciding with the JB-algebra norm [4]
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Theorem 1.11]. As a JB-algebra is an order unit space, everything in section can be
brought to bear on their study. In particular it makes sense to talk about positive elements,
positive operators, and states. We can define the spectral radius norm on a JB algebra,

denoted by | - ||» in the usual way:
[2]lo = sup{[A] : A € o(x)}.

Intriguingly, the JB-algebra norm is equal to the spectral radius norm, and furthermore
x € Vi ifand only if o(z) C [0, 00) [4, Corollary 1.22]. The quadratic representation ([2.9.5)
operators encode a lot of information about JB-algebras. Indeed, x € V is invertible if and
only if U, is invertible, in which case U, = U,-1 [4, Lemma 1.23|, and U, is a positive
operator for every x € V. If p € V is an idempotent, ||U,|| = 1, and for any ¢ € S(V),
¢(p) = 1 if and only if U;(¢) = ¢ if and only if [|[Usp|. = 1 [4, Proposition 1.41].
Furthermore, for any idempotent p € V', U,(V) is a JB-subalgebra of V' with unit p, where
we define a JB-subalgebra to be a norm closed subspace that is also closed under the Jordan

product.

2.9.5 Spin Factors

Classical examples of Jordan algebras are the so-called spin factors, which we study in
depth in Chapter . Let H be a Hilbert space with inner product (-,-), with dimH > 3.
Define V' =R & H. We define the product (-,-) @ (-,-): V x V — V by

(A1, 1) @ (A2, 22) = (M Ag + (@1, 2) , Mz + Aoxy).

This operation turns V' into a Jordan algebra, with identity element e = (1,0). This Jordan
algebra is known as a spin factor. If we equip V' with the standard product inner product

it becomes a Hilbert space. To be clear this inner product is defined as:

(A, 21)5 (A2, 02))y = Aida + (21, 22) -
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This induces the norm || - ||; on V defined by [[(A, z)||s = \/IA]? + [|«]|3,. Thus if H is finite
dimensional V' is a FEuclidean Jordan Algebra. However, even if H is infinite dimensional

V' still has some of the desirable properties of a Euclidean Jordan Algebra:

Theorem 2.9.12. For any v € V there exists a Jordan frame of two idempotents, {p1, pa}
and two ergenvalues \i, Ao € R, such that v = A\ipy + Aaps, and these eigenvalues uniquely

depend on v.

Proof. We first calculate that for any v = (\, z),

0 = (X + [l2]}3 27)

— 200 + (2]} — Xe,

meaning that rank V' = 2 (We note that this calculation does not rely on the dimension
of H in anyway). In particular this means that R[v] is a finite dimensional Euclidean space
for every v € V. This then allows us to replicate the proofs of Theorem II1.1.1 and Theorem
I11.2.1 of [20] to deduce the result. O

The above proof immediately implies that the minimal polynomial for any v = (A, z) €
V' divides
F(X30) = X2 = 20X — (Jo}, — A2)e,

which has roots A & ||z||3. This implies that

o(v) ={X+ ||z|lg, A = ||z||3} for any v = (N, z) € V. (2.9.6)
This means, that if || - | = max,co(){|7|} is the spectral radius norm (JB algebra norm),
then ||v|| = |A| + ||z|[% where v = (A, z). This immediately implies that || - ||s and || - || are

equivalent norms on V. This also implies that the JB algebra V is just the direct sum of

two normed spaces equipped with the ¢! norm. We can calculate that, if p? = p for some
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p=(Az) eV, then
20x =z, and \* + (z,7) = ),

which means that the only primitive idempotents are elements p = (1, z), where ||z = 3.
The following lemma will be used frequently in later chapters.

Lemma 2.9.13. If V is a spin factor, and v € V' has spectral decomposition v = Ap +

e —p) forp= (%J) for some x € %BH, then

o (M2,

Conversely, if v = (y,x) € V for some v € R and x € H, v has spectral decomposition
v=Ap+ ule —p), where

1 1
= (cosa ), A=+ lllln, and p = — ||zl|.

Proof. The first statement of the lemma is simple addition. Conversely, Theorem [2.9.12
means that any v = (v, z) € V has spectral decomposition of the form v = A\p + u(e — p),
so the second statement can be verified by direct substitution of the claimed eigenvalues

and primitive idempotents into the first equation of the lemma. O]

The fact that V' has rank 2 puts strong conditions on which elements in the cone V,

are orthogonal to each other.

Lemma 2.9.14. Let u,v € V) have spectral representations w = \p + pi(e — p) and
v = Aoq + pale — q), for Njp; > 0 and A\; > py and p,q primitive idempotents. Then,
uev =0 if and only if either one of u or v is 0, or p=e —q and p; = py = 0.

Proof. First suppose v e v = 0. We know that p = (3,2) with z € %SH. It can then
be calculated straight from the definition of the quadratic representation that, for any

w=(y,2) €V,

Up(w) = (v +2(z,2))p, and Ue—p(w) = (v = 2(z,2))(e — p). (2.9.7)
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Thus U,(V) = pR and U._, = (e — p)R. Theorem [2.9.11| thus means that v has Peirce

decomposition

v=ap+pe—p)+z

where ap = Uy, f(e —p) = Ue_pv, and z = 4L,L._,v. As U, and U,_, are positive

operators, o, 3 > 0. As u e v = 0, this decomposition means that

uez=—\ap— uple—p). (2.9.8)

However, z = 4L, L._,v, and if v = (7, w), we can directly calculate that

1
uez= (A ~+ ) (O,§w—2<w,x>x),

so, because the eigenvalues found in are unique, Lemma thus means that
AMa = —pu1 5. However, all eigenvalues involved in this equation are positive, so Ao =0 =
B If Ay = g = 0 we are done. If @ = 8 =0, then Upv = 0 and U._,v = 0. If v # 0
this means that either U,q = 0 or U,(e — ¢) = 0, and U._,q = 0 or U._,(e —¢q) = 0 but
v > 0, so this contradicts [4, Proposition 1.38], which states that, for any positive a € V
and idempotent ¢, U.a = 0 if and only if U,_. = a. Thus if both v and v are non-zero we

are left with the case A\, Ao > 0 and o« = 0 = pq, so
u=\p, and v = (e — p) + 2.
As u e v = 0 this means that p e z = 0. However, we can calculate that
1
pez= (0,§w—2<w,x)x> ,

sow=mnx forn eR. Asp = (%,x), Lemma [2.9.13| thus means that p = qgor p = e —q.
As Mipev = 0 and Ay > 0, we must have ¢ = e — p, and indeed that u; = s = 0. We

have thus proven the forward implication of the lemma, and the converse follows simply by
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inspection. 0

It is useful to have an analytical form for the inverse of elements in V7, which is provided

in the following lemma.

Lemma 2.9.15. If w = (v,y) € V¢, with inverse w™' = (v, y'), then

(i)
0 1

v = , and Y = ————my
72— |lyll%, 72— |lyll%,

(it)
1

2 2
— o =7 — Iyl
gl P41 "

Proof. We require that w e w™ = ¢ = (1,0). This means that

W+ (y,y")y =1, and vy + vy = 0.

Thus if y = 0 the claim follows trivially. If y # 0, this means that ¢y’ = —%’y, from which

—1
’7, _ <’72 - ||y||%-t) ’
Y

and the result follows. O

we deduce
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Chapter 3

Metric Compactifications

3.1 The Horofunction Boundary

Let (M, d) be any metric space. Consider RM the space of all real valued functions on M,
equipped with the topology of pointwise convergence. We fix some basepoint b € M, and
denote by Lip;(M) the set of all h € RM with h(b) = 0 and h a 1-Lipschitz function, by
which we mean that |h(x) — h(y)| < d(x,y) for all z,y € M.

Lemma 3.1.1. Lip, (M) is a closed subset of RM.

Proof. As Lip;(M) is not in general metrisable, we must use nets instead of sequences to
characterise its boundary points. Let (ha)aca be a net in Lip,(M) converging to some

h € RM. We now note, for any z,y € M and o € A,

() = h(y)| < W) = ha(2)] + [ha(y) = h(Y)] + [halz) = ha(y)],

meaning that |h(z) — h(y)| < d(z,y) + 2¢ for any ¢ > 0, proving that h € Lip, (M). O

We also see, for any h € Lip, (M) that
()] = [h(z) = h(b)] < d(z,b),
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from which we deduce that

Lipy (M) C [~d(z,b),d(z,b)]" = [] [~d(z,b), d(=,)].
zeM
By Tychonoft’s Theorem, this set is compact in the product topology, which is equivalent to
the topology of pointwise convergence, and as Lipy (M) is closed it follows that it too must
be compact. For any y € M we associate the internal metric functional h,, by defining,

for any y € M,
hy(x) = d(z,y) — d(b,y). (3.1.1)

We immediately see by the reverse triangle inequality that h, € Lip; (M). Hence, the map
v:y + h, maps M into Lipj(M). This map is injective. We denote by M the closure
of «(M) in Lipj(M), and call it the horofunction compactification of M. We define the
horofunction boundary of M to be the set oM" = Mh\L(M ), and its elements are called
horofunctions. We should immediately point out that the horofunction boundary of M
is defined differently to the usual topological boundary of +(M) in M", which would be
equal to Mh\L(M )°. This difference is discussed more fully in Remark . Some authors
instead equip Lip; (M) with the topology of uniform convergence on compact sets, however

this does not matter in light of the following lemma:

Lemma 3.1.2. The closure of t(M) in Lipy (M) with respect to the topology of pointwise
convergence is equal to its closure with respect to the topology of uniform convergence on

compact sets.

Proof. Recall that a collection of functions F from some metric space X to another metric
space Y is called equicontinuous at a point x € X, if for every € > 0 there exists a § > 0,
such that, if y € B(z;9), then f(y) € B(f(x);e) for all f € F. If this collection is
equicontinuous at every point, we call it an equicontinuous collection. We claim that the
topology of pointwise convergence coincides with the topology of uniform convergence on

compact sets if F is equicontinuous. Recall that, for z € X and y € Y and r > 0, the
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collection of sets

Avyr ={f € F: f(z) € B(y:r)}

forms a subbasis for the topology of pointwise convergence on F. For compact K C X and

yeY,r >0, the sets
Bryr=1{f € F: f(x) € B(y;r) forall x € K}

form a subbasis for the topology of uniform convergence on compact sets on F. It is
immediately clear from this that the topology of pointwise convergence is coarser than
the topology of uniform convergence on compact sets, because singletons are compact.
Conversely, suppose we are given a compact K C X and open ball B(y;r) C Y. As F is
equicontinuous, for every x € K there exists a 6, > 0 such that f(B(x;d,)) C B(f(x);r/3)
for all f € F. As K is compact, there exists points z1,...,z, € K such that K C
Ui, B(z;;0,,). We then define

n

A= m Azi,y,r/&

i=1
and fix an arbitrary f € A. Now any z € K is an element of some B(z;;d,,), so
d(f(x),y) < d(f(x), f(x;) + d(f(z;),y) < r/2, meaning f € A. Thus the topology of
pointwise convergence is also finer than the topology of uniform convergence on compact

sets of F, so these topologies are equivalent as claimed.

Now, Lip,(M) is a collection of functions from M to R, and if we fix some 2 € M
and ¢ > 0, by the definition of Lip; (M) as a collection of 1-Lipschitz functions means that
choosing § = & shows by definition that Lip; (M) is equicontinuous at . Thus Lip, (M) is

an equicontinuous collection, so by the above paragraph we are done. O

The choice of basepoint is not important, as the horofunction compactifications with
a different basepoint are homeomorphic and horofunctions with respect to different base-

points agree up to a constant shift. It is thus convenient, if the metric space under consid-
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eration is a normed space, to set the base-point equal to 0. We shall do this throughout
unless otherwise specified. For any metric space, the map ¢ is a continuous injection, which
we prove in Proposition below, but it may fail to have a continuous inverse. If, how-
ever, (M,d) is a proper geodesic metric space, then ¢ is a homeomorphism onto its image

[67, Proposition 2.2], which we provide a proof for below.

Proposition 3.1.3. For any metric space (M,d), the inclusion map v: M — M s a
continuous injection onto its image. If (M,d) is proper and geodesic, then it is a homeo-

morphism onto its image.

Proof. We first prove injectivity. Suppose that ¢(x) = ¢(z). Then, for all y € M,
d(y,z) —d(b,x) = d(y, z) — d(b, ).

Plugging in y = x and y = z into the above equation shows that d(b,z) = d(b, z), from
which we see that d(z,z) = d(x,z) = 0, and indeed = z. Suppose that (z,) C M is a
net converging to x € M. Then, we can use the triangle and reverse triangle inequalities

to show that
dly,z) —d(z,z,) — (d(z,24) + d(b,2)) < he, (y) < d(z,24) + d(y, x) + d(z,z,) — d(b, x)

for any y € M and any «. Taking the limit in « in the above inequality therefore shows

that lim,, by, (y) = h.(y) for all y € M, so indeed ¢ is continuous.

Let us now assume that (M,d) is proper and geodesic. We note that as (M,d) is
proper, Lipj (M) is metrisable by Lemma proved below. It therefore suffices to show
that ¢=1 is sequentially continuous to prove that ¢ is a homeomorphism onto its image.
Suppose that (hy,) C «(M) converges to some h, € «(M). If (z,) C M is bounded,
there exists a closed ball B(z;r) containing the sequence. As M is proper this ball is

compact, so for every subsequence of (x,) there exists a further subsequence (z,, ), and a
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z € B(z;r) such that d(x,,,z) — 0. The same argument used to show the continuity of
v above shows that hy, (y) — h.(y) for every y € M. As limh,, (y) also equals h,(y) for
all y € M, the bijectivity of + means that z = x. Thus every subsequence of (z,) has a
further subsequence converging to z, so indeed lim,, o0 ¢t *(hy,) = x = ¢~ (h,). Let us now
suppose that d(z,,b) — co. As M is geodesic, for every n € N there exists a geodesic path
Y 10,d(x, x,)] — M from z to z,,. We fix some r > 0. As d(z,,b) — oo, there must exist
a N € N such that for all n > N, z,, ¢ B(x;r). As the paths 7, are continuous, for every
n > N there exists a t,, € [0,d(z, x,)) such that d(y(t,),x) = r. Thus, for any n > N,

ha, (Y (tn)) = ha((tn)) = d(Y(tn), 2n) = d(2n, b) = d(y(tn), x) + d(z,b)
=d(z,z,) — d(x,,b) — 2r + d(z,b) = h,, (x) — 2r + d(z,b).
(3.1.2)

As M is proper, B(x;r) is compact, and each v,(t,) € B(z;r), our assumption means that

hy, — h, uniformly on B(x;r). Thus we must have
T g, (Yo (tn)) = ha(yn(t0)) = 0,
but above shows that
i, (yu(0)) — (1)) = () = 2r + d(z.b) = ~2r.

We chose r > 0, so this is a contradiction. Thus if h,, — h, in (M), the corresponding
sequence (z,,) = (¢7!(x,)) € M has to be bounded, and d(z,,z) — 0, proving that (™! is

continuous when M is proper and geodesic.

The following lemma is useful, as we saw in the above proof.

Lemma 3.1.4. If (M, d) is separable, then Lipy, (M) equipped with the topology of pointwise

convergence is metrisable.
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Proof. We first show that Lip,(M) is second countable. Let A C M be a countable dense

subset. For each z, € A, q,r € Q define,

SewBlary = {f € Lipy (M) : f(zs) € Bg. )},

and let Q be the collection of all the S,, p(gr), S0 Q is countable. For every open U C R
and € M let S,y be as in ([2.1.1)), and let C be the collection consisting of all S, ;. As
Q C C, it follows that the topology generated by Q is coarser than the topology of point-
wise convergence on Lipg(M ). Thus, if we can show that C is contained in the topology
generated by Q we would be done, because then Q must generate the same topology that

C generates, which is the topology of pointwise convergence on Lip, (M).

To that end, let us fix some S,y € C. We can choose, for € N, 0 < r; € Q and
¢; € Q such that U = U2, B(g;,7;). Furthermore, as R is linearly ordered, we can make
this choice in such a way that every interval overlaps with precisely two other intervals, but
the centre of each interval is not contained in any other interval. Precisely, for each ¢ € N,
there exists a and k", k; € N such that QG-+ 7 < @i < G — T and G-+ T < ¢ <
Qe = Tt and B(q;r:) N B(g;;m;) =0 for all j ¢ {4,k k; }, but the length of the interval
B(gi;r;) N B(Qkﬁrkj) is equal to some 0 < 8 < rkf/Q’ and the length of the interval
B(gi;mi) N B(qki—;rki—) is equal to some 0 < §; < e /2. Clearly §; = 6. The density of
A means that for each i € N we can choose an x; € A such that d(z, xi)l< s min{d;", 6; }.

Let us now fix some f € S, 7. There must be some ¢ € N such that f(z) € B(g;7;). Now,
[f (i) = @il <|f(@o) = @)+ 1f(2) — @l <d(ws,x) +[f(2) = al

If f(x) > ¢, and f(r) — ¢ < 7 — d(z,2) then f € S;, pg,r). However, if f(z) —q; >
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r; —d(x;,x), then G+ — flz) < Tt — 267, but then

() — G| < 1) — gl + 1) — o)l
< Ty - géf +d(@, z)4)

2 1
+ —
<1y = 300+ 50

2 1
kj 3t 37t
meaning that f(z} ) € Se 1 ,Bla i +)- A symmetrical argument shows that if f (z) < g; then
either f € Sm,B(qi,n) or f(!lf;;) € Sxk+,B(qk+;rk+)- ThUS, Sx,U - U?ilszi,B(Qz‘,ﬁ)' Conversely,

suppose f € U215z, B(gir)> SO | € Se; B(g;r;) for some j € N. Then,

|f(2) = qil < [f (@) = fla;)| + [f(2;) — g5
<d(x,xj)+r;
< min{d;, 05 } + 1y,
meaning that f(z) € B(qk; , rk;) U B(g;,rj) U B(qkj7 rkj+) C U. Therefore we can conclude
that S, v = U254, B(gi,r)» 50 C is indeed contained in the topology generated by Q. Any
regular second countable topological space is metrisable by Urysohn’s metrisation theorem
[54, Theorem 34.1], and we have just shown that Lip; (M) is second countable. Furthermore,

Lip;, (M) is a subspace of a product of intervals, so it is regular [54, Theorem 33.2], so indeed

Lip, (M) is metrisable. O

Lemma and Proposition imply the following useful and well known proposi-
tion, (see for example 43, Lemma 2.1]), but for which we provide our own proof building

on what we have already established for the convenience of the reader.

Proposition 3.1.5. If (M, d) is a proper geodesic metric space, a function h € Lipy(M)
is a horofunction if and only if there exists a sequence (x,) C M, such that d(b, x,) — oo

and h,, — h.
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Proof. First assume that h € §7" s a horofunction. As M is separable by Lemma m,
this means that there must exist a sequence (z,,) € M such that h,, — h. Assume by
way of contradiction that (x,) is bounded. There must then exist a closed ball B(b;r) such
that =, € B(b;r) for all n € N. As M is proper, this ball is compact. There thus exists a
subsequence (x,,) and a € B(b;r) such that limy_,. d(z,,,z) = 0. For any y € M, and
any k € N, hy, (y) = d(y, v,,) —d(b, 2y, ), so we can use the triangle inequality and reverse

triangle inequality to bound
d<y7 :L‘) - d(ZE, xnk) - (d(l’, xﬂk) +d(b7 l‘)) < hmnk (y) < d(ZL‘, mnk) +d(y’ l‘) —|—d(ZE, xnk) - d(b’ :L‘)

The squeeze theorem applied to the above inequality means that lim e hs,, (¥) = ha(y).
However, we assumed that h was not a internal metric functional, a contradiction. Thus
d(b, z,) is unbounded. Conversely, suppose there exists a h € Lip;(M ) and a sequence
(x,) € M with d(b,x,) — oo such that h,, — h. This immediately implies that h € M
Assume h = h, € (M), where we recall ¢: M — Lipi(M) is the map = + h,, then
lim,, o0 Ay, = h,. However, d(b, z,,) — oo, so the sequence 17 (h,, ) = x,, does not converge

to x in M, contradicting Proposition |3.1.3 O
As a corollary to Proposition [3.1.5] and the proof of Proposition |3.1.3, we have:
Corollary 3.1.6. Any horofunction of a proper geodesic metric space is unbounded below.

Proof. Let h € O be a horofunction for a proper geodesic metric space (M, d). Lemma
means there exists a sequence (x,) € M such that d(b,z,) — oo and h,, — h.
Now, following the construction in the latter half of the proof of Proposition [3.1.3] fix
a r > 0 and consider the closed ball B(b;r). The unboundedness of (x,) means that
there exists a N, € N, such that for all n > N,, z, ¢ B(b;r). Following the same
reasoning as in the proof of Proposition [3.1.3] because M is proper and geodesic, for every
n > N,, there exists a z, in the sphere S(b;r) such that d(b, x,) = d(b, z,,) + d(z,, x,,), and
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limy, 00 SUPye g by 1Y) — D, (y)| = 0. Furthermore, for any n > N,
h(zp) — he, (20) = h(2p) — d(Tp, 2n) + d(b, z,) = h(z,) + 7.

Therefore, for every € > 0, there exists a N € N such that h(zy) < —r+e. Asr > 0 is

arbitrary, the result follows. n

For general metric spaces, Proposition need not hold. All that can be said is that
h € Lip; (M) is in M if and only if there exists a net (y*) € M such that hye — h, which

is a consequence of Example [2.3.1]

Example 3.1.7. Consider the Banach space X = (!(N), the space of all real-valued,
absolutely summable sequences, equipped with the norm |[[z|; = Y .2, |z;| for all z =
(1, 29,...) € X. This is a well-known infinite dimensional Banach space, so it is geodesic,
but not proper. Consider the sequence (y") C X, defined by y* = 0 if i # n, and y* = n.

Clearly ||y"|l1 — oo, but, for any z € X and n € N
by (@) = & =yl = 19"l = D |2l + [0 = @] = n.
Thus by taking n large enough, because z,, — 0, we have
hy (@) =Yl = = Yl = |zl = ho(a).
i#En 1=1

This example shows that Proposition [3.1.5 can fail if the space is not proper. This further
shows that 8X " is not a compactification in the traditional sense, because this example

shows the inverse of ¢ on ¢(M) is not continuous.

For non-proper metric spaces, the state of Proposition is even worse than the

above example shows, as the next example shows it can fail in both directions.

Example 3.1.8. Consider the Banach space X = (?(N), the space of all real-valued,

square summable sequences, equipped with the norm |jz]l; = (3.2, |xi|2)1/ ? for all z =
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(x1,T9,...) € X. This is a well-known infinite dimensional Banach space, so it is geodesic,
but not proper. In fact X is a Hilbert space, with norm arising from inner product (z,y) =

Yo, xiy;. We consider the sequence (e,,), where e,(n) =1 and e, (j) = 0 if j # n. For any

r e X,
he, (@) = /el — 2 (enna) +1 1= y/Jlallf +1 - 1.

Thus, h., converges to some h € Yh, but A is bounded below by 0, so the only internal

metric functional h could be is hg, but h is clearly not hy. Therefore, there is an element

e
in 0X  arising from a bounded sequence.

Remark 3.1.9. Example [3.1.8 shows that, in the non-proper case, there can exist horo-
functions which are bounded below, showing that Corollary does not hold true for
non-proper metric spaces. This leads to the question, if (M, d) is a metric space possessing
horofunctions that are bounded below, are there internal metric functionals that are the
limit of a sequence of bounded horofunctions in M"? We will see in Section 7.1 that, in fact,
for an infinite dimensional Hilbert space H, the collection of horofunctions bounded below
is dense in ﬁh. Furthermore, ﬁh is a proper compactification, in the sense that ¢: H — ﬁh
is a homeomorphism onto its image. This illustrates why we define OM" as Mh\L(M )
and not as the topological boundary of ¢(M) in Mh, which would be Mh\L(M )°, where
t(M)° is the interior of +(M) considered as a subset of M". In the infinite dimensional
Hilbert space case, ((#H)° is empty, so if we chose to define horofunctions as elements of
the usual topological boundary of ((#), every internal metric functional would be classed
as a horofunction, which would not be useful nomenclature. A subtle point this discussion
highlights, is that just because ¢ is a homeomorphism onto its image for a metric space
M, it does not mean that +(M) has to be open in M" when considered as a subset of
M". All that it means is that when t(M) is considered as topological subspace of Mh,
then ¢: M — (M) maps open and closed sets respectively to open and closed sets in ¢(M)
equipped with the subspace topology, where we recall that a set A C +(M) is open (closed)
if and only if there exists an open (closed) B C M" such that A = (M) N B. It says
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3.1. THE HOROFUNCTION BOUNDARY

nothing about whether ¢(M) is open in " or not.

Remark would be unnecessary if we were only dealing with proper geodesic metric

spaces, as we prove in the following proposition:

Proposition 3.1.10. The horofunction boundary of a proper geodesic metric, (M,d), is

closed in Hh.

Proof. Fix a basepoint b. To show that OM" is closed in M it suffices, by Lemma m
because M is proper, to show that, if (h,) C oM converges to some h € Mh, then
h e oM. Suppose by way of contradiction that h = h, for some z € M. We set
r = 2+ d(b;x). As M is proper and geodesic, Proposition means that for each
n € N there exists a sequence (xgﬁ))meN converging to infinity, such that lim,, hzw =h,

uniformly on closed balls. Thus, for every n € N, there exists a point z, € M such that

d(zp,b) > r, and
1

sup Az, (y) = ha(y)] < o
yEB(b;r)

Borrowing the same argument as in the second half of the proof of Proposition [3.1.3] the
fact that M is geodesic means that, for each n € N, there exists a w,, € S(b;r) such that
d(b, z,) = d(b,w,) + d(wy, z,). Now, for any n € N,

sup |h.,(y) — h(y)| < sup |h.,(y) — ha(y)| + sup  |ha(y) — h(y)]
yEB(b;r) yEB(b;r) yEB(b;r)

1
<ot osup |ha(y) = h(y)l = 0.
yEB(bir)
This implies that there exists a N € N such that h(wy) — h., (wy) < 1. However, we can
calculate
h(wy) = h.y (wy) = h(wy) — d(wy, 25) + d(b, 25) = h(wn) + d(b, wn) = h(wy) + 7
Thus h,(wy) < —1 — d(b, x), contradicting the fact that h, is bounded below by —d(b, z).

Therefore h € aﬁh.
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O

Proposition [3.1.10[ immediately implies that if (M, d) is a proper geodesic metric space,
(M) is open in Mh, so equal to its interior. The horofunction boundary of proper geodesic

metric spaces is therefore equal to the topological boundary of +(M) in M.

The failure of Proposition to hold in the non-proper case has lead some authors
(see [27] and [37] for example) to introduce some specific notation for the horofunction
compactification of non-proper metric spaces. For a general metric space M we can par-
tition 3" into the disjoint union M =3 u Mh’e, where we identify M with (M),

and

M ={heodl": inf h(y) = —oo} (3.1.3)
M = {h e oM i]r\14fh(y) > —o0}. (3.1.4)

Thus Mh’oo, the horofunctions (or metric functionals at infinity according to some authors),

consists solely of those horofunctions that can only be achieved as the limits of norm un-
. . . ——h .

bounded nets. On the other-hand the set of ezotic metric functionals M consists of all

those elements of 3" which are bounded below, but are not internal metric functionals.

We should also note here that the term horofunction can be used to describe slightly
different functions than what we have defined horofunctions to be, and some authors may
refer to what we refer to as horofunctions as metric functionals instead, (see for example [28|
37]). This disparity can be traced back to Gromov’s 1978 paper [25], where he introduced
horofunctions in order to study hyperbolic manifolds and groups. His construction was
identical to ours, except he equipped Lip, (M) with the topology of uniform convergence on
bounded sets, instead of uniform convergence on compact sets, and he called horofunctions
the elements in the boundary of the closure of «(M) with respect to the topology of uniform

convergence on bounded sets. If M is proper, then Gromov’s definition is equivalent to
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3.2. BUSEMANN POINTS AND PARTS OF THE BOUNDARY

the one we use, but for non-proper spaces they can be vastly different. We have chosen to

follow the naming conventions of Rieffel [60] instead.

3.2 Busemann Points and Parts of the Boundary

3.2.1 Almost-Geodesics and Busemann Points

In a proper geodesic metric space (M,d), it has long been known (see for example [10],
Lemma 8.18]) if 7: [a,00) — M is a geodesic, limy_,o hq)(2) exists for every z € M.
Thus every unbounded geodesic gives rise to a horofunction. In [60], Rieffel introduced
the notion of an almost-geodesic, which also always give rise to a horofunction [60, Lemma
4.5]. An almost-geodesic is a path «: [0,00) — M, for which there exists, for every ¢ > 0,
an N € N, such that for all t > s> N,

|d(7(2),7(s)) + d(7(s),7(0)) — [ <e (3.2.1)

By choosing s = t we can see that this definition means an almost-geodesic is ”almost”
parametrised by arc-length, i.e. for every ¢ > 0, |d(y(¢),v(0)) — t| < € for all sufficiently
large t. This condition can actually be relaxed, and we define an almost-geodesic sequence
as a sequence (z") C M such that for every € > 0 there exists an N € N, where for all
n>m2>N,

d(z", ™) + d(2™, 2°) — d(z",2°) < e. (3.2.2)

This definition thus allows for bounded almost-geodesic sequences, and the rate that
an unbounded almost-geodesic sequence escapes to infinity is not constrained. As we shall
see later this will prove useful for more general constructions. The following lemma shows
that these two different notions of almost-geodesics give rise to the same horofunctions.
We should note that this result was already proved in [2, Proposition 7.12], but in a setting

quite removed from ours, and using different constructions than what we will use.
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3.2. BUSEMANN POINTS AND PARTS OF THE BOUNDARY

Lemma 3.2.1. If (M,d) is a proper geodesic metric space, and 7y is an almost-geodesic
such that limy_,o hy) = h € 8Wh, then there must exist a corresponding almost-geodesic
sequence in the sense of , (™), such that lim,, o hyn = h in the topology of pointwise
convergence. Conversely, if (z™) is an unbounded almost-geodesic sequence giving rise to a

horofunction h, then there must exist an almost-geodesic giving rise to h.

Proof. First let v be an almost-geodesic such that lim;_, hy) = h € 8Mh. Define a
sequence (z") C M by 2" = v(n) for all n € N. Fix ¢ > 0. As 7 is an almost-geodesic

there exists an N € N such that, for all n > m > N,
|d(y(n),y(m)) + d(v(m),7(0)) —n| <e.
Thus, for any n > m > N
d(z", 2™) + d(z™, 2°) — d(z",2°) < |d(2",2™) + d(z™,2°) — n| + |n — d(z", 2°)| < 2e.

There (2") is an almost-geodesic sequence, and because limy_,o hy)(y) = h(y) for all
y € M, we must have lim,, . hyn)(y) = h(y) for all y € M. Conversely suppose that
(™) is an unbounded almost-geodesic sequence where lim,, o hzn(y) = h(y) for all y € M,
with h € 9M". As (™) is unbounded, d(z",2°) — oo. By choosing subsequences and
relabelling we can thus assume that d(z"™, 2%) > d(z", 2°) for all n € N. For each n € N,
we define t,, = d(2",2°). As M is a geodesic metric space, we can define, for each n € N,
a geodesic path ¢, : [0,d(z""! 2™)] — M such that ¢,(0) = 2" and ¢, (d(z""!, 2")) = 2"
If we now define, for each n € N, 6,, = t,11 — t,,, we can define v,,: [t,, 1] — M by

(t) = e ((t - w%) .

Now, for any n € N,

'7n<tn+1) = Cn(d(xn+1a xn» =" = Cnt+1 (0) = Tn+1 (tn+1>7
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so the 7,’s agree on the endpoints of their domains. We can thus define v: [0,00) — M by
Y(t) = Y (t) for t € [t,, t,11], which is well-defined by the preceding remark. We claim that
7 is an almost-geodesic. To do so, we first show that for any & > 0, there exists a N! € N

such that for all ¢ > N1,
|d(~(t),7(0)) — | <e. (3.2.3)

As (z™) is an almost-geodesic, we can choose N! € N such that (3.2.2) holds for all n >
m > N} € N. Now suppose that ¢ € [t,,,t,1] for t,, > N!. Then

d(y(t),7(0)) —t < d(y(t), v(tn)) + d(v(tn),7(0)) — (t — tn + tn)
=d(y(t),v(tn)) — (t —tn)

d($n+1, :L,n)

= d(cy <(t - tn)T) Len(0)) — (£ —t,)

= —tn) = —(t =)

<d(z", 2") +d(z", 2°) — d(2", 2°) < e.

Note for ¢ as above, we can write t = t,+d(y(s),z") for s € [tn, tny1]. So d(y(s),z") = t—tp,,

and from above we know that

—d(xn; L") > 1, from which we conclude that

s <t. Thus d(y(s),z™) < d(v(t),z™). Also note that

The reverse triangle inequality means that

d(ZEnJrl, xn)

a0, = (e ({0 = 1) ) a0

d(z™tt z™)

=d(z" 2™) — (t —t,) 5 ,
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meaning that d(y(t),z") + d(z"*1,v(t)) = d(z™**, z™). Combining all of the above:

d(v(s),2") +d(a",2°%) — d((t), 2")
< d(y(t),2") +d(@"", v (1) + d(2",2%) — d(y(t), 2™ ) = d(~(1), 2°)
d

(" 2™) +d(z™, 2°) — d(z", 2") < e

t —d(~(t),7(0))

IN

Thus indeed for any € > 0, there exists a N! € N such that for all t > N1, |d(y(t),~(0)) —
t| < e. We now need to show that, for all € > 0, there exists a N € N such that, for all
t>s>N,

|d(~(t),7(s)) + d(v(s),7(0)) — t] <e.

Let us fix e > 0 and ¢ > s > N!. We then know from above that

— (d(y(t),7(s)) + d(7(s),7(0)) = 1) <t —d((¢),7(0)) <e.

Now suppose that t, s € [t,,t,+1] for some ¢, > N!. Then, using (3.2.3) and what we have

seen above,

x’fH-l " .Tn+1 "
= (¢ tn)d( 5n’ ) — (s tn)d( 5n’ ) —(t—s)+¢
. s)d@n;"”") —(t—s)+e

However, as (z") is an almost-geodesic sequence, and how N! is defined, we know that

d<xn+1’ l,n) <e+ d(anrl’ :L,O) — d([pn7 QL‘O), meaning that
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Finally, let us suppose that ¢ € [t,,t,41] and s € [t,, tyni1] for n > m, and t,, > N!. Then,

d(y(t),v(s)) +d(v(s),7(0)) —

(
7(07 xn) + d(xnv xm+1) + d(xm+17 7(‘9)) + d(7(8)7 xm> + d(xma xo) —t

(

<d(

d(z™, 2" 4+ d(x", 2™ + d(2™ T 2™) + d(2™, 20) — ¢ — d(2"T Ay (t))
(

=d(x" ") +t, + d(@™, ™)+t — te + d(@™T ™)+ d(2™, 2°) =t

—t—d(@"", (1))
<d(x", 2™) +d(z", 2°) — t — d(2™T, y(t)) + 2¢
d(z"tt z™)
On

(2"t ™) +d(2", 1Y) — d(z", 2°) + 2e < 3e.

=(2" 2™ + d(2",2%) —t — (ty1 — 1) + 2¢

We can finally conclude that, indeed, v is an almost-geodesic path. Thus, h.) converges
pointwise to some h' € o [60, Lemma 4.5], but because hy,) = hen — h, and M s

Hausdorff, we must have lim;_, hy ) = h. O

Following the lead of Rieffel, in the context of proper geodesic metric spaces we call a
horofunction h € 9" a Busemann point if there exists an almost-geodesic v: [0, 00) — M
such that, for all z € M,

h(z) = lim A, (2).

t—o0
. —h .
We shall use the notation dgM " to represent the Busemann points of M. Lemma m
means that the Busemann points are the sets of all horofunctions A, such that there exists
an unbounded almost-geodesic sequence (z"), such that, for all z € M,

h(z) = lim hyn(2).

n—o0

As mentioned, it is well known that every almost-geodesic sequence gives rise to a
horofunction, but the converse, even in proper geodesic metric spaces, is not true. Walsh

gives an example in [66] of a finite dimensional normed space where not every horofunction
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is a Busemann point. When the metric space under consideration is not proper, one needs
to consider, instead of almost-geodesic sequences, the so called almost-geodesic nets. An
almost-geodesic net starting from a point xy € M is a net (z*) C M, such that, for all

e > 0 there exists an n € A, the indexing set, such that for all g > a > 7,
d(z?, 2%) 4 d(z*, 20) — d(2”, 20) < €.

Just like for almost-geodesics and almost-geodesic sequences, almost-geodesic nets always
give rise to an element in the horofunction compactification. We prove this below. There-
fore, in the context of non-proper metric spaces, we define a Busemann point to be a horo-
function h € 93" such that there exists an almost-geodesic net (z%) such that h = lim,, Az

in the topology of pointwise convergence.

Lemma 3.2.2. [f (M,d) is any metric space, with given basepoint b, and (x®) is an almost-
geodesic net in M starting at some point xy € X, then h(z) = limhga(2) exists for all

z € M. Furthermore, if d(xo, o) — 00, then h is a horofunction.

Proof. Fix an arbitrary ¢ > 0 and z € M. Define p,a(z) = d(z,2%) — d(zo,xz*). The
net o (z) is clearly bounded in «. By definition there exists an ¢ so that for all £ > (,
ge(z) < limsup, .o (2)+¢. Via the definition of an almost-geodesic sequence there exists

an 1 > (, so that for all 8 > a > n,
P (Z) — Pga (2) < d(xa’ lﬂ) - d(‘rOv mﬁ) + d(‘TO:xa) <ég,

where we made use of the reverse triangle-inequality. As this is true for all 5 > a > 7 it
must follow that

limsup @,6(2) — € — vz (2) < g,
B

from which we deduce that, for all o > n,

limsup @,6(2) — 26 < pra(2) < limsup p,s(z) + €.
B B
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As e is arbitrary, it follows that limg ¢,s(2) exists for any z € M. We can write, for any «,
hyo(2) = d(z,2%) — d(xg, %) + d(xg, %) — d(b, 2%) = @a(2) — @ua(b),

but we have just proved that lim, @.a(2) — e (b) exists, which proves the claim. Now

suppose d(xg,z*) — co. Then, there exists a « such that, for all > o > ~,

hmﬁ (ma) = OB (xa> - prﬁ(b)
< d(z*,2%) — d(zo, xg) + d(xo,b)

< 1+d(xg,b) — d(xg, z%)

As this is true for all § > «, by passing to the limit it follows that h(x®) < 1+ d(z¢,b) —
d(xg, z*) for all &« > ~. Thus h € Mh, and inf ey h(x) = —oo, which means h € aﬁh,

because all internal metric functionals are bounded below. O

In [69, Proposition 2.5], Walsh proves

Lemma 3.2.3. If (z%) is an almost-geodesic in a complete metric space M, then (x%)

converges to some x € M.

Thus, if (z%) is a bounded almost-geodesic net in a complete metric space, then h a

converges to an internal metric point. As a corollary to this and the proof of Lemma |3.2.2;

Corollary 3.2.4. Any Busemann point in a complete metric space is not bounded below.

If h € M is the limit of an unbounded almost-geodesic net, it is a Busemann point.

As we only deal with complete metric spaces in this thesis, this corollary will prove

useful.

3.2.2 Parts of the Boundary

The Busemann points allow us to put a geometric structure on the horofunction boundary

of a metric space (M,d). We do so by constructing an extended metric on 83Mh(M ).
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Recall that an extended metric is a function satisfying all the conditions of a metric, but
its range is [0, oo] instead of [0,00). Let A, denote the set of all neighbourhoods of the
horofunction h in 3. We then define the detour cost, H: OM" x OM" — [0, 00].

H(h,h')= sup { inf d(b,z)+ h(z)}.

UeN,, wilz)el

This allows us to define the detour distance 6: OM x OM" — R* U {0}, by
5(h1, ho) = H(hy, ha) + H(ha, hy).

The detour distance can be quite difficult to compute in practice, which makes the following

lemma very useful [69, Lemma 2.6].

Lemma 3.2.5. If h,h' are Busemann points, and (x®) is an almost-geodesic net such that

(hga) converges to h, then
H(h,h') = limd(b, z%) + h'(z®).

We should note that in [69], Walsh restricts his attention to almost-geodesic nets starting
from the basepoint b, and not ones starting from an arbitrary point zy. This is not a
problem, as the proof of 49, Lemma 3.1], which deals with almost-geodesics starting at an
arbitrary point, can be adjusted for almost-geodesic nets starting at an arbitrary point. For
the convenience of the reader, we prove the first step of the adjusted proof in the following

lemma, which is part one of [49, Lemma 3.1]:

Lemma 3.2.6. If h is a Busemann point, and (z®) is an almost-geodesic net such that
(hge) converges to h, then

limd(b, %) + h(z*) =0
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Proof. Fix some € > 0. As hgo(x9) — h(zo), there exists an 7 so that for all o > 7,
|d(xg,z%) — d(b, %) — h(zg)| < €. (3.2.4)

Due to the fact that (z®) is an almost-geodesic net, there must also exist a 1; > 1 such

that, for all 8 > a > nq,
d(z?, x%) — d(xo, 2%) + d(20, v%) < €.
As this is true for all g > «a, we can take the limit in 3, so
h(z®) — h(zo) + d(zo, %) < €, (3.2.5)
where we have used the fact that h,s — h, and
d(z? 2%) — d(zg, 2°) = d(2°,2%) — d(b, z°) — (d(z0, 2°) + d(b, 27)).
Inequalities and thus mean that for all o > 7y,
d(b, z%) + h(z®) < 2e.

The triangle inequality means that, for all g > «,

d(z?, x*) — d(b, z") 4+ d(b, 2*) > 0,

so by once again taking the limit in 3, d(b, %) + h(x®) > 0 for all «, proving the result.
O

Using Lemma [3.2.5, we can mimic the proof of [49] to prove

Lemma 3.2.7. For any metric space (M,d), the detour distance § is an extended metric

when restricted to ﬁgﬂh X 83Mh.
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The following theorem, [69, Theorem 2.8], shows why we need to restrict 6 to Busemann

points in order for it to be an extended metric.
Theorem 3.2.8. A horofunction h is a Busemann point if and only if H(h,h) = 0.

The detour distance allows us to partition &gﬂh into different equivalence classes,
where hi, hy € 8Mh if and only if §(hy, he) < oo. These classes are known as the parts
of the boundary. There is a, perhaps more natural, way of dividing the full horofunction
boundary into equivalence classes by defining the relation ~, where h ~ ¢ if and only if
supen |(x) —g(x)| < oo. If the horofunction boundary consists only of Busemann points,

then these two partitions coincide.

3.3 Examples

The aim of this section is to show how the horofunction compactification of some well known
metric spaces is calculated, to help the reader build intuition. The simplest example is
(R,| - ]), the real line with the absolute value. We claim that R' = RU {h*}, where
e € {—1,1}, and h*(z) = —ex for all x € R. We prove this claim by first showing that
any element of R" is of this form. To do so, consider a sequence (x,) C R, such that
hy, — h € R". We consider two cases. If (x,) is bounded, there exists a subsequence
(zn,) and an x € R such that |z, — 2| — 0, which means for any y € R, h,, (y) =
|, — y| — |@n,| = hz(y), which means that h = h, by the uniqueness of limits in a
Hausdorff space. If (z,) is unbounded, then there must exist a subsequence (x,, ) such that
Tp, — F00, where the sign corresponds to that of ¢, and (z,, ) is monotone. Thus, for any

y € R, there exists a K € N, such that for all £ > K

hmnk (y> = ‘xnk o y| o ’xnk’ = €<xnk o y) — &lny, = he(y)

Thus h,, — h®. Therefore we have shown that R C RU{A}. To prove the reverse equality,

we just need to show that h® € R" for e € {—1,1}, as the internal metric functionals are
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always included in the horofunction compactification by definition. To do this, all we need
to do is find a sequence (z,) such that h,, — h®, and the sequence en achieves this. It
is easy to show that the sequences (en) are almost-geodesics, meaning that the h® are

Busemann points. Using Lemma we can then calculate that

S(h*,h™") = lim n+n+ lim n+n = oo,

n—oo n—oo

so the parts of the boundary are singletons. It is interesting to note that the map given by
h, +— tanh(x) and h® — ¢ is a homeomorphism between R" and [—1, 1], which maps parts

onto the relative interior of faces.

3.3.1 The Horofunction Compactification of C™.

Let us consider C™ as a normed space with the standard Euclidean norm || - ||, where
Gy zm)ll = OO0, |zi]2)1/2. This norm is generated by the complex inner product

(-,+), defined by, for any u,z € C™

i=1
If Re z denotes the real part of a complex number z € C, it is clear to see that
(u,2) + (z,u) = 2Re (u,2).

which we will need in the proof of the following.

Theorem 3.3.1. The horofunctions of (C™, || - ||) consists entirely of functions h*, where

z2€C™ and ||z|| = 1, and for u € C™,
h*(u) = —Re (u, z) .

. ——h . . . .
Proof. Fix some h € 9C™ . As C™ is a proper geodesic metric space, there must exist
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a sequence (z") € C™ such that ||2"|| — oo, and h.» — h by Proposition [3.1.5| Let us
define, for each n € N, w™ = 2™/||2"||. By the compactness of the unit sphere, there exists a
subsequence, which we relabel (w"), and z € Sgm such that w™ — z. Now, for any u € C™

and any n € N,

hon(u) = [|2" = ull = [[2"]]
_ =l = )
[27 =l + [|z7]
~ (u,u) — 2Re (u,2")
12 = all + ="

”Zﬂﬁ — 2Re (u, w")

\/1 — 2Re (w™,u/||z"]) + ||”;H||22 +1

— —Re (u, 2) .

As T is Hausdorff, we must thus have h = h*. This shows then that every h € oC™" is
of the form h* for some z € Scm. Conversely, suppose we are given some z € Scm. Let us
define 2" = nz for every n € N. Then, using the same method as in the above calculations

we see that, for any n € N and v € C™

B %—QR(&(u,z)
\/1—2Re<z,u/n>+uz—|2|2+1

hon (w) — —Re(u, 2) .

— ——h : o .
Thus h* € C™". To show that h* € AC™" we just need to show that it is not an internal

metric functional, but that is immediate because it is not bounded below. O

As a consequence of the proof of the above theorem, we can see that every h* is a
Busemann point, because the sequence (nz) is geodesic for every z € Scm. Using these

geodesics, we can prove

Proposition 3.3.2. The parts of the Busemann boundary of T are all singletons.
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: . ——h
Proof. Consider two Busemann points h*, A" € 0C™ . From above we know that the
sequences (nz) and (nw) are almost-geodesic sequences converging to each horofunction.

Lemma [3.2.5] thus allows us to calculate that

d(h*, k") = lim 2(n — nRe (w, 2)),

n—oo

but by the Cauchy-Schwarz inequality Re (w,z) < 1 if w # z, in which case §(h*, h") =
00. [

Just like in the case of the reals, it is interesting to note that the map from T to Bem
given by h, %z and h* — z is a continuous bijection, and hence homeomorphism.
As all Busemann points lie in singleton parts, and the relative interior of the faces of Bem
are precisely Bg. and {z} for z € Sgm, this homeomorphism maps parts of the boundary

bijectively onto the relative interior of faces of the dual ball.

3.3.2 Finite Dimensional Smooth and Strictly Convex Normed

Spaces

The above example is actually a special example of a finite dimensional uniformly smooth
and convex Banach space. In this section let us fix a real finite dimensional smooth and
strictly convex Banach space, X with norm || - || and dual norm || - ||.. We refer the
reader to Section for a recap of smoothness and convexity of normed spaces. As X is
finite dimensional, it is automatically uniformly convex [50, Proposition 5.2.14], so X* is
uniformly smooth by Theorem [2.6.5 Furthermore, as X is smooth, X* is strictly convex
by Proposition so X* is uniformly convex [50}, Proposition 5.2.14], which by Theorem
2.6.5) means X is uniformly smooth.

Theorem 3.3.3. The horofunctions of X are precisely those functions h¥ for ¢ € Sx-,

where for all x € X
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Furthermore, every horofunction is a Busemann point.

Proof. Let (y,) be an unbounded sequence such that h,, — h € 0X". Define Zn =

Yn/|lynll € Sx. If we define the sequence (t,,) = (1/||y.||), we can write, for any = € X

120 = tn]| = |zl
ty '

hy, (z) =

As X is smooth, we know for each n € N there exists unique norming functionals 2z} € Sx-
and ¢* € Sx«, such that z7(z,) = 1 and ¢*(z, — t,x) = 1. The compactness of the unit
sphere means there must exist 1, ¢* € Sx- and subsequence () such that 2 — 1 and

oh = 0" Thus, for any k£ € N:

_¢nk($> = Z;k(znk - tnkx) - Z;k(znk) < Hznk — tnka — HanH
tn, by,
L (2n, —th,x) — i Zn
- Cry (2 ; ) = on (i) _ _o* (a). (3.3.1)
ng

We now note that, for all £k € N

22 loq, + znlle = I, () + 20, ()| 2 Lo, (2 = tn) + 25, (20,)] = [, 7, ()]

However, t,,, 5 (x) — 0, so by the squeeze theorem ||y + 25 ||« — 2. As X* is uniformly
convex, this means that ||} — 27 [« = 0. As 2 — ¢ and ¢, — ¢® we must thus have

that v = ¢®. Taking the limit as £k — oo in inequality (3.3.1) thus shows that, for any
r € X, limy,, hy, (z)=—1(x).

Conversely, suppose we are given some ¢ € Sx+. As X* is uniformly convex and smooth,
and X is reflexive, there exists a unique z € Sy such that ¢ (z) = 1. Define the sequence
yn = nz. The exact same argument used above shows that lim,_,. by, = hY. As nzis a
sequence lying on a straight line through the origin, it is trivially an almost-geodesic, so

hY is a Busemann point. O
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Proposition 3.3.4. The parts of the Busemann boundary of X" are all singletons.

Proof. Consider two Busemann points h?¥, h? € 8X". From above we know that there
exists points z,w € Sx such that h,. — h¥ and h,, — h®. The sequences (nz) and (nw)

are almost-geodesic sequences. Lemma thus allows us to calculate that

H(h*,h?) = lim n — ne(2),

n=00
but X is smooth, so ¢(z) = 1 if and only if ¢ = 1, meaning that 6(h¥, h?) = 0 if 1) # ¢. [
In her thesis [64, Theorem 3.3.10], Schilling proves the following theorem.
Theorem 3.3.5. X is homeomorphic to Bx«, the closed dual unit ball.
We provide here an alternative proof, which we think is slightly shorter. Let us define
g: X" B ¥+ by

g(z) = —tanh(|jz|)z", if z € X, and  g(h) =hifhe X, (3.3.2)

where we define 0* = 0. As always, note that here we are identifying X with the embedding
i(X), where i(x) = h,, the internal metric functional associated with x.

We shall prove Theorem with a sequence of lemmas.
Lemma 3.3.6. g is a bijection onto Bx-.

Proof. First let us assume that g(z) = g(y). Without loss of generality we can assume y #

* % ¢ tanh anh( anh
0 # . Then ||z = 2*(x) = y*(fap8x). However, [y*(fapiilia)| < il 2], mean-
ing that % > 1. Symmetry gives the opposite inequality, so tanh(||z||) = tanh(]|y]|),

which means that ||z|| = |ly||, as tanh is strictly monotone increasing. Thus z* = y*.

Lemma thus implies g|x is an injection.

Now fix a 0 # f € int(Bx~). By compactness there exists an = € Sx such that

—W([L’) = 1, meaning that is the unique norming functional for . Thus g(z) =

__I
[FE
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tanh(||:v||)”fH*. As tanh: [0,00) — [0,1) is bijective, there exists some ¢ > 0 such that

tanh(||cz|]) = ||f]|«. Furthermore (cx)* = z* = —W. Thus g(cz) = f, and so g|x is a
bijection onto int(Bx~).
Clearly g|x(X) C int(Bx~), so if we can show that g| - is a bijection onto Sy« then g

will map X" bijectively onto Bx-, but this is exactly [26, Remark 4.4]. O
Lemma 3.3.7. g is continuous.

Proof. Recall that X" s equipped with the topology of uniform convergence on compact
sets, which is metrisable, and X* equipped with the norm topology is metrisable, so we
only need to prove sequential continuity. Suppose h,, — h, € X for (h,,) € X. (||z.]])
must be bounded, so there exists a compact set of X, say K, containing all the x,, and also

2. This means that

sup(|[zn — y| = l|zall) — (= =yl = [[=]) = 0,
yeK

from which we see that ||z, — z| — ||z.|| — |||, and —||x, — || — ||z.|| — ||z]|, allowing
us to deduce that x,, — = in norm. Furthermore we note that if z,, — x in norm then

xf — x* in the dual norm. Indeed, any subsequence of (z¥) must have a further subse-

*
Nk

indeed g(hy,) — g(hs).

quence () converging to some y* € Sx-. As x;, x — ||z| it follows that y* = z*. Thus

Now we need to consider a sequence (h,, ) converging to some h € 0X". As X is finite
dimensional we must have that every subsequence (z,,) — oo, and from [26] we know
that there must exist an x € Sx and a further subsequence, relabelled z,,, such that
Ty /| T, || = @ in norm, z7, — z* in the dual norm, and h,, — —z* pointwise. Thus
we must have —z* = h. Furthermore, this means that g(h,, ) — —2* = h in norm, from

which we conclude that g(h,,) — g(h).

If (hy) C ox" converges to some h € ﬁyh, then g(h,) — ¢g(h), as the dual norm
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topology and topology of uniform convergence on compact sets are equal on finite dimen-
sional spaces (because the closed unit ball is compact). Note that any (h,) C 0X" cannot
converge to some h, € X by Proposition [3.1.10l We now consider an arbitrary sequence
(h,) C X" converging to some h € X". We can partition (h,) into two subsequences
(hn,) C oX" and (hn;) € X (if not then we are just in one of the above cases), and g

applied to each subsequence converges to g(h) it follows that g(h,) — g(h) as well. O

The above lemmas show that ¢ is a continuous bijection between compact Hausdorff
spaces, so ¢ is a homeomorphism. As every horofunction forms a singleton part of the
boundary, and these are the only parts of the boundary, and the faces of Sy« are all
extreme points by Proposition g then also maps parts of the boundary bijectively
onto the relative interiors of faces of the dual ball. Theorem [3.3.5] thus follows.

3.3.3 The Horofunction Compactification of ¢!(N/).

Fix an integer n > 2. Borrowing the notation of [26], we define N' = {1,...,n}, and use
(*(N) to denote the space R™ equipped with the ¢! norm, ||z||; = >, |z;|. In the same

paper, Gutiérrez proves the following [26]:

Theorem 3.3.8. All horofunctions in ﬁﬁl(N)h are of the form R, where ) # 1 C N,
e C{-1,1}%, u € RN\ and for every x € £1(N),

e (o) = =i+ Y |y — il — .
i€ JEN\I
Proof. The complete proof is given by Lemma 3.1 and Theorem 3.2 in [26], so we shall not
recreate it fully here, but give an overview. If h € 8mh, there exists, by Proposition
m an unbounded sequence (y") such that h,» — h. By choosing subsequences and
relabelling, there must exist a () # Z C N such that |y?| — oo if and only if i € Z. We
define € € {—1,1}* by setting ¢; = 1 if lim, 4" = oo and ¢ = —1 if lim, y' = —oo. The

fact that ¢1(N\) is proper means we can choose further subnets, and u; € R for all i ¢ T
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such that, after relabelling, y;* — p;. Thus, using the same reasoning as we did for the
horofunction compactification of R, for any = € £*(N') we can choose n large enough such

that

= o=yl = i+ Y =y =1y

i€l JEN\T

=Y —ari+ > vy =y — )]
€T JEN\T

=Y —awi+ Y v — gl = |yl
i€l JEN\T

_ 17

= hw(x).

Thus, every horofunction is of the form hEI’ Conversely, if we are given some hZ L We can
define the sequence (y") by setting y! = ¢;n for every i € Z and n € N, and y' = u; for
every ¢ ¢ Z. The above calculation can then be used to show that hy» — hi e As hi L 18

not bounded below it cannot be an internal metric functional. O
With this characterization, it is simple to characterize the Busemann points of ¢!(N).
Lemma 3.3.9. All horofunctions of ¢*(N') are Busemann points.

——h
Proof. Fix some b, € 9(*(N)". To prove that it is a Busemann point it suffices to show the
existence of an almost-geodesic y: [0, 00) — ¢'(N) satisfying ||z —~(t)|[1—||y(t)[x — hZ,(x)

as t — oo for all x € £1(N). To that end we define a path v component-wise as follows:

w i€l
vi(t) = . (3.3.3)
pi  i¢Z1

Forany 0 < s <t

V&) =vlh= Y i~ MHZIII‘ s)| =t = sl,

ieEN\T JeT
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proving that 7 is a geodesic. We can also calculate that, for any ¢ € [0,00) and x € *(N):

3 - m—Z'“’t S il

1EN\T i€l 1EN\T

lz = @)l = Iyl =) |

1€

For all sufficiently large ¢ we have

D

1€T

El‘t

[

=Y e, 4
7"

€T

ZCZ""

which means that

T [l = 4@l — @ = 3 eswe+ 3 frs = il = |,

i€l 1EN\T
proving that v — hi ., bointwise. O]
Using the geodesic v defined in the above proof we can prove the following:

Theorem 3.3.10. If § denotes the detour distance on O¢* (N) then 5(h¥,, hZ ) <00 if
and only if T =1" and € = €'. Furthermore, if T =71' and ¢ = €, then

ieEN\Z

Proof. For convenience we define hy = hZ o and hy = h . Define geodesics 71, 72 associ-

ated to hy and hs respectively as in the proof of the above lemma. Lemma [3.2.5| allows us

to calculate the detour distance between h; and hy using v, and ~s:

6(h1, hy) = H(h, hy) 4+ H(ha, hn)
= lim [ (Ol + ha(n(t)) + Jim [v2(8) |l + ha(72(2))

=limt+P(t)+C+ limt+ P'(t)+ C',
t—o00 t—o00
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where we have defined

—Git t
ieInTre jeInT’
C=> lpl+ D mj— il =l + D e
i€Te jezenz’e keZenT
and similarly
—€it t
Plt)y= > e il + > _€j€;|I_’|’
ieTenT’ jeInT’
=Yl D =l =l Y e
i€z’ JjeELNL'e keZINL’e

We can see that H(hy, he) and H(hg, hy) are finite if and only if P and P’ behave asymp-
totically like —t. From the definition above we can see that P can behave asymptotically

like —t if and only if for large ¢

>

i€T'NZe | JELCNT'e

—€j€ ] |IC = —1,

which only occurs when Z = 7" and ¢; = ¢} for all j € Z. By symmetry we see the same
phenomenon for P'(¢). This proves the first statement. Finally, if Z = 7' and ¢; = ¢} for

all 7 € Z we calculate that

(5<h1, hg) - C + Cl

= ) g = = D Y g — ] —

ieze jETe ieZe jeze
_ /
=2 § i — 5]
i€Ze

O

————h
Theorem 3.3.11. The horofunction compactification (*(N')  is homeomorphic to the dual

unit ball of (*(N'), and the homeomorphism maps parts of the boundary of (1 (N)h bijectively
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onto the relative interiors of faces of the dual ball.
Proof. Tt is well known that the dual of ¢*(N) is £*°(N), the set of R" equipped with the
max norm ||z||ec = max;ens |z;|. Thus

Brony = {2z € R" : |2;| <1 for all i € N'}, and (3.3.4)

Sy = {2 € Bpeony - 3i € N such that |z;| = 1}. (3.3.5)

The boundary faces of Byeo(ny are thus the sets Fy, where ) # Z C N and € € {—1, 1},
and

Ff ={x € Spo(ny 1 @ = ¢ for all i € N and |z;]| < 1 for all j € N\TZ},

meaning that

1i(F7) = {& € Spoqn) s ; = ¢ for all i € N and |z;| < 1 for all j € M\Z}. (3.3.6)

We can now define the candidate homeomorphism ¢: ¢! (N)h — By, if {e1,...,e,} is

the standard set of basis vectors for R", by

@(hiu) = Z €€ + Z tanh(y;)e;.
i€Z JEN\T
We should note here that in this definition of hi , we allow 7 to be empty, because hg,u is
precisely the internal metric functional associated to u € ¢1(N). By it is clear that
¢ is bijective because tanh is bijective. If hyn — hy in m , we can see by evaluating at
multiples of basis vectors that 2 — y in ¢(N\), from which it is fairly simple to deduce
that ¢ is also continuous, making it a homeomorphism as it is a map between compact
Hausdorff spaces. Furthermore, Theorem in combination with shows that ¢

maps parts of the boundary bijectively onto the relative interiors of faces of the dual ball.

]
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Remark 3.3.12. It is interesting to note that Theorem shows that each part of the
boundary of m inherits a natural normed space structure. Indeed, each part of the
boundary is given by a choice of Z and € € {—1,1}%, so on each part the map ¢ defined
by hg L %,u is a bijection from mh onto RV, The fact that the detour distance is
simply twice the ¢! norm on RV means that ¢ is actually an isometry, so we can consider
each part of the boundary to be a normed space. In all the previous examples we’ve seen,

each part of the boundary is a singleton, so can trivially be seen as the trivial normed

space. This observation motivates the next example.

3.3.4 The Horofunction Compactification of ¢}(N) & (1(N)

In an attempt to investigate whether Remark [3.3.12{above hints at a genuine phenomenon,
we now consider X = (*(N)@&¢'(N), which we equip with the norm ||(zy, x2)|| = max{||z||1, ||z2]/1}-
We want to calculate the parts of its horofunction boundary, and see whether they inherit

a natural norm structure too. Theorem 2.3 and Proposition 2.8 in [41] in conjunction with

Theorem [3.3.8 and Lemma gives the following proposition for free:

Proposition 3.3.13. A function h on X is in ox" if and only if there exist a non-empty
. . j h
J C{1,2}, a € R? with min; a; = 0, and {17 ,;}je; C OC'(N)" such that

h(z) = I?ea}{hg’uj (xj) — oy} forall v = (21, 22) € X.

This proposition immediately allows us to prove the following lemma:
Lemma 3.3.14. FEvery horofunction in 8X" is a Busemann point.

Proof. Fix some h € 9X". There are two cases to consider: either |J| = 1or |J| =2, where
J is as in Proposition . If |J| = 1, then, without loss of generality, we can assume that
h(z) = h! ,(21) for all z € X and some ¢, 41, T as defined in Theorem 3.3.8, We can then de-
fine a path v: [0,00) — X by () = (71(t),0), with v;: [0, 00) — £}(N) defined as it was in

B.3.3). As [[v(t) =v(s)l = [l () =71(s)ll and =y @) = IOl = llz1 = (Ol = [ @)1
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for all £t > s > 0, we have already shown in the proof of Lemma that v is a geodesic

converging to h! . meaning that hf} . s @ Busemann point.

€17

If |J| = 2, we can assume without loss of generality that there exists some o > 0 such
that
h(z) = max{hezll’ul (x1) — «a, h?lﬂ (x9)} for all z = (21, 29) € X.

We now define v = (71,72): [0,00) — X by first setting § = —_,.» 47 + «, and then

defining
& ieD e (gl e 72
miv(t) = ,and  mye(t) = (3.3.7)
WoigT X ¢

To show that v is a geodesic we fix some ¢ > s > 0 and calculate

|v(t) —v(s)|| = max {Z e (\tI:| s)| 7 Z | =& (I + ﬁ&;l— (||l + B)| }

i€Z! i€l

= max{[t = s|, [[[v1(t)]l1 — I (s)]l11}

el [ Tk 3 - (S X
| Il JE(TY)e

i€ je(@t)e

= |t — s,

showing that indeed 7 is a geodesic. Finally, for any « = ((211,212), (x21,%22)) € X and
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t>0,

2 =@ = @] = max{|z1 = % (@)}, ||SU2 =20} = max{|[y ()]s, [[72() ]l }
:max{z Z w1, — ),

ieZ! je(Tt)e

Z To; + i(H%|(IQH1+ﬁ Z |22, — UJ}

i€L? JjE(T?)e

(Il + 8)]
max q {71 (¢ Z 72| - Z | 2‘

i€T? JjE(T?)e

xlz

|Il

For sufficiently large ¢ this then becomes:

IIx—v(t)H—Hv()||—ma><{t+zesvu+ S feny — il

ieZ! je(Tt)e

@+ 8+ Y Eraet Y Jray —u?|}—

i€1? JE(Z?)e

@+ B8+ > Il

JE(Z?)e

:max{wzezxw S feay — = (@l + 8+ 3 12D
) )

ieT! je@v)e JE(T?)°

hfi,mz)}

= max {hellluul (71) — a, hez;,“?(@)} :

Thus v — h pointwise, and so indeed h is a Busemann point. O

Theorem 3.3.15. 0(hy, hy) < 00 for hy, hy € 8Byh if and only if hy, hy are of the following

form:

(i) There exists a ) # I C N and € € {—1,1}F and some fized i € {1,2} such that
hy(z) = hiul (x;) and hy(z) = hiMQ(xi) forallx € X.
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(ii) There exist ) # ', 7> C N and ' € {—1,1}F" and € € {—1,1}F such that hy(z) =
maxje{m}{hg’#j (xj) — a;} and hy(x) = maxje{m}{hg,yj (x;) — 0;} for all z € X,
where 7,17 € R and o, 0 € RU2Y with min; o; = 0 = min; 6;.

Proof. First consider the case where hy(z) = hfﬁul (z1) and hy(z) = heziﬂg(xg). We know
that there exists paths v' = (7{,0) and v* = (0,73), where 75 are as in (3.3.3). Lemma
B.2.5] allows us to calculate

H (b, o) = lim [ (1) + %2 (0) = oo,

Thus 6(hy,hy) = oo, and the only remaining case to consider where hy, hy both depend
on only one coordinate is where h(r) = h;ﬂlyul (z;) and ho(x) = hf;“2 (z;). Without loss
of generality we can assume i = 1. Now set 7! = (v,0) and v* = (v#,0), where the

coordinate geodesics are again as in (3.3.3). Again by Lemma we calculate
6(ha, ha) = lim ||} (8) 12 + o (71 (8)) + T [1yf ()]0 + R (97 (1)),

This is exactly the equality encountered in the proof of Theorem [3.3.10, in which we

show that d(hy, he) < oo if and only if Z! = Z? and €! = €2, in which case §(hy, hy) =

QZieNl\Il |le - M?’

The next case to consider is when hi(x) = maxje{l,g}{hgﬂj(xj) — a;}, and ho(x) =
hEI; 3 (x;). Without loss of generality we again assume that ¢ = 1. Thus we once again have

the characterizing geodesic 42(¢) = (v2(t),0), with 42(¢) as in (3:3.3). Thus Lemma [3.2.5]

allows us to immediately see

H(ha, hy) = lim 57 (8)[|1 + max{hfi s (57 (8) — an, b ,2(0) — s}

> 1im |77 (1)1 + hz,,2(0) — @ = o0,
t—o00 ’

from which we can conclude that §(hq, hy) = 0.
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Finally we consider the case where, for all x € X, hy(x) = maxje{m}{hgw (z;) — o}
and hQ(I) = mane{lﬂg}{hg]w( j) — 93} for some @ ?A Ij, jj - N, ,uj c RN\Ij, Vj S RN\jj,
e {-1,1}7, ¢ € {~1,1}7, and o, 0 € R with min; a; = 0 = min; §;. There are
two sub-cases to consider: either o; = 6; = 0 for the same j, or if a; = 0 then 6; # 0. Let
us first consider the former, and suppose without loss of generality that ay = 65 = 0. Now

let 4! and 7% be geodesics as in (3.3.7). Once again, Lemma allows us to calculate:

H(h, o) = lim [y (0)] + max{hd, (51(6) — o, B (4(2))

. 1 1 2
= lim [l O+ 8+ 3 1]

1€(Z2?)e
elt
G PP YRR SRE TR DI T
ieJINT! i€I3N Zl)c e(glyenzt
1 1 1 22“71()“1"‘ﬂ 2 2

D SRR VIS > AT S

ie(Jh)en(Zt)e i€eJ2N1? i€eJ2N(Z2)e

2((| A1 1
2, G @)+ 6 2

+- Z v + ‘1-2’ _’Vi’_k‘ Z ‘V —/LZ|—’V|

i€(J?2)enz? i€(T2)eN(T2)e

As sup, |71 (#)]l1 — t| < oo we can use the same analysis as in the proof of Theorem [3.3.10
to conclude that H(hy, hy) < oo if and only if ZV = J7 and € = §7, for j € {1,2}. In this

case we can further the above calculations:

H(hy. hy) m{ ST Ik — ] — A ] G — 6),

i€(I1)e

S W |u3|+|u?|}

1€(Z2)c

Symmetry also allows us to calculate that
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Hw%m»:mw{ ST -l ]+ (6 — ),

ie(Ih)e

> b=l b - )

i€(Z2)c

Finally we consider the case where o and 6 are zero at different indices. Without loss
of generality we assume that as = 0 and #; = 0. We once again let ! be the geodesic
converging to hy as in (3.3.7). We set % = — D ic(T1)e |} + 62 and define 4?: [0,00) — X
by

-2t . 2 1 {1201 +82 . 1
Lo eJ —; (2—> e J
3 (t) = ! ,and  mi(t) = 7% . (3.398)
pig ! ig g
Thus we calculate,
H(hy, he) = Jim |7 (0)] + max{h s (1 (£)), b 2 (33 (1)) — 62}
T 1 1 2
= lm [ O+ 5"+ Y 1]
ie(Z?)e
11 ¢t 1 1 e}t
von{ 3 cddge X a0 el
ieJINI! iegin(zt)e e(ghenzt
i (@)l + 5
S SRR S D VR
ie(Jl)en(Z1)e 1ET?NI? i€J2N(Z2)¢
2/~ 1 1
2 (Il (@) + 8Y) 2 2 2 2
+' Z vi + 2] _|Vi’+' Z i — il = |vi| =02 p.
Ze(j2)cm:[2 ZE(JQ)CO(IQ)C

The same analysis as above shows that H(hy, hy) < oo if and only if Z7 = J7 and € = ¢/,
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for j € {1,2}. In this case we see that

H(hy, ho) max{ S | ]+ ]+

i€(I1)e

Y W2 rufr+|u?\—ez},

i€(Z2)e

and we calculate that

H (hz, h) = lim |2 (8)]| + max{ s s (77 (1)) — an, s (43 (1))}

. 2 2 1
= lm [0+ 52+ 3 1|

ie(Zt)e
2@ + 82
e { 3 - 2,11 3 b=l bl
i€t i€(Z1)e
St X o w}
€12 i€(Z?)e
=max{ STl — vl 4+ -
ie(Zh)e
> w7 \m|+|v2!+92}
i€(Z2)c

The proof of the above theorem gives us the following corollary:

Corollary 3.3.16. Ifhy, hy € 337h are of the form, for allz € X, hy(z) = maxje{m}{hguj(arj)—
a;} and hy(z) = maxje{m}{hg’yj (z;) — 6;} where W, v/ € RN | and o, 0 € RV with
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min; a; = 0 = min; 0;, then

O(hishe) = max ¢ > |ul =Vl + || = ]| = (6 — o) p +

L2 ey
J 9 _
max Z ] — v = |l + V]| + (6, — o)

As in Remark [3.3.12|if A is of the form h(z) = maxje{l,g}{hgw(xj) — o },then there is

a natural identification between the part that h belongs to and a vector space. Indeed we

can treat P(h) as a vector space isomorphic to the vector space

vh =RV (HRM (HR?/ Sp(1)

where Sp(1) = span{(1,1)}. V" and P(h) are also isometric if we equip V" with the detour
distance in the natural way. The following example shows that the detour distance on V"
is not always induced by a norm:

Example 3.3.17. Let h € 9pX" be of the form h(z) = max;eq 2{h7 ,;(;) — aj} where
I' =7? =7 # N and €! = €2. We know that norms are translation invariant, so show that

the detour distance on V" = RV RNV B R?/Sp(1) is not induced by a norm we need
to find vy, vy, w € V" such that §(vy, va) # 0(vy + w, ve +w). Let us define vy = (ut, p2,0),
vy = (v',12,0), and w = (—%,0,0), where for all i € A\T we have

pi =5 pul =5 v =—1, and v} = —4.

With these values we calculate

d(v1,v9) = max Z 10, Z 10 p + max Z 28 = 18|Z°|

(i€Z)e (i€Z)e (i€Z)e  (i€X)e
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While

O(v1 4w, vy +w) =max ¢ > 2t — v, > | — v+ |l = V7] +
ie(T)¢ 1e(T)¢

~

max 0, Y |ud =21 =i + ]|
i€(2)e  ie(T)°

=max Z 12, Z 10 » + max < 0, Z 8

1€(Z)e 1€()e 1€(I)e

= 20[Z°|.

Thus indeed ¢ is not translation invariant on V", and so cannot be induced by a norm.

The above example of course does not serve as a proof that there exists no isometry
between P(h) and some very convoluted normed space, but it does show that the natural

identification between P(h) and V" is not an isometry if we equip V" with a norm, unlike

in Remark 3.3.12

3.4 Metric Compactification of ¢! Metric Spaces

In Subsection [3.3.3] we showed that the horofunctions of ¢*(N') are precisely those functions
ht ., where, for x = (z1,...,2,) € (*(N),

€40
W () = —emi+ Y |y — | — |-

€L JENNI

In the beginning of Section [3.3| we also showed that the horofunctions of (R, |-|) are simply

the functions h¢ for € € {—1,1}, where

he(z) = —ex.
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We can thus write

WL () = hf(a) + Y hy(xy).

€T JENNI

There is thus a natural identification between Wh and [, R”. In this section we show
that this observation can be extended to classify the horofunction compactification of the
¢! product of a finite collection of arbitrary metric spaces. A similar classification for the
horofunction compactification of the ¢! sum of proper geodesic metric spaces can be found

in joint work with Lemmens and Milliken in [45].

We let (M;,d;)™, be a finite collection of complete metric spaces. We define (M, d)
by M = [[%, M; and d((z;), (v;)) = >, di(xi, ;). We let b = (b;)7"; be an arbitrary
basepoint. Recall for any metric space X, we have the split axX" = X"y yh’e, where

XM = {h e ox" i&fh = —oo}, and XM= {h e ox" igl(fh > —00}.

If f; e RMi for all i € {1,...,m}, we define Y ", fi € RM in the natural way, by,

m m

Zfz(l") = Zfi(mi)a

i=1 i=1

for all = (z1,...,2,) € M. With this notation we can introduce the main theorem of

this section.

Theorem 3.4.1. A function h € R™ is in " if and only if for each i € {1,...,m} there

exists a h; € M? such that

h=> h. (3.4.1)

Furthermore, h € oM" if and only if h; € 8M? for some j € {1,...,m}, and if h; € H;L’OO,
then h € M. Finally, h € OM" is a Busemann point if and only if h; € 8M? means

that h; is a Busemann point, for alli € {1,...,m}.

109



3.4. METRIC COMPACTIFICATION OF ¢! METRIC SPACES

Proof. Lemmas [3.4.2] (3.4.3| and [3.4.4] proved below prove the theorem. O

Lemma 3.4.2. For any h € M there exists, for each j € {1,...,m}, a h; € M;l, so that
forally = (y;) € M

m

h(y) =D hi(y)).

i=1
Furthermore, if h € W™ then there exists some Jo € {1,...,m}, so that h;, € M?(;OO, and

if instead h € M then there exists some Jo € {1,...,m}, so that h;, € M;LOE

Proof. There must exist a net (z®) = ((z)7,) € M such that h,e — h pointwise. As M?

7

is compact in the topology of pointwise convergence, by taking subnets we can assume that

hge converges pointwise to some h; € M; for each i € {1,...,m}. Thus for every y € M

h(y) = li;n d(z®y) —d(z,b) = li;nZdj(x?, ;) — Zdi(acf‘, b;)
j=1 i=1
=him Y hes(y) = Y hiyy).
j=1 j=1

By way of contradiction, assume that h; ¢ 8M§L for all j € {1,...,m}. There must thus
exist an x; € Mj for all j € {1,...,m} such that h; = h,,. Set v = (21,...,7,) € M.

Thus for any y € M, by the above calculation:

m m

h(y) = he,(y) =Y dilwg,y5) — dw;, by) = d(x,y) — d(z,b) = ha(y),

j=1 j=1

which contradicts the fact that A is not an internal metric functional. Now assume that

h e Mh’oo, but h; ¢ M?’OO for all ¢ € {1,...,m}. This would then mean that

h(y) > i inf h;(y;) > —o0,
W) 2 0 Bl o) > =0
a contradiction. Finally assume that h € Mh’e, but h; ¢ M?’e for all i € {1,...,m}. As

: —h :
we know there must exist some hj, € OM; , our assumption forces hj, to be an element
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——h,00 . . .
of M, which means that there exists a sequence (y} ) in Mj, such that hj,(y} ) — —oo,
——h : -
else hj, € Mj(;e but this means that h(by,...,y},...,bn) — —00, a contradiction.

[l
We thus see that every horofunction on M is of form (3.4.1). The converse is also true.

Lemma 3.4.3. Suppose we are given some function h on M where

and each h; € M. If there exists a jo € {1,...,m} with h;, € M?(;OO, then h € Vi If,

instead, there exists a jo € {1,...,m} with h;, € M;LOE and h; ¢ W?’OO for any i # jo, then
—h,e

heM

Proof. As h; € M:L for each i € {1,...,m}, there must exist nets (z7") C M, such that

)

hgei = hi. Let (A;, <;) be the directed set underlying the net (z7*). We then consider
the set I' = [[*, A;, and equip it with the order < defined by (ay,...,amn) < (B1,. .., Bm)
if and only if a; < B; for all i € {1,...,m}. This order makes I' directed. For each
v = (aq,...,ay) € I' we define 27 = (z*, ..., 2%") € M, so (27) C M is a net. For any

y€ M and v = (g, ...,a,) € I' we have

har (y) = Zdj(ﬁ?j, y;) — dj (x5’ b;) = Z hz;j (y;)-

J=1 J=1

Now, for every € > 0 there exists o € A; for each j € {1,...,m}, such that |h,e; (y;) —
hj(y;)| < e for all a; > of;. Thus, if we define v/ = (o, ..., a;,), the above equation means

that for all v > +/
(h(Y) = har W) < Y [0 (u5) = by ()] < me.
j=1

so lim, Az (y) = h(y). Therefore h € M". Now, if there exists a Jo € {1,...,m} such
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that ;, € M?OOO there exists a sequence (y} ) € M, such that hj,(yj) — —oo. If we then
evaluate h on the sequence (by,...,y},...,bn) it follows that infy, h(y) = —oo, so indeed
h e M. If instead there exists a Jo € {1,...,m} with hj, € M?Oe and h; ¢ M?’OO for
any ¢ # jo then infy; h > —oo. Furthermore there cannot exist any x;, € M;, such that
hjo(y) = he, (y) for all y € M;,. Now suppose by way of contradiction that there exists
some x € M such that h = h,. This would then mean that for every y € M, h(y) = h,(y).

In particular this would mean that, for every y € M,,,

h((bh ey Yy 7bm)) = hm((bla e Yy '7bm)) = hacjo(yjo)a

which implies that hj,(y) = ha, (y) for all y € M;

Jo»

a contradiction. Thus h ¢ M. Our
assumption also means that infy;, h; > —oo for all j, which means that h ¢ M. As

h € M this must mean that h € M. O]
We end the proof of Theorem with:

Lemma 3.4.4. The horofunction h =", h; € M is a Busemann point of M if and only if

each h; is either an internal metric functional or Busemann point of M;, fori € {1,...,m},
and there exists at least one j € {1,...,m} such that h; is a Busemann point.
Proof. First assume we are given, for each i € {1,...,m}, an almost-geodesic net (x;")

in M; with corresponding internal metric functionals converging to h;, and there exists a
J such that h; is a Busemann point. Just as in the proof of Lemma above, we can
construct the net (z7) C M such that h,» — h. The linearity of the ¢! metric d means
that (z7) is an almost-geodesic net. Conversely, suppose that h is a Busemann point, and
that h,e« — h pointwise, where (%) = ((z$)",) is an almost-geodesic net. Fix an ¢ > 0.

By definition there exists a ¢, so that for all 5 > o > o/

f: d;(bs, ) f: di(bs, %) + di(z?, 25) — €.
i=1 i=1
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For any j € {1,...,m}, we can subtract }_,_; d;(b;, z7) from both sides in the above in

(2

equality to calculate

d;(bj, 2)) > dj(bs, 29) + dj(2], 25) + ) [di(bi,x?) +dy(2], 2 - di(bi,xf)] —c
i#j
> d;(by, 1) + dj (27, 2%) —
= Uj J,SL'J ]:CJ,SE] g,

where in the last line we applied the triangle inequality to each d;(b;,z$") for i # j. This

7

then shows that each j € {1,...,m}, the net (z}) is an almost-geodesic. Lemma

tells us that, for each j € {1,...,m}, there exists h; € M" which hx? converges to. If, for

o
J

by Proposition 2.5 in [69]. Thus, if all (z) are bounded, h =} '" | h,; is also an internal

any j € {1,...,m}, the net (z§) is bounded, h; is an internal metric functional, say h,,

metric functional, a contradiction. O

The above lemma means that for any h € 95 M" there exists a #7Z C{l1,...,m} and

a decomposition

h=> hi+ Y ha,

ieT jeze

where for each i € Z, h; is a Busemann point.

Theorem 3.4.5. Two Busemann points

h=> hi+> hy, W=> h+> h,

i€l JELC €T’ JeT'c

are in the same part of the Busemann boundary if and only if ' = T and each h; € GBM?

is in the same part as h € GBW?. If h and h' are in the same part, then

S(h,h') = " 6(ha b)) +2) d(y;, x;).

i€T j¢T

Proof. First assume we are given two Busemann points
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h=> hi+» hy, W => h+> h, (3.4.2)

i€l jeze i€T! jeTre

where Z' = 7 and each h; € 8BM? is in the same part as h; € &gﬁﬁ. Let (z%) be
an almost-geodesic net such that h,« — h, and (y°) an almost-geodesic net such that

h,s — h'. The proof of Lemma shows that, for all i € {1,...,m}, the nets (z¢) and

)

(yf ) are also almost-geodesic nets in M;. By Lemma we know that

H(h,h') = lim d(b,x®) + h' ()

=lim Y di(bi,af) + hi(2f) + Y dy(b,25) + by, (ah)

€L Jj¢T
= ZH(h“ h;) + Z dj(bj,xj) + hyj (ZEJ> < 00,
i€ j¢T
where the last inequality follows from the assumption that each h; and h; are in the
same part of the boundary for each ¢ € Z. A symmetrical argument shows similarly

that H(h', h) < oo, so we conclude that h and A’ lie in the same part of the boundary.

Conversely, assume that kA and h' are of the form and lie in the same part
of 5", Thus H(h,h') < oo and H(KW',h) < co. We can assume that h,o — h and
h,s — h' for almost-geodesic nets (z) and (y*). The proof of Lemma shows that
each coordinate net (%) and (y”) for i € {1,...,m} is also an almost-geodesic. Thanks to

Lemma [3.2.5] we can write

H(h, ') = lim > dilbi, ) + B(a) + > di(by, ) + hy, ()
i€INT’ FET\T/
+ Y dib,x)  B) D dy(by, a8 + Dy (25),
1€T\T JETUT!

The sum of the two constituent terms in each of the above four sums is non-negative for

all indices, so for H(h, ') to be finite it is required that the limit of each sum of two terms
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within the sums is finite. For j ¢ Z, (x%) is bounded, so we need only be concerned with

instances where j € Z. In particular we require that

Zd 3) + Ry, (25) < oo,

JEINT'

but hy, (x3,) > d;(b;, y;) for each j € I\T', whereas d;(b;,2%) = oo, so this is only possible

if Z C 7. A symmetrical argument applied to H(h', h) shows that Z/ C Z, meaning that
7 =17 Thus,

H(h,}) _hmZd b @) () + ) di(by,2f) + by, (22),  and
1€l j¢zT
H(W,h) —hmZd (biy ) + hay)) + D di(bj, y)) + hay ()
(ISVA J¢T

Lemma guarantees the existence of subnets (z7) and (y”) such that

O(h, W) =tim Y di(bi, a]) + Hila]) + di(bi, oT) + haw)

i€l

3 by a)) + () + (b)) + s (8]

JET

Furthermore, the construction of the subnet in the proof of Lemma [2.4.2| makes it easy to
check that both (z7) and (y?) are also almost-geodesic nets. Thus, we can once again use

Lemma in conjunction with the above equality to deduce that

S(h, ') = " 6(hi, b)) + Y dj(bj, ;) + hy, () + dj(by, 5) + hay (9),

1€l j¢T

which can be finite only if §(h;, h}) is finite for each ¢ € Z. It also immediately follows that
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if h and A’ are in the same part, then

S(h, By =" 6(hi b)) +2> " dly;, ;).

i€ J¢T
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Chapter 4

Product Domains

This chapter, along with Chapters 5 and 6, consists of sections in [47], which was joint
work with Bas Lemmens. The reader may notice some content in the preliminary sections
of each of these chapters 4, 5, and 6 which has already been discussed in some form in
Chapters 2 and 3 above. The author decided to keep this content in these chapters for
the convenience of the reader, and to maintain consistency between these chapters and the

published journal article [47].

In this chapter we analyse the geometry and topology of the horofunction compactifi-
cation of bounded symmetric domains of the form B° = B} x --- x B?, where B = {z €

Ci: |22+ - + |2,

2 < 1}, under the Kobayashi distance. In fact, we shall consider
slightly more general product domains where each B; is the open unit ball of a norm on
C™ with a strongly convex C3-boundary. Even though these domains no longer correspond
to noncompact type symmetric spaces we shall see that there still exists a homeomorphism
between the horofunction compactification and the closed dual unit ball of the Finsler

metric at the origin. We will start by recalling some basic concepts.
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4.1 Product domains and Kobayashi distance

On a convex domain D C C" the Kobayashi distance is given by
kp(z,w) =inf{p(¢,n): If: A — D holomorphic with f(¢) = z and f(n) = w}

for all z,w € D, where

14 | == 1— 2 1— 2 1/2
p(z’w) = IOgM — 2tanh~! (1 o ( ‘w‘ )( |Z| ))

1—| &2 11— wz]?

is the hyperbolic distance on the open disc A = {z € C: |z| < 1}.

It is known, see [I, Proposition 2.3.10], that if D C C"™ is bounded convex domain,
then (D, kp) is a proper metric space, whose topology coincides with the usual topology on
C™. Moreover, (D, kp) is a geodesic metric space containing geodesic rays, see [I, Theorem
2.6.19] or [39, Theorem 4.8.6].

For the Euclidean ball B = {(z1,...,2,) € C": ||z]|* < 1}, where ||2]|* = >, |2i|*, the

Kobayashi distance satisfies

ol = N12112)N V2
kg, (z,w) = 2tanh™! (1 _ (1 |H1 _H <)Z(,1w>’2H | ))

for all z,w € By, see [1, Chapters 2.2 and 2.3].

In our setting we will consider product domains B° = [[;_, By

7

where each B} is an
open unit ball of a norm in C™, and we will use the product property of kg, which says
that

kp(z,w) = max k;(z;,w;),

where k; is the Kobayashi distance on B, see [39, Theorem 3.1.9]. So for the polydisc
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A" ={(z1,...,2) € C": max; |z]| < 1}, the Kobayashi distance satisfies
kar(z,w) = max p(z;, w;) for all w = (wy,...,w,.),z=(z1,...,2) € A".

For the Euclidean ball, B, it is well known that the horofunctions of (By, kg, ), with

n’

basepoint b = 0, are given by

11— (9P

=1
I FE

for all z € By, (4.1.1)

where § € 0B;. Moreover, each horofunction h¢ is a Busemann point, as it is the limit

induced by the geodesic ray t — zz;ié, for 0 <t < 0.

Moreover, if B° is a product of Euclidean balls, then the horofunctions are known, see
[1, Proposition 2.4.12] and [41], Corollary 3.2]. Indeed, for a product of Euclidean balls
B° = B, x ---x By the Kobayashi distance horofunctions with basepoint b = 0 are
precisely the functions of the form

h(z) = I?Ga}; (hfj (z;) — aj) ,

where J C {1,...,r} nonempty, {; € 0B, for j € J, and minje; a; = 0. Moreover, each
horofunction is a Busemann point.

The form of the horofunctions of the product of Euclidean balls is essentially due to the
product property of the Kobayashi distance and the smoothness and convexity properties of

the balls. Indeed, more generally, the following result holds, see 41} Section 2 and Lemma

3.3].

Theorem 4.1.1. If D; C C" is a bounded strongly convex domain with C3-boundary, then
for each & € OD; there exists a unique horofunction he, which is the limit of a geodesic
v from the basepoint b; € D; to &. Moreover, these are all the horofunctions. If D =

" D;, where each D; is a bounded strongly convex domain with C®-boundary, then each
=1 gey Y
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horofunction h of (D, kp) with respect to the basepoint b = (by,...,b.) is of the form

h(z) = max (he, (2)) — a;) (4.1.2)

jeJ

where J C {1,...,7r} nonempty, & € 0D, for j € J, and minjc;o; = 0. Furthermore,
each horofunction is a Busemann point, and the part of h, where h is given by ,

consists of those horofunctions h' of the form,

h’(,z) = max (hg].(Zj) — Bj) )

jeJ
with minje; B; = 0.

Now let D = [];_, D;, where each D; is a bounded strongly convex domain with C?-
boundary. Given J C {1,...,7} nonempty, &; € 9D, for j € J, and o; > 0 for j € J with
minjeyo; = 0, we can find geodesic paths v;: [0,00) — D, from b; to &;, and form the
path v: [0,00) — D, where

vj(t — ;) forall j € Jandt> q

A(t); = | (4.13)
b; otherwise.

Lemma 4.1.2. The path v: [0,00) — D in is a geodesic path, and h.q — h where

h is given by .

Proof. Let k; denote the Kobayashi distance on D;. By the product property we have that

kp(v(s),7(8)) = maxk;(v(s)i, 7(1):)

for all s > ¢ > 0. By construction k;(7v(s);,v(t):) < ki(7i(s),7:(t)) = s —t for all i and

s>t >0. For j € J with o; = 0 we have that k;(v(s);,7(t);) (75(s),7(t)) = s—t for

120



4.1. PRODUCT DOMAINS AND KOBAYASHI DISTANCE

all s >t > 0, and hence

kp(y(s),v(t)) = maxki(y(s)i 7(t)i) = s —

for all s > ¢ > 0.

Note that for z € D we have

tli{& h’)’(t) (’Z) = tlirg k"D(Z7 ’}/(t)) - kD(fy(t)a b)
= lim max(k;(z;, v(t);) — 1)
t—o0 7
= lim max(k;(2;,7(1);) — 1)
= lim f?é%}(ka(zj,%(t ;) — k(v (t — ), b5) — o)
= max (e, (5) — as)
which shows that h. g — h. ]

Consider B° = [];_, By C C", where each B is an open unit ball of a norm in C".

Then B° is the open unit ball of the norm || - ||ge on C™. In fact,

Ly

where || - [[ge is the norm on C™ with open unit ball B7.
To analyse the dual norm of || - ||go we identify the dual space of C™ x .- x C" with

itself using the standard inner-product
<ZE,y> = Z<x17yz> for z = (:El)' .. axT)ay = (yla s 7y7") eCm x .. xC".

i=1

So,y € C" x -+ x C" > (-,y) € (C™ x --- x C™)*. Note that the dual norm || - |

*
BO
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4.1. PRODUCT DOMAINS AND KOBAYASHI DISTANCE

satisfies

b= sup Re(,y)= sup S Re(wu) = Iwlle  fory=(u...,m) € Cx--xC™,
=1

[yl
]| go=1 ]l go=1"24
as ||z]|ge = max; ||z;]| ge. So we see that the closed dual unit ball is given by

B*={yeC"x---xC": Re(z,y) <1lforallz e B} ={ye C"x---xC": Z lyill e < 1}
i=1

Now suppose that each By is strictly convex and smooth. The closed ball B* has
extreme points p(&f) = (0,...,0,&5,0,...,0), where & € C™ is the unique supporting
functional at & € 0BY, i.e., Re(¢;, &) = 1 and Re(w;, &) < 1 for w; € B; with w; # &;.

7

The relatively open faces of B* are the sets of the form
F({¢ € 0By je J}) = {ZAjp(g;): d Aj=1land \; >0 forallje J},
jed jeJ

where J C {1,...,r} is nonempty and §; € OB for j € J are fixed. Here the relative
topology is taken with respect to the affine span of {p(¢}): j € J}.
On B° the Kobayashi distance has a Finsler structure in terms of the infinitesimal

Kobayashi metric, see e.g., [Il, Chapter 2.3]. Indeed, we have that
kp(z,w) = inf L(7),
Y

where the infimum is taken over all piecewise C'-smooth paths v: [0,1] — B° with v(0) = z
and v(1) = w, and
1
L0) = [ rab®. @0t
0

with

kp(u,v) = inf{|¢]: ¢ € Hol(A, B°) such that ¢(0) = u and (D¢)o(§) = v}.
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Proposition 4.1.3. [i, Proposition 2.3.24] If B° is the open unit ball of a norm on C",
then

kp(0,v) = ||v]|ge  for all v € C".

For z € B°and i = 1,...,r, if z; # 0, then we let 2] = H%Hé;zi € 0B; and we write
p(zf) =(0,...,0,25,0,...,0), where z} is the unique supporting functional at z, € 9BY. If
zi = 0, we set p(2]) = 0.

We now define a map ¢p: B°" = B* and show in the remainder of this section that it

is a homeomorphism. For z € B® = B} x --- x B; let

T

1 (0 k(% X
¢B(z) - Z?—l eki(2i,0) 4 e—ki(2i,0) (Z(em( O — e “O))p(zi )) ’

v i=1

where k; is the Kobayashi distance on B;. For a horofunction h given by (4.1.2)) we define
op(h) = < (Z <5*>>
slh) == | 2 7p&) ]
Z]EJ € ! ]E-] ’
More precisely, we prove the following theorem.

Theorem 4.1.4. If B° = [[;_, By, where each By is the open unit ball of a norm on C™
which is strongly convex and has a C3-boundary, then ¢p: B" 5 B isa homeomorphism,

which maps each part of 8B°" onto the relative interior of a boundary face of B*.

4.2 The map ¢p: injectivity and surjectivity

Throughout the remainder of this section we assume that B° = [[,_; BY and each BY is
the open unit ball of a norm on C", which is strongly convex and has a C*-boundary. So

for each ¢ € OB there exists a unique £ € C™ such that

Re(&;, &) =1 and Re(w;, &) < 1 for all w; € B; with w; # &,
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4.2. THE MAP ¢p: INJECTIVITY AND SURJECTIVITY

as B; is strictly convex and smooth.

We start with the following basic observation.

Lemma 4.2.1. For each z € B° we have that ¢p(z) € int B*, and ¢g(h) € 0B* for all
—h
hedBe.

Proof. Note that for z € B° and w € B we have that

Re(w, ¢p(2)) = ST ek]-(zi,ol) ap—E (;(eki(zi,o) e R0\ Re(w,, zj))
< 1 (Z oki(z.0) _ ki, )>
2 iy €M) 4 emhilz0
< 1-9

for some 0 < 0 < 1, which is independent of w. Thus, sup,,czRe(w, ¢p(z)) <1 -6 < 1,
hence ¢p(z) € int B*.

To see that ¢pp(h) € OB*, note that for w = Zjer(gj) € B, where p(¢§;) = (0,...,0,¢&;,0,

we have that Re(w, ¢p(h)) = 1. O

To show that ¢p is injective on B°, we need the following basic calculus fact, which can

be found in [32], Section 4].

Lemma 4.2.2. If p: R" — R is given by p(x1,...,2x,) = Y . € + e, then x —
V log pu(z) is injective on R”.

Note that

et —e %

T . .
D i €T e

(Vlog pu(x)); = for all j.

Lemma 4.2.3. The map ¢p is a continuous bijection from B° onto int B*.

Proof. Cleary ¢p is continuous on B° and ¢g(z) = 0 if and only if z = 0. Suppose that
z,w € B°\ {0} are such that ¢p(2) = ¢p(w). For simplicity write

k;j(25,0) —k;(24,0) kj(w;,0) _ o—kj(w;,0)

€ — €
S . eki(zi,0) 4 e—ki(2:,0)

1=

e
ZT 1 eki(’wi,o) _|_ e*ki(who)

1=

a; = >0 and f;= > 0.
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Note that a;p(z;) = 0 if and only if 2; = 0, and B;p(w}) = 0 if and only if w; = 0. Thus,
z; = 0 if and only if w; = 0. Now suppose that z; # 0, so w; # 0. Then (p(v;), ¢p(2)) =
(p(vj), pp(w)) for each v; € B;. This implies that

a;(v;, zj) = Bj@j,w;) for all v; € B,

hence ;27 = fywj. It follows that a; = ; and 2} = w}. Thus z; = pjw; for some p; > 0.
As o = f3; for all i € {1,...,7}, we know by Lemma [£.2.2] that k;(z;,0) = k;(w;,0), hence
z; = w; by [1, Proposition 2.3.5]. So z = w, which shows that ¢p is injective.

As ¢p is injective and continuous on B°, it follows from Brouwer’s domain invariance
theorem that ¢p(B°) is an open subset of int B* by Lemma [£.2.1] Suppose, by way of
contradiction, that ¢p(B°) # int B*. Then 0¢p(B°) N int B* is nonempty, as otherwise
¢p(B°) is closed and open in int B*, which would imply that int B* is the disjoint union
of the nonempty open sets ¢p(B°) and its complement contradicting the connectedness of
int B*. So let w € 0¢p(B°) Nint B* and (2") be a sequence in B° such that ¢p(z") — w.
As ¢p is continuous on B°, we have that kg(z",0) — oc.

Using the product property, kp(z",0) = max; k;(z]",0), we may assume after taking
subsequences that o' = kg(z",0) — k;(27,0) — «; € [0,00] and 2" — (; € B; for all i. Let

I ={i: a; < oo}, and note that for each i € I, (; € 9B}, as k;(z",0) — co. Then

n 1 ki(z7,0) —k;(2,0) n\*
¢B(Z ) = Zr k(20 0) 1 o—Ki(20) (Z(e h—e ' )p((zz) )

=1 e i=1

1 n k n (M
= —a _ —kp(z",0)—k;i(2]',0) n\*
T S W e R0 (De et >p<<zi>>).

=1 € i=1

Letting n — oo, the righthand side converges to

ﬁ (Z e_aip(gk)> =w.
il il

But this implies that w € 0B*, as Re(}_,.; p(¢),w) = 1 and >, ., p(¢;) € B, where
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4.2. THE MAP ¢p: INJECTIVITY AND SURJECTIVITY

p(G) =(0,...,0,¢,0,...,0). This is impossible and hence ¢p(B°) = int B*. O
We now analyse ¢p on B,

Lemma 4.2.4. The map ¢p maps 9B bijectively onto OB*. Moreover, the part Py,
where h is given by , 18 mapped onto the relative open boundary face

F({¢ €dBs:jeJ}) = {Z)\Jp DY N =1 and ) >0f07°allj€J}

JjeJ jeJ
—h . o
Proof. We know from Lemma that ¢p maps 0B° into dB*. To show that it is onto
we let w € OB*. As B* is the disjoint union of its relative open faces (see [61, Theorem
18.2]), there exist J C {1,...,r}, extreme points p(£7) of B*, and 0 < \; < 1 for j € J
with >, ;A; = 1 such that w = >, ; \jp(€F). Let p; = —log\; and p* = minjey ;.
Now set o;j = p; — p* for j € J. Then o; > 0 for j € J and minje;a; = 0.
Let h € 9B°" be given by h(z) = max;ec;(he;(z;) — ;). Then

Zjej e—ajp(g;) . ZjeJ e_ujp@;) . Zje] )‘jp(g;) _

¢p(h) = — = — =
7 ZjeJe ! ZjeJe Hi Zjej)‘j

To prove injectivity let h, b’ € oB°" , where h is as in and

h'(z) = max(hy, (2;) — B;) (4.2.1)

jeJ!
for z € B°. Suppose that ¢g(h) = ¢p(h’'), so

e Yp(&r e i
o5(h) = zg Jeﬂ(f) - EZ", J/f;f ) _ g

We have that J = J'. Indeed, if k € J and k &€ J', then

0 = Re(p(&), (1)) = Re(p(&), ¢5(h)) >0,
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4.2. THE MAP ¢p: INJECTIVITY AND SURJECTIVITY

which is impossible. For the other case a contradiction can be derived in the same way.

Now suppose there exists k € J such that & # nx. If

e~k e~ Pk

< :
D€ T Y e e

then

e_ak e_ak e_ﬁk

WRe@%f@ <
jeJ

Re<p<nk)7 ¢B(h)> = B, = Re<p(77k)v ¢B(h‘/)>a

<
Dies€ M T Y e e

as By is smooth and strictly convex, which contradicts ¢p(h) = ¢p(h'). The other case
goes in the same way. Thus, J =.J" and §; =n; for all j € J.
It follows that

e Re(E): 0n(0) = Relpl). o) = =

for all k € J. To show that ay = B for all k € J let v: R/ — R be given by v(z) =
> jese ™. Then for 2,y € R and 0 < ¢ < 1 we have that

v(te + (1 —t)y) < viz)v(y)'™,

and we have equality if and only if there exists a constant ¢ such that x; = y; + ¢ for all
kelJ. So,ifx#y+(c...,c) forall ¢, then —Vlogv(z) # —Vlogr(y).

As minjey a; = 0 = minje; f;, we can conclude that oy, = B, for all k € J. This shows
that h = h’ and hence ¢p is injective on B,

To complete the proof, note that ¢p(h) is in the relative open boundary face F/({¢; €
0B;: j € J}) of B*. Moreover, h' given by is in the same part as h if, and only
if, J = J and & = n; for all j € J by [41l, Propositions 2.8 and 2.9]. So, ¢p(h') lies in
F({¢ € 0B5: j € J}) if and only if A’ lies in the same part as h. O
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4.3 Continuity and the proof of Theorem 4.1.4

We now show that ¢p is continuous on B
Proposition 4.3.1. The map ¢p: B" = B* is continuous.

Proof. Clearly ¢p is continuous on B°. Suppose that (z") is sequence in B° converging to
——h o

h € 0B°", where h is given by 1} To show that ¢p(2") — ¢p(h) we show that every

subsequence of (¢p(2™)) has a subsequence converging to ¢g(h). So, let (¢p(z")) be a

subsequence. We can take a further subsequence (2" ™) such that

B1" = kp(2"m,0) — k:j(z;lk’m,()) — B; € [0,00] forall je{l,...,r}

2. There exists jg such that 6;7; =0 for all m > 1.
3. (z;’“’m) converges to 1; € B and hyrem — hy, for all j € {1,...,7}.
Let J' = {j: B; < oo}. Then h,nm — R, where h'(2) = max;cy (hy,(2;) — B;) for

z € B° as

lim kp(z, z2"m)—kg(z™m,0) = lim max(k;(z;, 2 j’”")—kj( ) — B = max( n; (25)=55),

m—00 m—oo  j

by the product property of kg.

As h = I/, we know by [41] Propositions 2.8 and 2.9] that J = J', {; = n; and o; = j;
for all 7 € J. We also know by Lemma that kg(z"m 0) — oo, as h is a horofunction.
So,

r B —kp (2 R 0)—k; (2, ©™ n * —Bj *
Y o Y (0 WD DT )

n = h y
Z:Zl eiﬁ:ﬂ . e*kB(an”va)fki(Zi k,m,o) Z]EJ e_ﬂj ¢B< )

¢p(z"™m) =

which shows that ¢p(2") — ¢p(h).
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We know from Lemma that ¢p(B°) C int B* and ¢B(8§h) C 0B*. So, to
complete the proof it remains to show that if (h,) in oB" converges to h € 8§h, where

his as in (4.1.2)), then ¢p(h,) — ¢p(h). For n > 1 let h, be given by

hi(2) = max(hyn (z;) — 57) for z € B°.

J€Jn

Again we show that every subsequence of (¢ (h,)) has a convergent subsequence with limit

¢p(h).

Let (¢p(hy,)) be a subsequence. Taking a further subsequence we may assume that
1. There exists Jy C {1,...,r} such that J,, = J, for all .

2. There exists jg € Jy such that B;;’“ =0 for all k.

3. Bi* — B; €10,00] for all j € J.

4. ni* — n; for all j € Jq.

Note that for each j € J; we have that by — hy, in E?, as the identity map on B;, that
J
is § € Bj — he; € ﬁ?, is a homeomorphism by [5, Theorem 1.2].
Let J' = {j € Jyo: B; < oo} and note that jo € J'. Then for each z € B° we have that

i f, (2) = lim max(h,ni(25) — §7%) = lim max(h,ni(25) — 57%) = max(hy, (27) — 5;).
So, if we let h'(z) = max;ec y(hy, (2;) — B;) for z € B°, then h' is a horofunction by Theorem
4.1.1{and h,, — b’ in B As h,, — h, we conclude that A’ = h. This implies that J' = J
and n; = & and B; = «; for all j € J, as otherwise 6(h,h’) # 0 by [41, Proposition 2.9

and Lemma 3.3]. This implies that ﬁ]l.“” — aj and 9" — & for all j € J'. Moreover, by
definition 8* — oo for all j € Jo \ J'. Thus,

Sien ¢ P)) | Eies e p(E)

op(hy,) = = —
" >ien e i’ Djes€

= ¢p(h),
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which completes the proof. O

The proof of Theorem is now straightforward.

Proof of Theorem |4.1.4). 1t follows from Lemmas|4.2.3[and |4.2.4] and Proposition that

OB B" = B* is a continuous bijection. As B s compact and B* is Hausdorff, we
conclude that ¢p is a homeomorphism. Moreover, ¢ maps each part of 8B°" onto the

relative interior of a boundary face of B* by Lemma |4.2.4 O]
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Chapter 5

Finite Dimensional JB-algebras

Every finite dimensional normed space (V|| - ||) has a Finsler structure. Indeed, if we let

1
Lo = [ Il

be the length of a piecewise C''-smooth path ~y: [0,1] — V, then
lo =yl = inf L(v),

where the infimum is taken over all C''-smooth paths v: [0,1] — V with v(0) = z and
7(1) = y. So, for normed spaces V' the unit ball in the tangent space T,V is the same for
allbe V.

In this section we analyse the problem posed by Kapovich and Leeb [34], Question 6.18]
concerning the existence of a natural homeomorphism between the horofunction compact-
ification of a finite dimensional normed space V' and the closed dual unit ball of V' in the
setting of Euclidean Jordan algebras equipped with the spectral norm. So we consider the
Euclidean Jordan algebra not as inner-product space, but as an order-unit space, which
makes it a finite dimensional (formally real) JB-algebra, see [4, Theorem 1.11]. We will

give an explicit description of the horofunctions of these normed spaces and identify the
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parts and the detour distance. In our analysis we make frequent use of the theory of Jordan
algebras and order-unit spaces. For the reader’s convenience we will recall some of the basic

concepts. Throughout the chapter we will follow the terminology used in [3, 4, 20].

5.1 Preliminaries

Order-unit spaces A cone V, in a real vector space V is a convex subset of V' with
AV, CV, forall A > 0 and Vi N =V, = {0}. The cone V, induces a partial ordering <
onVbyx<yify—xzeV,.. Wewritex <y if x <yandzx #y. The cone V, is said
to be Archimedean if for each x € V and y € V, with nx < y for all n > 1 we have that
x < 0. An element u of V, is called an order-unit if for each x € V' there exists A > 0 such
that —Au < z < Au. The triple (V, V., u), where V is an Archimedean cone and u is an

order-unit, is called an order-unit space. An order-unit space admits a norm

|zl = inf{\ > 0: — Au <z < Au},

which is called the order-unit norm, and we have that —||z||,u < = < ||z||,u for all x € V.
The cone V is closed under the order-unit norm and u € int V..

A linear functional ¢ on an order-unit space is said to be positive if ¢(x) > 0 for all
x € Vi. It is called a state if it is positive and ¢(u) = 1. The set of all states is denoted by
S(V) and is called the state space, which is a convex set. In our case, the order-unit space
is finite dimensional, hence S(V') is compact. The extreme points of S(V') are called the
pure states.

The dual space V* of an order-unit space V is a base norm space, see [3, Theorem
1.19]. More specifically, V* is an ordered normed vector space with cone VI = {¢ €

V*: ¢ is positive}, VI — VI = V*, and the unit ball of the norm of V* is given by

By« = conv(S(V)U =S(V)).
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Jordan algebras Important examples of order-unit spaces come from Jordan algebras.
A Jordan algebra (over R) is a real vector space V' equipped with a commutative bilinear

product e that satisfies the identity
?e(yex)=(2ey)ex foralaz,ycV.

A basic example is the space Herm,,(C) consisting of n x n Hermitian matrices with Jordan
product Ae B = (AB + BA)/2.

Throughout the chapter we will assume that V' has a unit, denoted u. For x € V' we
let L, be the linear map on V given by L,y = x e y. A finite dimensional Jordan algebra

is said to be Euclidean if there exists an inner-product (-|-) on V' such that
(Lyy|2) = (y|Lyz) forall z,y,z € V.

A Euclidean Jordan algebra has a cone V, = {2?: € V'}. The interior of V, is a symmetric
cone, i.e., it is self-dual and Aut(Vy) = {A € GL(V): A(V}) = V,} acts transitively on
the interior of V. In fact, the Euclidean Jordan algebras are in one-to-one correspondence
with the symmetric cones by the Koecher-Vinberg theorem, see for example [20].

The algebraic unit u of a Euclidean Jordan algebra is an order-unit for the cone V., so
the triple (V, V4, u) is an order-unit space. We will consider the Euclidean Jordan algebras
as an order-unit space equipped with the order-unit norm. These are precisely the finite
dimensional formally real JB-algebras, see [4, Theorem 1.11]. In the analysis, however, the
inner-product structure on V' will be exploited to identify V* with V.

Throughout we will fix the rank of the Euclidean Jordan algebra V to be r. In a
Euclidean Jordan algebra each x can be written in a unique way as x = x* —x~, where z
and z~ are orthogonal element ™ and =~ in V,, see [4, Proposition 1.28]. This is called
the orthogonal decomposition of x.

Given z in a Euclidean Jordan algebra V| the spectrum of x is given by o(x) = {\ €

R: Au — z is not invertible}, and we have that V, = {z € V: o(z) C [0,00)}. We write
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A(z) = inf{\: < Au} and note that A(x) = max{\: A € o(x)}, so that
[2]lu = max{A(z), A(=z)} = max{[A]: A € o(z)}
for all z € V. We also note that
Az + pu) = Ax) + i

for all z € V and p € R. Moreover, if 2 <y, then A(z) < A(y).

Recall that p € V is an idempotent if p> = p. If, in addition, p is non-zero and cannot be
written as the sum of two non-zero idempotents, then it is said to be a primitive idempotent.
The set of all primitive idempotent is denoted 7;(V') and is known to be a compact set
[31]. Two idempotents p and ¢ are said to be orthogonal if pe ¢ = 0, which is equivalent to
(plg) = 0. According to the spectral theorem [20, Theorem I11.1.2], each x has a spectral
decomposition, x = Y_._, \ip;, where each p; is a primitive idempotent, the \;’s are the
eigenvalues of x (including multiplicities), and py, . .., p, is a Jordan frame, i.e., the p;’s are

mutually orthogonal and p; 4+ - -+ + p, = u.
Throughout the chapter we will fix the inner-product on V' to be

(z]y) = tr(z 0 y),

where tr(z) = > A, and z =Y, A\;p; is the spectral decomposition of .
For x € V we denote the quadratic representation by U,: V — V' which is the linear
map,

Uy =2re(vey)—2?ey=2L,(Ly) — Lyy.

In case of a Euclidean Jordan algebra U, is self-adjoint, i.e. (U,y|z) = (y|U,2).
We identify V* with V' using the inner-product. So, S(V) = {w € V,: (ujw) = 1},
which is a compact convex set, as V' is finite dimensional. Moreover, the extreme points of

S(V') are the primitive idempotents, see [20, Proposition IV.3.2]. The dual space (V, || - ||%)
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is a base norm space with norm,
Ilz|lx = sup{(z|z): € V with ||z|, = 1}.

If V is a Euclidean Jordan algebra, it is known that the (closed) boundary faces of the dual
ball By« = conv(S(V) U —S(V)) are precisely the sets of the form,

conv (U, (V) N S(V)) U (U, (V) N —S(V))), (5.1.1)

where p and ¢ are orthogonal idempotents not both zero, see [I8, Theorem 4.4].

5.2 Summary of results

To conveniently describe the horofunction compactification V" of (V.| - llu), where V is a
Fuclidean Jordan algebra, we need some additional notation. Throughout this section we
will fix the basepoint b € V' to be 0.

Let pi,...,p, be a Jordan frame in V. Given I C {1,...,r} nonempty, we write
pr = Y ;i and we let V(p;) = U, (V). For convenience we set py = 0, so V(py) =
Uo(V) = {0}.

Recall that V(p;) is the Peirce 1-space of the idempotent p;:

Vipr)={z€V:prex =z},

which is a subalgebra, see [20, Theorem IV.1.1]. Given z € V(p;), we write Ay(,,)(2) to
denote the maximal eigenvalue of z in the subalgebra V(py).

The following theorem characterises the horofunctions in V"

Theorem 5.2.1. Let py,...,p. be a Jordan frame, I,J C {1,...,r}, with INJ =0 and
IUJ nonempty, and o € RIY such that min{c;: i € TUJ} = 0. The function h: V — R,
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given by

h(x) = max {Av(m) (—Umx — Z ozz-pZ) Avi) <Upr — Z ajpj> } forxz eV,
iel jeJ
(5.2.1)
s a horofunction, where we use the convention that if I or J is empty, the corresponding
term is omitted from the mazimum. FEach horofunction in V" s of the form and a

Busemann point.

To conveniently describe the parts and the detour distance we introduce the following
notation. Given orthogonal idempotents p; and p; we let V(p;,ps) = V(pr)+V (ps), which
is a subalgebra of V' with unit p;; = p; + ps. The subspace V (pr, p;s) can be equipped with

the variation norm,

Hvaar = AV(PLPJ)(]:) + AV(FLPJ)(_'T> = diam UV(PI,pJ)(x)7
which is a semi-norm on V' (py, ps). The variation norm is, however, a norm on the quotient
space V(pr,ps)/Rpis.
Theorem 5.2.2. Given horofunctions h and h', where
h(z) = max {Av(m) <—Up1x — Z ozipi) Ay (Upr — Z oszj> } (5.2.2)
iel jeJ

and

h/(iﬁ) = max {AV(qI/) (—Uql,flj — 2/6qu> 7AV(qJ/) (Uq'],l' — Zﬁ]q]> } s (523)

iel’ jeJ’
we have that
1. h and b’ are in the same part if and only if p; = qp and py = qy.
2. If h and h' are in the same part, then 6(h,h') = ||a — b||var, where a = Y, a;p; +
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dicsqipj and b =73 1 Bigi + 3 iy Biq; in V(p1,py).
3. The part (P, 0) is isometric to (V(pr,ps)/Rprs, ||+ |lvar)-

Remark 5.2.3. A basic example is (R™, || - ||«), Where ||z||oc = max; |z, which is an
associative Euclidean Jordan algebra. In that case every horofunction is a Busemann
points and of the form

h(z) = maX{r?gX(—xi — ), r?ea}((xj — )},
where I, J C {1,...,n} are disjoint, /UJ is nonempty and a € R'Y/ with minges 5 ax = 0,
(see [26, Theorem 5.2 and [41]). Moreover, (P, d) is isometric to (R™Y7/R1, || - ||var), where
1=(1,...,1) e R1Y/.

We will show that the following map is a homeomorphism from 7" onto By«. Let

o v By be given by

pay= S ] (Z(éz‘—e%m) (5.2.4)

(ex + 6_x|u) Zi:l eAi + e_)\i i=1

forz=>""_, \p; €V, and

#h) = Dier €™ i 2jes € <Z e 2 eajpj) 529

iel jeJ

for h € OV" given by 1}

We should note that ¢ is well defined. To verify this assume that the horofunction h
given by (5.2.1)) is represented as

h(x) = max {AV(qI/) <_Uq1/x - ZB:%) aAV(qJ/) (UqJ/'I - Z 5]q]> }

il jeJ

for x € V. Then it follows from Theorem that p; = qp and p; = qy. Moreover, as
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d(h,h) = 0, we have that a = >, auipi + 3 ic 0505 = D i Bidi + 3 e Bia; = b, as
min{a;: ITUJ} =0 =min{g;: I U J}. This implies that U,,a = U, ,b and U,,a = U,

qy! qr

Zaipi = ZBZ’Q@' and Z%‘Pj = Z Bidj-

iel el jeJ jeJ

b, so

that

Using the map v € V — e~ we deduce that Y, ., e ¥ p;+(u—pr) = Y ;cp e Pigi+(u—qr),
and hence Y, ;e %p; = 3., e Pig;. Likewise EjeJ e %p; = EjeJ/ e Pig;. We also find
that

S = (e S ) = (5 e el = et
iel jeJ iel jeJ iel’ jeJ’ iel’ jes
so ¢(h) is well defined.

We will also show that ¢ maps each part of the horofunction boundary onto the relative
interior of a boundary face of the dual unit ball. Recall that the relative interior of a face

F' of By« is the interior of F' as a subset of the affine span of F.

Theorem 5.2.4. Given a Euclidean Jordan algebra (V)| - ||.), the map ¢: v By« is
a homeomorphism. Moreover, the part Py, with h given by , 18 mapped onto the

relative interior of the closed boundary face

conv (Up, (V) N S(V)) U (Up, (V) N =5(V))).

5.3 Horofunctions

In this section we will prove Theorem [5.2.1] We first make some preliminary observations.
Note that < Au if and only if 0 < Au — z, which by the Hahn-Banach separation theorem
is equivalent to (Au — z|w) > 0 for all w € S(V). As the state space is compact, we have
for each x € V that

A(z) = max (z|w). (5.3.1)

weS(V)
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As || - || is the JB-algebra norm, ||z e y||, < ||z||.||¥|., see [4, Theorem 1.11]. It follows
that if 2" — z and y™ — y in (V, || - ||), then 2™ @ y™ — x @ y. Thus, we have the following

lemma.
Lemma 5.3.1. If 2" — z and y"* — y in (V.| - ||u), then Upmy™ — U,y.
We will also use the following technical lemma several times.

Lemma 5.3.2. For n > 1, let p},...,p" be a Jordan frame in 'V and I C {1,...,r}

nonempty. Suppose that
1. p} = p; forallie 1.
2. 2" € V(p}) with 2" — x € V(py).
3. B >0 with B — B; € [0,00] for all i € I.

If I'={i € I:B; <o} is nonempty, then

lim AV J"n - Zﬁznp?) = AV(Z?I' pp Z Bipi)-

n—»00 -
i€l el

Proof. We will show that every subsequence of (Aym(z™ — > .c; Bi'pi')) has a convergent
subsequence with limit Ay, (Up,x — > ,c; Bipi). So let (Av(p?k)(xnk — Ses BUPI)) be
a subsequence. By (5.3.1)) there exists d™* € S(V(p}*)) with

Mgl = T AA) = = 3 ),

i€l i€l

By taking subsequences we may assume that d™ — d € S(V(py)).
Using the Peirce decomposition with respect to the Jordan frame p;*, i € I, in V(p}*),

we can write

A — Zu?kp?k + Z dzljk

iel i<jel

Note that as d™ > 0, we have that p;* = (d"*|p;*) > 0 for all 7 € I.
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We claim that for each ¢ € I'\ I’ we have that p;* — 0. Indeed, as I’ is nonempty, there

exist [ € I’ and a constant C' > 0 such that
DB 2 (@ = 3 A ) = (" p) = B = - B > O
el i€l
for all k, since (z"*[p;*) < ||z"*||,. Moreover,
= DB = @A™ = DO S = DB = 3 B
el el iel’ el\I’

As g™, pui* >0 for all i € I and 3" — oo for all i € I\ I, we conclude from the previous
two inequalities that pu;* — 0 for alli e I'\ I".

Using the Peirce decomposition with respect to the Jordan frame p;, i € I, we write
d= Z/Jz‘pz‘ + Z dij.
iel i<jel

We now show that

d=> ppi+ > dy, (5.3.2)

iel’ i<jel

and hence d € V(pr). Note that
pi = it = (dlpi) = (d™[p*) = (d — d™*[pi) + (d"*|pi — pi*) = 0.

We conclude that y;* — pu; for all i € I, and hence (d|p;) = p; =0 for all j € I\ I'. This
implies by [20, III, Exercise 3] that dep; =0 for all j € I\ I'. So,

Ozd.pj:%<zdlj+zdjm>a

I<j j<m

which shows that dj; = 0 = d;,,, for all [ < j < m, as they are all orthogonal. This gives
(15.3.2).
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5.3. HOROFUNCTIONS

Next we show that limy e Ay me (2™ = 3, Brpi*) = (Up,® — ;e Bivild). First
note that

iel icl’ i€I\I’
I N nk; N, Nk
= E B pi*|d E Bi* i
il i€I\I’
< E ’Bnk nk|dnk
iel’

ko pi* >0 for all ¢ and k. This implies that

limsup A, ”k) Z Bitpit) < hm Z B pit|d™) = (z — Z Bipi|d)

k—ro0 iel iel’ iel’

As Uy, d = d and U,,, is self-adjoint, we find that

(z — Zﬁz‘pz’|d) = (v — Zﬁz‘piwpﬂd) = (Up,,x - Zﬁz‘pz‘|d)7

el iel’ iel’
so that
lim sup Ay, e Z Birpi*) < (Up, @ Z Bipild). (5.3.3)
k—o0 el el

Now let pyf = > ., pi*. As p}f — pp, it follows from Lemma that Up';'/kd — Uy, d=
d. This implies that

el el

for all k large, as (Upv;lkd]p?’“) — (Up, dlpr) = (d|U,,,pr) = (d|pr) = (d|p;) = 1. Moreover,

Jim (@ = > B Uy d) Updlp) ™ = ,}LIEO o™ = 2 B pM ) Uy dlp)
i€l p
= (Up,x =Y Bipild).
iel’
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This shows that (Up,z — > ., fipild) < liminf,_ Av(p?k)(xnk
(5.3.3) we conclude that

P]' Zﬁ1p1|d = hm A ) e — Zﬂznkp?k)

el’ el

To complete the proof we show that

pI/ Z szz |d AV(pI/ pI/ Z szz

el el

- ZlEI ﬁnk nk)

As (d|pr) = (d|pr) = 1, we know that d € S(V,,,). So, we get from ([5.3.1)) that

Upp = Bipild) < sup (Up,x = > Bipilz) = Ay

= i),

P[l
el 2€5(V(pr)) iel’ el
On the other hand, if w € S(V(py)) is such that
Upp = Bipilw) = sup (Up,x =Y Bipilz) = Aviy (Up,m = Y Bipi),
el ZES(V(pI/)) icl’ el
then by definition of d™ we get for all k large that
p= ) B A™) 2 (=) AP Uy w) (Uyawlpp) ™ = (U= B0 fw)(
1€l el iel’
as (U,wwlpr*) — (Up, wlpr) = (wlpr) = 1. This implies that
I/
klgg)A Zlﬁnk ) 2 hm "’“x Zlﬁnk pi|w)( "kw‘pf Upp
i€ iel’

and hence ((5.3.5)) holds by (5.3.4).

(5.

(5.

From

3.4)

3.5)

"kw|p1 )

v=_ Bipilw),

iel’

]

To prove that all horofunctions in V" are of the form 1) we first establish the

following proposition by using the previous lemma.
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Proposition 5.3.3. Let (y") be a sequence in V, with y" = >, N'p. Suppose that
hyn = h € V" and (y™) satisfies the following properties:

1. There exists 1 < s <r such that |\?| =r" for all n, where r™ = ||y"||..
2. pp = pg foralll <k <r.

3. There exist I,J C {1,...,r} disjoint with I U J nonempty, and o € RV with
min{e;: i € IUJ} = 0 such that ™ — A} = «; for all i € I, 1" + X! — «a; for all

jeJ, and r™ — |\ — oo forallk & 1UJ.
Then h satisfies :

Proof. Take x € V fixed. Note that for all n > 1,
le=y" [lu=lly" lu = max{A(z—y"), A(=z+y") }—r" = max{A(z—y"—r"u), A(=z+y"—r"u)}.

As h is a horofunction, ||y"||, = ™ — oo by Lemma [3.1.5, Thus, A" — oo for all ¢ € I and

A} — —oo for all j € J. Now suppose that J is nonempty. Then r™ + A} > 7" — [A}| — 00

forall K € J. As

Az —y" —r"u) = Mz = > (" +N)pf = Y (" + X)),
jed k]

it follows that

lim A(x —y" —r"u) = Ay (Up, o — Z a;p;)

n—0o0 -
Jj€J

by Lemma Likewise, if I is nonempty, then

lim A(—x 4+ y" —r"u) = AV(p[)(_UpIx - Z ip;)

n—00
el
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by Lemma We conclude that if I and J are both nonempty, then

h(z) = ILm e —vy" |l — l¥"]|l. = 1Lm max{A(—z +y" —r"u), A(z — y" —r"u)}
= max{Av(,)(—Upz — Z a;pi); Avp,) (Up,® Z a;p;)}
i€l jedJ

To complete the proof it remains to show that lim,, o ||2—y"||o—||v" ||« = lim, 0o A(—2+
y" —r"u) if J is empty, and lim, o [|[2 — ¥"[|u — ||¥"]|w = iMoo Az — y™ — 7™u) if 1 is
empty. Suppose that I is empty, so J is nonempty. Then for each i € {1,...,r} we have
that ™ — A" — oo. Note that

—r Aty —rtu= =) ("= APl < —x —min(r" = A)u < ([l ]y — min(r" = AF))u.

)

Thus, A(—z + y" — r"u) < A((||z|l, — min;(r™ — AP))u) = ||z, — min;(r™ — AP) for all n,
hence A(—z + y™ — r"u) — —oo. As

max{A(z —y" —r"u), M=z +y" —r"u)} = [l = 4"l = [[y" [l = =]l2[ln > =00,

we conclude that ||z — y" ||, — [|¥"||. = A(z — y™ — r"u) for all n sufficiently large, hence

h(z) :JLHQOA(x—y —r"u) = Ay, (U Zosz]
jeJ
The argument for the case where J is empty goes in the same way. O

The following corollary shows that each horofunction is of the form (5.2.1)).

Corollary 5.3.4. If h is a horofunction in Vh, then there exist a Jordan frame pq,...,p, in
V, disjoint subsets I,J C {1,...,r}, with I UJ nonempty, and o € R with min{c;: i €
ITUJ} =0, such that h: V — R satisfies forallz € V.

Proof. Suppose that (y") is a sequence in V' with hy» — h in V", Then for each 2 € V we
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have that
Jim |z =" [lu = [ly"[w = h(z)

and ||y" ||, — oo by Lemma [3.1.5]
To show that the limit is equal to (5.2.1)) it suffices to show that we can take a subse-

quences of (y") that satisfies the conditions in Proposition [5.3.3] First we note that by the

spectral theorem [20, Theorem III.1.2], there exist for each n > 1 a Jordan frame p}, ..., p"

in V and A7,..., A" € R such that
yrEAPL A

where 7 is the rank of V. Denote r" = ||y"||, = max; |A].
Now by taking subsequences we may assume that there exist I, C {1,...,r} and

1 < s < r such that for each n > 1 we have ™ = |A\?| and
A >0foralliely and A <Oforalle¢l,.

Now for each i € {1,...,7} and n > 1 define

" — A} forie Iy

4+ A fori & 1.

Note that o € [0,00) for all i. Again by taking subsequences we may assume that
al = «; € [0,00] as n — oo, for all i. Recall that a? = 0 for all n, so a; = 0. Furthermore,
we may assume that p? — p; in J;(V) for all i, as it is a compact set [3I]. Note that
P1, ..., P is a Jordan frame in V.

Now let

I={ita;,<ocandiel;} and J={j:a;<ocandj¢&Il,}.
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So, I NJ is empty, s € I UJ and min{a;: i € I UJ} = ay = 0. Then the subsequence
of (y™) satisfies the conditions in Proposition [5.3.3] hence h is a horofunction of the form
F.2.1). 0

The next proposition shows that each function of the form (5.2.1)) can be realised as a

horofunction, and is a Busemann point.

Proposition 5.3.5. Let py,...,p, be a Jordan frame in V. Suppose that I,J C {1,...,r}
with INJ =0 and I U J nonempty, and o € R with min{a;: 4 € TU J} = 0. If for

n > 1 we let y" = AIp1 + -+ - + A'p,, where

n—aqa; ifi€el

0 otherwise,

then (y") is an almost geodesic sequence and hy — h, where h satisfies for all

. ‘ ., . =h
x € V. In particular, h is a Busemann point in V.

Proof. Let k > max{a;: i € I UJ} and note that for n > k we have that " = ||y"||, = n,
as min{a;: i € I UJ} = 0. The sequence (y"), where n > k, satisfies the conditions in
Proposition [5.3.3] Indeed, for n > k we have that r —\? = o; for all i € I, r"+A\? = o; for
alli € J, and 7 — A" = n otherwise. Also for s with o,y = 0, we have that |A?| = n = ||y"|4.

Finally to see that (hy») converges, we note that if we define z = ) ., —ozipi+zj6] a;p;
and w =), ;pi — Zjerj, then ™ = nw + z, which lies on the straight-line ¢ — tw + z.

Hence (y") is an almost geodesic sequence, so
W) = lim [l = 4"l = [y
n—o0

exists for all x € V. Thus, we can apply Proposition [5.3.3| and conclude that h satisfies
(5.2.1]), and h is a Busemann point in the horofunction boundary. O

Combining the results so far we now prove Theorem [5.2.1]
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Proof of Theorem |5.2.1. Corollary shows that each horofunction in V" is of the form
(5.2.1). It follows from Proposition that any function of the form (5.2.1) is a ho-
rofunction and by the second part of that proposition each horofunction is a Busemann

point. 0

5.4 Parts and the detour metric

In this section we will identify the parts in the horofunction boundary of Vh, derive a
formula for the detour distance, and establish Theorem [5.2.2l We begin by proving the

following proposition.

Proposition 5.4.1. If

h(x) = max {AV(pI) (—Umx — Z ozipz) Avipy) (UpJCL’ — Z oszj> } , (5.4.1)

el jeJ

and

h’((p) = max {AV(qﬂ) (-Uqﬂl' - Z ﬂqu) 7AV(qJ/) (UqJ,ZL‘ - Z Bij) } (542)

el jeJ’

are horofunctions with p; = qp and py = qy, then h and h' are in the same part and
6(h7 h/) = “a - b”var = AV(pI,pJ)(a - b) + AV(pI,PJ)(b - a)v

where a =3, raipi + 3 e 0505 and b =31 Bigi + 35 5 By in V(pr,ps) = V(pr) +
Vi(ps)-
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Proof. As in Proposition [5.3.5 for n > 1 let y” = Afp1 + - - - + A\'p,, where

n—o; ifiel
A?: -n+oao; ified

0 otherwise,

and let w™ = uyq + - -+ + p;q,, where

pi = | —n+p ifieJ

0 otherwise.

By Proposition we know that (y") and (w™) are almost geodesic sequences with
hyn — h and h,n — h'. Note that

Uplwm = Uf]ﬂwm = ZIUTUQII% = Z:u;n%

icl’ iel’

for all m, so

Ay ) (=Up,w™ — Z aip; + [[w"lupr) = Avip)(—Ugw™ — Z aipi + [|w™[|lugr)
icl el
= AV(pI)(Z(meHu - ﬂzm)% - Z aipi)-

iel’ el

Thus,

lim Ay, (~Up ™ = 3 i llw™lupr) = T Ay (3 (0™l = ) = 3 aap)

m—00
iel iel’ il

= AV(p[)<Z Biqi — Z ip;)

iel’ iel

= AV(pI)<b - CL).
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In the same way it can be shown that

lim Ay, (Up,w™ = agp; + [w™lups) = Avpn O Bigi — Y aipy) = Ay (b —a).

m—00 - -
jed jeJ’ jedJ

So, it follows from Lemma that

H(h7 h/) = nlgnoo ||wm||u + maX{AV(PI)(_Uprm - Z aipi)? AV(pJ)(Uprm - Z &jpj)}

icl jeJ
= T%l_{nm maX{AV(PI)(_UPIwm - Z aip; + [[w"™||upr), AV(PJ)(UPme - Z a;p; + [w™{lups)}
il jed
= maX{AV(PI)(Z Biqi — Z i), Avipy) (Z Bia; — Z a;p;)}
il iel jeJr jed

= AV(PMDJ)(b - a)‘

Interchanging the roles of h and A’ gives H(h',h) = Ay (p,p,)(a — D), hence d(h, h') =
lla — bl|var- O

To show that h and A’ are in different part if p; # ¢ or p; # ¢, we need the following

lemma.
Lemma 5.4.2. If p and q are idempotents in V with p £ q, then Uyq < p.

Proof. We have that Upq < U,u = p. In fact, U,q < p. Indeed, if Upq = p, then
p="Upu="Uy(u—q)+ Uy =Upu—q)+p,

and hence Uy,(u — ¢) = 0. This implies that p + (v — ¢) < u by [30, Lemma 4.2.2], so that
p < ¢. This is impossible, as p £ ¢, and hence U,q < p. O]

Proposition 5.4.3. If h and h' are horofunctions given by and (5.4.9), respectively,
and pr # qi or p; # qy, then
d(h,h') = oc.
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Proof. Suppose that p; # qp. Then p; & qp or g £ p;. Without loss of generality assume
that p; £ gqp. Let (y") in V(p;) and (w™) in V(gr) be as in Proposition [5.3.5} so hy» — h
and h,m — h'. To prove the statement in this case, we use Lemma and show that

H(h/, h) = li_r>n |w™]|. + h(w™) = 0. (5.4.3)
Note that
™ (™) = ([w™ Ay ) (~Upw™ = ipi) = Ay (=Upw™ = cipitlfw™[upr).
el el

As w™ < |Jw™||,qr for all m large, we have that U, w™ < |[w™||,U,,qr for all m large.

Thus,

~Sapi el > o™ [ Upar — S @i + e
el i€l

— (s = Upyar) = 3 cim

el

for all m large.

We know from Lemma that pr — Up,qr > 0. As p; — Up,qr € V(pr) we also have
that pr —U,,qr = ijl 7;7j, where v; > 0 for all j and the r;’s are orthogonal idempotents
in V(ps). It now follows that for all m large,

Avpn (~Upw™ = aip; + Jw™lupr) = (0™ ZWJ > aipilro) (prlr)”

el el

= ([l Hu% O~ aipilrs)) (prlry) ™!
i€l

The right-hand side goes to oo as m — oo, and hence ([5.4.3)) holds.

For the case p; # ¢y a similar argument can be used. [

We now prove Theorem [5.2.2]
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Proof of Theorem [5.2.9. Parts (i) and (ii) follow directly from Propositions|5.4.1|and |5.4.3|

Clearly the map p: P, — V(pr,ps)/Rprs given by p(h') = [b], where

iel’ jeJ’

and b = Y., Biqi + Zjej, Biq; € V(pr,ps) with min,e;uy 8; = 0, is a bijection. So, by
Proposition [p.4.1] p is an isometry from (Py,d) onto (V(pr,p.s)/Rprs, || - ||var)- O

5.5 The homeomorphism onto the dual unit ball

In this section we prove Theorem [5.2.4 To start we prove a lemma that will be useful in

the sequel.
Lemma 5.5.1. If ¢ < p are idempotents in V and z € V(p), then Ay (Usz) < Ay (2).

Proof. If X = Ay (2), then 0 < Ap — 2, so that 0 < AUp — Ugz. As ¢ = Uyqg < Ugp <
Ugu = ¢* = ¢, we find that 0 < AUp — Uyz = Ag — Uz, hence Ay (Uyz) < A O

We will show that ¢ given by 1) and |D is a continuous bijection from v

onto By«. As V" s compact and By« is Hausdorff, we can then conclude that ¢ is a

homeomorphism. We begin by showing that ¢ maps V' into the interior of By-.
Lemma 5.5.2. For each x € V' we have that ¢(x) € int By-.

Proof. For x € V there exists y € V with ||y||, = 1, such that

lp(@)ll = sup  [(wlo(x))] = (ylo(x)),

weV: |lw|l.<1

r

where (v|w) = tr(v e w). So, if  has spectral decomposition x = > |, A;p;, then we can

consider the Peirce decomposition of y,

Y= Zuz‘pri‘zyija
1

i= i<j

151



5.5. THE HOMEOMORPHISM ONTO THE DUAL UNIT BALL

to find that

1 . s 'y E :T_l(e)\i - ei)\i) :ul|
E t = " )Di < = T < 17
Do e e (i:1 ¢ e pile) = Doy € e

()l = (¢(x)]y) =

as w; = (ylps) < (ulp;) =1 and p; = (ylps) > (—ulp;) = —1. 0

Lemma 5.5.3. The map ¢ is injective on V.

r

Proof. Suppose that z,y € V with z = >, oyp; and y = >, i¢q;, where o < ... < 0o,
and 7y < ... <7, satisfy ¢(x) = ¢(y). Then ¢(x) =>"._, cspi = > ., Bigi = ¢(y). where

e%i — e e —e

o = and f(; =
J T o o J T = .
Zi:161+€ ¢ Zi:1€1+6 v

for all j.

Asag <... <, and B < ... < f,, it follows from the spectral theorem (version 2) [20,

Theorem II1.1.2] that o; = 3; for all j. Lemma now implies that o = (0y,...,0,) =

(T1y...,Tr) =T, a8

(a17"‘7aT) :VIOgM(U) and (Bl?"'aﬁf‘) :VlOgM(T)

Note that o; = «; if and only if 0; = 0, and §; = §; if and only if 7; = 7;, as Vlog u(z) is
injective. It now follows from the spectral theorem (version 1) [20, Theorem III.1.1] that

r=1y. O
Lemma 5.5.4. The map ¢ maps V onto int By .

Proof. As ¢ is continuous on V' and ¢(V') C int By«, it follows from Brouwer’s domain
invariance theorem that ¢(V') is open in int By«. Suppose, for the sake of contradiction,
that ¢(V') # int By«. So, we can find a z € 9¢(V) Nint By«. Let (y") in V be such that
d(y") — z and write y* = Y. AN'pP. As ¢ is continuous on V, we may assume that
™ = ||y"||. — oo. Furthermore, after taking a subsequence, we may assume that (y")

satisfies the conditions in Proposition [5.3.3] So, using the notation as in Proposition [5.3.3],
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we get that
wy _ 2o (€N — e )pr ST (e —em )y
SRR ST e S e

The right-hand side converges to

1 —Qy —Qj
E % _E Jim. = z.
Yier€ " Yjes e ( - pj) Z

iel jeJ

But this implies that z € 0By~, which is impossible. Indeed, if we let p; = 3., p; and

pr=2_espj then 1 > [l2][3 > (2|pr —ps) =1, a8 —u < pr — p; < w. O

For simplicity we denote the (closed) boundary faces of By« by
Fpq = conv ((Up(V) N S(V)) U (Ug(V) N =S(V)))

where p and ¢ are orthogonal idempotents in V' not both zero, see [I8, Theorem 4.4].

Lemma 5.5.5. If h is a horofunction given by , then ¢ maps Py, into relint F,, .

Proof. Clearly, ¢(h) € F,,,, if h is given by (5.2.1). So, ¢ maps P, into F,,,, by
Theorem [5.2.2(i). To show that ¢ maps P, into relint F),

¢(h) € relint F,, .

,.ps, it suffices to show that

To do this we first consider w = (|I| + |J|)"'(pr — ps) € F,, 4, and show that w €
relintF,, 4,. Let ¢ € F},, ,, be arbitrary. Note that we can write ¢ = >, \igi =D 1 Ajgj,
where > .cpgi = pr, e @G = Py and Yo cp N+ D0 p Ay = 1 with 0 < A\ < 1 for
all 4 and j. We see that w + e(w —¢) = (1 + €)w — ec € F,,,, for all € > 0 small, so
w € relint F)), ,, by [61, Theorem 6.4].

To complete the proof we argue by contradiction. So suppose that ¢(h) & relintF,, ,, .
Then ¢(h) is in the (relative) boundary of F,, ,,, hence

ze=(L+e€)p(h) —ew & F,, p,
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for all € > 0, as w € relintF,, ,, and F,, ,, is convex. However, for each ¢ € I we have that

the coefficient of p; in z,

(14 €)e €
Dier€ M+ e e I+ I

is strictly positive for all € > 0 sufficiently small. Likewise, for each j € J we have that the

coefficient of —p; in z,

(1+e)e €
et € e e I+ ]

is strictly positive for all € > 0 sufficiently small. This implies that z. € F},, ;,, for all e > 0

small, which is impossible. This completes the proof. O
Using the previous results we now show that ¢ is injective on V"
Corollary 5.5.6. The map ¢: v By« is injective.

Proof. We already saw in Lemmas [5.5.2 and that ¢ maps V into int By« and is
injective on V. So by the previous lemma, it suffices to show that if ¢(h) = ¢(h') for
horofunctions h ~ k', then h = h’. Let h be given by (5.2.1) and suppose that A’ is given
by
h/(fL‘) = max {AV(qI/) <_Uq1/x - Zﬁz%) aAV(qJ/) <UqJ/$ - Zﬁjqj> } .
ier jeJ’

Then

D ier € Npi — ZjeJ e~Yp;  Dier e Pig — ZjeJ’ e g

Doier €N Y e e a dier € P+ djer eP

As ming oy, = 0 = miny, fg, it follows from the spectral theorem [20, Theorem III.1.2]

that

1 1
. — = [lo(W) |l = [[¢(R)]lu = : —,
dier €M+ ZjeJ e dier €+ ZjGJ’ e~ P
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so that

D e =Y eipi=>Y e g =Y e g

iel jeJ iel’ jeJ’

As each x € V can be written in a unique way as = 7 — z~, where 2% and z~ are
orthogonal elements in V.., see [4, Proposition 1.28], we find that >_,_, e %p; = >, e Pig;
and ) i, e”pi =3 i p ePig;. This implies that

Y aipi=—log(Y e “pi+ (u—pr) = —logy (e (w—qr)) =Y Bigi

icl icl el el
and

> api=—log(d e+ (u—py) = —log(>_ e g+ (w—qr)=>_ By

jeJ jeJ jeJ’ JjeJ’
and hence h = h'. ]

The next result shows that ¢ is continuous on ov'".
Theorem 5.5.7. The map ¢: v By« is continuous.

Proof. Clearly ¢ is continuous on V. Suppose (y") is a sequence in V with hyn — h € av".
We wish to show that ¢(y") — ¢(h). Let (¢(y™)) be a subsequence. We will show that it
has a subsequence which converges to ¢(h).

As h is a horofunction, we know that 7" = |jy™||, — oo by Lemma [3.1.5] For each k

there exists a Jordan frame ¢i*,...,¢" in V and A[*,... A" € R such that

=1

By taking a subsequence we may assume that there exist I, C {1,...,r}and 1 < s <r
such that for each k, r™ = ||y ||, = |\2*|, and \[* > 0 if and only if i € I,.
For each k, let 5" = r™ — \'* for ¢ € I, and B = r™ + \!* for i ¢ I.. Note that

g™ > 0 for all 2 and k, and % = 0 for all k. By taking a further subsequence we may
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assume that §;* — §; € [0,00] and ¢;* — ¢; for all 7. Let I’ = {i € I.: 5; < oo} and
J ={j & I.:5; < oo}. Note that s € I’U J" and we can apply Proposition to
conclude that h,nw — ' € (9Vh, where

P'(z) = max{Av(q,)(=U,,x Zﬂz% Av(g,n(Ug,x ZBJQJ

iel’ jeJ’

As hym — h, we know that h = h’ and hence §(h, h') = 0. This implies that p; = ¢gp and
ps = qy by Theorem [5.2.2] Moreover,

Z a;p; + Z Q;pj = Z Bigi + Z Bi4;-
iel jeJ i€l jes
It follows that
Z aip; = UpI(Z a;p; + Z a;p;) = Uq,/(z Bigi + Z Ba;) = Zﬁi%
iel iel jeJ iel’ jeJ’ iel’

and

Zoéjpj = UPJ(Z a;p; + Zajpj) = UqJ,(Z Biqi + Zﬁj%’) = Zﬁjqﬁ

jeJ icl jeJ iel’ jeJ’ jeJ’

so that Y ,c,e%p; = >, €¥q; and D s €D =D ey ePig;. We conclude that

lim ¢(y™) = lim 2 1(6_7“%“& 6_rnk_/\"k)9?k B Dier e Pig; — ZjEJl e Pig;

- = = o(h).
k—o0 k—oo S0 (e A +€7Tnk7kik) Dier 6_6i+2jeﬂ e P #h)

From Lemmas |5.5.2| and |5.5.5| we know that ¢ maps V into int By« and ovV" into OBy .

So to complete the proof it remains to show that if (h,) in ov" converges to h € th, then
&é(hy,) — ¢(h). Suppose h is given by (5.2.1)) and for each n the horofunction h, is given
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by

]’Ln<.§(]> = max {Av(q}zn) <—Uq}ln.f - Zﬁ?qr) ,Av(q?n) <Uq}‘nx - Z ﬁ?qy) } for x € V,
i€y j€Tn

(5.5.1)

where I,,, J, C {1,...,r} are disjoint, I, U J, is nonempty, and min{s;: k € I,, U J,,} = 0.

To prove the assertion we show that each subsequence of (¢(h,)) has a convergent

subsequence with limit ¢(h). Let (¢(h,,)) be a subsequence. By taking subsequences we

may assume that

1. There exist Iy, Jo C {1,...,r} disjoint with Iy U Jy nonempty, such that I,,, = I, and
In, = Jo for all k.

2. 8" — B; €10,00] and ¢;* — ¢; for all i € I U J.
3. There exists i* € Iy U Jy such that 53¢ = 0 for all k.

Let I'={i € ly: f; < oo} and J = {j € Jo: B; < oo}, and note that i* € I' U J".
Using Lemma we now show that h,, — A/, where

iel’ eJ’

h’(l’) = max {AV(qﬂ) ( qI/ Zﬂl%) Vgyr) ( qJ/ Zﬁ]qj) } (552)

Note that if I’ is nonempty, then by Lemma we have that

k]gl;)/\ ( Uvzkl‘ — Z/Bnk nk) = Av(qﬂ) ( qp Zﬁz%) )

i€lp iel’

as Uq?ok.’lj — Uy, @ by Lemmal5.3.1land Uy, (U, #) = U, x by [4, Proposition 2.26]. Likewise

if J’ is nonempty, we have that

klggoA (q/“)( ’“x_zﬁnk nk) Vi) ( ay v ZBJ%)'

j€Jo jeJ’

Thus, if I’ and J' are both nonempty (5.5.2)) holds.
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Now suppose that I” is empty, so J’ is nonempty. As —z < ||z||,u, we get that
_Uq?okl' < ||.’L'||qu?OkU = ||a:||uq?0k

This implies that — nkx Yier B @™ <3 ier, (zllu — Bi)gi™, hence

Aviapy ( Upse = > B, ) < max(el), — B1%) > ~oo.

i€lp

On the other hand, h,, (v) > —||z||, for all k. Thus, for all k sufficiently large, we have
that

J€Jo
which implies that holds if I’ is empty. In the same way it can be shown that
holds if J’ is empty.
As h, — h, we know that ' = h, so §(h,h') = 0. It follows from Theorem that
pr=qr,p;=qy,and 3, ipi + iy p; = D icp Bidi + 35 p ;- This implies that

D aipi=) B and D api=> B,

iel iel’ jed jeJ
—Qig. — —Big, —0 . —Bi g
so that 3, e™%p; =) cpe Pigiand 3 e”%p; =35 e Pig;. Thus,

e Bk g — =B7" g ~Big, — ~Big.
ZiEIU q; Zjejoe 7 q; _Ziep@ qi Zje]’e 74

lim ¢(h,,) = lim = — —— = ¢(h),
koo k k—o0 Zielo 6_ i + ZjeJo e‘ﬁj k Zie[’ e Bi —+ ZjEJ’ e Bj
which completes the proof. O]

Theorem 5.5.8. The map ¢: v By« 1is onto.

Proof. From Lemma we know that ¢(V) = int By«. Let z € OBy+. As By~ is the

disjoint union of the relative interiors of its faces, see [61, Theorem 18.2], we know that

158



5.5. THE HOMEOMORPHISM ONTO THE DUAL UNIT BALL

there exist orthogonal idempotents pr and p; such that z € relintF}, ,,,. Thus, we can write
z= Z)\ipi - ZAjpp
i€l jeJ

where pr =3 i pis 47 =2 5c54, 0 <A <lforallk € TUJ, and } ;A =1
Define py, = —log A, for k € TU J. So, p > 0. Let p* = min{uy: k € I U J} and set
ar = g — p* > 0. Note that min{ay: k€ TU J} = 0.

Then h, given by

h(r) = max {AV(I?I) (-Umx = aiPz‘) Av,) (Umx -y %Pj) }
iel jeJ
for x € V, is a horofunction by Proposition Moreover,

1 1
. m— e tipi— ) e tp; | = Aipi — ) Aipi |
Dier €M+ e e (Z Z J) Doier i T e N (Z Z "

icl jeJ icl jeJ

hence ¢(h) = z, which completes the proof. ]

The proof of Theorem is now straightforward.

Proof of Theorem[5.2.4 Tt follows from Theorems and and Corollary that

—h ) i o —h . :
¢: V' — By« is a continuous bijection. As V' is compact and By« is Hausdorff, we
conclude that ¢ is a homeomorphism. It follows from Lemma that ¢ maps each part

onto the relative interior of a boundary face of By . O]

Remark 5.5.9. It is interesting to note that a similar idea can be used to show that the
horofunction compactification of a finite dimensional normed space (V|| -||) with a smooth
and strictly convex norm is homeomorphic to the closed dual unit ball. Indeed, in that case
the horofunctions are given by h: z — —x*(2), where 2* € V* has norm 1, see for example
[27, Lemma 5.3]. Moreover, for (y") in V' we have that h,» — h if and only if y"/||y"| — =

and ||y"]| — oc.
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In this case we define a map : v By« as follows. For x € V with x # 0, let
lzll — o=l
e e .
) = - (enx n enxn) o
where z* € V* is the unique functional with *(z) = ||z|| and ||z*|| = 1, and let ¢(0) = 0.
For h € 9V with h: z — —x*(2) let

Y(h) = —a"

It is straightforward to check that v is a bijection from 7" onto By, and 1 is continuous
on int By«. To show continuity on th, we assume, by way of contradiction, that (h,,) is a
sequence of horofunctions with h,, — h and h,(z) = —z(2) for all z € V, and there exists a
neighbourhood U of ¢(h) in By« such that i(h,) ¢ U for all n. Then, for each z* € 0By
with 2* ¢ U we have that z*(x) < 1. So, by compactness, § = max{l — z*(z): 2* €
OBy \ U} > 0. It now follows that

hn(x) — h(z) = —z) () + 2% (z) =1 —a)(x) > 5 >0

for all n, which contradicts h,, — h. This shows that 1 is a continuous bijection, and hence
a homeomorphism, as V" is compact and By« is Hausdorff.

More generally, one can consider product spaces V = [['_, V; with norm |z|y =
max!_, ||vi||;, where each (Vj,|| - ||;) is a finite dimensional normed space with a smooth
and strictly convex norm. In that case we have by [41l Theorem 2.10] that the horofunc-
tions of V' are given by

h(v) = max(he: (v;) — o), (5.5.3)

jE€T
where J C {1,...,7} nonempty, minje;a; = 0, & € V;* with ||£F]| = 1, and hg;(’l]j) =
—&5(v;). One can use similar ideas as the ones in Section 3 to show that the horofunction

compactification is homeomorphic to the closed unit dual ball of V. Indeed, one can define
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a map ¢y : v By« by

T

dv(v) = 1 (Z(e”w“i - e—m)p@;)> for v e V\ {0}

T AR lo: 1l
Zi:l GHUZHZ + e llvslli Py

and ¢y (0) = 0. Here p(vf) = (0,...,0,v},0,...,0) and v} is the unique functional such
that v (v;) = ||vl; and |[vf]l; = 1 if v; # 0, and we set p(vf) = 0, if v; = 0. For a
horofunction h given by (5.5.3) we define

1 o e
tvih) = s—= (Ze ‘”P@) :
ieJ jed
Following the same line of reasoning as in Section 3 one can prove that ¢y is a homeomor-

phism.

Remark 5.5.10. The connection between the geometry of the horofunction compactifica-
tion and the dual unit ball seems hard to establish for general finite dimensional normed
spaces, and might not even hold. For the normed spaces discussed in this chapter and in
[32, B3] all horofunctions are Busemann points, but there are normed spaces with horo-
functions that are not Busemann, see [66]. It could well be the case that the horofunction
compactification of these spaces is not naturally homeomorphic to the closed dual unit ball,

but no counter example is known at present.
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Chapter 6

Hilbert Geometries

In this chapter we study the global topology and geometry of the horofunction compact-
ification of symmetric cones under the Hilbert distance. Recall that the Hilbert distance
is defined as follows. Let A be a real finite dimensional affine space. Consider a bounded,
open, convex set 0 C A. For z,y € Q, let £, be the straight-line through x and y in A,
and denote the points of intersection of ¢,, and J€2 by 2’ and y', where z is between 2’ and

y, and y is between x and y'. On §2 the Hilbert distance is then defined by

(6.0.1)

\ﬂ—yHy—ww

x,y) = log (
pi(TY) P L~

for all x # y in Q, and py(z,x) = 0 for all z € Q. The metric space (€2, py) is called the
Hilbert geometry on ().

These metric spaces generalise Klein’s model of hyperbolic space and have a Finsler
structure, see [55), [57]. In our analysis we will work with Birkhoff’s version of the Hilbert
metric, which is defined on a cone in an order-unit space in terms of its partial ordering.
This provides a convenient way to work with the Hilbert distance and its Finsler structure.
In the next section we will recall the basic concepts involved in our analysis. Throughout
we will follow the terminology used in [46, Chapter 2|, which contains a detailed discussion

of Hilbert geometries and some of their applications. We refer the reader to [57] for a
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comprehensive account of the theory of Hilbert geometries.

6.1 Preliminaries and Finsler structure

Let (V,V,,u) be a finite dimensional order-unit space. So, V is a closed cone in V with
u € int V. Recall that the cone V, induces a partial orderingon V by x <y ify—x € V,,
see Section 4.1. For x € V and y € V,, we say that y dominates x if there exist a, 5 € R

such that ay < z < By. In that case, we write
M(z/y) =inf{f € R: x < py} and m(z/y) =sup{a € R: ay < z}.

By the Hahn-Banach theorem, z < y if and only if ¢)(z) < ¢(y) for all p € V' = {¢ €
V*: ¢ positive}, which is equivalent to ¢ (z) < ¢(y) for all b € S(V'). Using this fact we

see that for each x € V and y € int V.,

Y (x) . U(2)
M(x/y) = sup —— and m(zx/y)= inf —.
) vest) $(y) @)= B v
We also note that if A € GL(V) is a linear automorphism of V., ie., A(V}) = Vi,
then z < fy if, and only if, Ax < SAy. It follows that M(Ax/Ay) = M(z/y) and
m(z/y) = m(Az/Ay).

If w € int V., then w dominates each x € V| and we define

2] = M(z/w) = m(z/w).

One can verify that | - |,, is a semi-norm on V| see [46, Lemma A.1.1], and a genuine norm
on the quotient space V/Ruw, as |z|, = 0 if and only if x = Aw for some X € R.

Clearly, if z,y € V are such that y = 0 and y dominates x, then x = 0, as V is a
cone. On the other hand, if y € V. \ {0}, and y dominates z, then M (z/y) > m(x/y). The

domination relation yields an equivalence relation on V. by x ~ y if y dominates x and z
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dominates y. The equivalence classes are called the parts of V.. As V, is closed, one can
check that {0} and int V. are parts of V;. The parts of a finite dimensional cone are closely
related to its faces. Indeed, if V. is the cone of a finite dimensional order-unit space, then
it can be shown that the parts correspond to the relative interiors of the faces of V., see
[46, Lemma 1.2.2]. Recall that a face of a convex set S C V' is a subset F' of S with the
property that if z,y € S and A\x 4+ (1 — \)y € F for some 0 < A\ < 1, then z,y € F.

It is easy to verify that if z,y € V,\{0}, then x ~ y if, and only if, there exist 0 < o < 3

such that ay < x < fy. Furthermore, if x ~ y, then
m(z/y) =sup{a > 0:y < a 'z} = M(y/z)™". (6.1.1)

Birkhoff’s version of the Hilbert distance on V, is defined as follows:

M(z/y)
m(z/y)

dy(z,y) = log < ) =log M (z/y) + log M (y/x) (6.1.2)

for all x ~ y with y # 0, dy(0,0) = 0, and dy(z,y) = oo otherwise.

Note that dy(A\x, py) = dg(z,y) for all x,y € Vi and A, u > 0, so dg is not a distance
on V. It is, however, a distance between pairs of rays in each part of V. In particular,
if : V — R is a linear functional such that ¢(z) > 0 for all x € V, \ {0}, then dy is a

distance on

Qv ={reintV,: ¢(z) =1},

which is a (relatively) open, bounded, convex set, see [46, Lemma 1.2.4]. Moreover, the

following holds, see [46, Proposition 2.1.1 and Theorem 2.1.2].
Theorem 6.1.1. (Qy,dy) is a metric space and dg = py on Qy .

It is worth noting that any Hilbert geometry can be realised as (Qy,dy) for some
order-unit space V' and strictly positive linear functional ¢.

A Hilbert geometry (Qy,dy) has a Finsler structure, with Finsler metric F' : TQy —
[0,00) given by F(w,z) = |z|, for w € Qp and = € T, see [55]. It should be noted
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that in the case of Hilbert geometries the unit ball {x € V/Rw: |z|, < 1} in the tangent
space at w € )y may have a different facial structure for different w. This phenomenon
appears frequently in the case where €2y, is a polytope, but does not appear in the Hilbert
geometries we will be considering here.

For the remainder of this chapter, let (V,V,,u) be an order-unit space, where V' is a
Euclidean Jordan algebra of rank r, V. is the cone of squares, and u is the algebraic unit.
So, int V is a symmetric cone and Isom(§2y) acts transitively on Q.

Throughout we will take ¢: V' — R with ¢(z) = Ltr(x), which is a state, and

Qy={rxeintVy: ¢(zx) =1} ={z €intV,: tr(z) =r}.
In this setting we shall call (Qy,dy) a symmetric Hilbert geometry. A prime example is

Qy = {A € Herm,,(C): tr(A) = n and A positive definite}.

These spaces are important examples of noncompact type symmetric spaces with an invari-
ant Finsler metric, see [59]. In particular, the example above corresponds to the symmetric
space SL(n,C)/SU(n). For completeness, we now provide a proof that symmetric Hilbert

geometries have a Finsler structure.

Proposition 6.1.2. If (Qy,dy) is a symmetric Hilbert geometry, then for each x,y € Qy
we have that dg(x,y) = inf L(v), where the infimum is taken over all piecewise C'-smooth

paths v: [0, 1] — Qv with v(0) =z and y(1) =y, and

L(vy) = /0 1V ()] rydt.
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Proof. Let v: [0,1] — Qy be a piecewise C*-path with «(0) = z and (1) = y. We have

du(r,y) = logM(y/x) —logm(y/x)
V(y) min lo Y(y)

= max lo WARY
PpeS(V) g@b(m) PeS(V) g¢($)

1 d ‘ 1 d
-y / log(y(1)dt — min / S logu((0)

YeS(V)

(v (1)) Y(y' (1))
wES(v/ (v(t))dt weS(V)/ (’Y(t))dt
) )

V(A1) ! W' (1)
/0 s () ¢<v<t>>dt / o 6 0)

- / MY (0)/1(t)) — m(y (£) /()

1
- / (1) oyt

Now let z,y € Qy and consider the C'-smooth path o in C° given by,

dt

U(t) = Uz1/2<Ux71/2y)t for 0 <t< 1.

Note that 0(0) = U,12u = x and o(1) = y. Define

p(t) = . forall 0 <t < 1.

We also have that U,)-1/2 = ¢(0(t))U,4)-1/2 for 0 < ¢ < 1, which implies

U ()~ 1/2,u( ) Ua(t) 1/20'/(t) —

u. (6.1.3)
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Furthermore
o' (t) = U2 (Up=12y) ' log(Uy-1/2y)) for 0 <t < 1.
Write z = U,-1y and let z = >"'_ \;p; be the spectral decomposition of z. As
z € int V., we have that zf =37 | Ap; and logz = Y., (log \;)p;, and hence
Z'logz = Z()\f log \i)pi. and  U,—i2(2"log 2) = log z.

i=1

From (6.1.3) we get that

M (8)/u(t)) = mp' () /(@) = MUyy-12p0 (£) /1) = m(Uyy-17240/ (£) /1)
= M(Us(y-1720"(t) /u) = m(Uyp)-1/20"(t) /w).

It follows that

=

M/ (8)/ (@) — m(p'(8)/ (b)) = M(o'(t)/o(t)) —m(o'(t)/o(t))

1/20',(15)/(]30—1/20'(15)) — m(Ux—1/2O'/<t)/UZ—1/20'(t))

(

— MU,

= M(2'logz/2") — m(z'log z/2")
(

= M(logz/u) —m(log z/u)
= log M(U,-1,2y/u) —logm(U,-1/2y/u)
= log M(y/x) —logm(y/x).

We conclude that

L) 2/0 log M(y/x) —logm(y/x)dt = du(z,y),

which completes the proof. O]
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In a symmetric Hilbert geometry the distance can be expressed in terms of the spectrum.
Indeed, we know that for x € V invertible, the quadratic representation U,: V — V is
a linear automorphism of V,, see [20, Proposition II1.2.2]. Moreover, U, ! = U,-1 and

U,-1/2xz = u. Furthermore, for z € V we have that
M(z/u) =inf{\: x < Au} = maxo(x) and m(x/u)=sup{A\: \u <z} = mino(x),
so that |z|, = maxo(x) — mino(z). Also for x,y € int V., we have that
log M(z/y) = maxo(logU,-12x) and log M(y/z) = —mino(logU,-1/27).
It follows that
du(z,y) = log M(x/y)+log M(y/z) = [log U,-1/22|, = diam o (log U,-12x) for all z,y € int V.
Moreover, for each w € €y, we have that
2w = M(z/w) = m(z/w) = MUy-122/u) = m(Uy-r22/u) = [Uy-r/22],  forallz €V,

which shows that the facial structure of the unit ball in each tangent space is identical, as

U,-1/2 is an invertible linear map.

6.2 Horofunctions of symmetric Hilbert geometries

The main objective is to show for symmetric Hilbert geometries (2, dy) that there exists
a natural homeomorphism between ﬁi‘l/ and the closed dual unit ball of the Finsler metric
| - | in the tangent space V/Ru at the unit u. To describe the homeomorphism, we recall
the description of the horofunction compactification of symmetric Hilbert geometries given

in [44, Theorem 5.6].
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6.2. HOROFUNCTIONS OF SYMMETRIC HILBERT GEOMETRIES

Theorem 6.2.1. The horofunctions of a symmetric Hilbert geometry (v, dy) are precisely

the functions h: 0y — R of the form
h(x) =log M(y/x) +log M(z/z~") forz € Qy, (6.2.1)

where y, z € OV are such that ||y||, = ||2]|. = 1 and (y|z) =

It follows from the proof of [44, Theorem 5.6] that all horofunctions are in fact Busemann

points. Indeed, if y and z have spectral decompositions

Y= Z)\i]% and 2z = Zﬂjpja

iel jeJ

where I, J C {1,...,r} are nonempty and disjoint, and py,...,p, is a Jordan frame, then

the sequence (y,) € int V; given by

=Y i+ z + Y

i€l Ger k&IUuJ

has the property that v, — v, y, /|y, 'll. — 2 and hy, — h, where h is as in . Note
that if we let v,, = y,/P(yn) € Qv, then h,, (2) = hy, (2) for all z € Qy, so h,, — h.

Also note that for n,m > 1,

U= Y Dt Y 2p]+ > —Dy.

1€l jeJ kQIUJ
This implies that for each n > m > 1,

M (Y /yn) = MU, -172ym/0) = U, -1/2ym]lu = n*/m?,

so that log M (ym/y.) = 2logn — 2logm. Moreover, log M (y,/ym) = logl = 0 for all
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6.2. HOROFUNCTIONS OF SYMMETRIC HILBERT GEOMETRIES

n >m > 1. It follows that

dH(Una Um) + dH(Uma'Ul) - dH(ynaym) + dH(ymayl) = dH(ynayl) = dH('Unavl)

for all n > m > 1. Thus, (v,) is an almost geodesic sequence in Qy, and hence each
horofunction in ﬁ"l/ is a Busemann point.
Before we identify the parts in 85}(, and the detour distance, it is useful to recall the

following fact:

M(z/y) = M(y~'/z™') forall z,y € int V.,
if int V, is a symmetric cone, see [48, Section 2.4].

Proposition 6.2.2. Let (v, dy) be a symmetric Hilbert geometry and h, h' € 3@?, with
h(z) =log M(y/z) +log M(z/z™") and R'(z) =log M(y'/x) +log M('/x~1)

for x € Qy. The following assertions hold:
1. h and b’ are in the same part if and only if y ~vy' and z ~ 2.
2. If h and b’ are in the same part, then §(h,h') = dg(y,y') + du(z, ).

Proof. Consider the spectral decompositions: y = > .., \ips, 2 = Z]EJ 1iDjs Y = D ier il
and 2/ = zje]’ Bq;. Set

Zx\zpﬁz + ) %pk and  w, Zazqﬂrz PR > _Qk

el e kgIuJ il ser ko

Then h,, — h and h,,, — h’ by the proof of [44, Theorem 5.6].

For all n > 1 large we have that ||w,|l. = ||¢/|l. = 1, so that

drr(wn, u) = log M (w, /u) + log M (u/wy) = log ||wy|. +log M (w, " /u) = log [[w, " |lu.
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6.2. HOROFUNCTIONS OF SYMMETRIC HILBERT GEOMETRIES

Now set v, = w;,!/||w,!||, and note that by Lemma [3.2.5]

H(R' h) = lim dg(wp,u) + h(w,)

= lim log [lw;, [l + log M (y/w,) + log M (z/w;")
n—0o0

= lim log M (y/w,) +log M(z/v,').
n—oo

Clearly w, 11 < w, and w, — 1. Also,

wil =) aila+ ) n'Bigi+ ) na
i€l jeJ’ kIO’
So, for all n > 1 large, we have that ||w, ||, = n?, as maxjes3; = ||2/|l. = 1. It follows

that

1 1
UnZZnQ—ai(]rf‘Zﬁij+ Z o

iel’ jeJ’ kgI'UT!
for all n > 1 large. So, v,.1 < v, for all n > 1 large and v, — 2’. It now follows
from Lemma[2.7.9 that H (', h) = oo if y’ does not dominate y, or, 2’ does not dominate z.
Moreover, if ¥ dominates y, and, 2z’ dominates z, then H(h', h) = log M (y/y')+log M (z/2").
Interchanging the roles between h and h’' we find that H(h,h') = oo if y does not dom-
inate ¢/, or, z does not dominate 2’, and H(h,h') = log M (y'/y) + log M (2'/z), otherwise.
Thus, §(h, ') = dg(y,y') + du(z,7') if and only if y ~ ¢/ and z ~ 2/, and §(h,h') = o0

otherwise. n

The characterisation of the parts and the detour distance is a more explicit description of

the general one one given in [49] Theorem 4.9] in the case of symmetric Hilbert geometries.
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6.3 The homeomorphism

Let us now define a map ¢p : ﬁ?/ — B, where B} is the unit ball of the dual norm of |- |,

on V/Ru. For x € Qy let

() = tr(z )

and for h € 900 given by (6.2.1) let

We note that ¢ (h) is well-defined by Proposition [6.2.2]

We will prove the following theorem in the sequel.

Theorem 6.3.1. If (Qy,dy) is a symmetric Hilbert geometry, then the map pg ﬁ}(/ — B}

1s a homeomorphism which maps each part of aﬁ’; onto the relative interior of a boundary

face of Bj.

We first analyse the dual unit ball B} of | - |, and its facial structure. The following

fact, which can be found in [48], Section 2.2], will be useful.

Lemma 6.3.2. Given an order-unit space (V,Vy,u), the norm |- |, on V/Ru coincides

with the quotient norm of 2|| - ||, on V/Ru.

Recall that in a Fuclidean Jordan algebra V' each x has a unique orthogonal decompo-
sition © = at — z~, where 21 and = are orthogonal elements in V., see [4, Proposition
1.28]. Let

Rut ={r € V: (ulz) =0} = {z € V: tr(z") = tr(a7)}.

It follows from Lemma [6.3.2] that

(V/Ru, |- )" = (Ru®, 51| 11

u
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6.3. THE HOMEOMORPHISM

So the dual unit ball B} in Ru is given by
Bf = 2conv(S(V)U —=S(V)) NRu*,

see [3, Theorem 1.19], and its (closed) boundary faces are precisely the nonempty sets of

the form

Apq = 2conv (U,(V)NS(V) U (U, (V)N =S(V))) NRut,
where p and ¢ are orthogonal idempotents, see [I8, Theorem 4.4].

To prove Theorem we collect a number of preliminary results.

Lemma 6.3.3. For each x € Qy we have that ¢y (x) € int B, and for each h € 051‘1/ we
have that ¢y (h) € 0B7.

Proof. Let © = Y7\, \ipi € Qy, so A; > 0 for all i. Note that (ulpg(z)) =1—-1=0
and hence ¢y (x) € Rut. Given —u < z < u, we have the Peirce decomposition of z with

respect to the frame py, ..., p,,

z—ZWﬁZ%

1<J

with —1 = —(u|p;) < 0; = (2|p;) < (ulp;) = 1. As this is an orthogonal decomposition we
have that

et zk« TJ_Z%;J<ZX: ) i<]1]>:2

This implies that $|l¢n ()i = 3 sup_,<.<,(zlen(z)) <1, hence ppy(z) € int Bi.

To prove the second assertion let h be a horofunction given by h(z) = log M (y/z) +
log M(z/x~1), where ||yll. = 2]l = 1 and (y|z) = 0. Write y = ¥, ;;¢; and z =
Zjejﬁjqj. If we now let ¢; = >, ;¢; and q; = Zje] qj, then —u < ¢; — gy <wu and

1(611 —qslen(h)) = (1+1)/2=1.

len ()l 2 5
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6.3. THE HOMEOMORPHISM

Moreover, for each —u < w < u we have that

|(wlepn(R)] < [(wly/tr(y)] + [(w]z/tr(2))] < (uly/tr(y)) + (u|z/tr(2)) = 2.

Combining the inequalities shows that ¢y (h) € 0B;. O

To prove injectivity of ¢z on €2y we need the following lemma, which has a proof similar

to the one of Lemma [4.2.2] given in [32] Section 4].

Lemma 6.3.4. Let p;: R” — R, fori = 1,2, be given by py(z) = >_._, € and ps(x) =
Soi_ye i for x € R, and let g: x > log i (x) + log ua(x). If x,y € R" are such that
y#x+c(l,....1) for all c € R, then Vg(x) # Vg(y).

Lemma 6.3.5. The map g is injective on .

Proof. Suppose that ¢g(z) = ¢g(y), where z = >""_ \ip; and y = >\ j;q; in Q. Note
that 0 < A, ; for all ¢ and (z|u) = tr(z) = r = tr(y) = (y|u). After possibly relabelling

we can write

d Yy P
¢H(x)zz<zr )\_ZJ A ) Zazpz

i=1 Jj=1"1

and

@H(y) = Z (Zrﬂi ST Z " ) Zﬁz%»

j=1 Hj
where oy < ... < a, and §; < ... < f,. By the spectral theorem (version 2) [20] we
conclude that a; = ; for all 4.
Consider the injective map Log: int R, — R" given by Log(y) = (logvi,...,log,).
Let A = {y € intR’,: Y7 ;v = r}. The map (Vg) o Log is injective on A by Lemma
[6.3.4] and

-1

-1
71 71 77’ ’y'r'
ngOg’Y :< T - T 1 T - T _>'
( ) D e Vi D ie1 Vi ! D iz Vi dim1 Vi !
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6.3. THE HOMEOMORPHISM

Writing A = (Aq, ..., A) and g = (u1, ..., i), we have that A\, p € A and

Vg(Log(\)) = (a1, ...,0p.) = (B, ..., 5r) = Vg(Log(w)),

so that A = p.
As (Vg) o Log is injective on A, we also know that oy = a4 if and only if Ay = Agig.
Likewise, 8 = fky1 if and only if py = pgr1. From the spectral theorem (version 1) [20]

we now conclude that x = y. O
In the next couple of lemmas we show that ¢y is onto.
Lemma 6.3.6. The map @y maps Qy onto int By.

Proof. Note that Qy is an open set of the affine space {x € V: tr(z) = r}, which has

dimension dimV — 1. Also Bj C Ru’ has dimension dimV — 1. As ¢y is a continuous

injection from §y into int B by Lemmas [6.3.3) and [6.3.5] we know that ¢y (Qy) is a

open subset of int Bf by Brouwer’s invariance of domain theorem. We now argue by
contradiction. So, suppose that ¢y (Qy) # int Bf. There then exists a w € dpg(2y) N
int B. Let (v,) in Qy be such that ¢y (v,) — w.

As @p is continuous on €y, we may assume that dgy(v,,u) — oco. After taking a
subsequence, we may also assume that v, — v € 9Qy. Now let y, = v,/||vn|l. and set
y = v/||v||,. Furthermore, let z, =y, ' /||y, '||.. After taking subsequences we may assume
that 2, > 2 € OV, and y, = y € IV, 0 ||yl = ||2]lu = 1. As y, @ z, = u/||y; . — O,
we find that y e z = 0, which implies that (y|z) = 0.

Using the spectral decomposition we write y, = > ;_; \i'p? and y = > icr AiPi, where
Ai >0 for all i € I. Likewise, we let z, = >/, pip} and z = 3, ; ju;p; with p; > 0 for
all 7 € J. Note that p? = (A")"1/|ly |-
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Then

onl(vn) = Z%l ALD} _ Z%l()\?)flipgl _ 2%1 ALD} _ Z%l i D}
2kt Ak >kt (AR) Dkt M Dt M,

_ Zie] AiDi B Zjej HiPj
> ket Mk D ke M

Now let w* = >, pi — > c;p; and note that —u < w* < u, as (y[z) = 0. We find

that
1 * 1 *
Sl > Sty = 1+ 1)/2=1,
hence w € B7, which is a contradiction. ]

Lemma 6.3.7. The map g maps aﬁ’; onto OB7.

Proof. We know from Lemma that i maps 85}‘; into 0B}. To prove that it is onto

let w € OB7. Then there exists a face, say
Apy = 2conv (U,(V)NS(V)) U (U, (V)N =S(V))) NRu*

where p and ¢ are orthogonal idempotents, such that w is in the relative interior of A, ,,

as By is the disjoint union of the relative interiors of its faces [61, Theorem 18.2]. So,
w = Z%‘pz’ - Zﬁj%,
il jeJ

where a; > 0 for all i € I, 8; > 0 for all j € J, and >, ;i + 2, B; = 2. Moreover,

dicrpi=pand i ;g =q.

As w € Rut, we have that 0 = (u|lw) =Y, ; o — > jes By, hence >0, i =3 ;B =

Put o = max;e; o and §* = max;ey ;. Furthermore, for i € I set \; = o;/a* and for
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j € Jset puj=p;/8*. Then

Zkel Ak ZkeJ Bk Zke[ Ak ZkeJ Hok
Note that 0 < A; <1 for all 7 € I and max;er A; = 1. Likewise, 0 < p; < 1for all j € J

and max;eypt; = 1.

Now let y = >, Aipi and 2z = 3.5 pjq;. Then |yl = [[2][. = 1 and (y[z) = 0.
Furthermore, if we let h: €2,y — R be given by

h(z) = log M(y/x) +log M(z/z")
for z € Qy, then h is a horofunction by Theorem and ¢y (h) = w, which completes

the proof. O

We already saw in Lemma that ¢y is injective on €2y. The next lemma shows

that g is injective on ﬁ}‘;
Lemma 6.3.8. The map ¢p: ﬁf‘l/ — B} s injective.

Proof. We know from Lemma that @y is injective on €2y,. So, it remains to show that
if h, b € 09, and g (h) = g (h'), then h = h'.

Suppose h(z) = log M (y/x) + log M(z/x~') and I/(z) = log M (y'/z) + log M (2’ /=~ 1)
for all z € Q. Then

Using the fact that the orthogonal decomposition of an element in V' is unique, see [4]

Proposition 1.26], we conclude that
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As ||lyllu = |V |l = 1, we get that tr(y) = tr(y’), and hence y = y'. Likewise, ||z|l, =
IIz]|.. = 1 implies that z = 2/, hence h = h'. O

6.4 Proof of Theorem [6.3.1

Before we prove Theorem we recall a fact from Jordan theory. For z,z € V let

[z, 2] ={y € V: 2 <y < z} be the order-interval. Given y € V| we write
face(y) = {x € Vi & < Ay for some A > 0}.
In a Euclidean Jordan algebra V' every idempotent p satisfies
face(p) N [0, u] = [0, p],

see [4, Lemma 1.39]. Also note that y ~ ¢ if and only if face(y) = face(y’).

Proof of Theorem [6.3.1. We know from the results in the previous section that ¢ : ﬁ}(, —
B7 is a bijection, which is continuous on 2y .

To prove continuity of ¢y on the whole of ﬁ}(/ we first show that if (v,) in Qy is such
that h,, — h € 85]‘;, then py(v,) = pu(h). Let h(z) = log M(y/x) + log M(z/z~1) for
x € Qy, where ||y||, = ||z]l. = 1 and (y|z) = 0. For n > 1 let y,, = v,,/||vn]||. and note that
ou(vn) = pu(y,) for all n. Let wy = pg(vy, ), K > 1 be a subsequence of (pg(v,)). We
need to show that (wy) has a subsequence that converges to @ (h).

As h is a horofunction and (£2y, dy ) is a proper metric space, dg (v, u) = dg(Yp, u) — 00
by Lemma [3.1.5] It follows that (y,,) has a subsequence (y,,) with yy,, — 3’ € V, and
2k = Ypo /Ui Hle = 2’ € V4. Note that as y € OV, we have that |y, '||, — co. This

implies that )
y' ez = lim Yk,, ® i = li le =0,
m—+o0 e lle M=o llyg, [l

m — —
1
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hence (y'|2') = 0 (see [20, III, Exercise 3.3]) and 2’ € 9V,.. For z € Qy,

lim hy, (r) = lim log M(ys, /x) +log M(z/yx,) —log M(y, /u) — log M (u/y,)

m—o0

= lim log M (yx, /x) +log M (2, /2~ 1)

m— 00

(

= lim log M(yy,, /z) +log M (s, /27") — log lyg .l
(
)

= log M(y'/z) +log M(2'Jz™1).

So, if we let h'(x) = log M (y'/x) + log M(2'/x~'), then I/ is a horofunction by Theorem
m and hy, — h'. As h =1/, we know that §(h,h') = du(y,y') + du(z,2') = 0, hence
y=1v and z = 2’. It follows that

Yk Yo Y z
= km — (,DH(h>

- tr(y,,) a tr(ykjb) tr(y)  tr(z)

¢u(Vk,,) = 0 (Yk,,)

Recall that ¢ maps €2y into int B} and ¢ 5 maps 85}5/ into OB by Lemma So, to
prove the continuity of ¢y it remains to show that if (h,) is a sequence in 85?/ converging
to h € 99, then g (hn) — @ (h).

Let (pm(hn,)) be a subsequence of (¢ (hy,)). We show that it has a subsequence
(or(hy,,)) converging to wg(h). We know there exists vy, w, € IVi, with ||v,|. =

l|wm|lw = 1 and (vy,|w,,) = 0 such that
hy.,, (z) = log M (v, /) + log M (w,, /2~ 1)

for x € Q. By taking a further subsequence we may assume that v,, — v € 9V, and

Wy, = w € V4. Then ||v||, = |[w||, = 1 and (v|w) = 0. Moreover,
log M (v, /z) — log M (v/x) and log M (wy,/z™ ") — log M (w/x™")

for each x € Qy, as y — M(y/x) is continuous on V, see [44, Lemma 2.2]. Thus, hy,, —
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h* e 353, where

h*(x) = log M (v/x) +log M(w/x~ "),
by Theorem |6.2.1l As h,, — h, we have that h = h*. This implies that y = v and z = w

by Proposition [6.2.2] Thus, v,, — y and w,, — z, hence

_ Um Wy y o x
o (hi) = tr(vy,)  tr(wy,) - tr(y)  tr(z) o (h).

This completes the proof of the continuity of ¢g.

As g ﬁ}{, — B} is a continuous bijection, ﬁl{; is compact, and B is Hausdorff, we
conclude that ¢y is a homeomorphism.

To prove the second assertion let h(z) = log M (y/z) +log M (z/z~') be a horofunction,
where y = >, Aipi and 2 = ;5 pyp; with Ai,p; > 0 for all i € I and j € J. Let
pr = e piand py = Zjerj. As pyg is surjective, it suffices to show that g maps Py,

into the relative interior of
Ap,p, = 2conv (U, (V)N S(V)) U (U, (V) N =S(V))) NRu.

So, let ' € Py, where W(z) = logM(y'/x) + log M (2’ /™) for x € Qy. Then p; ~
y ~ 3y and p; ~ z ~ 2. Using the spectral decomposition write ' = ) ._,, a;¢; and
Z = Zjej, B;q;j, where a; > 0 for all i € I’ and 3; > 0 for all j € J'. Now let ¢y = >, ¢;
and gy = )iy q;. It follows that p; ~ g and p; ~ qy. So, face(pr) = face(qr) and
face(py) = face(qy). As face(pr)N|0,u] = [0, ps] and face(q;) N[0, u] = [0, gr/] by [4, Lemma
1.39], we conclude that p; = gp. In the same way we get that p; = qy. As a; > 0 for all
i€ l'"and §; > 0 for all j € J', we have that

is in the relative interior of Ay, ,, =
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Chapter 7

Infinite Dimensional Normed Spaces

This chapter is a direct follow-up to the work of Gutiérrez in [27], where he provides a nice
classification of the horofunctions of arbitrary infinite dimensional ¢F spaces, for 1 < p < oc.
He does not study the global geometry and topology of the horofunction compactifications
of these spaces, which is the goal of this chapter. We briefly recall the definition of arbitrary
7 spaces. Fix p € [1,00), and a set J of arbitrary cardinality. We can equip J with its
powerset as a g-algebra. We can then equip the measurable space (.J,27) with the counting

measure p: 27 — [0, 0o, defined by

|A| if A is finite
p(A) =

oo if A is infinite.

The triple (J,27, 1) is then a measure space, and we define ¢?(J) to be LP(J, 27, u), the
space of all functions f: J — R such that

/ | fIPdp < oo,
J
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and we equip ¢P(J) with the standard L” norm

1/p
1l = ( / !f!pdu) |

If J = N, this definition means that ¢?(N) is simply the more familiar space of p summable

o = (irmp) N

=1

sequences with norm

If J is uncountable, it follows from this definition of ¢7(J) that f € ¢*(J) if and only if
there exists a countable I C J such that f(z) = 0 for all z € J\I, and [, |f[Pdp < oc. In
this case [15, Example 1.9]

|z||” = sup {Z 2P« F C T is ﬁnite} .

ieF

This justifies the notation, for any x € ¢(J),

]l = (Z |$z~|”) 1/1’7

ieJ

where the sum over J is understood to be taken as the supremum of the sum over finite

subsets of J.

The space (*(J) is an important example of a Hilbert space, and in Section 7.1 we
study the topology and geometry of the horofunction compactification of arbitrary infinite
dimensional Hilbert spaces. For 1 < p < oo, P spaces are important examples of uniformly
convex and uniformly smooth normed spaces (see Section 2.6 for a more detailed discussion
of smoothness and convexity), and in Section 7.2 we study the geometry and topology of the
horofunction compactification of uniformly smooth and strictly convex infinite dimensional

Banach spaces. We also include a subsection specifically on P spaces, as more can be said in
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that setting. Finally, Section 7.3 deals with the study of the horofunction compactification
of £1(J). The ¢! norm is not uniformly convex or smooth, and the results are strikingly

different.

7.1 Infinite Dimensional Hilbert Spaces

Let H be an infinite-dimensional real Hilbert space with norm || - || arising from the inner
product. Recall from Example that #H is uniformly smooth and convex. In [27,
Section 4], Gutiérrez explicitly calculated the horofunction compactification of #, which
we can divide into two parts- The so called exotic metric functionals 3ﬂh’e, consisting of
horofunctions that are bounded below, and ﬁﬂhm, consisting of metric functionals which

are unbounded below:

OH"™ = {h": 2 e H, c> ||z} U{r"}
OH"™ = {h*: 0 < ||2]| < 1}, (7.1.1)

where for all v € H,

hoe(x) = v/||z||]2 — 2 (x,2) + 2 — ¢, and, h*(z) = — (z, 2). (7.1.2)

It is interesting to note that for finite dimensional Hilbert spaces, the horofunction boundary

consists entirely of functions h*, where z has norm 1 (see Section [3.3.2)).

Remark 7.1.1. Recall that Kapovich and Leeb defined the stratification of the horofunc-
tion boundary of a metric space (M, d) to be its partition under the equivalence relation
~, where h ~ h' if and only if sup,c,, |h(x) — I/(z)| < co. In [34] they asked the normed
space version of Question [I.0.1} whether the horofunction compactification of any finite
dimensional normed space is homeomorphic to the dual unit ball, under a homeomorphism
which bijectively associates equivalence classes in the stratification with the relative interi-

ors of faces of the dual unit ball. Gutiérrez’s classification shows that this is impossible in
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the infinite dimensional Hilbert space case. Indeed, Lemma proved below shows that,
for any z € H and ¢ > ||z]|, the equivalence class in the stratification of the horoboundary
containing h*¢ also contains h*? for all d > ||z||. Proposition means that the only
faces of By are extreme points. It is thus impossible for a homeomorphism mapping H'

onto By to map the equivalence class [h*°] into a single face of the dual ball.

Lemma 7.1.2. Fiz z € H and ¢ > d > ||z||. Then sup,cy |h*(z) — h*%(z)| < oo, where
h#¢ h*? € OH" are as in (7.1.2)).
Proof. The Cauchy-Schwarz inequality shows that ||z||> — 2 (x, 2) > ||z||> — 2||z|||| 2| for all

x € H, where equality is achieved if and only if z = az for a > 0. Thus, for all x € H,
el =2 (x,2) > inf ||2]*(a® — 20).

From this we deduce that

z]|* = 2(z, 2) = —| 2], (7.1.3)

for all x € H. Let us now define the function f: [-d? oc) — R by

ft)=Vit+E—Vi+d

As ¢ > d, a direct calculation shows that f(—d?) = V¢ —d?, f(t) > 0 for all t > —d?,
and f'(t) < 0 for all ¢ > —d?. From this we conclude that sup,s_g |f(t)] = V2 — d2.
Combining this with (7.1.3)) and the fact that ||z|| < d < ¢ allows us to conclude that

sup |h*¢(z) — h*4z)| < Ve —d? + ¢ —d < co.
€M

]

We can still investigate the geometry of the Busemann points of H Corollary
immediately implies that all Busemann points lie in aﬁh’“’, as all elements in OH ™ are

bounded below.
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Proposition 7.1.3. The Busemann points are precisely those elements h* € 0ﬁh’m where

2] = 1.

Proof. In the proof of Theorem 4.4 in[27], Guttiérez shows that for any h* € OH"™ the

sequence (h,, ) converges to h*, where (y,) is defined by

Yn = /1 — ||2]|?un + nz,

where (u,,) is an orthonormal sequence weakly converging to 0. If ||z|| = 1 the horofunction

h* is thus the limit of the almost-geodesic sequence (nz), so it is Busemann point.

Conversely, assume that h = h* € aﬂ’w" is a Busemann point, with converging almost-
geodesic net (z,). Lemma means that (x,) must be unbounded, else (z,) would
contain a bounded almost-geodesic subnet converging to an internal metric functional, a
contradiction. The proof of Lemma 4.3 in [27] means that, by taking subnets if necessary,
we can assume T, /||7.|| — 2. Suppose, by way of a contradiction, that |z|| < 1. Fix some
e > 0. As (z,) is an almost-geodesic net there exists an o so that for all @« > 8 > o/ we
have

e =zl + [lzs]] = llzall < e

As this is true for all a > 3 we can take the limit in « to find
—(z5,2) + llzsll <e,
which by the Cauchy-Schwarz inequality means that
sl —1[=]]) <e

for all 8 > o'. However, ||| — oo, which results in a contradiction when ||z| < 1. O
Proposition 7.1.4. The Busemann boundary consists entirely of singleton parts.
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Proof. Fix Busemann points h*, h" € aﬁ’”"’, with z # w. By Proposition we know
l|z]] = |lw]| = 1. We know that the sequences (nz) and (nw) are geodesics converging to the
respective Busemann points h* and h". Lemma |3.2.5 means we can calculate the detour
distance using these geodesics:

d(h*,hY) = lim n+ A" (nz) + lim m + h*(mw)

n—oo m—ro0

= lim n(1 — (w, 2)) + lim m(1l — (w, 2)).

n—oo m—o0

As H is a Hilbert space it has unique norming functionals, meaning (w, z) < 1 when w, z

both lie on the unit sphere and are distinct. Thus 6(h?*, h") = 0. O

As in the case of finite dimensional smooth spaces (Section [3.3.2)), we would like to
homeomorphically identify OH" with the closed dual unit ball. However, in infinite dimen-
sions the closed dual unit ball is not compact with respect to the norm topology, so we
must consider it equipped with the weak topology. Another issue that arises, is the fact
that there is no natural way to include the exotic metric functionals in the domain of the

candidate homeomorphism. We can, however, prove a weaker result. Let us define the map

g: HU@Bﬁh — By by

g(x) = —tanh(||z||) <-, Hi_”> for x € H\{0}, ¢(0)=0, and g(h)=hforh e &gﬂh.
(7.1.4)

As H is self-dual by the Riesz Representation Theorem, (-, z/||z||) = «* for all z € H\{0},

so this is equivalent to the definition of ¢ in Section [3.3.2]

Theorem 7.1.5. The map g defined above is a continuous bijection from H U &gﬂh to the
dual unit ball of H equipped with the weak topology. Furthermore, g|aBﬁh s a homeomor-

phism onto S+, and the homeomorphism maps parts of the boundary to extreme points of

the dual ball.

We will prove Theorem via a series of lemmas.
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Lemma 7.1.6. The map g: HU GBﬂh — By« defined above is a bijection onto By.

Proof. The proof that ¢ is injective is an exact replica of the corresponding part of the proof
of Lemma [3.3.6, as it does not rely on finite dimensionality. We need to adjust that proof
somewhat to prove surjectivity of g. Fix some 0 # f € int(Bj,). We know that f = (-, 2)
for z € int(By). Set y = z/||z|| € Sy. The function tanh: R — (—1,1) is bijective, so there
exists a ¢ > 0 such that tanh(c) = ||z||, meaning tanh(||cy||) = ||z||. Therefore, g(—cy) =
llz|| (-, 2/]|z]]) = f. Thus g|y is a bijection onto B, meaning g: H U OpH' — By s

bijective, because g is a bijection on the boundary by its definition. O]
Lemma 7.1.7. If h,, — h, in H for (xo) CH and x € H, then ||z — x,| — 0.

Proof. The net (x,) must be eventually bounded, else, as in the proof of [27, Lemma 4.3],
there will exist a subnet such that h,, — h* for some z € By, a contradiction, because
h* is linear whereas h, isn’t. Therefore (x,) must contain a bounded subnet, so by the
Banach-Alaoglu theorem, there exists a subnet (25) converging weakly to some y € H, with
lly|| < liminf ||xs|| = ¢. By passing to a further subnet we can assume that ¢ = limg ||zg]].

Thus, for any z € H, by the proof of 27, Lemma 4.1],

lignhmﬁ(z) =V =2y +|z[]> —c

By assumption we thus have, for all z € H,

We(z) = Ve = 2(z,y) +I2]2 = = ||z — 2]l = l|z]| = ho(2).

We now note that, by the Cauchy-Schwarz inequality, for any z € H,

Vet =2(zy) + 22 > Ve = 2lz)lllyl + 1l2]2,

where equality holds if and only if 2 = ay for some o € R. Furthermore, for any o € R we
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see that

h¥¢(az) = \/02 + [ly|*(a? = 2a0) — c.

which is at its global minimum when o = 1. From this we conclude that

min hY° = /2 — ||y|]? — c.

If two functions are equal, their minimums must be equal too, so we immediately deduce

that ||z|| = ¢ — v/ — ||y||?. Furthermore, h¥“(y) = h.(y), so
ly =zl = Ve = lyl]* — e+ =[] = 0,

meaning y = x. Once again using the fact that h¥(y) = h,(y) along with the fact that

x =y, we must have that

V(e =yl e+ Tyl = ¢ = llyll.

Thus, if ¢ # ||y||, ¢ + ||yl]| = ¢ — ||y, from which we deduce that y = 0 = x. This means
that h, = hg, and that h¥°(z) = \/c% + ||z]|2 — ¢ for all z € H. Therefore, for all z € H,

vtz =zl +e

which is only possible if ¢ = 0. Thus, in all cases, ¢ = ||y|| = ||z, from which we deduce
that

lim |z — ol = ¢* = 2[|z[* + [|=[|* = 0.

This argument can be used to show that every subnet of (x,) has a further subnet con-

verging to x in norm, which proves the lemma. O]
The proof of the above lemma can be simply adapted to prove the following:
Lemma 7.1.8. Two exotic metric functionals, h*¢ and h*° , are equal if and only if v = 2’
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and c=c.

Proof. Just as in the proof of the above lemma, h*¢ and h*", are equal if and only if they
achieve their minimum at the same point, and exactly as above we see that the minimum
of h®¢ is achieved only at z, (because ||z|| < ¢), and similarly the minimum of h*¢ is

achieved only at z’. Thus x = 2/, which forces ¢ = c. O

The proof of Lemma also proves the following:

Corollary 7.1.9. A function of the form h™°¢ is equal to an internal point if and only if

lz|l3 = ¢, in which case h*¢ = h,.
We are now in a position to prove the continuity of g.
Lemma 7.1.10. The function g is continuous when By is equipped with the weak topology.

Proof. First we consider a net (h,_ ) C H converging to some h, € H. Lemma
means that z, — z. From this we conclude that =¥ — z* in the weak topology (where
we use the convention that 0* = 0). Indeed, this follows immediately from applying the

Cauchy-Schwarz inequality to the fact that, for any y € H,

1
7o = 2°|(W) = 7 W zllea = [[zall) -
o[l

As ||za|| — |||, the continuity of tanh means that tanh(||z,||) — tanh(]|z||) in R, so

9(xa) = g(x).

Now consider some (h,,) € H converging to some h® € 0Bﬂh. The proof of [27,
Lemma 4.3] implies (z,) is unbounded, because otherwise it would possess a bounded
subnet converging to a function bounded below, a contradiction. By the Banach-Alaoglu
theorem and the self-duality of Hilbert spaces there exists a subnet (xg/||zs||) converging
in the weak topology to some x in the dual unit ball. Furthermore, because ||zs| — oo,

tanh(||zg||) — 1. Thus
lim g(ha,) = =, 2).
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If we use the Taylor expansion of the real function A — /1 + A, we get, as in the proof of
[27, Lemma 4.3], that for any y € ‘H and large enough £,

Iyl < o > |
hz Y) = - Y +O TETRA
oW = gzl ™ \Tleal sl

from which we see that h,, converges pointwise to — (-, z), meaning that x = z by unique-
ness of limits. This argument shows that all subnets of (g(z,)) must have a further subnet

converging to g(h?).

Suppose (hy) C 8Bﬂh converges to some h € H U 8Bﬂh. It is immediate from the
definition of g that g(h,) — g(h) in the weak topology, because the weak topology on By
is equal to the topology of pointwise convergence on Bz. Finally consider an arbitrary
net (hy) € HU 8Bﬂh, converging to some h € H U 8th. If h = h, for some z # 0,
and (h,) has a subnet (hg) such that hg = h* for all § in some tail, then h(2z) = 0 and
h(—2z) = 2||z||, meaning that limz —2 (z, z3) > 0 but limg 2 (x, 25) = 0, an impossibility.
If x = 0 then hy > 0, leading to similar sign contradictions. Thus in this case we must have
that all subnets of (h,) are eventually internal metric functionals. We have then already
proven that g(h,) — g(h) above. If h € 83%11, then every subnet of (h,) must have a
further subnet, say (hg), lying entirely in H or in 8ﬁﬁh, but in either case we have already

proven that g(hg) — g(h). Thus we can conclude that g is continuous. O

. ) L =h
Lemmas |7.1.10| and show that ¢ is a continuous bijection between H U OgH .
Furthermore, because the topology of pointwise convergence on linear functionals on H is

equal to the weak topology on H* = H, it is clear from definition that g—'| Sy~ is continuous,

which proves Theorem [7.1.5|

Proposition 7.1.11. The closure of OH"™ intersected with OH ™ is equal to the singleton
{n°}.
Proof. Consider some h € cl(aﬂh’“), and corresponding net (h,) C oH" converging to

h, with h, = h* for z, € By. Suppose by way of contradiction that h = h¥¢. Take a fixed
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r € y* with ||z|| much larger than ¢. Then h(z) > 0. Thus lim, h,(x) > 0, which means
that no subnet of (z,) can converge weakly to 0. There thus exists, by Banach-Alaoglu,
some non-zero z € H and a subnet (z3) converging weakly to z. As z # 0 there exists
some u € H with (u,z) > 2c. Thus limy hg(u) = — (u, z) < —2c. However, h¥“(u) > —c,
contradicting the assumed convergence. Thus if (h,) C oH" converges to h € 8ﬁh’e, we
must have h = h°. If (e,) is an orthonormal sequence in H converging weakly to 0, then
hen(y) = — (e,,y) converges to 0 for every y € H. Thus, indeed, h° is in the closure of

——h,00

oH . O

Proposition [7.1.11) means that there cannot exist a homeomorphism from the whole ho-
rofunction compactification onto By equipped with the weak topology, which maps Buse-
mann points bijectively onto the unit sphere, because S is dense in By under the weak

topology.

7.2 Uniformly Smooth and Strictly Convex Banach
Spaces

In this section we fix a uniformly smooth and strictly convex real Banach space (X, || - ||).
We recall from Section that any x € X\{0} has a unique norming functional, which
we denote by z* € Sy-. We know that X is reflexive by Theorem [2.6.6] which means that
the weak topology on X* is equal to the weak™ topology on X*. We also know that X*
is uniformly convex by Theorem [2.6.5 and smooth by [2.6.4] The classic example to keep
in mind in this section is /?(N) for 1 < p < oo. This space is actually uniformly convex,
which our proofs do not require. The following result is [27, Lemma 5.3], but we include a

slightly different proof for convenience.

Lemma 7.2.1. If (y,) is an unbounded net, then there exists a subnet (yg) and a ¢ € Bx»
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such that hy,(x) — h¥(x) for all x € X, where
h(x) = —(x). (7.2.1)

Proof. By taking subnets we can assume that y, # 0 for each . We then define z, =
Yo/ lYall € Sx. If we define the net (t,) = (1/||yal|), we can write, for any = € X,

120 = ta|l = ||zl
ta '

hy, (x) =

We know, for each «, there exists functionals 1,, ¢~ € Sx=, such that ¥,(z,) = 1 and
0% (2o — tox) = 1. The Banach Alaoglu Theorem means there must exist ¢, p* € Bx« and
subnets (¢5) and (pf) (with the same directed set and defining monotone function), such

that 15 — 1 and w5 2 %, Thus, for any f:

_s(x) = bp(z8 — tﬁtf) —¥s(es) Nl — 755:” —llzsll 525 — tﬁt“’> —¢5lzs) _ i(a).
8 8 8
(7.2.2)

We now note that, for all

2 > |los + pll« > lois(28) + ¥s(28)| = lpi(2s — taz) + ¥s(2s)| — [tsws(z)]-

However, tsp%(r) — 0, so by the squeeze theorem, [|¢f + ¥, — 2. As X* is uniformly

convex, Lemma [2.6.3 means that [|¢% — 3. — 0. As 15 = ¢ and ¢ = ¢” we must thus
have that ¢ = ¢®. Taking the limit as f — oo in inequality (7.2.2)) thus shows that, for

any x € X, limg hy,(v) = —¢(z).

]

The following lemma is the converse of Lemma It is a generalisation of a part of

[27, Theorem 5.4], where the result is only proved in the case of ¥ spaces.
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Lemma 7.2.2. For any 1) € Bx«, there exists an unbounded sequence (y,) C X such that

hy, — hY, with h¥ as in (7.2.1)).

Proof. We first note that because X* is reflexive, there exists a sequence (¢,) C Sx-
converging weakly to 0 in X*. As X* is smooth, and X is reflexive, there exists, for
each n € N, a unique x, € Sx such that ¢,(z,) = 1. We claim that z, — 0 in X.
Indeed, suppose not. By the Banach-Alaoglu theorem, there exists a 0 # = € By, and
a subsequence which we relabel (z,), such that x, — 2. As X is smooth there exists a

unique norming functional 2* € Sx-. As x,, — x, 2*(x,) — 1. Thus, for large enough n,
22> [|on + 27 = [Pn(@n) + 27 (@0)| = 1+ 27 (20) — 2.

The squeeze theorem means ||¢,, + z*||. — 2, which implies by Lemma that ¢, con-
verges in norm to x*, contradicting the fact that it weakly converges to 0. Thus indeed,

(x,) converges weakly to 0.

If ¢» = 0, we define the sequence (y,) by v, = nz,, with (z,) as in the above paragraph.
So, if we set, as in the proof of Lemma , Zn = ||lYnl"'yn € Sx, then z, = z, for each
n € N. The unique norming functional of each z, is ¢,, and we know ¢, — 0. Thus
the proof of Lemma shows that hv» — h¥. If ¢ # 0, there exists, because X is
reflexive and X* is smooth by Proposition [2.6.4] a unique x € Sy such that ¥ (x) = 1. If

|y, = x, so the norming functional for

1 € Sx«, we choose y, = nx. Then, z, = ||y,
z, is ¢ for all n € N, so again the proof of Lemma shows that h,, — h¥. Finally
suppose that 0 < ||¥]« < 1. As ¢, weakly converges to 0, for large enough n we know
that c¢, # ¢ for any ¢ € R. Thus 1 — ||¢]|« < ||¢n + ||« < 2. For any fixed n € N, the
map A — ||[A¢, + ¢, is continuous, and unbounded above. There thus exists, for every
neN ald< A\ <2—|vY| such that ¢, = Ao, + ¢ € Sy-. As X is reflexive, and
X* is smooth, for every n € N there exists a unique w,, € Sx such that ¢, (w,) = 1. Let

I

us define y,, = nw,. For every n € N, z, = ||yn||”'y» = w,, which means that ¢, is the
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norming functional for z, for every n € N. As ¢, — 0, and ()\,,) is bounded, ,, — 1). The

proof of Lemma thus means that h,, — h?. [l

Lemmas |7.2.1| and |7.2.2| completely characterise 87h700, and show that h € 9X " if
and only if h = h¥ for some ¢ € By-\{0} as in . To completely characterise OX" we

would need to classify the horofunctions that arise as limits of eventually bounded nets.
Without knowing more about the norm, all that we can say at this time is that if (x,)
is eventually bounded in X, and h = lim, h,_, then h € 0X"%. Indeed, by passing to
a subnet if necessary we may assume that (z,) is bounded, so liminf, ||z,|| = ¢ < oo,
meaning h(x) > —c for all z € X. As the Busemann points are all contained in 87h’oo, we
can still study the geometry and topology of the Busemann boundary without any further

assumptions on the norm, which we now proceed to do.

Proposition 7.2.3. The set of all Busemann points of X s precisely the set of all functions
hY where 1) € Sx-.

Proof. Fix some arbitrary ¢ € Sx«. In the proof of Lemma we demonstrated a
sequence of the form (y,) = (ny) for y € Sx such that h,, — h¥. The sequence (y,) is
a geodesic sequence, so indeed h¥ is a Busemann point. Conversely, let i be a Busemann
point. Thus A is the pointwise limit of some almost-geodesic net, say (y,). Lemma m
means that (y,) is unbounded, else A would be an internal metric functional. Lemma
means there is a subnet (yg) such that limgh,, = hY for some ¢ € By«. As the
metric compactification is Hausdorff this means that h = h¥. Let us assume, by way of
contradiction, that |||, < 1. As (y,) is an almost-geodesic net, for every ¢ > 0 there

exists a 7., such that for all o/ > o > 7.,

Hya’H > HyaH + Hya’ - yaH —&.

As this is true for all o/ > «, we can take the limit in o/ to calculate

||yoc|| - 77Z)(yoz) <e.
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However, ||ya| — ¥ (ya) > ||yall(1 — ||2]|«), which by assumption tends to infinity as «

increases, a contradiction. Thus |[¢|, = 1. O
Proposition 7.2.4. The Busemann boundary of X consists entirely of singleton parts.

Proof. Fix an arbitrary ¢, € Sx« with ¢ # 1. As X is reflexive and X* is smooth, there
exists unique x,y € Sx such that ¢(z) = 1 and ¢(y) = 1. From the proof of Proposition
We know that h,, — h® and Py — h¥. Lemma thus means that we can calculate
§(h¥, h?) as

§(hY,h?) = lim n — ¢ (nz) + n}biinoom — ¢(my).

n—oo

As both 1 and ¢ are norm 1, the only way that §(h¥, h?) can be finite is if ¥(z) = 1 = ¢(z),
and ¢(y) = 1 = ¥ (y). However, by the uniqueness of x and y as norming functionals for ¢
and 1 this means that x = y but X* is uniformly convex, so Lemma thus implies that
1 = ¢, a contradiction. Therefore h? and h¥ lie in different parts of the boundary. O

Having classified the Busemann boundary and its parts, we now prove the following.

Theorem 7.2.5. The Busemann boundary 837h is homeomorphic to Sx~ when equipped
with the weak™ topology, and the homeomorphism maps parts of the boundary onto the

relative interiors of the faces of the dual ball.

Proof. Proposition combined with the fact that the weak® topology is equivalent to
the topology of pointwise convergence on X* shows that the map h¥ +— —¢ is a homeo-
morphism. As X* is uniformly convex, the only boundary faces of By« are the singleton
sets on the boundary, i.e. F' C By- is a boundary face if and only if F' = {z} for z € Sx-.

This in conjunction with Proposition [7.2.4] completes the proof. O

It would be interesting to see whether, as in the Hilbert space case, there exists a
continuous bijection from X U 837h to Byx«, which is a homeomorphism onto the dual

sphere when restricted to the Busemann boundary. It would seem natural to choose the
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analogue map of the Hilbert space homeomorphism ([7.1.4), namely the function g defined

by
g(x) = — tanh(|jz]))z" for € X\{0}, ¢(0) =0, and g(h)=hfor hecdpX". (7.2.3)

We can immediately prove that ¢ still has some desirable properties:
Lemma 7.2.6. The map g s a bijection onto Bx-.

Proof. Injectivity of g|x follows in exactly the same way as in the proof of Lemma as
finite dimensionality is not needed in that proof. Injectivity of g| ou X" follows directly from
Proposition and the definition of g| 0" Thus g is injective. The proof needs to be
adjusted somewhat for surjectivity. Fix some ¢ # 0 € int(Bx~). As X is reflexive, there
exists some x € Sx such that p(z) = ||¢|«, meaning that ¢ = ||¢|[.z*. As tanh: [0,00) —
[0,1) is monotone increasing and surjective, there exists a A > 0 such that tanh(||Az||) =
lloll«. Thus g(—Ax) = ||¢|l«z* = . Therefore g|x is surjective onto int(Bx+). Moreover,

q| opx" 18 clearly surjective onto Sy« in light of Proposition , so g is surjective. O

To prove continuity in the interior, we would need something akin to Lemma but
it is not clear why this would necessarily be true for the general smooth and strictly convex

case. However, more can be said if we restrict our attention to /7.

7.2.1 The Topology of the Busemann Boundary of /7.

Let X = ¢P(J) for 1 < p < oo, and J an arbitrary index set. Recall that ¢7(.J) is uniformly
smooth and uniformly convex [14]. Also note that X* = ¢%(J), where 1/p+ 1/q = 1 [50),
Example 1.10.2]. In [27, Section 5], Guttiérez completely characterises the horofunction
boundary of ¢(.J), and shows that
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D ()" = (W z € (), ¢ > 2]} U {h°)
ot (7)™ = {h* : ¢ € B\ {0}, (7.2.4)

where for all y € 7(J),
R (y) = (= = yllP — [|2]I” + )" — ¢, and, h#(y) = —p(y).

We should note here how to interpret elements of ¢9(J) as elements of X*- any ¢ € ¢(J)
acts on X by the map

y=y) =Yy

ieJ
The horofunction boundary of ¢?(N) for finite N is markedly different, and consists only
of functions h¥ for ¢ € Sp(n). The proof of Lemma can be adapted almost verbatim

to prove that, for any z € (?(J), and any ¢ > d > |||,

sup |h*°(y) — h**(y)| < oo.
yeLr(J)

The observations in Remark thus hold true also for infinite dimensional ¢? spaces,
and there exists no stratification preserving homeomorphism between the horofunction
compactification of ¢*(.J) and the closed unit ball in ¢9(.J). We define the map g¢: X" u
83Yh — Bx+ exactly as (7.2.3)) above.

Theorem 7.2.7. The map g is a continuous bijection onto Bx~ equipped with the weak™
topology, and g|8BYh 18 @ homeomorphism that maps parts of the boundary onto the relative

interior of the faces of the dual ball.

Before proving Theorem we need, as in the Hilbert space case, the following

lemma:
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Lemma 7.2.8. If h,, — h, in the topology of compact convergence for (x,) C X and

x € X, then ||z — x4/, — 0.

Proof. Without loss of generality, we can assume that (z,) is bounded, because if not then
h, cannot be bounded below, or h, = h°, a contradiction. Lemma 5.1 in [27] guarantees
the existence of a subnet (z5), a z € X, a ¢ > 0 with ¢ > ||z|| such that limg ||zs]| = ¢, and

for every y € X,

D=

6 z,C
hay(y) = (lly = 2[5 + & = [12]5) 7 — ¢ = h*“(y).
It is clear that for all y € X that
h*e(y) = (¢ = |l2Ilp) " — ¢,

where equality holds if and only if y = 2. As h*° = h, it follows that inf h*¢ = inf h,, and

also that inf h, = h,(z), so ||z — z||, = 0 meaning that z = z.

We must now consider some cases. If z =x =0, then h, = hg, so for all y € X

(lylly + )" = llyll” + .

If ¢ # 0 choosing y with |ly||, = ¢ would lead to a contradiction, so z = z = ¢ = 0. If
x = z # 0, then by choosing our argument to be = we require that ¢ — ||z||P = (c — [|z||,)?,
which is only possible if ||z||, = ¢ or ||z||, = 0, which shows that ||z||, = ¢ in all cases. We

can thus calculate that
i
|25 — 2llp = hey(@) + |lzgll, = (¢ = |2][})» —c+c=0.

This argument shows that every subnet of (z,) has a further subnet converging to x, which

completes the proof. O

We are now in a place to prove Theorem [7.2.7}
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Proof. Thanks to Theorem and Lemma [7.2.6] we only need to show two things:
Namely that if h,, — h, for an interior metric functional h,, then g(h,_ ) — g(h,), and if
hy, — h where h is a Busemann point, then g(h,_ ) — g(h). If h,, — h,, Lemma
immediately gives that tanh(||z,||) — tanh(||z||). By reflexivity of ¢7(J) and Lemma [7.2.8]

z,(y) =y (1) =y (z) = 2%(y),

meaning that z converges to z* in the weak™ topology, so indeed g(h.,) — g(h,). Finally,
let hy, — h € 05X, By definition g(h,,) = — tanh(||z,||)z} for all o, and we know from
the proof of Lemma[7.2.1] that a7, converges weakly to a ¢ € By- such that h,, (y) — h¥(y)
for every y € X. Moreover, (x,) cannot be bounded, else A would be bounded below.
Therefore tanh(||z,||) — 1. Thus, indeed, g(h,,) — h = g(h) by the uniqueness of
limits. [l

Proposition 7.2.9. The closure of 8EP(J)h’OO intersected with GEP(J)h’e is equal to the
singleton {h°}.

Proof. Consider some h € cl(amh’m), and corresponding net (h,) C (%P(—J)h’oo converg-
ing to h, with h, = h* for z, € By(;. Suppose by way of contradiction that h = h®™°.
Take a fixed y € ¢P(J) such that||y — z|| > ¢, making h(z) > 0. Thus lim, h,(z) > 0, which
means that no subnet of (z,) can converge weakly to 0. There thus exists, by Banach-
Alaoglu, some non-zero z € (4(J) and a subnet (z3) converging weakly to z. As z # 0
there exists some u € ¢P(I) with (u, z) > 2¢. Thus limg hg(u) = — (u, z) < —2c¢. However,
h*°(u) > —e¢, contradicting the assumed convergence. Thus if (h,) C 8@11700 converges
to h € 8W<])h’e, we must have h = 0. If (e,) is an orthonormal sequence in ¢4(.J) converg-
ing weakly to 0, then h®(y) = — (e,,y) converges to 0 for every y € ¢P(.J). Thus, indeed,
[

— h,o

0 is in the closure of 9¢P(J)

Just as in the Hilbert space case, Proposition means that there cannot exist a

h
homeomorphism from the whole horofunction compactification 2(.J) onto By« equipped
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with the weak™ topology, which maps Busemann points bijectively onto the unit sphere,

because the unit sphere of ¢4(.J) is dense in the closed unit ball under the weak™ topology.

7.3 The Topology of the Horoboundary of ¢'.

Let J be an arbitrary set of infinite cardinality. In this section we study the horofunction
compactification of ¢!(J). Before proceeding, we recall that, if J is countable, ¢*(.J) can
be identified with the sequence space ¢! (N), and it is well known [50, Example 1.10.3] that

the dual of ¢}(N) is £>°(N), the space of all bounded sequences equipped with the norm

|2]| o = sUp .
neN

If J is uncountable, £°°(.J) is the collection of all bounded functions x € R’ equipped with

the norm

|| = supz(j).
j€d

The dual of ¢*(J) for uncountable J is still £>°(.J), but because the counting measure
space (J,27, 1) is not o-finite, the usual proof must be adjusted, so we include a proof for

convenience.

Lemma 7.3.1. The dual of (*(J) is £>°(J), where we identify (>°(J) with ¢*(J)* under the

map T+ p,, where, for anyy € (*(J),

oaly) = / ()y()Au(s).

Proof. We first show that each ¢, is an element of ¢*(J)*. Note, for any y €€ ¢1(J),

[ i) < el [ loilan)

50 |0z (Y)| < ||z]|sol|y|l1- The linearity of the integral also means that ¢, is linear, so indeed
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¢, is a bounded linear functional. Furthermore, ||¢,||« < ||#]/c. Moreover, there must exist
a sequence (\,) C z(J) such that |\,| = |||, so for every n € N we define y, € ¢!(J)
by ya(j) = 0if j ¢ 271 (An), and g, (j) = 1if j € 271 (An). Thus |eu(yn)| = (2], so
lozll« = [|z]|o. Conversely, fix some ¢ € ¢!(J)*. For any j € J we can define e; € ¢*(J) by
setting €;(j) = 1 and ¢;(i) = 0 if i # j. This allows us to define z € R’ by z(j) = ¢(e;). If
x(j) was unbounded, there must exist a sequence (j,,) C J such that ¢(e;, ) — co. However,
¢ is bounded by assumption, and each e; € Bp(y), a contradiction. Thus z € £(J).
Moreover, any y € ¢!(J) is non-zero only on a countable subset I C J, meaning that we
can order I = {i,}nen and write y = > >° y(in)e;,. Linearity and continuity thus mean

that ¢(y) = > o~ y(in)d(ei, ). Moreover

Pa(y) = /I(b(ej)y(j) = sup {Z y(in)o(es,) : F C I is ﬁnite} = ¢(y).

ner
Thus x — ¢, is an isometric isomorphism between ¢>(.J) and ¢'(J)*. O

We will also need the facial structure of the dual unit ball of ¢!(.J). In particular we

are interested in the weak* closed boundary faces.

Proposition 7.3.2. The weak™ closed boundary faces of By(y) are precisely the sets FI,
for0#1C J and e € {—1,1}, where

F!'={x € By(y) : 2(j) = (j) for all j € T}.

Proof. We first note that ¢>°(J) is a unital Jordan algebra when equipped with pointwise
multiplication, with unit 1 defined by 1(j) = 1 for all j € J. Furthermore, || - ||oo turns
(>(J) into a JB-algebra, and ||z? — ¥?||ec < max{||2?||w, ||y]|% }. Thus, because £>°(J) is
the dual of ¢!(.J), it is a JBW- algebra. In Section we discussed how JB-algebras are
also order unit spaces, and ¢*°(J) is an order unit space with order unit 1. Recall that a

symmetry in a JBW-algebra is an element  such that 22 is the identity. We immediately see

that = € £°°(J) is a symmetry if and only if 2(j) = +1 for all j € J. For any =,y € £>°(J),
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recall the definition of the order interval
[z,yh ={z€>*(J): 2 <y, x < z}.

Therefore for any symmetries z < y, z € [z,y|; if and only if 2(j) — x(j) > 0 and y(j) —
z(j) > 0 for all j € J. This means that, if z € [z,y]; and z(j) = y(j), we must have
2(7) = z(3) = y(j), and if z(j) = —1 and y(j) = 1 then z2(j) € [—1,1]. Thus, if we set
I={jeJ:y(j) =2z(J)} and define € € {—1,1} by (j) = y(j) = z(j) for all j € I,

[z, 9]y = FEI.

Theorem 4.1 in [I8] then proves the result, as it states that the weak* closed faces of the

unit ball of a JBW-algebra are precisely the order intervals between symmetries. O

Gutiérrez showed in [27), Section 3] that the horofunction compactification of ¢*(J) has
the form:

) = a1 0 CICJ ee {11}, »e R\, (7.3.1)

where

hle (1) = 25 )+ Z |z(45) )] =1z

iel FISDAVS

AS a consequence,
O = (W= 0 £TCJ, ce{-1,1}, » e RN},

and, for any x € ¢!(J), the internal metric functional h, is equal to h%%=  Unlike the
case for other infinite dimensional /7 spaces studied above, the horofunctions of infinite
dimensional ¢! are all of the same form as in finite dimensions. Indeed, if we just replace
J with NV in above, we obtain the exact same horofunctions as described in Section
As a corollary to [27, Theorem 3.6], we find another startling difference:
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Corollary 7.3.3. Every horofunction in 0¢*(J) is a Busemann point.

Proof. In the proof of [27, Theorem 3.6], Gutiérrez constructs, for each horofunction h
given by (7.3.1), a net (yo) C ¢*(J) such that h,, — h. If we can show that these nets
are almost-geodesic nets, we will be done. For convenience of the reader we repeat the
construction here. Fix some [, ¢, and z as in . For every finite subset F' C J we can
define yr € ¢*(J) by

(

—(j)|F| ifjeFNnI
yr(J) = 9 z(4) if j € FN(J\I)- (7.3.2)

0 otherwise

\

This then defines a net (yr)r indexed by the set of all finite subsets of J ordered by <,
where F' < E if FF C E. Gutiérrez shows in the proof of Theorem 3.6 in [27] that the net
h,, converges to the horofunction h’**. We now show that this net is an almost-geodesic.

To this end, fix arbitrary F' C F’ C .J, with both F' and F” finite. Note that we can write

lyerlli= > 1F1+ Y 120,

i€INF! JeF'N(J\I)
and
lye —yeli= > 1F1+ Y (F=IFD+ > [20)]
i€IN(F'\F) i€INF JE(F\F)N(J\I)
Thus,
1Yells = llyrlls = llyr — yrll
As F" and F were arbitrarily chosen, this shows that (yr)r is an almost-geodesic. O

Knowing this, we can calculate the parts of 9¢'(.J )h:

Proposition 7.3.4. Two horofunctions, h''*1* and h'2°2%2 are in the same part of the
boundary 861(J)h if and only if [ = Iy = I, &1 = &9, and z; — 25 € (}(J\I).

Proof. Fix hy = hi°0% and hy = hi22%2 in aﬁl(J)h. Let (y3) and (y%) be the geodesic
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nets converging to h; and hy respectively, as in (7.3.2). Lemma thus allows us to
calculate the detour distance, d(hy, ho)

0(hns ha) = H(In, ho) + H(ha, hn) =i [lyg |l + ho(yp) +Tim |yz[h + ha(y7)-

Now, for any F,

lybll +hayp) = > IFI+ Y )+ DY —ei(@)ea(d)|F]

€Nk jeFN(J\I1) i€lbNNF

+ ) we@a@+ Y [—al)Fl = 20)] - 20)]
iEIQHFﬂ(J\Iﬂ jE(J\[Q)ﬂ(IlﬁF)

+ > 21(7) = 22(3)| = |22(5)1, (7.3.3)
JE(N\I)N(I\IL)NF

and

el + e = > 1FI+ Y l=l+ Y, —a@e@)F]

i€loNF JEFN(J\I2) i€loNNF

+ Y al@ni+ Y [ —a(IFl-a0) - |=0)
€[1NFN(J\I2) JE(JI\I1)N(I2NF)

+ > 21(5) = 22(7)] = |21(4)]- (7.3.4)
JEN\I2)N(J\I1)NF

If §(hy, ho) is finite, then both (7.3.3)) and (7.3.4) must be finite in the limit, as the
detour cost is non-negative, which means so too must the limit of their sum. We should

therefore evaluate:
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lypll + ho(yi) + vzl + ha(yz) (7.3.5)
= ) 2P|l —e(i)ea(i)) (7.3.6)
ielonNiN F
+ > P+ = ()Pl - a0)] +e(i)= () (7.3.7)
je(J\I1)N(I2NF)
+ Z |F| 4+ | —e1(§)|F| — 22(4)| + €1(4)22(5) (7.3.8)
Je(JI\I2)N(I1NF)
+ > 2|21 () — 22(j)I-
je€(J\I2)N(J\[1)NF

We first note that, for any finite F' and any j € J, the reverse triangle inequality means

that

|F| + | = e2()IF] = 21(4)] + e2(5)21(5) > [21(4)] + 2(5)21(5) =0,

and similarly we note that all terms in the sum ((7.3.8) are non-negative, meaning that

(7.3.5)) consists of four sums of non-negative terms. Therefore, if I} # I, at least one of the

sums (7.3.7)) or (7.3.8)) is non-empty, and is unbounded in |F|, meaning that d(hq, he) = 0o
if 1 # I, If I} = Iy, but &1 # &9, there exists a term in sum ([7.3.6]) of the form 2|F,

and so the whole sum goes to infinity as |F| goes to infinity. Thus for d(hy, he) < 0o it is
necessary for e, = &5. Finally, it is clear that we must also have z; — z, € (1(J\I), from
which we can conclude that h; is in the same part of hy if and only if I; = I3, £1 = &9, and

Zl—degl(J\I). ]

Remembering Proposition [7.3.2]

Theorem 7.3.5. There exists a homeomorphism ¢: (1(J) — Byeo(y), where (>°(J) is
equipped with the weak™ topology, which injects parts of the horofunction boundary onto the

relative interiors of faces of Byeo(y).

Proof. We first define, for each j € J, the element e; € £*°(.J) as the usual coordinate

basis vector. Le. for e;(j) = 1 and e;(i) = 0 if i # j. We can then define the map
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——h
Q: gl(J) — Bgoo(J) by

—(j)e; jel

P (h'=*)(j) = .
tanh(=())e;, j ¢ 1.

It follows from routine calculation that this map is bijective, because tanh is bijective onto
(—=1,1), and I can be any subset of J. Let us now show that it is continuous, and let

(hlagaza) C fl(J)h be a net converging to some k=% € ¢1(J) . First we claim that, for
each ¢ € I, there must exist an «;, so that for all & > «;, we have ¢ € I,. Indeed, suppose
for the sake of contradiction that there exists ¢ € I so that for all a there exists a § > «
such that 7 ¢ I5. For any A\ € R we consider the element f} = \e(i)e; € £1(J). We then

have, for any «,

cal?)e()A iti eI,
hlaysa:ZCI(fi)‘) _ (1) (4) . and hl’e’z(f@-)‘) =\

|20 (i) — (DAl = [z (i) if i & Lo

By our assumption, there exists a subnet h’#42¢ such that his=6:2 () = |25(i) —e(i)\| —
|25(7)| for all 5. The only way this can converge to A is if z3(i) tends to plus or minus
infinity, depending on the sign of (). Therefore £(i)z5(i) — —oo. Now let us define, for
j€J\I, and XA € R, g} = Ae;. We thus have, for any 3,

A lf]GIB

125(7) = Al = lzs (D) 15 & Ig

hIﬁ,&ﬁ,Zﬁ(g;\) — s and hI’E’Z(g;\) - |Z(]> - /\| - |Z(j)|

It is clear that if j € I for infinitely many 3, then h/#6% (g2) cannot converge to h'=*(g})
for all values of A, meaning that there must exist a 4’ such that g > g’ implies j ¢ Is.
However, we know that |z3(j) — A| — |25(j)| — €(4)A, which cannot equal |2(j) — A| — |2(j)|
for all A € R. This is a contradiction, so indeed, for each i € I, there must exist an «;, so

that for all & > «; we have ¢ € I,. As a corollary from this proof we immediately see that
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ea(i) — e(i) for all 7 € I.

We can essentially repeat the above argument to show that for all j € J\I, there must
exist an «; such that o > «; implies that j € J\I,. Next we show that z, — z pointwise
on J\I. Using the previous remark, for any j € J\I we know that for large enough «,
hlegeze(g3) = |z4(j) — Al =]2a(j) |, which by assumption must converge to |z(j) — Al —|z(j)|.
As previously noted, this must mean that (z,(j)) is bounded. Thus, every subnet of (z,(j))
must have a further subnet, say (25(j)), converging to some y € R. By choosing A = y and

A = z(j) it is clear that y = z(j). Thus, indeed, z,(j) — 2(7).

With this information, we can now show that ¢(hf>f=?) — o(h1*?) in the weak*
topology on Bye(j. To that end, let # € ¢*(J) be arbitrary. If we can show that
(hleceza) (1) — @(h1*%)(x) we will be done. There exists a countable set C' C J, such

that x(i) # 0 if and only if i € C. Thus, for any «,

[p(h'==) — (W' =)(@)| =| > —eali)a(i)+ Y x(j)tanh(za()))

ielaNC J€(JI\Ia)NC
= > —e(@ali)— Y x(j)tanh(z(5))|.
i€InC je(J\I)NC

Let us fix € > 0. There must exist a finite . C C such that 3, o\ p |2(i)] < e We

therefore have

[p(h'=) — (W =)(@)| <| Y —ealdz(@)+ Y x(j)tanh(za(j))

1€loNFe JE(JI\Ia)NF:
= > —e(z@) = D a())tanh(z(j))] + 2.
i€INF; je(J\I)NFe

As F; is finite, by the observations in the preceding paragraphs there must exist a 3, so

that for all « > 8 we have I, N F. = I N F. and (J\I,) N F. = (J\I) N F.. Therefore,
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because the above inequality is true for all o, we must have that

lim |[ip(h'= %) — p(A"*9)](2)] <lim | Y —ea(Da(@)+ Y a(j)tanh(za()))

«

i€INF; Je(J\I)NF:
= Y —e(z()— D a(j)tanh(z(j))| +2¢
i€INF; JE(I\I)NF;

= 2¢.

As ¢ and x were arbitrary, it follows that indeed p(hf*f%) — ¢(h!**) in the weak*
topology on By (). Thus, ¢ is a continuous bijection between compact Hausdorfl spaces,

so it is a homeomorphism.

Recalling the definition of the face F! in Proposition [7.3.2] the definition of ¢ imme-
diately means that p(h!=*) € F! for all z € R’\. Proposition therefore shows that
every part of the Busemann boundary is entirely contained within a weak™ closed face of

Proposition shows that two horofunctions h’*# and h!*" are in the same part
whenever z —w € (*(J\I), so if J\I is infinite, the proof of Theorem means that
uncountably many parts of the boundary are injected into the face F!. This is strikingly
different from the situation in smooth ¢7(.J) spaces. The author suspects that this discrep-

ancy is fundamentally linked to the fact that 9¢1(J) contains only Busemann points, but

that investigation will be left to future work.
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Chapter 8

Infinite Dimensional Spin Factors

Let V = R®H be an infinite dimensional spin factor as in Section [2.9.5] with unit e = (1,0),
and equipped with the JB-algebra norm ||-||, which we recall is just the order unit norm ||-|.
We denote by V. its cone of squares, which is equal to the set {(A\,z) € V : A > ||z||»}. The
open cone VY = {(A\,z) € V : X > ||z||»} is an infinite dimensional symmetric cone, and
we can equip it with a Finsler structure by defining F': TV? — R by F(v,u) = ||U,-1/2u]c.

This gives rise to a Finsler metric p on V7 by defining

5

p(u,v) = inf {/0 F(y(t),~'(t))dt : v(0) = u,y(1) = v, ~ is piecewise C’l} .

It turns out that p is precisely the Thompson metric dy on V¢ [55, Theorem 1.1]. Recall
that the Thompson metric dr is defined by, for u,v € V;

dr(u,v) = max{log M (u/v),log M(v/u)},

where M : V xV? — R is the gauge function (2.7.1)). We should note that the above setting
is applicable to any JB-algebra A, but in this chapter we restrict our attention to the infinite
dimensional spin-factor V. We investigate the horofunction compactification of (V|| - ||)

with 0 as the basepoint, which we denote by Vh, as well as the horofunction compactification
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of (V2,dr) with e as the basepoint, which we denote by V_ﬁh. By the above remark we are
thus investigating the horofunction compactification of a Finsler metric space along with
the horofunction compactification of the tangent space of the base point equipped with the
Finsler norm. We explicitly calculate the horofunctions in V" and GV_fh, and in the spirit

of [42], we prove the following:

Theorem 8.0.1. The exponential map exp: V — V7 can be extended to a homeomorphism

between V' and V_jh, and this extension maps parts of aBVh onto parts of 8BV_jh.

It is also interesting to projectivise the open cone by identifying rays, and so define the
space PV? = V?/ ~, where  ~ y if y = Az for some A > 0. We choose to identify PV
with the hyperboloid

H = {veV;:det(v) =1}

The spin factor is equipped with a natural quadratic form @: V' — R defined by
Q((v,2)) =" = |3,
and in [I3], Claassens defines the hyperboloid to be the set
H={veV’:Q) =1}

These definitions are equivalent, because if v € H\{e} has a spectral decomposition Ap +
w(e—p), then the fact that det(v) = 1 means that Ay = 1, so each v € H\{e} has a unique

spectral decomposition A\p + A~!(e — p), where A > 1 and p = (%, x) for x € %BH, which

v = (A +2A_1, (A — /\_1)90) . (8.0.1)

means that

From this we can calculate, for each v € H\{e},

Q)= -[A+A") ==X =-[(N+2+1) - (N -2+17)] =1

S
SN
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Conversely, if v = (y,z) € H, Lemma [2.9.13] shows that the two eigenvalues of v are
v 4 ||zl and y — [|2[3, so det(v) = 4% — ||z||3, = 1, so indeed H = H. Equation (8.0.1)

is equivalent to saying that, for each v € H\{e}, there exists a unique 7 > 0 and z € %BH

v = (M,T&:), where f(7) = \/Tzz—l—l—i—%‘

Thus, the map ¢: H — V defined by

such that

0 fvo=e

p(v) = »
(0,7x) ifv= <—f(7)+f(7) ,Tx> .

is a bijection, so H is a codimension-1 submanifold of V', and H is a C'**° manifold modelled
on ‘H. We now want to characterise the tangent space of H at the unit e, which we denote
by T.. To that end, let us consider an arbitrary u € V with tr(u) = 0. Thus u has spectral
decomposition u = A\p — A\(e — p) for some A € R and primitive idempotent p. Let us define

the path v: (—=1,1) — V by 7(t) = exp tu. Therefore, for any ¢t € (—1,1),
det(y(t)) = ePe™™ =1,

meaning that v is a path in H with 7(0) = e. Furthermore, for any ¢ € (—1,1) we can

calculate
d

dt

(t) = % [Mp+eM(e—p) = p—Ae—p)=u

t=0

t=0
This implies that {v € V : tr(v) = 0} C T.. However, {v € V : tr(v) = 0} is a closed
subspace of codimension 1, indeed Lemma [2.9.13] means that

{veV:tr(v) =0} ={0} x H,

so this inclusions means that 7, = {v € V : tr(v) = 0}.

As in the finite dimensional case dealt with by Lemmens in [42], it is possible to equip
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H with a Finsler structure. We define the map G: TH — R by first defining the norm |- |,

on T, by
v], = %(M(v/e) ~m(v/e)) = %(maxa(v) ~mino(v)) = 3 diamo(v).

This is the variation norm on 7, (with a factor of (1/2)). We can then define, for any
we HandveT,,
G(U),U) = |Uw—1/21}|e.

As U, is a linear automorphism for any a € H, it follows that the pair (H,G) is a ho-
mogeneous Finsler manifold. The factor space PV} inherits this manifold structure in the
natural way. The proof of Proposition does not rely on finite dimensionality, and so
shows that the Finsler distance on PV} generated by G coincides with Birkhoft’s version

of the Hilbert metric, dy, where
1
drr(u,v) = 5 log(M(u/v)M(v/u)).

In [13], Claassens provides an explicit representation of the horofunctions of (PVy, dy).
He shows that the elements of Pth are precisely the functions of the form A? [13| Theorem

2], for x € By and r € [0,1] with |||l < r, where for any (v,y) € PV}

" vz + V= (@ y)? — A - ) =yl
W (.9 = log ( 207 R ) (G A P
(T4 7r)v72 = Nyl
He also shows that if ||z][» = r < 1, then Maj,, = P2y Claassens does not analyse the

parts of Pth in [13], so before proceeding we prove the following proposition:
Proposition 8.0.2. The boundary of Pth consists solely of singleton parts.

Proof. In the proof of [I3, Theorem 2], Claassens shows that if il is a horofunction with

||l = 1, then, if we define u, = (1, (1 — 2z)), h,, — hi. Recalling the definition of the
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gauge function M in Section 2.7} for any n > m,
M (uy/uy) =inf{f € R: u, < Buy,}.
Thus,
1 1
Mu, Ju,) =infdB>1:8—1>|8(1——)—(1— =)\
() =int {52 155 =12 01— )~ (1= Dl
For any 8 > 1, we can calculate that

1 1 1
Bl-—)—(1--)>0ifandonlyif > 22"~
m n nm-—1

Thus, if § < %:1;_11, we can calculate that

1 1 om — 1
B-1>(01-2)—B1- )ifandonlyif > 2"~
n m n2m-—1

Thus, because 22;1__11 < %, we can conclude that

m2n —1
M (up /t,) = — .
(un/tem) n2m—1
A similar calculation shows that
n 1
M (up/un) = —, M(u,/e) =2 — —, and M(e/u,) = n.
m n
Therefore
2n—1
Ay (U, ) = log 2n T and dy(uy,,e) =logv2n — 1,
m —_—

from which we see that (u,) is an almost-geodesic sequence. In fact, it lies on a geodesic.

Claassens also proves in [I3, Theorem 3] that the Busemann points of PVf;h are precisely

those horofunctions of the form A}, where ||z[j3 = 1. Now suppose that h; and h; are two

Busemann points in Pth, and (u,) is the geodesic defined above converging to hl. Using

the above in combination with Lemma we can calculate, using (8.0.2), the detour
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8.1. HOROBOUNDARY OF SPIN FACTORS

cost H(hl hl):

x) Y

1 1 : r
H(hy,h,) = lim logv2n — 1+ hy (u,)

n—oo

1—(1-1
= lim logv2n — 1 + log ( n) (2, y)

= lim log(n — (n — 1) (x,y)).

n—o0

This allows us to deduce that H(h},h,) < oo if and only if (z,y) = 1, which, by the

Cauchy-Schwarz inequality, is true if and only if x = y. O

We are thus in the position to state the next main theorem of this chapter, which we

prove in Section [8.4]

Theorem 8.0.3. The exponential map exp: T, — PV} can be extended to a homeomor-

phism between T: and Pth, and this extension maps parts of aBTZ onto parts of (9BP_Vh.

8.1 Horoboundary of Spin factors

Let V = R @ H be an infinite dimensional spin factor with unit e as above, equipped
with the standard inner product and Jordan multiplication. We want to examine the
horofunction boundary of the JB-algebra (V|| - ||), with || - || the JB-algebra norm. Recall
that |- || = |- |le = || - || where || - ||c is the order unit norm with e the distinguished order

unit [4, Theorem 1.11] and || - ||, is the spectral radius norm [4, Corollary 1.22]. In section

we showed that for any (v,z) € V

1y ) F = vl =+ [l

Thanks to this and Lemmas |3.4.2| and |3.4.3|, which show that V" = R" @ﬁh, this investiga-

tion is made easier by the fact that we know the precise horofunction boundary of both H

(see [27]) and R. We recall that there are two classes of metric functionals in Rh, the internal
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8.1. HOROBOUNDARY OF SPIN FACTORS

metric functionals hy, and functionals of the form h® for ¢ € {—1,1}, where h®(x) = —ex.

In [27], Gutierrez showed that, if # is infinite dimensional then oH" =H"" Uﬂh’oo, where

= {7 o e M, > ol U{r°)
H = {h* 0 < ||z||s < 1, (8.1.1)
where for all z € H,
Boe(z) = \Jll2llf, — 2 (. 2) + ¢ — ¢, and, B(2) = — (z,2) (8.1.2)

With this, and introducing the notation, for hy € R" and hy € ﬂh,
h1 @ ha((7, ) = hi(A) + ho(x)

we can prove:

Theorem 8.1.1. If H is infinite dimensional, the horofunction boundary of V is given by

V" =F={m@h™: AeR, M, >z} U{®h": )R}
V" =I={h&h™: AR, 0< |l <TFU{ @A e € {1,-1}, 0 < ol <1}

U{r"®h™ ee{l,-1}, zeH, c> ||z||ng}U{R* B h, e € {1, -1}, v e H}

Proof. Lemma in conjunction with immediately gives that pee C I and
74 C F, because I U F' contains all possible functions hy @ hy, where h; € Kh, hy € ﬂh,
and at least one of hy or hs is not an internal metric functional. Conversely we now want
to show that all functions in F' and I satisfy the conditions of Lemma [3.4.3] We first
note that for any € H and c with ¢ > [[z[|3 Gutierrez showed in [27, Theorem 4.4] that

if we choose the sequence (y,) € H defined by, if (e,) C H is an orthonormal sequence

Yn =\ = |lzlfzen + 2
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8.1. HOROBOUNDARY OF SPIN FACTORS

then h,, — h™°. By picking the constant sequence, there also exists a sequence in R
resulting in Ay, so Lemma means that hy @ h™¢ € V", For any x € By Gutierrez
also showed in [27, Theorem 4.4] that if we choose the sequence (y,,) C H defined by,

Y = ny/1 — ||z]3,en + na

then h,, — h"°. Choosing x = 0 we thus see hy ® 0 € Vh’e, too. Therefore F' C Vh’e.

Using the same sequences for non-zero x € ‘H we immediately see that hy ® h* € Ve,
. . . —h .

It is a simple calculation to show that h., — h® € IR, so again Lemma means

that h* @ h* € V" for any x € H with [|z]ly < 1 and ¢ € {—1,1}, and also that

he @ he € V' for any ¢ € {—1,1} and x € H and ¢ > ||z||4. Finally, it also means that

any h® @ h, € Vh’oo. Thus I C Vh’oo. O

. : . . . . . —h,
If H is finite dimensional, then V' is a proper geodesic metric space, so V' ‘=0.

Corollary 8.1.2. If H is finite dimensional then the metric compactification of V' is given

by

V' ={hy@h" : AER, |lz|y=1yU{h@h" e € {1,—-1}, ||zl = 1}
U{he@h:r:ge{l?_l}u 'TEH}

By combining Lemma [3.4.4], Proposition [7.1.3] and Proposition [7.1.4] we see that:

Proposition 8.1.3. The Busemann points of V are precisely:

V" = {ha@h*  AER, |zl =1 U{hF @ h® e e {l,—1}, ||oll = 1}

U{RE @ hy e € {1,-1}, x € H).

It is interesting to note that a spin-factor is finite dimensional if and only if its horo-

function boundary consists entirely of Busemann points.
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8.1. HOROBOUNDARY OF SPIN FACTORS

Remark 8.1.4. Note that the unions defining both dV" in Theorem and 0 th in
Proposition [8.1.3] are disjoint, which gives us a useful way of categorising these elements.
We shall say two horofunctions in V" are of the same type if they belong to the same
constituent set in the disjoint union defined in Theorem [8.1.1] For example hy, & h** is of
the same type as hy, & h* for A\, \s € R and x1, x5 € By, but hy & h™ is not of the same
type as hy @ h*v¢ for ¢, A € R and = € c¢Bj,. We shall also call the superscript data of each
Busemann point in Proposition its data at infinity. For example, for hy @& h” € &gvh
its data at infinity is the point x € Sy, whereas for the point h® @ h* € aBVh its data at
infinity is the pair (g,z) € {—1,1} x Sy.

Although using the fact that the spin-factor can be seen as an ¢! sum provides an easy
proof for the characterising of its horofunction compactification, it does not make clear
the relation between a spin factor’s horofunctions and its JB-algebra structure. We would
expect to be able to express the Busemann points in terms of a spectral decomposition
similar to Theorem The next theorem shows that we can, indeed, do this. Recall
that for a subalgebra A C V', we define, for any v € A, A4(v) to be the maximum eigenvalue
of v considered as an element of the algebra A, and we define V' (p) to be the Peirce 1-space
of an idempotent p. Also recall that for a collection of orthogonal idempotents {p, ..., px}
and any I C {1,...,k} we define p; = Y., p;, where as usual the sum over the empty set
is defined to be 0.

Theorem 8.1.5. For any Jordan frame p1 = p,ps = e —p, I,J C {1,2} with INJ = {,
and IUJ # 0, and o € R where min{a;} = 0, we define the function hl)7: V — R by,

for anyv eV,

hll?:i(v) = max {AV(pI) <_Up1 (U) - Z aipz’) 7AV(pJ) (UpJ (U) - Z aj]?j) } , (813)

iel jeJ

where if I or J is empty, the corresponding term in the mazx is omitted. Fach hé:i 5 a

Busemann point, and furthermore every h € &gvh 1s of the form h{;:g.
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8.1. HOROBOUNDARY OF SPIN FACTORS

Proof. Fix some primitive idempotent p = (%, x) € V, immediately implying that e — p =

(%, —x). A direct computation using the definition of the quadratic representation (2.9.5))

shows that, for any v = (y,u) € V,

Up(v) = (v + 2 (u,z))p, and U._p,(v) = (v — 2 (u, x))(e — p). (8.1.4)
As V(q) = Rq for any primitive idempotent ¢, this means that, for any v = (y,u) € V,

h}),lo];’&}(v) - max{—y -2 <U’7 I) — Q1,77 — 2 <u7 I‘> - Oég}

=max{—y — a1,y — o} — (u,2x).

Thus, for any A > 0 and = € Sy, if we choose a@ = (0,2)\) and p = %(1,:1:) we see that
h;{,,lg’{% is exactly equal to the Busemann point hy & h”* as in Proposition . Similarly,
for any A < 0, if we choose a = (—2\,0) we see that h}{,}g’{Q} = hy @ h”. Likewise, using
, we deduce that for any z € Sy, by choosing p = 3(1, z),

W oh® =hid, and b7t @ pt = n)

Finally, if 7 = {1,2}, we see for any primitive idempotent p = (1,w) and o € R? with
min{«;} = 0 that, for any v = (y,u) € V,

hyo(v) = Avee) (~Ue(v) + (a2 — a1)p — aze)
=A(—v+ (a2 —aq)p) — az

= sup ¢(—v+ (a2 —a1)p) — az

peS(V)
o] + «
= sup =7+ {(az — a)w —u,y) -
llylla<1

We see that the supremum is attained when y = ; ((azfal)wfu

m, so for any r € H we can
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8.1. HOROBOUNDARY OF SPIN FACTORS

find as € [0,00) and w € £S5y such that = aww, and choosing a; = 0 we thus get
hyf(v) = =y + [[u =zl — |2l = b & ha(v).

Similarly, for any x € H, choosing J = {1,2}, we can find an appropriate a € R? and
idempotent p such that
W7 (v) = h™' & hy(v).

Thus every Busemann point in Proposition is of the form (8.1.3]), and similarly by

just reversing the choices in the above arguments, we see that every function of the form

(8.1.3) is in fact a Busemann point. O

8.1.1 Geometry of a Spin Factor’s Busemann Points

It is well known that if V = Y @ Z is a direct sum of Banach spaces with the ¢!

product norm, ||(y,z)|| = ||ly|ly + ||z]|z, then the continuous dual V* is the Banach space
Z*} [507
Theorem 1.10.13]. Thus, the unit ball of the dual of the spin factor is simply given by

V* =Y* @ Z* equipped with the maximum norm, ||(y*, 2*)||. = max{|ly*||y=, ||z*|

By« ={(Az) € V :max{[A|, [[z]}} < 1}.
If we recall the definition of type and data at infinity in Remark above, then the

following proposition is a direct consequence of Proposition and Theorem [3.4.5}

Proposition 8.1.6. Two Busemann points of V' are in the same part of the boundary if

and only if they are of the same type, and their data at infinity is equal.

Theorem also gives an easy way of calculating the detour distance on the Busemann
boundary. Using Theorem this allows us to prove an analogous result to Theorem
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Recall that if p and g are orthogonal idempotents, we define V/, ;) =V}, @ V;, which
is a sub-algebra of V. On V{, 4, we can define the variation semi-norm || - |lvar 00 Vip g,
where

||1’L||Var = AVp,q (u> + AVp,q(_u)'

Theorem 8.1.7. Given two Busemann points h;:g and hg’q‘]/ as in Theorem|8.1.5,

(i) bl and hgjl are in the same part if and only if pr = qp and p; = qp

(i1) If h{?:g and hg’qjl are in the same part, then their detour distance is given by

5(h1yJ hg,qu/) = ||a — bl|var,

p?a,

where a =3, qipi + D je upy and b= 3" p Bigi + 32 5c 5 Bi4;-

Proof. Let us define, for all x € Sy, P* = {hy & h* : A € R}, and for each ¢ € {—1,1},
P. = {h*® h, : u € H}. Propositions [8.1.6{ and [8.1.3| mean that the parts of 8BVh are

precisely all the sets P* and P., along with all the singletons {h® @ h”}, where ¢ € {—1,1}

and x € Sy.

Fix some z € H. For any A > 0, the proof of Theorem [8.1.5| shows that if we choose
a = (0,2X), p = (3,2/2), then hy ® h*™ = hl{,,la}’p}, and similarly if A < 0, then choosing
a = (—2X,0) and p = (5,2/2) gives hy & h* = h;{),lo}é”{Q}. By reversing the argument in
the proof of Theorem , we also see that every horofunction of the form h;}o}; 2} where
p=(3,2/2) is in P*. We should note that REE = p B Thyg

e—p,a’
pe_ e, b oL e L
- D, p—(§,x/ ) - e—p,x p_(§>x/ ) :
Furthermore, we know, from Theorem that for any hy @ h*, hy @ h* € P*,

S5(hy @ h%, hy @ h¥) = 2)A — \|.
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8.1. HOROBOUNDARY OF SPIN FACTORS

Now, if hy @ h* = hid™ and hy @ h* = hIJ we set @ = ap + as(e — p), and
b= [ip+ PB2(e — p). We can calculate, due to the fact that V,._, = Rp @ R(e — p), that

lla — bllvar = max{c; — 5;} + max{s; — «;}.
i=1,2 i=1,2

As a=(—2X\,0) or a« = (0,2)) and 3 = (—2)N,0) or § = (0,2)") depending on the sign of
A and X respectively, it is simple to verify that

la — bllvar = 2/A — N| = 8(hy & %, hy & h7). (8.1.5)

Now fix € € {—1,1}. Once again, the proof of Theorem shows that every h € P,

is of the form hl{),l,f}’@ ife =—1or hg;im} if ¢ = 1. Conversely, it also shows that if
a = (a1, 9), and o = (g, 1), then hiH = hiiz}oﬁ) and hodh? = hgf;? It thus also

allows us to conclude that every Busemann point of the form h;{),lcf}’@ is in P_; and every

Busemann point of the form hflji}’?} is in Py. Thus:

P, = {hfj;j}’?} : p,a as in Theorem. BLH} ,and P_; = {hl{j}&z}’w : p,a as in Theorem. BILH} .

Furthermore, we know, from Theorem that for any h™' @ h,,h~ ' ® h, € P_y,
d(h® ® hy, h® ® hy) = 2|z — y||u.

Let us now fix h})}(’f}’@, hé}f’f}’@ € P_1 such that hfi;i“} = h*® h, and hg”gz} = h*® hy. The

proof of Theorem [8.1.5| shows that p = (3, mx), a = (0,2||z|lx), and ¢ = (3, 2H1|| ),

ylln
B = (0,2]|ylln). As above we define a = ayp + az(e — p) and b = Biq + fa(e — q). As
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8.2. INFINITE DIMENSIONAL SPIN FACTOR WITH THE THOMPSON METRIC
ON THE POSITIVE CONE

Pr=4dqr = ¢,

|a = bllvar = Alcap + az(e — p) — B1q — Ba(e — q)) + A(Brg — Ba(e — q) — a1p — aa(e — p))

= sup ¢ (az(e —p) — Pale—q)) + sup ¢ (Bae —q) — az(e —p))
peS(V) pes(V)

= (el = llyll) + sup (y —z,w) + (fyllae = llzlln) + sup (z -y, 2)

lwll2<1 2l <1
= 2[lz =yl
= 0(h® ® hy, h* @ hy). (8.1.6)

Finally, let us consider a singleton Busemann point h® & h*. The proof of Theorem
shows that if we choose p = (3,2/2), then h® @ h* = h},}o}’@ ife=1and h* ® h* = hg:({f}
it e = —1. It also shows that hz{,’lo} - hiQ_}fo and hg:éz} = hgf;}o. We have thus shown
that every part of the Busemann boundary consists solely of functions of the form given
in Theorem that satisfy the condition on their defining idempotents given in (7). By
reversing the above arguments it is simple to check by examination that if two Busemann

points satisfy (i) then they must be in the same part. Equations (8.1.5) and ({8.1.6]) give
part (ii). O

8.2 Infinite Dimensional Spin Factor with the Thomp-

son Metric on the Positive Cone

With V' an infinite dimensional spin factor as before, we now consider the infinite di-
mensional Lorentz cone V7, equipped with the Thompson metric dr. We use Claassens’
representation of the gauge function M [I3] Prop. 2] to calculate the horofunction com-

. . —sh .
pactification V. For the convenience of the reader we recall those results: for any
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(A 2), (v, y) € V2,

YA — (2, 9) + /(A — (&, 9))? — (7 — [y 7) (A2 — [[=]13,)

M (A9/,y) = . (8.21)
v = Iyl
In case one of the elements is the identity, we can simplify this to
1
M (A2))a,0) = A+ ||z]ln, and M (L0)xne) = T (8.2.2)

In the finite dimensional case, this analytical expression of M is not needed, as shown by
Lemmens in [42], because for any JB-algebra A, the gauge function M: A x A — R is
continuous with respect to the product topology where each factor is equipped with the
JB-algebra norm (see Lemma , and in finite dimensions the compactness of the unit
ball means we only need to consider norm convergent sequences. In the infinite dimensional
case, we have to consider nets with no norm convergent subnets, and the M function is not
in general continuous when A and V7 are equipped with the weak topology. For example,
in our case with V' an infinite dimensional spin factor, let (e,) C Sy be an orthonormal
sequence converging weakly to 0. If we define p, = %(1, en), M(pn/e) = 1 for all n € N,
but (p,) converges weakly to 3e, and M(ie/e) = 1. That being said, we shall see that

all Busemann points arise as the limit of sequences, which, when normalised, have norm

convergent subsequences, and as such we need a lemma from [42].

Lemma 8.2.1. For any JB-algebra (A, ||-||), the exponential map exp: (A, ||-||) = (A%, dr)
is an isometry when restricted to span{pi,...,px}, where {p1,...,px} is a collection of
orthogonal primitive idempotents. Furthermore, for anyu,v € span{py, ..., pr}, with ||v]| =

1, if v: A — R is defined by y(t) = tv + u, then v: t — exp(y(t)) is a geodesic.

Proof. The proof is exactly that of [42, Lemma 3.1], as it does not rely on finite dimen-

sionality in any way. O

We start with a lemma that is not needed in the finite dimensional case.
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Lemma 8.2.2. If (u,) is an eventually bounded net in V., there exists a subnet (ug), a

A>0,anx €V, and a c € R with A > ¢ > ||x|| such that h,, — hN®ewhere, for any

(77 y) € V+7

B (7)) = max { log <M = ) VA = (o )" = 7 = RO = c2>> |
tog [ 22— ) + VOX= ) = 07 = TR O = ) }
=l
— max {log()\ +¢),log (ﬁ) } : (8.2.3)

Furthermore, if ||z]|3 = ¢ then A€ = h(y 4, and if |||y < ¢, then h»€ is not an internal

metric functional.

Proof. As (u,) is eventually bounded, there exists a subnet of (u,), which we again label
(ta), which is bounded. As dr(e,uy) > log (A + ||zall2) by this means (\,) and
(||zall%) must be bounded too. There must thus exist a subnet so that A\g — A € Ry,
llzsllw — ¢ € R, and by Banach-Alaoglu there exists some = € ‘H which z3 converges to

weakly, with ||z]4 < c. As we are assuming dr(e, ug) is bounded, there exists some K > 0

such that A\g — ||zs|lx > K for all 8, because by (8.2.2)

dr(e,ug) > log (;> :

As = [lzslln

Thus, A > c. Therefore, for any  and any (v,y) € V7 we have, using equations (8.2.1])
and (8.2.2), that

lim h, (7, )) = max { log (” — @y + VA - <;y_>>;— (2 — B0 = c2>> |
o [ 228w+ VOA = (2 9)? = (02 = TWB) (¥ = ) }
0g

7 = [l

s ot o ()}

224



8.2. INFINITE DIMENSIONAL SPIN FACTOR WITH THE THOMPSON METRIC
ON THE POSITIVE CONE

It is clear from the above equation that if ¢ = ||z||3, then h,, — k(.. Conversely, assume
by way of contradiction that ||z < ¢, but AM™¢ = hy, ) for some (1, z) € V?. Let us first

consider the case where x = 0. Thus, for any (v,y) € V7,

120%(r,2) = mase { g (” + VO = (07 = o) 0% = 02)) |

A2 — 2

og (w + VO = 7~ Ty = c2>> }

v =yl

s ot o ()}

It is therefore clear that h*%¢((v,y)) = hM%¢((v,%')) whenever |yl = ||¥/||%. However, if
z # 0, then

oo (7, ) = masx { log (vn — () + VO — @) — (2 — ) (P — ||z||a>> |

n? — ||zl13,
log [ 11— (z,9) + (= (z,9))? — (7% — Wl3) (n* — |I=[3,) }
72 = lyll3

1
— max {log(n + |1zln), log (— ) } ,
n—llzllx

from which we see that A, ) ((1, —2)) > h(y)((1,2)). Thus we must have z = 0. We can

therefore write, for any (v,0) € V.,

0 = e (2) s (2) } e {0 () }.

whereas

W9¢((+,0)) = max { log (ﬁ) log (A j C) } ~ max {1og(A +0),log <ﬁ> } .
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Now

Y

min AM0¢((, 0)) = h%¢((vVA2 = ¢2,0)) = min {log( A2 — ¢2),log (;> } ,

and

min he,)((7,0) = — max {log(n), log (%) } :

By assumption these two minima must be equal, so 7 = v/A? — ¢2. Thus for any (v,y) € V2

we have
_ VA2 = (v + [|ylln) VA2 = 2(y + ||lyll)
h(\/,\2—c2 0)((7,y))—max log 3 5 ,log 5 5
’ AP —c 7? = lyll3
1
s gV ).l s ) |
whereas
)\ 2 )\2_ 2 2.2 )\ 2 )\2_ 2 2.2
PAO((. 4)) —max { log: ( 7+ ¢uyu;< e ) T ) log ( ths %H?ill%( i ) 7% ) }
N — Y1l

~ max {log()\ + ), log (ﬁ) } |

However, these two cannot be equal for all (v, y) € V7. Indeed, fix (y,y) where v — ||y[|* >
10 + A\? — ¢2, and define f: (1,log10) — R by

F£) = O3, (14 €))) — 10((7,1) = log (M + AT AR =+ 7)

My + V502 = ¢) + 42

and ¢: (1,log10) — R by

E [yl
9(e) = hyye=az gy (7 (1 + €)y)) = hiys=a g (1,9)) = & + log (W |

We see that g is linear in € and f isn’t, but f and g must be equal if AM%¢ = h(/xz=a ), caus-

ing a contradiction. We now consider the case when z # 0. Examining min., A**¢((v,0)) =
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min,, A ((v,0)) similarly to the case when z = 0, we calculate that n? — ||z]|? = A2 — %

Furthermore, we know that min, ¢, .)((n,v)) = h@ ) (0, 2)), meaning that

min A*((n, y)) = max

y A2 — 2

log (nA — (. 2) + /) = (e 2P~ P~ TR P = c2>> }

n? — ||z|13

_nmx{bﬂA+C%bg<X%?>}

= 14((n, 2)).

{10 ("A ~{m2) +Vh = (w2 = (07~ ) (0 - 3)) ,

The fact that equality in the Cauchy-Schwarz inequality is achieved if and only if the two

elements are linearly dependent means that by applying the Cauchy-Schwarz inequality to

the above equation means hM*¢((n, 2)) > hM¢((n, ”;H: x)) unless z = £z for some & > 0,

in which case h*®<((n, 2)) = h™<((n, H;HZ r)). Thus, to avoid a contradiction, z = £z for

¢ > 0. Now, let us define the functions ®,, U, : (||z||, o0) x (0,00) — R by

(1)2(7) = h(n,z)(/yy _Z) - h(n,z)(’% Z)v and \Ijz(’}/) = h)\.:c,c(,y’ _Z) - h)\,x,c(’% Z) (824)

A direct calculation shows that

D) = log [ N2l vy +1213)° — (62 — [=15)(A° - 02>> ,
e (m =213+ Vv = 121507 = (7 = [V = &)

and

2.(7) = log (m &l + /O + €3 — 0P~ =B O — c2>) |
) Xy = Ell2l3, + /O — €23 — (2 - 2B 02 — &)
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Our assumption means that ®,(y) = W, () for all v € (||z||%, 00), which implies that

my +1zl5 + VO 12013)7 — (72— [lzl5) (- ¢2)
My €l + VO +€llzl5)? = (07 = [2015) (A2 = )
oy = el + vV y — l213)? — (02 = [13) (A — )
M =€zl VO =R - (P = T2 - &)

for all v € (||z]|%, 00). In particular this above equation must hold in the limit as v — ||z #,

meaning that
n+ 1zl n— 2l

Azl A —¢€llzlln

Thus, £ = 2. By definition, we also know that & = ||z||%/||2|/%, so
7

el _
D

Combining this with the fact that n = /A2 — ¢ + ||z]|3, leads to the equation

Vol = el | o
2w =zl | 5——5
=l

and because we know that ¢ > ||z||3; this means that ||z]y < ||z|l%. Thus A > 1. Now let

us define functions I',: [0,n/||z]|%x) = R and A,: [0,1/|2||%) — R by

[.(t) = h)\7x7c((777tz))7 and AZ(t) = h(n,z)((mt'z))'

If we set

1 1
r1 = max {log()\ +¢),log ()\——c> } ,and 7y = max {log(n + ||2]|%), log (—?7 — HZ””H) } )
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we can calculate that, for any t <1

I.() = log (W — tll2113,) + V& — t2[3)% — (i — P23 (n — uzuzn) o

n? —|zl13,

2 _tllz]|2 2 $I1212)2 — (12 — 2]/ 2|12 — 2
Az(t):bg(n 21, + /O — (=I5 — o7 - P @ ||z||H>>_,r2_

n? — ||=13

Employing the chain rule multiple times, we can calculate the left hand derivatives of I,

and A, at t = 0" and find that

i T (t): HZH'H \/52_ _f
dt |,_o+ n”? —zl5, /e —1+4¢
whereas
— AR = ————.
&) = TR

As £ > 1, these derivatives are different, which means that if I",(1) = A,(1), there must
exist some 0 > 0 such that I',(1 —s) # A.(1 — s) for all 0 < s < 0. This contradicts the
fact that AM®¢ = hy,2)- O

We now investigate the behaviour of unbounded nets, and borrow the ideas of [42]

Theorem 3.2],

Lemma 8.2.3. If (uq) = ((Aa, %a)) is an unbounded net in (V,dr), then there must exist

a subnet (ug) such that h,, converges to h, where h is of one of the following forms, where
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we use the convention that log() = —oo:

h = h"", where u,v € V., max{||ul, ||v|lc} =1, veu=0, and, for all w e VZ,
h**(w) = max{log M (u/w),log M (v/w™*)}. (8.2.5)
h = RMAE where AN, i, i € [0, 1], max{\,\, fi, i} = 1, A\ = i = 0,
7

Mo < 1L,Aa < 1, ||z]ly < 1/2, and, for all w = (

AMA (N Z ) (e
RN (w) = max { log T3 2< M2>< Y
72 = llyli3,

y) € V2, withw™' = (v,y)
)

+

\/(7*—‘5‘2 — (A=) (. 9))? — a2 — |lylI2)
7 = vl |
log 7/# - (= @y)
7 = lyl?

+

VO — (= ) ()2 — Aar? — 1y 13)
) |
(8.2.6)

Proof. By passing to a subnet, we assume that dr(e,u,) — 0o. We make use of the
approach of Lemmens in his proof of Theorem 3.2 in [42]. To that end let us define, for
each «, ry = elr(eue) o = y~1 and 4, =

o )

spectral decomposition (Theorem [2.9.12)), for each « there exists a primitive idempotent

%o o = 7= As V has rank 2 and admits a

ro’

Po €V, and eigenvalues Ay, tlo € R such that u, = Aapa + fta(e — pa). As uy € V7, we
know that A,, fta > 0. Thus we know, for all «, that v, = A\J'pa + ug'(e — ps). The

spectral calculus means that
dr(e, uqa) = | log ualle = [|1og valle,

so we know 1, < e and 0, < €. As ||uy|le = max{ A, pia}, |Valle = max{\;!, u '}, we can
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thus write:

Uy = 5\ozpoc + ﬂa(e - pa)a and U = j\apa + ﬁa(e - pa)a

where A, fias Aas fia € (0,1] and max{Aq, flata, fia} = 1.

Now, for any w € V7, we can utilise the properties of the gauge function M (Lemma [2.7.8)

to calculate

h, (w) = max{log M (us/w),log M (w/us)} —logr,
= max{log M (uq/w),log M(u_ ' /w™)} —logr,
= max{log (r;lM(ua/w)) , log (TglM(u;I/Ufl))}

= max{log M (iio/w),log M (t4/w™")}. (8.2.7)

We now need to consider two cases: either (1, ) has subnet (4) such that (pg) converges
in the JB-algebra norm to some p < e, or there is no such subnet. Suppose the former,
that there exists some subnet (u3) and a p < e with |psg — p|le = 0. We can choose
the subnet so that 1 is obtained by the same eigenvalue among 5\5, fig, A, fig for all 3.
As pg = (%,xﬁ), where ||zl = % for all 3, it is clear that p must also be a primitive

idempotent. We can, by choosing further subnets if necessary and relabelling (see Lemma

, find S\,ﬂ, A ji € [0,1], with max{jx, fi, \, i} = 1, such that
5\5 — 5\, fig — i, 5\/3 — 5\, and fig — [i. (8.2.8)

It is simple to see that if a limiting eigenvalue equals 1, its hat or bar twin must equal 0
(i.e. if A =1then \ = 0), so we also know min{S\, fi, A\, i} = 0. The triangle inequality thus
means that iz — u = Ap+fi(e—p) and 95 — v = Ap+Ji(e—p) in the JB-algebra norm, and
max{||v]e, ||ul]le} = 1. As the Jordan product is continuous with respect to the JB-algebra

norm, and ug e g = 7“526 — 0, we must then have uev =0. Asuev = 5\5\]9 + ap(e — p),
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this means that A\ = —fiit. However, we know that one of the four eigenvalues is 0, from
which we deduce that min{\,A\} = 0 = min{/i, i}. As the map M: V x V2 — R is norm
continuous [44, Lemma 2.2], in conjunction with the above implies that, for any
weVy,

lién hu, (w) = max{log M (u/w),log M (v/w™")} = B (w).

Let us now consider the case where (p,) has no norm convergent subnet. We know

that, for each 3, ps = (3, z3), where ||z4|l% = 3. The Banach-Alaoglu Theorem means
that there must exist a © € H with [|z|] < 1/2, and a subnet (z5), such that xz converges
weakly to = in H. Now, if |||y = 3, then ||z — z4||5, = 1/4 — 2 (z,z3) — 1/4 — 0, which
contradicts our assumption on (p,) having no norm convergent subnets. As above we can
choose further subnets and relabel such that holds. Using the same notation as

above we can thus write, for all 3,

R 5\ + 1 . . R A\ + U < _
uﬁ:< BQ B7<)‘ﬁ_ﬂﬂ>xﬁ>a andvﬁZ( 52 BaO‘ﬁ_NB)xﬁ)-

Furthermore, for any w € V7, we have the spectral decomposition w = (ﬂ;r—g, (n —&)2)

for some 1, > 0 and z € H with |z]|y = 1/2, from which we deduce that w™' =

1

(%, (n7! — ¢71)2). For convenience we will write w = (v,y) and w™! = (v,%/)
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Combining this with (8.2.2)) and (8.2.7)), we thus see for any w = (7,y) € V; and any 3

o, (w) = max{log M (ti, /w),log M (9/w ™)}

= max { log M ((W (s — ﬂﬁ)%) /(%y)> ,
log M ((AB;%, (As —ﬁﬁ)xﬁ) /(v’,y’)) }

Ng+i 2 .
_ | VRIS (Mg — fig) (x5, Y)
I 2=yl

us

+

72— lyll3,
Setis o o

| (7’—‘3;% — (As — [g) (z3,9)

og

VO = Gy = ) (5,0 — Asiin(r? — 9120 )

72 =1yl

L VO = O = i) ()2 = D0 ~ 1) ) }

72 =yl

Thus,

M (N _ g
lim A, (w) = max ¢ log 7 ,u2) ()
o 7% = llyll3,

_|_

VOS2 = (= 1) (@, 90)? = Aa(r? = [19l12)
72— |lyll3 ’
log YA — (X — ) (z,y)
R

_|_

VO — (= ) (a,y))? — Aa — [y 3)
7 Iy

= RN (), (8.2.9)

where A, i, A, i € [0,1], and max{\, /i, \,i} = 1. To conclude, note that |tg ® Vg]le =
7752 — 0, but also that, for every 3, ||is ® 05 = max{\s)s, figiis}, so indeed min{\, A\} =
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min{/, i} = 0. It is a simple exercise to check, using (8.2.1]), that hL100 = K& and

hOOLL = p0¢ for all x € H, which is why we also exclude these possibilities in our definition

of (B2:0) =

Theorem 8.2.4. A function h € V_ﬁh is a horofunction of (V7,dr) if and only if h is of

the form Z3), €23, or 20

Proof. Let h € 8V_jh. There thus exists a net (x,) € V7 with hy, — h in the topology of
pointwise convergence. Now, (d(e, z,)) is a net contained in the compact space [0, 0], so
there must exist a subnet (x3) and a k € [0, 00| such that d(e,z3) — k. If k € R, Lemma
means that h = M€ for ||z]| < ¢ < A\. If kK = oo, then Lemma means that

either h = h%", or h = h) A,

Now consider an arbitrary u,v € V, such that max{||u|,|[v|.} = 1 and v ev = 0.
Let us assume that both u and v are non-zero. Lemma 2.9.14] means that there exists a
primitive idempotent p, and eigenvalues A, u > 0 with max{\, u} = 1, such that u = Ap and
v = pu(e—p). Now let us define x = log(\)p—log(u)(e—p) and y = p—(e—p). Define y(t) =
ty+x,and p: Ry — Vby ¢(t) = exp(y(t)). Now, [[ty+=|c = max{[t-+log(A)], [t-+log(p)},
but max{log(\),log(u)} = 0, so for all £ > — min{log(\), log(u)},

dr(e,¢(t)) = [[log(e(®))lle = Ity + ]l = t.

Thus, just as we did for (8.2.7]), we can calculate, for any w € V; and ¢ > — min{log()\), log(x)},
Bty (1) = max {log M(e~o(8) /), log M(e~o(8) /™) }

We know, thanks to the spectral calculus, that ¢(t)~! = exp(—ty — x) for all £ > 0, so

lim e “p(t) = lim e™* (Xe'p+ e (e — p)) = Ap = u,
t—o00

t—o00
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and

lim e fp(t)! = lim e ()Fle’tp + pet(e — p)) = ple —p) = v.

t—o0 t—00

Thus, due to the order-norm continuity of M,
lim Ay (w) = max {log M (u/w),log M(v/w™")} = h*"(w).
t—ro0

As ¢ is an unbounded geodesic (Lemma [8.2.1]), the above means that h*" is a Busemann
point and horofunction (Corollary [3.2.4)). If one of u or v is zero, we can slightly modify
the same argument. Suppose without loss of generality that v = 0. We thus know that
u = p+ Ae —p) for some A € [0,1]. Define ¢: R, — V2 by o(t) = exp(tp + tA(e — p)).
The same argument as above thus show that ¢ is a geodesic and hy) — h*?. Thus, every

h*Y with u,v € V,, max{||ull, ||v||e} =1 and v e v = 0 is a Busemann point.

Now let us assume that we are given some hi’ﬂ”_\’ﬁ as in (8.2.6). As H is an infinite
dimensional Hilbert space, we know there exists an orthonormal sequence (e,) C H, such

that e, — 0. We now define, for all n € N,

(. en) + \{ en) — Al + 1
Cp = 5 , and x, =24 cue,.

As ¢, = /1 — ||lz||%, we see that z,, converges weakly to x, and we can also calculate that
|y|ls = 5 for all n € N. Thus, each p, = (3, x,) is a primitive idempotent in V. We now
need to consider cases: first let us assume that ;\, it > 0, meaning that A = i = 0. Define,
for each n € N, u, = nAp, +nji(e — p,), meaning u,* = (n\)"p, + (njt) (e — p,). Let us
define r,, = e¥r(&¥n) g0 because max{j\, f} =1, r, = n for n large enough. Thus, following
a similar approach as in the proof of Lemma we see, for any w = (v,y) € V¢, and
large n,

Ry, (w) = max{log M (n 'u, /w),log M (n tu, ' /w™)}.
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AMp

5 (A= fi)x,), and n~'u;' — 0 in the order unit norm, we

Now if we note that n~tu,, = (
can use the above to show that lim, . he, (w) = A#9(w) using Claassens’ representation
, following the same approach as in the latter part of the proof of Lemma .
It is simple to adjust this argument if one of A and it is 0. If instead ;\,ﬂ > 0, by
choosing v, = (nj_l)\pn + (nfi) (e — pn) we can replicate the same argument to show
that 1im,, e iy, (w) = KO (w) for all w € V2. Now let us assume that max{\, i} > 0
and max{\, i} > 0. As we know hat and bar ”conjugates” cannot both be non-zero, so we
can assume without loss of generality that A > 0 and it > 0. Let us now define, for each
n €N, u, = nAp, + (nji) (e — p,), meaning u;* = (nA)"'p, + nji(e — p,) and because
max{j\, fi} = 1 we have edr(¢un) = n for large n. Thus, once again following a similar

approach as in the proof of Lemma we see, for any w = (7,y) € V7, and large n,
Ry, (w) = max{log M (n ‘u, /w),log M (n tu, ' /w™)},

but also,

A\ —2--1 —2)\-1 4 5 R
nilun = (M—Mu ()‘ - n2la1)$n> ) and nilurzl - (%7 <n72)\71 - ﬂ)xn) .

Using this we can once again use (8.2.1)) and follow the same argument as in the latter part
of the proof of Lemma to show that 1im,, s hy, (w) = K300 (w) for all w € V2. The
case where A > 0 and i > 0 follows in the same way. We can thus conclude that every

function AN as in (8.2.6)) is an element of V.

To prove that each hi’ﬂ’;\’ﬂ € 8V_ﬁh we thus just need to show that it isn’t an internal
metric functional. We need to consider two cases. Either \i = 0 = \ji, or max{;\ﬂ, M}y >
0. Let us first consider some fixed hi’[";\’ﬂ as in (8.2.6), where A\t = 0 = Az For any

w=(v,y) € V¢ with v’ = (7/,y'), we have
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PAEAE() — ma { los (7@ + i) = 20— ) <x’y>>,1og (m + ) =20~ ) <x,y'>> }

72— |lyll, 72—y

Combining this with Lemma [2.9.15| leads to

P ) = s § o | TATIZEAZIEID ) 1o (554 gy 4 20— ) () | -
72 = Nyl
(8.2.10)

Due to symmetry we may as well assume without loss of generality that A =1. By way of

contradiction, let us assume that hi’f";\”l = h,,. for (n,z) € V7. However, we know from

(8.2.1) that
1
hy-(n,2) = —max {log (—) ,log(n + HZ”H)} :
n— |zl

but from (8.2.10]),

S -2
3, = g 1262
n°— ||Z||H

) g (21 0. ) |

As ||z||3 < 3, the Cauchy-Schwarz inequality thus gives

PR 2) > max {log ( ) log(n — [12ll) + 1og/z} |

1+ [l2ll

meaning that, to avoid an immediate contradiction, we require g < 1, and m >

n =+ ||2||». For any, (v,0) € V2, we can also calculate, using (8.2.1)) and (8.2.10]), that
S 1 _ 1
hyHH(,0) = max < log | — | ,log(fy) ¢, and hy .(7,0) = max {log ( — | ,log(vy) ¢ -
Y Y

As we have already shown that g < 1 the above means that for v > /0> —||z]|3,, we

have hi’ﬂ’x’ﬂ(’y,()) # hy,.(7,0), a contradiction. We can thus conclude that, whenever

~

Mi = 0 = A\, the function }zi:’f";\”1 as in (8.2.6) is a horofunction. Now let us consider
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the case when max{j\,&, Mi} > 0. Once again, by symmetry, we may as well assume that

At > 0, which means that A = i = 0. Thus, for any (7,0) € V¢, we have,

5\4‘}1 1 A2 N ~9 N

o 2B 4 )2 ( N2 =20+ [1?) A
R () = log 2 \/4 = log ,
Y

meaning that h;\’ﬂ”_\’ﬂ is not bounded below, meaning it must be a horofunction.

. . . . . . —ch
Unlike the finite dimensional case, we have non-Busemann points in OV

Theorem 8.2.5. A function h € 8V_+° 1s a Busemann point if and only if h = h™" as in
(18.2.5)).

Proof. We prove in the first part of the proof of Theorem that each A™" is a Busemann
point. What is left is to show that these are the only Busemann points. We first show that
no kMM as in (8.2.0)) is a Busemann point. First let us consider some fixed hM 2 where
A= 0 = i, and max{\, i}, max{}, i} > 0. Without loss of generality we may as well
assume that A = 1. Combining with the Cauchy-Schwarz inequality, and the fact

that ||z|% < 5 means that there exists a 6 € [0,1), so that, for any (\,y) € V7

1

BYPAM(y, y) > max { log | ————
v+ lyllw

) ,log(j1) + log(y — 5”9”7{)}

> max { log %) ,log(f1) + log(v(1 — 5))}

o
2/20i(1 = 0)

1
> max { log )Jog(u) — 5 log(27) +log(v1l — 5)},
where the last inequality comes from noting that log(%) is monotone decreasing in -~
whereas log(fi) + log(v(1 — ¢)) is monotone increasing in v, and they are equal when
v = (27i(1 — 8))~Y/2. Therefore kM=  is bounded below, so cannot be a Busemann point

(Corollary|[3.2.4). Let us now consider the case A\ = 0 = fi. Assume, by way of contradiction,
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that hi\,p,o,o is a Busemann point. There thus exists an almost geodesic (u,) € V7, where
U = (78, Ys), with associated internal metric functionals converging to h;}’ﬂ’ovo. Following
the proof of Lemma [8.2.3, we know that we can use the spectral decomposition to write
Ua = AaPa + pa(€ — po) for primitive idempotents p,. Following that proof, if we define
Fo = edr(@ua) X = I\ G =1 e, Aa = 72 ASY, and fig = 7 ps?t, there must exist a
subnet, say u,, such that p, converges weakly to some z € H with ||z||z < %, and there
must exist X, i/, N, @’ € [0,1] such that

~ ~

Av = N, fir = () A = XN, and Jig — 1.

NV —h . NIV
Furthermore, we must have h,_, — h}#*"#_ However, Vi is Hausdorff, so h} #*F =
hA00 meaning A = A and i = fi’. As the subnet of an almost geodesic net is an almost-
geodesic net, we might as well relabel (uy) and consider it as (u,). By Lemma for

any € > 0 there exists a 7, so that for all & > n

hi,ﬂ,o,owa) + dp(ua, ) < c. (8.2.11)

Now, for any «,

. M § g
h;‘nu'vovo (ua) — log ’Ya 2 5 ( II"L)2 <I‘, ya>
V2 — lvall3

VO — (= 1) (@,90)? = M2 — all2)
2~ Tvaly |

so, setting & = ||lz]jp < 1/2, and A = min{\, i} < 1, we can use the Cauchy-Schwarz
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inequality to calculate

. 1HA _ 6(1-A)
PO (uy) > log | 1222 Vil
2 = Tyall%
V52 = 8 yal)? — A2 ~ lyal)
= el ’
(1—A _
g 205 = M+ a5t = H2 vl |
72— Tval

Thus, for all «,

1+A 0(1-4) 1-A 1+A
B9 ) 4 (e, ) > log Va5 = T el + 10152 = 52 1yl
v - Yo = 1Yalln

ot Yo — ”ya”H

i(1-A -
(,51 a2 = 228 e + 152 = 152yl )
log ’
(8.2.12)

_ A\ {0 — j\a_Aa -
However, we know, for all a, that r; 'y, = e — A and 1|y, ||y = Bogfel - 128,

As inequality (8.2.12)) is true for all «, it thus follows that, if A > 0, then for every ¢ > 0,

there exists a 7, so that for all a > 7,

(1—6)(1+ A2) + 2A(1 + 6)
2A

hi\,ﬂ,0,0(ua) + dT(ea ua) Z — g,

but this contradicts (8.2.11)), as for all § € [0,1/2) and A € (0, 1),

(1—10)(1+ A?) +2A(1+4)
SA > 1

If A = 0, taking the limit in (8.2.12)) shows that h;\’ﬂ’o’o(ua) + dr(e,uy) — 00, again a

contradiction. ]

Proposition 8.2.6. Let h = h** and h' = h**' be two Busemann points as in (8.2.5)), with
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data having corresponding spectral decompositions u = ) . ; e Nip; and v = ZjEJ e Np;.
Denote p; = .., pi andpy = ZjEJpJ Then, h and h' are in the same part of the boundary

if and only if u ~u' and v ~ v'. Furthermore, if h and h' are in the same part, then
5(h7 h/) = dH((u7 U)? (u/7 Ul))?

where g is the Hilbert metric on the product cone Uy, (V)@ U,,(Vy). If either u or v is 0,
then we drop the corresponding term in the direct sum, and the Hilbert metric just reduces

to the Hilbert metric on the face of the cone containing the remaining element.

Proof. We closely follow the proof of Lemmens in [42, Theorem 3.4]. Let us first assume that
u,v # 0. As in the proof of Theorem we know there exists a primitive idempotent p,
and eigenvalues A, u > 0 with max{\, u} = 1, such that « = Ap and v = p(e —p). Similarly
we define z = log(A\)p — log(p)(e — p) and y = p — (e — p). Define ~(t) = ty + =, and
p: Ry = V by ¢(t) = exp(v(?)). Now, [ty + x| = max{[t + log()\)|, [t + log(x)[}, but
max{log(A),log(u)} = 0, so for all t > —min{log(A),log(u)}, dr(e, ¢(t)) = t. In Theorem
8.2.4] we prove that ¢ is an almost geodesic such that lim;_,o by = h*Y. We thus know

from [69] that

H(h ) = lim dr(e. (1) + ' (o(0)
= Jim ¢+ max{log M(u' /(1) log M (/o (t) )}

= lim max{log M (u'/e™"(t)), log M(v'/e " p(t) ")}

Now, we know from the proof of Theorem that e 'p(t) — u and e 'p(t)™t — v in

the JB algebra norm. Furthermore, for any ¢ > s,
ep(t) =+ pTle (e —p) S Ap+pTle (e —p) = ep(s),
and similarly e ()™ < e p(s)7!, thus Lemma means that H(h, ') < oo if and
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only if u dominates v’ and v dominates v’, in which case H(h, h') = max{log M (v’ /u),log M (v'/v)}.
A symmetrical argument shows that h and A’ are in the same part if and only if u ~ o/

and v ~ v’ in which case, by Corollary

§(h,h') = max{log M (u'/u),log M (v'/v)} + max{log M (u/u'),log M (v/v")}
= dg((u,v), (u',v)).
Now let us assume, without loss of generality, that v = 0. Once again as in the proof
of Theorem we then know that u = p+ A(e — p) for some primitive idempotent p and

A € [0,1]. If we define p(t) = exp(tp + tlog(A)(e — p)), following the same proof, we know

that ¢ is an almost-geodesic such that lim;_,o hy) = h*?. Thus,

H(h, 1Y) = lim dr(e, p(t)) + 1 (¢(1))

— tlggo t +max{log M (u'/p(t),log M (V' /o(t) ™)}

= t1i>123 max{log M (v /e p(t)),log M (v' /e 'p(t) ™)},

but we know that e to(t)™" — 0, e *p(t) — u and for all t > s,

e'o(t) =p+ Ae—p) = e *p(s),

and

eo(t) T =eFp+e M Ae—p) <eCp(s)

Lemma thus means that H(h,h') can only be finite if u dominates ' and v' = 0,
and symmetry means that H(h', h) can only be finite if v’ dominates u and v = 0. Thus,

d(h,h') is finite if and only if u ~ «’ and v = v' = 0. As above, we thus have

d(h,h') =log M (u'/u) + log M (u/u').
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O

To make the proofs in the next section more readable, it makes sense at this point to

introduce the following corollary:

Corollary 8.2.7. The non-Busemann elements of 8V_ﬁh can be divided further, and consist

entirely of functions of the following two forms:

h= e, where w € 0,1), € {~1,1}, alln < 1/2,
and, for w = (v,y) € Vi, withw™" = (v,y)
14p
15— (L= p) ()
hg,l(w) - IOg : 2 2
72 = llyll

Jw%ﬁaumamvuw2w%>>
+ , and

7 Tl
VB4 (1= p) (2,y)
7 =Ty
JOEE T (= ) (o)) — i — 1)
72 Tyl e

hg,—l(w) = log (

_|_

h = h)*", where A\, p € (0,1], max{\, u} =1, ||z|x < 1/2,

T
and, for w = (v,y) € V3, with w™" = (v',y)

A (w) = max { log (w ) , log (7’,& 20, y) > } (8.2.14)

2 — [lyll3, 72— ly'13,

Proof. 1t is clear from their definition that all functions of the form (8.2.13) and (|8.2.14])
are also functions of the form (8.2.6), so are therefore non-Busemann horofunctions by
Theorems 8.2.4] and [8.2.5] Conversely, by examining (8.2.6)), we see that, for any i € [0, 1)

and z € 1By, hLA00 = R0 and similarly RO05# = p%%! for all fi € [0,1) and z € 1By,
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Thus all horofunctions in the class (8.2.6) of the form M- and h%O0A7 are of the form
¥ as in (8.2.13) (remembering that in these cases max{\, i} = 1 and max{\, i} = 1).

Similarly we see, for all A, i € (0,1] with max{\, i} =1, and all z € B3, that pAO0 —
ho,’i"ﬁ ¥ which allows us to conclude that all horofunctions in the class (8.2.6) of the form
pAO0 and hOMEO are actually of the form hM* as in (8.2.14). This shows that all non-

Busemann horofunctions of the form (8.2.6) are actually of the form (8.2.13)) or ({8.2.14)),

proving the corollary. O]

Finally, it is useful to know that our characterisation of non-Busemann horofunctions

uniquely partitions the set 8V_fh\8BV_fh:

Proposition 8.2.8. Ifh,h' € (9V_fh are two non-Busemann points with h = h', then either

both h and h' are of the form (8.2.3), or both are of the form (8.2.13)), or both are of the
form (8.2.14)).

Proof. First assume that h = M€ as in (8.2.3)). It is clear that k' cannot be of the form
(8.2.13), as A% . is unbounded below, whereas hM®¢ is bounded below. So, assume by way

of contradiction that h' = hi:’” as in (8.2.14)). Using Lemma [2.9.15 we can write, for any
w=(7,y) €V,

h;‘:’“(w) = max { log <7X mEARGAY) ), log (mu +2u (2’ y) > } (8.2.15)

v =l

By assumption, h**¢((v,0)) = h;\:’“((% 0)) for any v > 0, so, if we define

r = max {log(/\ +¢),log (%) } )
—c

evaluating (8.2.3) and (8.2.15)) at (,0) means that

max {log (i__l) log (6_@7—“)) } — max {log (%) ,log(;w)} .

244




8.2. INFINITE DIMENSIONAL SPIN FACTOR WITH THE THOMPSON METRIC
ON THE POSITIVE CONE

As this is true for all 7, it means that

et and e’ (A +¢) =N

1
N_c2-

Let us suppose without loss of generality that \' = 1. Then r = log(A + ¢), and p =
As u <1, A\ —c? > 1. As H is infinite dimensional we can choose y = oz, where z # 0 is

perpendicular to both x and 2’ in ‘H, and @ > 0. Then, for w = (v, az),

N, . Y Y
hy“(ﬂ)) =S max{log (W >,10g (m >},

by 2 )\2_ 2 22
PE() = max {10g< 7+ VIo[R 0 = &) + )

(A+)(y* = llazl7)

log (m + VI [B 2 = &) + 2 ) }

whereas

A+ (A2 — )

Thus, if we choose v and « such that 4% — ||az||* > 2(A\? — ¢?), and fix 7, it is clear that
h*®<(~, az) varies with small perturbations of o, whereas hi‘:’“ (v, @z) does not, meaning

that h e 2 BXH.

Now suppose that h = h)* as in (8.2.14]). Cauchy-Schwarz and the fact that ||z |y < 1/2
means that, by setting § = 2|zl < 1, for any (v,y) € V7,

TA=2X (@,y) A
————— > —, and yu + 2u (z,y) > p(l —9)y.
Tl vzt =0)

As A\, pu, 1 —§ > 0, it thus follows from applying these inequalities to (8.2.15)) that

P
“T 2p(1-9)
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Thus we know that A’ cannot be of the form (8.2.13]), and we have already shown it cannot
be of the form (8.2.3). O

Lemma 8.2.9. The representation of non-Busemann horofunctions of the form (8.2.3)),
(8213), and ([8.2.14) depends uniquely on the data. That is hM*¢ = hN*< if and only if

AN=X,z=2a', and c = ¢, and similary for horofunctions of the form h>* and ht .

Proof. First suppose that hM>¢ = pN#< Utilising a similar strategy as in the proof
of Proposition , we can calculate setting r = max {log(A + ¢),log (=)} and ' =
max {log()\’ + ), log (ﬁ)}, that for all v > 0

—r —r —r! —r () /
max {log (; 7) , log (M)} = max {log ()\e/ 7/) , log (M) } ,
—c vy — C Y

from which we deduce that

= and e "N +¢)=e " (N +¢),

which immediately implies that A\ — ¢* = X? — ¢2. We can now utilise a similar strategy
as the one used in the proof of Lemma [8.2.2] By choosing a unit vector y perpendicular to
both  and 2’ in H, we can examine h»*¢ and h"*¢ acting on points (7, ) for v and «
such that v >> a. If WM%¢ = V% as we assume, this evaluation leads to the conclusion

that the two expressions

M+ /(A2 = ) + 122, and Ny 4+ /(a(A2 — ¢2) + 422

must have the same partial derivatives in some neighbourhood of (v, @) € R% Calculating
the partial derivatives with respect to « of the above expressions shows that ¢ = ¢/, from
which we immediately deduce that A\ = X. If x # 2 it is clear that x = f2’ for some
B € R, else we can choose a 0 # y € H such that y is perpendicular to x but not z’, and see
from that hN™C(y,y) # hM¢(7,y). Tt is similarly simple enough to see that 8 = 1
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by evaluating both horofunctions at (v, x) for any large enough 7. Thus, indeed, A = X,

r=21a,and c=¢.

A much simpler version of the same argument shows that if A} = hi‘:’u’ then A = X,
p =, and v = 2. Applying Lemma2.9.15(to any A}, as in (8.2.13) shows that it cannot

be equal to h‘;,/l for any allowed choice of ;' and #’. Thus if A} . = hg: e =¢’, and using

/
787

a simple version of the argument above it is routine to show that p =y and z =2/. O

8.3 Extending the Exponential map to the Boundary

In [42], Lemmens showed that the exponential map extends as a homeomorphism from the
horofunction compactification of a finite dimensional JB-algebra A onto the horofunction
compactification of the interior of the positive cone of A equipped with the Thompson
metric. In this section we show an analogous result for infinite dimensional spin Factors
and their associated cone of squares, which we recall is the positive cone when considered

as an order unit space with order unit e, the identity.

As above, let (V, ||]|) be an infinite dimensional spin factor equipped with the JB-algebra
norm, which is also the order unit norm || - ||.. We use V_fh to denote the horofunction
compactification of V equipped with the Thompson metric dp. As in [42], let us define an
extended exponential map Exp: v V_j’h. For u € V, we define Exp(u) = exp(u) where
exp is the standard exponential on V', which can be defined using the spectral calculus.

We need to define Exp | o Diecewise. Recall that for a Busemann point h € 8Vh, we

know it is of the form ({8.1.3) by Theorem [8.1.5, We can now define Exp piecewise, where

all horofunctions used in the definition are as in Theorem [8.1.1] Corollary (8.2.3)),
(8.1.3), or (8.2.5)):

Exp(u) = exp(u) for u € V
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Exp(if) = 17, where w= 3 e=py and v = 3,

i€l jeJ
)
h)\l,xl,cl lf h _ h)\ @ hx’c7 where A/ _ ek+c_ge/\—c7cl _ e>\+c;ez\—c7x/ _ ek+c2_cek—cx
e Hh=h®h, ¢ > o]y
Exp(h) =4nl,. ifh=h"@h®, x|y <1
hery . ifh=hy@h?, and A >0, [zl <1
Kyt ifh=hy@ht, and A <0, [Jally < 1.
\
(8.3.1)

If u= (y,2) € V, the spectral calculus in conjunction with Lemma [2.9.13| allow us to

calculate

el gr=lal grtliel _ erlizla
x) (8.3.2)

2 ’ 2|[xl2

i -

It is clear that Exp is well defined on V, as it is the usual exponential. It is also clear that

it is well defined on the non-Busemann horofunctions of Vh, because they are uniquely
defined by their data in Theorem m To prove that Exp is well defined on 5?th, we
borrow [42, Lemma 4.2]:

Lemma 8.3.1. Letz,y € V have spectral decompositionsx =Y., \ip; andy = ZjeJ Hiq;-
If Y ierpi = ZjEJ gj and x =y, then 3-, e p; = ZjeJ e M g;.

Proof. As above, welet pr = >, p; and q; =3, ; ¢;- Now x = 0(e —ps) +3_,c; \ips, and
y=0(e—qs)+>_;cs1;q;- Note that the collections {p;}ierU{e—pr} and {g;};esU{e—ps}

are complete collections of orthogonal idempotents, so, using the assumption = = y,

exp(x) =e—pr+ Y e Mp=e—q+ Y e g =exp(y),
icl jeJ

which gives the result, because by assumption exp(z) = exp(y) and p; = ¢q;. ]

Now let us suppose we are given two representations of the same Busemann point h

in BBVh, say h{;:é and hé:’ﬁ‘],. Theorem |8.1.7| means that p; = ¢ and p; = ¢y, and as
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S(hi? hé:’ﬁ‘],) = 0 it also follows that

p,a?
Z%’pz‘ + Zajpj = Zﬁz‘{h‘ + Z Bi;-

iel jed iel’ jeJ

As p; is perpendicular to py, g is perpendicular to ¢, and p; = g, it follows that

Z aip; = Up, (Z ip; + Z Oéij) = Uy, <Z Bigi + Z @%‘) = Z Big;.-

el el JjEJ iel’ jeJ’ iel’

Similarly, > e, a;p; = > 5 Bj¢;- Lemma 8.3.1) thus means that Exp(h[]) = Exp(hi’ﬁ‘],),

so indeed Exp is well defined.

Lemma 8.3.2. The map Exp: v V_jh is a bijection mapping V' onto V. and V" onto
8V_jh. It also maps 8BVh bijectively onto GBV_ﬁh.

Proof. By the spectral theorem, any u € V can be written as u = A\p + p(e — p), for a
primitive idempotent p, where A and p uniquely determine u. Thus Exp(u) = e*p+et(e—p),
from which we immediately deduce that Exp maps V' bijectively onto V?. For a Busemann
point h € 95V with representation hl»’. Exp(h) = h*", where u = .., e “p; and v =
> jes€ %pj. As mina; = 0, it follows that max{l|ull, [|v]lc} = 1, and as p; and g; are
orthogonal idempotents, u and v are also orthogonal. Theorem [8.2.5| thus implies Exp maps
85V into 8BV_jh. Now suppose that Exp(h) = Exp(h’) for h,h' € (9th, where h = hl"
and i = h! /", We know that Exp(h) = h** and Exp(l) = h*'”', where

U= Z e Y, v= Z e Yp;, u = Z e Pig; and v = Z e"quj.
iel jed il jed’
As §(h™Y, h¥'") = 0, Theorem means that « = «’ and v = v'. Following a similar ar-
gument as in the proof of Lemma8.3.1} > 7, cips = > iy Bigi and 3y aypy = > . 1 Big;

and also that p;y = ¢ and p; = q;». Thus h = A/, and Exp is an injective mapping from
Busemann points to Busemann points. For any h € (9371 there exists u, v € AV, such that

h = h*" as per Theorem [8.2.5, We know that u = A\;p+ p1(e — p) and v = Aog + pz(e — q)
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for idempotents p,q and \; > p; > 0. As uev = 0, Lemma means that either
u= Ap and v = Ag(e — p), or one of u and v is 0. Without loss of generality first assume
that v = 0. If A, pq > 0, then h = Exp(hé}o’?}’@) where o = (—log A1, —log u11). If one of
A1, 1 is O then h = Exp(h({]}z,}’ﬁ) or h = Exp(h({)i}’@) depending on which one is 0. Now, if
both u and v are non-zero, then Lemma [2.9.14| means that ¢ = e — p, and p; =0 = py. In
this case, h = Exp(h)), where I = {1},J = {2}, and o = (—log(\1), —log()z)). We can
thus conclude that indeed Exp maps 8th bijectively onto 8BV_$h.

As the horofunction compactification of any metric space is the disjoint union of internal
metric functionals, Busemann points, and non-Busemann horofunctions, what is left is to

show that Exp maps the non-Busemann horofunctions in V" bijectively onto the non-

Busemann horofunctions in V_fh. Proposition |8.2.8 means that if Exp(h) = Exp(h') for

non-Busemann horofunctions in Vh, then Exp(h) and Exp(h’) have to be of the same form,
by which we mean both Exp(h) and Exp(h’) have to be of one of the three forms (8.2.3)),
(8.2.13), or (8.2.14). Lemma shows that the defining data for Exp(h) and Exp(h')

must be identical, but Exp is uniquely defined by the defining data, so h = h’. It is
a simple matter of data matching to verify that Exp surjectively maps 8Vh\837h onto
VIRV O

We now need to prove that Exp is continuous. We do this by proving that if (h,) is
a net in V" converging to some h € V_ﬁh, then Exp(h,) converges to Exp(h). If (hy) is
a net of internal metric functionals, the continuity of exp immediately implies this. The
other cases take more work to prove, so we break up the proof into a series of propositions

and lemmas. The structure of the proof of each of Lemmas [8.3.4] [8.3.5] [8.3.6] [3.3.8] [8.3.9}
|8.3.10|, and |8.3.12| proved below is similar. We consider a net (h,) C Vh, and show that

every subnet of (h,) has a further subnet, say (hg) such that Exp(hg) converges to Exp(h).
This is equivalent to showing that every subnet of Exp(h,) has a further subnet converging

to Exp(h), which shows that Exp(h,) — Exp(h).
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Proposition 8.3.3. If (h,,) C V" is a net of internal metric functionals converging to

some h € 8Vh, then Exp(hy,, ) converges to Exp(h) in 8V_ﬁh.

Proof. The proof of Proposition [8.3.3]is given by combining Lemmas|8.3.4, [8.3.5] and [8.3.6)

proved below. O

Lemma 8.3.4. If (u,) CV is an eventually bounded net such that h,, converges to some

h e aV’"‘, then Exp(hy, ) converges to Exp(h) in 8V_ﬁh.

Proof. Assume (uy) = ((Va, Ya)) is bounded in the JB-algebra norm, so (7,) is bounded in
R and (y,) is bounded in H. Lemma 4.1 in [27] thus means that h = hy @ h*¢ for A € R
and ||z|| < ¢. Let us assume without loss of generality that y, # 0 for large enough a. For

each a, we have the spectral decomposition

U = (na—i_ﬂa na_,uay)
2 " 2yalln )

where 7, > o and both depend uniquely on u,. As (u,) is bounded in the JB-algebra
norm, both (7,) and (p,) must also be bounded. In combination with Banach Alaoglu

there must then exist a subnet (ug), n,pu € R, y € H, and ¢ > ||y|| such that nz — 7,

Mg = [y (;Iﬁy;ﬁi) ys — y, and A2 — ¢ Furthermore we know that y = 5z, where z is
the weak limit of ”;;‘T‘H. The proof of Lemma 4.1 in [27] means that h,, — B2 © ¥

Uniqueness of limits in a Hausdorff space in combination with Lemma thus means

that A = THT“, x =1y, and ¢ = . Now,

e’ 4 ets s — ehs
P =TT gl

el4et el—et

SRR z). We now note that, using the relationships we

which converges weakly to (

have established, we can calculate that

n=A+c, and pu =\ —c,
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Thus we can conclude that

W [N ere e _ ghe
exp(ug) — ( 5 , 5 :E)

The proof of Lemma then shows that Exp(h,,) converges to pN#'¢ = Exp(h), with

N, 2, and ¢ as in definition . As every subnet of an eventually bounded net contains

a bounded subnet, this argument actually shows that any subnet of (u,) must have a

further subnet (ug), such that Exp(h,,) converges to h""*¢ = Exp(h) in 8V_Jﬁh, so indeed

Exp(h,) — Exp(h). O

Lemma 8.3.5. If (u,) C V is an unbounded net such that h,, converges to some non-

Busemann h € 8Vh, then Exp(hy,) converges to Exp(h) in 8V_fh.

Proof. As h is not a Busemann point, (u,) is not an almost-geodesic. Once again, we

spectrally decompose each u, to write

U = (na—i_ﬂa na_ﬂay)
* 2 7 2llyalln "

We initially consider the case when (7,) is bounded in R. (y,) must then be unbounded
in ‘H. The proof of Theorem implies then that there exists a subnet (ug) such that

h,, converges to hy @ h*, for ||z|l < 1 and A € R. Thus h = hy @ h*. Similarly to the

ug
proof of the above lemma, there must exist a subnet (ug) and a X' € R and y € H such
that WT“B — N and ys/|lys||ln converges weakly to y. The proof of [27, Lemma 4.3] and
uniqueness of limits means that A = X\’ and = y. Furthermore, we must have that 7z and
Z—Z = —1 (else either (ug) would be bounded or (A3) would be
unbounded). As 1z > ug for all § this means that 7 — oo and uz — —oo. This argument

tp are unbounded, and limg

shows that any subnet has a similarly convergent subnet, so we must have yo/||valln — 2,

% — A, and lim,, Z—‘” = —1. Using spectral decomposition, we can write
Expu, = e"p, + et (e — p,), and
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(Expua) ™ = e po + 7" (e — pa)

where p, = (3, mya) If A > 0, then for large enough «a, 74 > |ua], and if A < 0 then

Nay < |tha|- Keeping this in mind, if we then follow the proof of Lemma in combina-

e

tion with the proof of Corollary 8.2.7, we see that hgyp, converges to hi/; 229 A >0 and
he A if X < 0, so indeed lim, Exp(ha) = Exp(h).

If (74) is unbounded but (y,) is bounded, the proof of Theorem then implies that

h = h® @& h™°. For each a@ we again have the spectral decomposition

Uq = NoPo + :ua(e - pa)a

where p, = (1 ﬁya), and 7, > u,. We can combine the arguments in the two para-

27 2[[y

graphs above to see that WT““ — +00, where the sign is determined by ¢, and y, — z

and ||ya|l» = 2*5%* — ¢, which means that, for large enough o, 1, and p, must have the

same sign, and ||7,] — |ta|| < K for some K > 0. Thus, the proof of Lemma in com-

—2c

bination with the proof of Corollary 8.2.7|shows that indeed Exp(hu,) = hS . . = Exp(h).

Finally, suppose that both (v,) and (y,) are unbounded. The proof of Theorem m
implies then that there exists a subnet (ug) such that h,, converges to h*@h”, for ||z|ly < 1
and ¢ € {—1,1}. Thus h = h® ® h*. As above, for each a we can choose the spectral
representation

Ug = NaPa + ta(€ — Pa),

where p, = (%, mya), and 7, > u,. We can combine the arguments above to see that

leflle 5 +00, where the sign is determined by e, and x,/||z,|[% converges weakly to .

As % = ||yallg — o0, and

Expu, = e"p, + et (e — p,), and
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we must either have, for large enough «, that || log(Exp(ua))|le = 7o and —ng £+ pto —
—o0 if € = 1, and || log(Exp(ua))|le = —pa and po £ 1, — —o0 if € = —1. Thus the
proof of Lemma [8.2.3] in combination with the proof of Corollary shows that indeed
Exp(hy,) — h°,, . = Exp(h). O

z/2,e

Lemma 8.3.6. If (u,) C V is an unbounded net such that h.,, converges to some Busemann

h e aBVh, then Exp(h,,) converges to Exp(h) in 0V_fh.

Proof. As h is a Busemann point, it must be of the form hé:i by Theorem . We can

utilise the proof of [42], Lemma 4.4] with some tweaking. For each a, if uy, = (Ao, Ya), We

once again choose the spectral representation

Uq = NoPo + :ua(e - pa)a

where p, = (3 ﬁya), and 7, > uo. As h is not bounded below by Corollary |3.2.4]

27 2[[y

(o) must be unbounded. If (y,) is bounded in #, then there must exist a subnet (yz)
and a ¢ > 0 and € H such that ||ys||x — c and y3 — z. If ||| < ¢, the proof
of Theorem [8.1.1| shows that h = h® & h™°, which is not a Busemann point by Theorem
8.1.3 a contradiction. Thus, if (y,) is bounded and does not converge to 0 in norm, there
must exist a subnet (ug) and y € H such that, if y # 0, the net pg = myﬂ converges
weakly to my, which is a primitive idempotent, say p/, and as in the proof of Lemma
, this means that pg must actually converge in norm to p'. If y, — 0 we immediately
see that h,, — h® @ ho, and 1z — pug — 0. Now if (y,) is unbounded, there must exist
a subnet (ug), and an x € H, such that yg/||ys|l converges weakly to x. The proof of
Theorem thus means that h = h® @ h® or h = hy ® h*. If ||z|| < 1, Theorem
8.1.3] means that A cannot be a Busemann point. Therefore once again there must exist
a subnet such that (pg) converges in norm to a primitive idempotent p’ = (1/2,x). Thus,
if (yo) does not converge to 0, there exists a subnet (ug) such that ps — p' = (1/2,2)
for a primitive idempotent p’. The proof of Theorem m thus shows that h,, must

converge to one of either h® @ hy, for some a € R, or hy @ h*®, or h* @ h**. The proof of
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Theorem thus shows that p = p/, and the statement of the same theorem along with
its proof means that there must exist I',J" C {1,2} satisfying I'nNJ =0, ' UU" # 0,
and a o/ € R with mina/ = 0, so that limgh,, = h!'7;. Furthermore the proof of
Theorem combined with Lemma shows that o = limg ||ug|le — pg, if i € I',
and o) = limg |Jug||. + 1z if ¢ € J'. Now, following the proof of Lemma there must
exist a further subnet (ug), and «’,v" € IV, v’ = Ap + fi(e — p) and o' = Ap + fi(e — p)
with max{||u/|, |v'[c} = 1 and v v = 0, such that Exp(h,,) — h***". We also know
from definition that Exp(h) = h*", where u =} ;.;e”p; and v =} . ;e %p;. If
Yo — 0, then h,,, — h®® hy, so the proof of Lemma [8.2.3|shows that (Exp(h,)) converges
to either h*Y or h%¢ depending on the sign of €, and the proof of Theorem shows
that h® @ hy = h}{)}(ﬁ},@ or h* @ hy = hg:({)m} depending on the sign of e. We are now in the
position where the proof of Lemma 4.4 in [42] applies directly, as we have avoided the need

to rely on finite dimensionality with the above paragraph. O]

Proposition 8.3.7. If (h,) C V" is a net converging to some h € 3Vh, then Exp(hg)

converges to Exp(h) in aV_jh.

Proof. Via Theorem we know that we can write h = h® @ h*, where h® ¢ Rh,
M e ﬂh, and at least one of A® or A" is a horofunction. Similarly we can decompose
each h, = h% & h. Lemma in conjunction with the uniqueness of limits means that
h® — h® and K — h’. Using this fact we consider the various cases in Lemmas ,
18.3.9, 18.3.10, and [8.3.12 below, which taken together prove the proposition. O

Lemma 8.3.8. If (h,) C V" is a net converging to some hy & h™° € 8Vh, where h™° is
as in (8.1.2), then Exp(hy) converges to Exp(h) in 8V_jh.

Proof. As h®(e2\) = —2) for € € {—1,1} we must have, for every tail, that hX = h,_ for
all a large enough, where A\, — A. We also claim that if x # 0, then there cannot exist
any subnets (hg‘) so that h}f = h*8 for all B in a cofinal set. Indeed, suppose that such a
subnet does exist. It is simple to calculate, if x # 0 that h"¢(2z) = 0, and h™¢(—2x) > 0.

This means that limg —2 (x, xg) = 0 and limg 2 (x, xg) > 0, a clear impossibility. If z =0 a
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similar sign argument evaluating at any y, —y € cBy shows the same impossibility. Thus,
every subnet of (h,) must have a further subnet such that hg = h*#%. We claim that (cp)
must be bounded. Indeed, suppose by way of contradiction that it is unbounded. For any

y € H the Cauchy-Schwarz inequality means that, for any j,

\/c% —2llyllullzslln + Iyl — cs < A (y) < \/c% + 2l[yllsllzslla + lyl3 — cs-

As ||zglln < s, we can set tg = ||z|l2/cs, and choose a further subnet such that t5 — ¢ €

[0, 1], and rewrite the above inequality to read

. 1 25|y || N lyll3, 1) < heses(y) < e " 2ty |l N lyll3, ]
b s c% - =8 s 025 '

Recall the Taylor expansion of v/1 + a for small a, v/1+a =1+ a/2 + O(a?). Tt is clear

2t 2 . . . .
that % + %ﬂ — 0, so we can use this expansion in the above inequality and calculate,
B

for large 3, that

t 3 1 t 5 1
o (tste Wl (1N & panengy) <, (ol Dol (1Y)
cg 2c5 s cg 2c5 s

Thus, for large £,

ol + W 6o (LY < pees () < gl + 2R Lo (L (3.3.3)
2¢p cg) - 2¢ cg)’

and because h™° # 0, this can only be true if ¢ > 0. Thus t~! € [1,00) is well defined.
Furthermore, Banach-Alaoglu means we can pick a further subnet and a z € H such that

zg = wg/||xs| converges weakly to z. Now, we can use a similar approach as above to
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write, for all y € H and large enough /3,

pe - 2 (y, z3) [l
heo< (y) = t5 gl | /1 — g 4 e — 1
tallzslln  t57llwsll3,

= —tﬂ (y, 25> + tﬁHyHg{ + O ( 1 ) , (834)
2||zalln [E|EN

meaning that limg h*# = h** a contradiction. Thus, indeed, (¢g) is bounded, and so too
is ||z g||%. There must thus exist a further subnet (hg) such that ¢ — d for some d € R, and

x5 — z for some z € H. It is then clear to see, by definition, that h’g — h*4, so by Lemma

Y] Ag+c Ag—c
7.1.8 we have = z and ¢ = d. Now, Exp(hg) = h*#"5 where N = W, g =

eMBTes _rscp
2

erBtes_erses
205

Thus, for any (7v,y) € V¢ we see by (8.2.3) that limg Exp(hg) = b = Exp(h). This

, and $lﬁ = xg. It is clear that Xﬁ — N, c’ﬁ — ¢, and so :13'5 g
argument shows that every subnet of (h,) has a subnet (hg) such that Exp(hg) — Exp(h),

proving the lemma. O]

Lemma 8.3.9. If (h,) C V" is a net converging to some h = h® @ h™° € th, where h*°
is as in (8.1.2), then Exp(ha) converges to Exp(h) in (‘9V_ﬁh.

Proof. We have to consider two cases. Either there exists a subnet (hg) such that h% = h)
for all 8, meaning that h?ﬁ{ € aﬂh, or there exists a subnet such that hg = h®, meaning
that the hzf can either be internal functionals or horofunctions. Let us first assume we are
in the former case. The same argument as above shows that every subnet of (hz) has a
further subnet (hg) where h? = h®#<, and x5 — z and cg — c. The only difference in the
above argument is that now A\g — £o00. To simplify calculations we define, for any 6 > 0,

2 €M, and (v,y) € V2,

Gy = \/ (T ) e ). (539)
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Factoring out e from the square root term in (8.2.3), we can thus write

e + e~ ¢B v e — e~ ¢8B on AT
Exp(hg)(v,y) = max { log (( 5 o 2 (T5,y) +€PCes (7, y)) — 2)g,
eB e B eB_e” ¢ c x
10g ( +2 & - 6205 - <I’B, y> +e BCC,Bﬁ (77 y) }
v =yl

—|— )\5 — maX{)\ﬁ —|— C/g,C/g — )\B} .

If \3 = —o0, it is clear from the above in combination with Lemma [2.9.15| that, for all
(y,7) € V7,

ecs + e_cﬂ)f)/ e — e~ B

. . ( cg T
i Exp(hﬁ)(%w:hénlog( 2 ~ e, () + e ) | — o

= log (W — (1 — e ) (x/2¢,y) + C*(v, y))

—2c

= hgjae—1(7,y) = Exp(hg _1)(7,9).

Similarly, if Ag — oo, we see that limg Exp(hg) = Exp(hg ;).

Let us now consider the case where there exists a subnet (hg) such that h% = h® and
hZ} = h*»% for all 5. As above, every subnet must have a further subnet such that
x5 — x and cg — c. It is thus clear from the definition of along with that
limg Exp(hg) = Exp(hg ). Finally, let us consider the case where there exists a subnet (hg)
such that hﬂg = h® and hqg = hl‘tﬁ for all . As we proved above, it cannot be the case that
(z) is unbounded in H, so there must exist a further subnet such that z5 — z and ¢ — c.
Now, if ¢ = 1, the proof of Theorem shows that for all 8 we can write hg = h1?

g
where I = {1,2}, ps = (3, mm), and o = (0, 2||xzs]|%). Thus

Exp(hs) = h*#°, where vg = pg + e 2178l (¢ — pg).
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Using Claassens’ representation of the gauge function (8.2.1)) we can thus write, for any

(v:y) € V3 and any 8

e 2lzplin oz z
(ke TR0 (1= e 2lsl) (w2l gl ) + G (0 0)

7 = llvllz,

Exp(hg)(7,y) = log

meaning that

lin Exp(hs)(7,4) = 15 peq = Bxp(h’ & h*°).

A similar argument shows that if € = —1 then limg Exp(hs)(7,y) = Exp(h™! & h**). So,
indeed, in all cases, lim, Exp(h,) = Exp(h). O

Lemma 8.3.10. If (h,) C V" is a net converging to some h = hy ® h* € aV", where h*
is as in (8.1.2), then Exp(hy) converges to Exp(h) in 8V_jh.

Proof. As noted above, without loss of generality we can assume that h® = hy_, where
Ao — X. Thus, there must either exist a subnet (hg) such that b} = h*# or hif = h®s.
Let us first assume the former. Note, for any f, that infy h*# = —cg. Thus if (cg) is a
bounded net, infy h* > —supg cg > —00, a contradiction unless x = 0. If # = 0, and (cp) is
bounded, these same remarks mean that inf ¢g = 0, meaning that inf ||z3||3 = 0, but then
limg h*# = hy, a contradiction, so indeed (cg) is unbounded. As in the above proofs we
set tg = ||zslln/cs € [0,1]. The argument employed around shows that there exists
a further subnet such that h;‘ converges to h'*, where t = limg ¢, and z is the weak limit
of z5 = 23/||2s||». The uniqueness of limits implies that tz = z. Now, Exp(hg) = h*s*%%5

erBtes s

Ap+ec Ap—c Ap+ec Ap—c
Vi e B8 5+e B8 B8 / ! e B8 B—e B8 B8 .
where Ny = “————, ¢y = “—=——, and 23 = o, s Using (8.3.5)), we

259



8.3. EXTENDING THE EXPONENTIAL MAP TO THE BOUNDARY

can thus write

l+e %)y 1—e 2% m
Exp(hs)(3,9) = max { log (-5 - 250 )+ €0 ) 20
672c6 —6726 z
Cre b - o (g, y) + G ()
log 5 5
7 = lyll3

+ )\5 +Cg —max{)\ﬁ +Cﬁ,05 — )\5}
As we can write xg/cg = tzzp, it follows that, recalling Lemma [2.9.15] if A > 0,

: =max < lo —\l2 - 0 m
lim Exp(hs) (7, ) = {1 g (v = (tz,y)) = 2\, log (72 - HyIP) }

. 17672>\
- hx/2

Similarly, if A < 0 it follows that lims Exp(hg) = hS 5 "' Thus, if [l < 1, limg Exp(hg

Exp(h). If ||z|| = 1, the proof of Theorem [8.1.5/ shows that h = h;}o];’@}, where p = (3,
and o = (0,2)) if A > 0 and o = (—2,0) if A < 0. Thus Exp(h) = h*?, where u = p and

v=ec¢e—p)if A\ >0,and u = e **p and v = (e — p) if X < 0. Claassens’ representation
thus shows that h*%Y = hi’/i% or h;;;k’l depending on the sign of A\, where this
horofunction is defined exactly as in (8.2.14)), but we allow ||z/2|% = 1/2. Thus, in all
cases limg Exp(hg) = Exp(h).

We now consider the case when there exists a subnet such that h’g = h®s. By Banach
Alaoglu and uniqueness of limits, there must exist a further subnet such that (x3) converges

weakly to x. Now, if A > 0, for any (v,y) € V7,

_ / —2)\5 —2)\ﬁ /
h/‘gn Exp(hg) = liénmax { log <m ), log (7 ¢ +e (s, Y') ) },

72— |lyll%, 72 —ly'|1%,

so indeed limg Exp(hg) = Exp(h). This result follows similarly if A < 0. Thus we have
shown that every subnet of (h,) has a further subnet (hg) such that limg Exp(hg) = Exp(h),
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meaning that, indeed, lim, Exp(h,) = Exp(h). O

Remark 8.3.11. At the end of the proof above, we showed, using Claassens’ characteri-
sation of the M function (8.2.1), that if p = 3(1,z) for € Sy is a primitive idempotent,
then for A € (0, 1], PP = hi/’\Z and hP(eP) = h;\’/;, where hifz and hi/lz are defined
exactly as in (8.2.14)). This observation can be extended, and directly applying (8.2.1]) to an

. . —=h . —=h .
arbitrary Busemann point A" € gV we see that every Busemann point h"* € gV} is

actually equal to a function of the form (8.2.13)) or (8.2.14), but where ||z||3 = 3, and every

function of the form (8.2.13) or (8.2.14) where ||z|[3 = 3 is equal to some h*¥ € 8BV_fr’h.

Lemma 8.3.12. If (h,) C V" is a net converging to some h = h® @ h* € 8Vh, where h*
is as in (8.1.2), then Exp(hy) converges to Exp(h) in av_ﬁ".

Proof. We first note, that if x| = 1, then by the proof of Theorem [8.1.5] setting p =
(L, 52—x), we have h = h;{,}o}’@ ife=1 and h = hg:({f} if ¢ = —1. Thus, Exp(h) = AP

27 2f[z]l

if e = 1, and Exp(h) = h%¢? if ¢ = —1. Using Claassens’ representation of the gauge
function (8.2.1)), we see that these correspond to h Joe for e = —1 and € = 1 respectively,

where hg/% is exactly as in (8.2.13), except we now allow [|z/2[| = 5 in the definition.

Let us first consider the case where there exists a subnet such that h%{ = h,,, meaning

g
hiy = h® for sufficiently large 5. It follows from section 4 of [27] and the uniqueness of

limits that xg is unbounded, and z3/||xs||» converges weakly to z. As above, if € = 1, the

proof of Theorem |8.1.5] shows that for all  we can write hg = héﬁaﬁ, where I = {1, 2},

ps = (3, ma%), and a = (0, 2||xs||%). Thus

Exp(hg) = h'#°, where vg = pg + e 21l (e — pp).
Using Claassens’ representation of the gauge function (8.2.1]) and ({8.3.5)) we can thus write,

for any (v,y) € V and any §

e 2l=glin 9l z
{be N (1= e enlhe) (g /2l zs 190, y) + Gy (1)

7 = Ilvllz,

Exp(hs)(7,y) = log
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meaning that

lim Exp(hg)(v,y) = log < /21
i Bp(a)9) =Tl )
The same argument shows that, ife = —1, limg Exp(hg) = h2/2,717 so indeed limg Exp(hg) =

Exp(h).

If there exists a subnet such that h% = h® and hZf = h"#°  the same argument as
in the proof of Lemma above shows that (cz) cannot be bounded. We again set
tg = ||zgl|la/cs € [0,1], and zz = x5/||xs||%. There must exist a further subnet, which we
relabel by 3, and a t € [0,1] and 2z € By, such that ¢t = limgtg, and 25 — z. Equation
shows that h%}‘ converges to h'*. The uniqueness of limits implies that ¢tz = z. Now,
if e =1, for any 8 and (v,y) € V7,

(1+67265)’Y _ (1 o 67265) <l’ B
—_— 5/2¢s,y) + Cey (7,9)
EXP(hﬁ)Wa y) = log ( : N2 ||?J||2 - )
H

with Cff as in (8.3.5). Therefore, because x3/cs = tgz3, and
lim ¢ (v,9) = (2 - 2 (z,9)
3 3 ) 9 9 ) )

we have
. Y 2 <LIZ’/2, y> 0
lim Exp(hg)(7v,y) = log (— =hy 9
ol Pl ) T

Similarly, if ¢ = —1, limg Exp(hg) = hg/2 _,. If there exists a subnet such that hj = h°

and h;‘ = h", just as in previous cases there must exist a further subnet such that xg

converges weakly to x. Thus, if ¢ = 1, for any (v,y) € V7,

7_2<$6/2»y>)

lim Exp(hg) = limlog (
8 g v = llyll3,

= hg/zr
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Similarly, if e = —1, we can conclude that limg Exp(hg) = h2/2,71'

We now switch to the cases where h is still of the form h®@ A", but there exists a subnet,
say (hg), such that h% = hy, for all 3. In this case, there must exist a further subnet such
that h? = h*s% for all 8, or hg = h". Let us first assume we are in the former case.
As proven in Lemma we know that (cz) cannot be bounded. Recall that we set
tg = ||lxslln/cs € [0,1]. Yet again, the argument employed around show that there
exists a further subnet such that h;‘ converges to h'*, where t = limg g, and z is the weak

limit of 25 = 23/||xs||%. The uniqueness of limits implies that ¢z = z. For any S,

(1+e2%)y 1—e %o

Exp(hg)(7,y) = max { log ( 5 " o (zg,y) + Cep (7, y)> —2)3,

—QCB _e—2c T
(el — o () + Gl () }
7 = llyll%

log
+ g +cp —maX{A5+65,05 —)\5}.

Now, if ¢ = 1, Ay — 00, so the above immediately implies that indeed limg Exp(hg) =
h2/2,1' Similarly, if ¢ = —1, and if we recall Lemma (2.9.15)), the above implies that
limg Exp(hg) = hY o1 To finish the proof, we just need to investigate the case where

there exists a subnet such that hIE = hy, and h;‘ = h*# for all 5. As above, every further

B

subsequence must have a subsequence such that x Do Ife=1, Ag — 00, SO

_ 2 2 / —2)\ﬁ —2)\ﬂ /
h,gnEXp(hB) - hgnmax { log (7 \5/2,y) ), log (7 T e (25, ) ) }

72— |lyll3, 72— ly'1%,

= h2/2,1-

Similarly, if ¢ = —1, limg Exp(hg) = hY Jo.—1- As this argument applies to every subnet of
(ha), indeed Exp(hy,) — Exp(h). O

Proposition 8.3.13. If (h,) C OV" is a net converging to some h z) € Vh, then Exp(hy)
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converges to Exp(hz)) in V_fh.

Proof. From the proof of Lemma [8.3.8] we know that we can assume without loss of gen-
erality that h® = h,_, where hy, — hy. Furthermore, if there exists a subnet such that
h;‘ = h”8, the Banach-Alaoglu theorem means there must exist a further subnet and z € By
such that h*# — h* but h* is either unbounded below, or is identically 0, so it cannot equal
h,. Thus we can assume without loss of generality that h** = h%e_If ¢, is unbounded we
define t,, = ||za||3/ca € [0, 1], and through relabelling and passing to a subnet there exists
at € Rsuch that t, — t. In this case, inequality shows that lim,, |h%“ (y)| < t||y||x
for all y € H, and because |h,(x)| = ||z||%, we must have ¢t = 1, so ||z, is unbounded.
However, if (z,) is unbounded, there must exist a further subnet, (hg), such that z5/||zs/«
converges weakly to some z € By, but then (8.3.4) means (h"#°¢) converges to h*, which
is a contradiction. Thus (¢,) and (z,) are bounded. By the Banach-Alaoglu theorem there
exists a subnet (h®#) and a 2 € H and ¢ > 0 such that ¢ — ¢ and 25 — z. Thus
h*#c8 — h*¢ and Corollary in conjunction with uniqueness of limits then means that

z =1z and ¢ = ||z||3. As this argument applies to every subnet, we must have that ¢, — ¢

w 1o 2 Aa+ec Aa—c Aatca _Aa—c
and z, — x. Thus Exp(h,) = h*>“®e where \, = S—F" = ¢/ = <2222 2 and
! 5)\a+ca_e)\a*6a
T, = e To. As
, 6)\+c + 6/\—c . . 6)\+c o 6)\—0 L w . 6/\—i-c o 6)\—0
N A\=———, ¢, ¢ =————, andr, =0 = ——7,
2 2 2c

we see via (8.2.3) that Exp(hy) — h*". However, as ||z|l% = ¢ the above shows that
|2/l = ¢, so BX¥" = hyy oy by Lemma 8.2.2) but by (8:3.2)) k(v .y = Exp(hy.). O

Propositions [8.3.3] [8.3.7, and [8.3.13] show that Exp is a continuous bijection between

compact Hausdorff spaces, so it is indeed a homeomorphism. Finally, we need to prove

that Exp maps parts of aBVh onto parts of 8BV_j:h.

Proposition 8.3.14. Two Busemann points h,h’ € 8th are in the same part of GBV_jh,

if and only if Exp(h) and Exp(h') lie in the same part of 0BV_fh.
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Proof. The proof of Theorem 1.1a) in [42] suffices, as it does not actually rely on finite
dimensionality in any way. However, in our case we can present a more rudimental argu-
ment. Let us first consider elements w = A\ip+p(e—p) € Vi and z = Aop+ pua(e—p) € V.
for \;, i € [0,00), where max{Ai, u1} > 0 and max{As, 1o} > 0. Using Lemma [2.7.4] we

can calculate that w ~ z if and only if there exists 0 < a < [ such that

BAy — A+ Bug — i > 0, and B(Ag + p2) — At — 1 > [B(Ag — p2) + p1 — Aif,
and
Al — g+ g — apg >0, and Ay + g — a(Aa + p2) > [N — g — a(Ae — po)l-

This is true if and only if one of the following three conditions is satisfied:
(1) )\17A27M17H’2 > O
(11) /\17 /\2 > 0, and M1 = Hg = 0.

(111) M1, o > 0 and A\ = Xy = 0.

Theorem 8.1.7|shows that h = h/»7 and hé:’qf are in the same part if and only if p; = q; and

ps = qy. Thus if h and A’ are in the same part, Exp(h) = h** and Exp(h’) = h*"*" where
either u = ), ;e™%p;, v =73 ;e %p;, and v’ =} ., e Pig, v = djer e Pig;, where
q € {p,e —p}, or precisely one of {u,u'} or {v,v'} lies in V7 while the other contains only
0. Lemma immediately implies that in the latter case Exp(h) and Exp(h') lie in the
same part of (9BV_fh, and in the former case, points (i) — (#i7) above imply the same. Thus
Exp(h) and Exp(h’) are in the same part if A and A’ are in the same part. Conversely, if
h*Y and h**" lie in the same part of 8BV_j, Proposition in conjunction with Lemma
and (¢) — (ii7) above means that either precisely one of {u, v’} or {v,v'} lies in V7
while the other contains only 0, or u = Ap, v’ = N'p, v = pu(e — p) and v = p/(e — p) for

some primitive idempotent p, where A\, X', yi, i’ € [0, 00), and A > 0 if and only if A’ > 0 and
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8.3. EXTENDING THE EXPONENTIAL MAP TO THE BOUNDARY

similarly g > 0 if and only if 4/ > 0. If we are in the former case, then Exp ' (h*") = h;ﬁ:i
and Exp~'(h*""") = hg”qf where either I = I' = {1,2} or J = J = {1,2}, so either
pr=qp = e or p;j = qy = e, meaning that hf,:a’ and hg”qf are in the same part of GBVh by

Theorem [8.1.7, If we are in the latter case Exp ' (h"") = hl7 and Exp '(h*Y') = hé:;],,

I.J . —h
f;i and hg " are in the same part of dpV/

by Theorem [8.1.7] O

where [ = I’ and J = J’, meaning that again h

Theorem is thus proved by Propositions[8.3.2|8.3.3] [8.3.7], [8.3.13] and [8.3.14] Meth-

ods used in the above proofs also allow us to prove something similar in spirit to the previous
chapters. Namely, that there is a continuous bijection from VU@BVh to By« equipped with
the weak™® topology, and this bijection is a homeomorphism between GBVh and Sy«, and
maps each part of 8BVh onto the relative interior of a single boundary face of Sy«. First
let us recall that V* is the Banach space (R@® H, || - ||+), where ||[(A, z)||. = max{|A|, ||=||»}
[50, Theorem 1.10.13]. Therefore, the boundary faces of By« are precisely the sets F*© for
ee{-1,1}, F, for z € Sx, and F: where

Fe={(e,x) :x € Bx}, and F, = {(\,2) : A € Bg} ,and F; = {(¢,2)}.
This suggests a candidate bijection, and we define a map ¢: V U 8BVh — By« by:

tanh(||z|+) :
(M 2)) = (tanh()\), @Taz) ifx#0 | (8.3.6)

(tanh(\), 0) ifr=20

if (A\,z) € V, and for Busemann points of the form given in Proposition m,

tanh({|zl»)

@o(hy ®h") = (tanh(\), z), ©(h° ® L") = (¢,2), ¢(h° D h,) = (57 Eae

x) , (8.3.7)

where in the last equation we have implicitly assumed that x # 0, and we define

©(h® @ hy) = (£,0). We prove the following:
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8.3. EXTENDING THE EXPONENTIAL MAP TO THE BOUNDARY

Theorem 8.3.15. The map ¢: V U VA By« is a continuous bijection when By« is
equipped with the weak™ topology, and when restricted to the Busemann boundary it is a
homeomorphism onto Sy« equipped with the weak* topology. Furthermore o maps parts of

anh bijectively onto the relative interiors of boundary faces of Sy-.

Theorem [8.3.15 means that we can think of V U dV" as the cylinder [—1,1] x By

illustrated in Figure below, where all internal points live in the interior of the cylinder.
The part of the Busemann boundary consisting of Busemann points of the type h' @ h, is
associated to the top face of the cylinder, the part of the Busemann boundary consisting of
Busemann points of the type h=! @ h, is associated to the interior of the bottom face of the
cylinder. The singleton Busemann points of the type h® @ h* are associated to points in the
top and bottom boundary disks of the cylinder, and the parts of the Busemann boundary
consisting of Busemann points of the type h) @ h* are associated to the interior of vertical

lines on the surface of the cylinder.

By

Figure 8.1: The closed unit ball of V*.

We prove Theorem [8.3.15| via a sequence of lemmas.
Lemma 8.3.16. The map ¢ is a bijection onto V U v = By-.

Proof. To prove injectivity, assume that ¢(hi) = @(hs), for hy, hy € VUav”©. By definition

of ¢ we see this is only possible if both h; and hs lie in V' or both lie in OV, We also
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8.3. EXTENDING THE EXPONENTIAL MAP TO THE BOUNDARY

know that tanh: R — (—1,1) is bijective, so if

tanh(|lz]l) ~_ tanh(llyll)
[E31E 1yl

b

we can take the norm of both sides to get |||l = ||y||l%, meaning x = y. The bijectivity
of tanh also makes it routine to verify that hy = hy if their images under ¢ are equal on
the boundary. Surjectivity can also be checked directly case by case, where all that needs

to be kept in mind is that

o tanh " ([lyll)
B\ {0} 5y — Wy € H\{0}
is the inverse of z — 2zl o and tanh~': (—=1,1) — R is a bijection. O

Lemma 8.3.17. The maps ¢ and ¢~ are continuous when By~ is considered with the

weak* topology.

Proof. Let us first suppose that (h(,z.) = (ha, ® hg,) is a net converging to some
—h

h()\,z) = h)\ % hx € V. For any y € Ha h(/\a,xa)(oay) = hxa<y) — h()\,z)(07y) = h:ﬁ(y)a

so by we know that ||z, — z|[x — 0. Similarly we see that A\, — A. Thus, by

tanh(||za (/%)

Taln Lo = 0, we see that

the continuity of tanh, and the fact that if z, — 0 then

limg ©(A(rgea) = @(h(na))-

We now consider the case when (h(x,,)) is a net converging to some h € oV, The
same reasoning as in the proof of Proposition [8.3.3| combined with the continuity of tanh
allow us to put restrictions on the behaviour of the nets (\,) and (z,) depending on the
data at infinity of h, and because a net (h,,_ ) C H converges to some Busemann point A* in
OsH'" if and only if the net (z./||xa||%) converges weakly to z in §3, the same convergence
arguments used to prove Proposition show that ¢(h,) — ¢(h). To prove the continuity
of ¢ on the boundary and the continuity of ¢ ~!|s,. we recall that V is reflexive and H

and R are self-dual, so ((Aa,Zs)) € Sy. converges to (A, x) € Sy« in the weak* topology
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8.4. THE HOROFUNCTION COMPACTIFICATION OF (PV},dy)

if and only if A, — A and (x,,2) — (z,2) for every z € H. Thus, if (h*) C 8BVh we
can use the same reasoning as in the proof of Propositions to determine the weak*
limits of the data at infinity of the net to show that ¢(h,) — ¢(h). We can similarly use
arguments akin to those in Proposition to show that if (A4, z4)) € Sy. converges to
(A, z) € Sy~ in the weak* topology then = ((Aa, 7a)) = 0 (), 1)). O

Lemma 8.3.18. Parts of OBVh are mapped bijectively under ¢ onto the relative interiors

of boundary faces of By«

Proof. Recall that the boundary faces of By« are precisely the sets F*¢ for e € —1,1, F, for

z € Sy, and F7 where
Fe={(e,x) :x € By}, and F, = {(\,2) : A € Br} ,and F: = {(¢,2)}.

Proposition in combined with the definition of ¢ then immediately proves the lemma.
O

8.4 The Horofunction Compactification of (PV?,dy)

In this section we give a specific infinite dimensional extension of Theorem 1.1 b) in [42],
as well as situating some results about the horofunction compactification of infinite dimen-
sional separable real hyperbolic space in [16] in a more general context. In [16], Duchesne
restricts his attention to separable hyperbolic spaces and separable Hilbert spaces, and in
this setting of separability shows that the horofunction compactification of (PVY, dy) is
homeomorphic to the horofunction compactification of (H, || - ||3), by showing that both

are homeomorphic to the truncated cone, what he calls the frustum:

F={(v,z) €[0,1] x By : [|z[[» < 7},
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which he equips with the weak topology. He makes extensive use of the stereographic pro-

. . . 1 . . 71 . 1
jection o4 : H — By given by x — ———x with inverse o iven by r — ———u.
s Ve n 8 VE=ED

He uses the results of Claassens [I3], and claims that the map g: F — P—Vﬁh given by
(v, 2) — hl is a continuous bijection from F onto P—th. He then repeats the construction
of Gutiérrez in [27, Section 4] (modulo some renorming) to compute the horofunction com-
pactification of H, and thus states that the map f: F — H given by (v, z) - how' @z ()
for ||zl < v < 1, and f(y,x) = h* for v = 1 is a continuous bijection. He does not deal
with how Busemann points and the parts are affected by the the bijection f~! o g. In
keeping with the theme of this thesis, we believe that the relationship between ﬂh and

PVﬁh is best illuminated by viewing dy as an infinite dimensional Finsler distance, and H

as the tangent space at the unit.

Recall that T, = {v € V : tr(v) = 0}. Thus,

T.={\+ (=N(e—p): A €R, pis a primitive idempotent} = {0} x H.

11
27 2[lyllx

and A = ||y||», which gives us the form of the variation norm |- |, on 7, arising from the

~—

Now, for any y € H, (0, y) has spectral representation Ap+(—\)(e—p), where p = (

Finsler metric:

10, 9)le = Al = NIyl

Thus, we immediately see that T: = ﬂh, where we make the natural identification h(0,y) =
h(y) for any h € H". The standard exponential exp can be defined on 7. in the usual way,
and by using spectral decomposition in combination with the above remarks we see that,

for any v = (0,y) € T, elvl* and e~I¥l* are the two eigenvalues of exp(v), meaning that

ellyllx + e~ lvlln ellulle — =llylln
p(v) = 2 oY)
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Therefore, det exp(v) = 1, so exp is indeed a map from 7, to PV;. We want to extend the
exponential exp: T, — PV to a parts preserving homeomorphism between TZ and PVﬁh.
To that end, recall that the elements of PVﬁh are precisely those functions A/ as in (8.0.2)

for |||l <r <1, and so we define Expy, : T: — PVﬁh by

Expy(y) = exp(y) for y € T,

RN it h = hre o> |2

tanh(c) z
c

Expy(h) = (8.4.1)

hl if h =h",
where h® and h** are elements of 9H " as in (18.1.2)).

Lemma 8.4.1. The map Expy: T: — P—th is a bijection mapping T, onto PV} and GTS
onto 8P—Vfr’h. Expy also maps 8BTZ bijectively onto 6BP—Vﬁh. Furthermore, two Busemann
points h,h' € 8372 are in the same part if and only if Expy(h) and Expy(h') lie in the
same part of E)BP—th.

Proof. By the Spectral Theorem, we know that any y € PVZ has the form y = Ap+A~"(e—
p) for a primitive idempotent p and A > 0. Aslog(A)p—log(A)(e—p) € T., Expy is bijective
on T,. A very similar argument to the one in the proof of Lemmam shows that Al = h;',
if and only if r = 7" and z = 2/, and because tanh: [0,00) — [0, 1) is bijective, we thus have

that Expy | o7 1s a bijection. The only Busemann points in 7; are horofunctions h* where

x € Sy by Proposition |7.1.3] and the only Busemann points in GBPVﬁh are horofunctions

hl where x € By [13| Theorem 3], so it is clear that Expy | o7 18 @ bijection. The final
statement of the lemma thus follows trivially, because all parts of both 3BTeh and 8BPVﬁh

are singletons by Propositions and Proposition [8.0.2] O

We should note here that we are only choosing the set {v € V7 : det(v) = 1} to represent
PV?, but PV} is actually a quotient space consisting of equivalent classes of rays. Recall

that Birkhoff’s version of the Hilbert metric, dg, is still a well defined function on the whole
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interior of the positive cone, but for any v € V and any «, 8 > 0,
dy (v, pv) = 0.

Thus if h, is an internal metric functional on PV? for some v € H, then h,,, is well defined
as a function on V7 for any a > 0, and hq, = h,. Any h € P—Vﬁh is also a function on
V2, where, for any v € H, and a > 0, h(av) = h(v). This is useful, because it means to
calculate horofunctions we can use whatever representation of a ray that is most convenient.

Specifically, we note that for any v = (0, z) € T¢,

” el o o=llzlae glielin _ o=zl
eXp V)= 2 ) 2”.%'”7—[ y )

so multiplying by the constant 2/(ell#ll 4 e=lIl%) the above remarks mean that

hexpv) = h (1,220 )

From this, in combination with (8.2.2)), we calculate that for any (v,y) € V¢

hexp(v) (77 y)
anh(||z anh(||z
) () g Sy S )2 (1 tanh(fo)2) (02 — ol)

(1 + tanh(flz[l2))v/* = llyll%

= log

(8.4.2)

The structure of the proof of the following lemma is very similar to those of Lemmas |8.3.3
and [8.3.7] so we may omit some routine details to spare the reader, but they can all be

found in the proofs of the aforementioned lemmas.

Lemma 8.4.2. If (h,) C Teh is a net converging to some h € Teh, then Expy (ha) converges
to Expy () in PVE".

Proof. First let us assume that h = h, € T.. There is either a subnet (hg) such that
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hg = hg, for all 3, or hg = h*#“. If we are in the former case, we know that g — x in
H by Lemma from which we immediately deduce that limg Expy(hs) = Expgy(h).
If we are in the latter case we know that (cz) must be bounded, so h*#% — h,, meaning

that x5 converges weakly to z, and cg converges to ||z||3. Thus, for any (vy,y) € PV and

any 3

Exp(hs) (7, y)
y — EC) (g g+ \/(7 — ) (25, y))2 — (1 — tanh(cs)?) (v — [|ylI3,)

B
(1 + tanh(cs)) /7 = [lyll3,
tanh((le]l2)

tanhumm)x(%y) = h(l,tanh(llw\lﬂ%)(% y).

[EIPY (K1 EY

= log
— h

We can thus conclude that lim, Exp(h,) = Exppy(h,). Now let us assume that h = h™°.
If there exists a subnet (hg) such that hy = h%®5, the above argument can easily be
adjusted to see that limg Expy(hs) = Expgy(h). Similarly, if there exists a subnet (hg)
such that hg = h,,, we know from the proof of Lemma W that (xg) is bounded, and
25 — x, and |lzg|lx — c. Thus, using we again see that limg Expy(hg) = h,
so we conclude that lim, Exp(h,) = Expy(h*¢). Finally suppose that h = h*. If there
exists a subnet hs = h®, we know that x5 — =, from which we easily deduce that
limg Expy(hg) = Expy(h). If there exists a subnet such that hg = h%%, the proof of
Lemma shows that (cg) is unbounded, and there exists a z € By and t € [0,1]
such that zg/|zslly — 2, ts = ||zslln/cs — t, and tz = x. Taken together this shows
that x5/cs —— x, and tanh(cg) — 1, from which we can use the above expression for
Exp(hg)(7,y) to calculate limg Expy(hg) = Expg(h). If there exists a subnet such that
hs = hg,, we know that xs/||zs|% — =, and tanh(||zsllz) — 1. Equation thus
shows that limg Expy(hs) = Expgy(h), so indeed we can conclude that lim, Exp(h,) =
Expg (h7). O

Lemmas [8.4.1] and [8.4.2] prove Theorem [8.0.3
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Chapter 9

Concluding Remarks

In Chapters 4, 5, and 6, we provided further classes of homogeneous Finsler metric spaces
whose horofunction compactifications are homeomorphic to their dual unit ball in the tan-
gent space at the base point. This of course does not answer Question fully, but does
give further evidence. During the duration of this thesis, further positive evidence has also
been provided in [12], where the authors show that this duality phenomenon also holds for
Hermitian symmetric spaces and JB*-triples. A key observation is that in all cases dealt
with in these chapters, as well as the cases in [I2] and the other literature discussed in
the introduction, every horofunction is a Busemann point, and so Question [1.0.1] can be
reframed by asking whether parts of the boundary were mapped to the relative interiors
of faces of the dual ball. In all proofs, this fact was utilised explicitly, and at present we
are unable to see how these proofs could be replaced without using properties unique to a

space having only Busemann points as horofunctions.

We currently are not aware of any evidence showing that the horofunction compactifi-
cation of homogeneous Finsler metric spaces with non-Busemann points is homeomorphic
to the dual ball in the tangent space at the base point, where the homeomorphism maps
equivalence parts of the natural stratification of the boundary bijectively onto the relative

interior of faces of the dual ball. In fact we are not aware of any evidence showing that
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this is true even for finite dimensional normed spaces possessing non-Busemann points.
This suggests to us that a full answer to Question is more likely to be obtained
by restricting our attention to trying to prove that Question has a positive answer
for homogeneous Finsler metric spaces with horofunction boundaries consisting entirely of
Busemann points, and separately searching for an example of a finite dimensional normed
space possessing non-Busemann horofunctions that cannot be homeomorphic to the dual
ball and maintain a bijection between the equivalence classes in the stratification and the

relative interiors of faces of the dual ball. We stress that this problem is still wholly open.

The infinite dimensional case is fascinating for different reasons. In Chapter 7 we
showed that all infinite dimensional ¢F spaces, for 1 < p < oo, possess a multitude of
non-Busemann horofunctions, and in fact for any infinite dimensional Hilbert space H the
non-Busemann horofunctions are dense in ﬂh. We have also shown that the Busemann
points are homeomorphic to the dual unit sphere equipped with the weak* topology, and
because all Busemann points are singletons and all faces of the dual ball are singletons,
parts of the boundary are mapped bijectively to the relative interior of faces of the dual.
We also showed that any such homeomorphism cannot be extended to a homeomorphism

from the whole horofunction compactification to the closed unit ball in the dual.

The situation for infinite dimensional ¢! spaces is strikingly different. We showed that
every horofunction is a Busemann point, and that there does exist a homeomorphism from
the whole horofunction compactification onto the dual unit ball, which maps Busemann
points bijectively onto the dual unit sphere. However, this homeomorphism is not a bijec-
tion between the parts of the boundary and the relative interiors of faces of the dual ball.
In fact this homeomorphism injects uncountably many parts of the boundary into faces of
the dual ball. We were not able to adequately explain this phenomenon during the course
of this thesis. However, we believe it may have something to do with the fact that the

horofunction compactification of infinite dimensional uniformly smooth and strictly convex
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Banach spaces is a topological compactification by the usual definition. The embedding is
a homeomorphism onto its image. However, an infinite dimensional ¢! space is not homeo-
morphically embedded in its horofunction compactification, as the inverse of the embedding
fails to be continuous. There may be a link between this property, and the fact that all
horofunctions of ¢! are Busemann points, which naively seems to be why there are ”too

many” parts of the boundary.
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