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Session types provide guarantees about concurrent behaviour and can be understood
through their correspondence with linear logic, with propositions as sessions and proofs
as processes. However, strict linearity is limiting since there exist useful communication
patterns that rely on non-linear behaviours. For example, shared channels can repeatedly
spawn a process with binary communication along a fresh linear channel. Non-linearity
can be introduced in a controlled way through the concept of graded modal types, which are
a framework encompassing various kinds of coeffect (describing how computations make
demands on their context). This paper shows how graded modalities can work alongside
session types, enabling various non-linear concurrency behaviours to be re-introduced

precisely. The ideas are demonstrated using Granule, a functional language with linear,

indexed, and graded modal types. We define a core calculus capturing the requisite features

and our new graded primitives, then present an operational model and establish various

key properties.

© 2024 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Most programming languages ascribe a notion of type (dynamic or static) to data, classifying what data we are working
with—integer, string, function, etc. Languages like Go and Rust among many others extend this to the realm of commu-
nication between two participants via typed channels, where any process with access to a channel endpoint can send and
receive values of a given type across it. These typed channels only give us information about the nature of the data being
communicated, however; to go beyond this we must consider behavioural types, which capture not just what data is, but
how it is calculated.

One such behavioural type system for concurrency is session types [1,2], adding more structure to typed channels by
incorporating a protocol that describes the precise behaviour of the processes communicating over the channel. As an
example of such a protocol, consider the standard example (with some added flavour) of a customer who wishes to purchase
a cake from a bakery. In natural language, we could describe the protocol as follows: the customer names their desired cake
(a string), the bakery provides the price (an integer), and then the customer decides if they are happy with said price. If
so, they confirm delivery details (another string), but if not, they end the communication immediately. From the customer’s
perspective, this protocol can be described as a session type, which would look something like:
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Send String (Recv Int (Select (Send String End) End))

The particular constructs at play here will be explained in more depth later, but it is clear to see that this allows more
information about the communication to be encoded in the type than simply the kinds of data that are being sent and
received. We will also see later how the session type for the bakery can be understood as the dual to that of the customer,
which helps to enforce type safety in the context of communication.

Session types naturally fit into the more general substructural discipline of linear types [3-5]. By treating data as a re-
source which must be used exactly once, linear types can capture various kinds of stateful protocols of interaction. Session
types are inherently substructural: channels cannot in general be arbitrarily duplicated or discarded if they are to be used
according to a precise sequence of operations (the protocol). This idea has allowed logical foundations to be developed for
session types based on Curry-Howard correspondences with both intuitionistic [6,7] and classical linear logic [8,9]. Further-
more, linearly-typed functional languages then provide an excellent basis for session-typed programming [10]; session types
can be represented in the linear lambda calculus via an additional interface for channels without any other changes to the
type system [10,11].

Modern substructural type systems, however, allow us to go beyond the notion of linearity, classifying usage into more
than just linear or non-linear. This idea originates from Bounded Linear Logic (BLL), which generalises the ! modality to
a family of modalities indexed by a polynomial expressing an upper bound on usage [12]. For example, !x<2A describes a
proposition A which can be used at most twice.

From various directions this notion of BLL has been generalised further to develop coeffect types [13-15], which are
a framework for capturing different analyses of a program’s use of the context, all within a single type system. Graded
modal types are an umbrella concept, encompassing coeffects and their dual notion of effects, and can provide an expressive
system allowing for the specification and verification of many behavioural properties of programs [16]. In this paper, we
demonstrate that combining session types with graded modal types (particularly for capturing coeffects) allows for various
well-known non-linear behaviours of concurrent programs to be reintroduced in a linear setting in a controlled and precise
way via the facilities of graded modalities.

A key part of this work is to reconcile the tension between three competing requirements: (1) side effects inherent in
communication primitives, (2) non-linearity, and (3) the call-by-value semantics one might expect in most programming
languages (in contrast to call-by-name, which is the basis of most theoretical explanations of linear and graded type sys-
tems). Requirements (1) and (2) can be satisfied more easily in a call-by-name setting, but (3) (CBV semantics) introduces
unsoundness. Whilst a call-by-name semantics for a modal treatment of non-linearity captures the idea of a number of
‘copies’ of a value, a call-by-value semantics unifies these copies into just one value. In the context of concurrency, then, a
non-linear channel in a CBV semantics points to a single channel and so multiple uses within a program can lead to dead-
lock or race-conditions. Our solution revolves around preventing resource allocating primitives (those that create channels)
from being promoted to non-linear contexts, and representing multiplicity of channels through data structures. Section 4
describes in more detail the problem and our solution.

Granule is a research programming language built upon the core of the linear A-calculus, extended with graded modalities
as described above. A previous iteration of session types for Granule was described by Orchard et al. [16]. However, the
system described required a monadic interface to avoid some issues caused by CBV; we solve these problems here to
provide a more general and powerful interface for session-typed programming, and also demonstrate the broad range of
possible applications for this interface by introducing a suite of primitives which capture the non-linear behaviours of
reuse, replication, and repetition (providing multicasting).

We show three common patterns and how they can be described by combining linear session types and graded modal
types: reusable channels (Section 6), replicated servers (Section 7), and multicast communication (Section 8). All of these pat-
terns are a variation on the “fork” primitive, with some amount of substructural behaviour introduced via graded modal
types, and sometimes restrictions to protocols via type predicates. All of the ideas presented here are implemented in the
latest versions of the Granule compiler; interested readers who wish to experiment for themselves should feel free to
download and install the most recent release.! We develop the operational semantics of our approach, via a core calculus
(Section 5), and establish that type safety is preserved (which encompasses communication safety) in the presence of the
new non-linear concurrency primitives (Section 9).

Section 10 discusses related work and Section 11 discusses further work, including a sketch of how to prove deadlock
freedom, and various other potential extensions and applications.

Changelog The present paper is an extended version of work appearing at the PLACES 2022 workshop, with the more
voluminous title of Replicate, Reuse, Repeat: Capturing Non-Linear Communication via Session Types and Graded Modal Types [17].
The present paper greatly expands the technical development, introducing a formal calculus and its operational semantics
for both the core language and the concurrency primitives introduced here. In this version, we prove that session types
combined with graded modal types satisfy syntactic type safety. Furthermore, we have expanded the number of primitives
considered, added more examples and fixed a number of technical errors from the original paper.

1 The latest build of the Granule compiler is always available from https://github.com/granule-project/granule/releases.


https://github.com/granule-project/granule/releases

D. Marshall and D. Orchard Information and Computation 301 (2024) 105234

2. Granule and graded modal types primer

Granule’s type system is based on the linear A-calculus augmented with graded modal types [16] as well as polymorphic
and indexed types (in the form of user-definable GADTs). With linear typing as the basis, we cannot write functions that
discard or duplicate their inputs as in a standard functional programming language. However, we can introduce non-linearity
via graded modalities and use these to represent such functions, exemplified by the following Granule functions:

drop : V {a : Type} . a [0] — ()
drop [x] = ()

N o=

(S, N NG WY)

copy : VYV {a : Type} . a [2] — (a, a)
copy [x] = (x, x)

The function arrow can be read as the type of linear functions (which consume their input exactly once; note that these are
generally notated —o, but in Granule functions are linear by default, so we simply use —), but a [r] is a graded modal type
capturing the capability to use the value ‘inside’ in a non-linear way as described by r, i.e., drop uses the value 0 times and
copy uses it 2 times. The pattern match [x] on the left-hand side of each function eliminates the graded modality, binding
x as a non-linear variable. The Haskell-style tuple syntax (a, a) used here represents a linear tensor product type, which
we later notate using the ® operator in our core calculus.

The central idea of graded modal types is to capture program structure via an indexed family of modalities where the
indices have some algebraic structure which gives an abstract view of program structure. We focus on semiring graded
necessity in this paper (written 0O;A in mathematical notation but 2 [r] in Granule) which generalises linear logic’s ! [3]
and Bounded Linear Logic [12]. The semiring structure is also equipped with a preorder. The above example uses the natural
number graded modality with equality as its preorder, thus providing an analysis which counts exactly how many times a
value can be used.

Another useful graded modality has grades drawn from a semiring of intervals which allows us to give bounds on how a
value might be used. To demonstrate, we define the classic fromvMaybe function which allows a value that may or may not
exist to be retrieved from a mMaybe type.

1 data Maybe a = Just a | Nothing
2

3  fromMaybe : V {a : Type} . a [0..1] — Maybe a — a
4 fromMaybe [_] (Just x) = x;
5 fromMaybe [d] Nothing = d

Note that without the graded modality, this function would be ill-typed in Granule, since values are linear by default and
one of the cases requires discarding the default value (given by the first parameter). By giving this parameter a type of
a [0..1], we specify that it can be used either o times or 1 time (in other words, this value has affine behaviour rather
than linear). There is only one total function in Granule which inhabits the type we give to fromMaybe here-linearity forbids
defining an instance which always returns the default value.

In order to use fromMaybe we need to ‘promote’ its first input to be a graded modal value, which is written by wrapping
a value in brackets, e.g., fromMaybe [42]. Promotion propagates any requirements implied by the graded modality to the
free variables. For example, the following takes an input and shares the capabilities implied by its grade to two uses of
fromMaybe:

1 fromMaybeIntPlus : Int [0..2] — Maybe Int — Maybe Int — Int
2 fromMaybeIntPlus [d] x y = fromMaybe [d] x + fromMaybe [d] y

The o..1 usage implied by the first fromvaybe [d] and o..1 usage by the second are added together to get the requirement
that the incoming integer 4 is graded as o. .2.

Lastly, Granule includes indexed types which offer a lightweight form of dependency, allowing for type-level access to
information about data. For example, length-indexed vectors can be defined and used as follows:

data Vec (n : Nat) (a : Type) where

N o=

Nil : Vec 0 a;
3 Cons : a - Vecna — Vec (n + 1) a
4
5 append : V {a : Type, nm : Nat} . Vecna - Vecma — Vec (n + m) a
6 append Nil ys = ys;
7 append (Cons x xs) ys = Cons x (append xs ys)

Indexed types allow us to ensure at the type-level that when we append two vectors, the length of the output is equal to
the sum of the lengths of the two inputs. Again, thanks to linearity, we gain further assurances from our type signatures—
here we can guarantee that since we must use every element of the input vectors, these must also appear in the output,
and so no information is being lost along the way.

Indexed natural numbers can be similarly defined to vectors, and are used later to provide lightweight type-dependence
on natural number inputs:
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1 data N (n
2 Z : N
3 S : Vv

: Nat) where
0;
{n : Nat} . Nn - N (n+1)

This definition gives a way to capture a runtime witness for a type level nat.
Granule allows type indices to be used also as grades, thus we can define for example the functorial action on vectors
which links the size of the vector with the usage of the function to be applied to each element:

1 wvmap : ¥V {ab : Type, n : Nat} . (a - b) [n] > Vecna —> Vecnb
2 vmap [_] Nil = Nil;
3 wvmap [f] (Cons x xs) = Cons (f x) (vmap [f] xs)

In Granule, predicates on types can be represented similarly to Haskell’s type class constraints with type signatures of
the form:

functionName : V{typeVariables} . {constraints} = type

For example, we can define a much more general version of copy as:

1 copy : V {a : Type, s : Semiring, r : s}
2 {1 +1) :s) £r} = alr] > (a, a)
3 copy [x] = (x, x)

This is polymorphic in the semiring s, as well as including a constraint as a predicate that the grade r is approximated
by 1+ 1 in this particular semiring. Types appearing in this constraint position have kind predicate. We later introduce a
number of type functions, returning a type of kind predicate, in order to restrict protocols in various settings.

3. Core calculus, and linear session-typed channels

In order to later establish key properties of our approach, we replay the details of Granule’s core calculus from the work
of Orchard et al. [16], which gives a linear type theory with graded modal types. We extend this core calculus with our
session-typed concurrency primitives. We outline the syntax and static semantics (type system) in this section. Section 5
defines an operational semantics that incorporates the notion of processes and channels which was not previously given for
Granule’s core calculus.

The core type theory we will focus on extends the linear A-calculus with products, a multiplicative unit, and a semiring-
graded necessity modality OrA, where for a pre-ordered semiring (R, %, 1, 4,0, C) there exists a family of types {{J;A};eR.
Being a pre-ordered semiring requires that + and * must be monotone with respect to C (but no other requirements beyond
the semiring axioms). This language represents a simplified monomorphic subset of Granule [16], but closely resembles
other graded systems from the literature [18-22]; the session type system presented in this paper should also be compatible
with these, to varying extents depending on which kinds of grading the system in question accommodates.

Syntax Our syntax is that of the linear A-calculus with multiplicative products and unit (first line of syntax below) with
additional terms for introducing and eliminating the 0O modality (second line):
tu=x|Ax.t|ti1ta | (t1,t2) | let (x,y) =t1 in tp | unit | let unit =t; in t;

[ [t]|let[x] =t;int; (terms)

Following the syntax of variables, we group terms above into pairs of introduction and elimination forms, for functions,
tensors, units, and the graded modal respectively. The meaning of these terms is explained in the next subsection with
reference to their typing.

3.1. Type system

Typing judgements are of the form I' -t : A, assigning type A to a term t under context I'. Types A are defined:

A,B:=A—B|A®B|unit| A (types)

Hence, our type syntax comprises linear function types A —o B, linear multiplicative products A ® B, a linear multiplicative
unit unit, and the graded modality [J;A.

Contexts I contain both linear assumptions x : A and graded assumptions x : [A], which have originated from inside a
graded modality. Syntax and typing are then given by the following rules:

N'Htj:A—B
I'x:A-t:B INnhHEt:A
VAR —oj —o
X:AFXx:A I'FAxt:A—B '+THtit:B
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The VAR, —oj, and —o, rules are the standard rules of the linear A-calculus, augmented with a notion of contraction captured
by the + operation on contexts coming from multiple sub-terms. This operation is only defined when contexts are disjoint
with respect to linear assumptions; on overlapping graded assumptions we add their grades, e.g. (I'1,x: [Al;) + (I'2, X :
[Als) = (T'1 + '), x: [Alr+s. More explicitly, context addition is specified as follows:

(C,x:A)+ T =T +T"),x:A iff x¢ |I|
T+ (I, x:A)=C+T'),x:A iff x¢|T|
(T, x: [A]y) + (T, x : [Al) = (T + 1), x : [A]r4s)

@+TI'=T
r+¢=r

Note that we treat contexts as unordered, so this specification is sufficient for cases where graded assumptions for the same
variable appear in different positions within the two contexts.
The rules involving graded modalities are perhaps more interesting:

I'et:0A
'Ht:A Iy, x:[Aly+t:B

PR
rxTH[t]:0A '+Iyklet[x] =t1inty :B

ELIM

IL,x: A, T/+t:B
I'x:AFt:B 'Ht:B rcs

DER WEAK
Ix:[Al1+t:B roxIM+t:B Ix:[Als,"Ht:B

APPROX

The PR rule (promotion) introduces a graded modality with grade r and thus must scale by r all of the input assumptions
I', where scaling is a partial operation defined:

rxf=0 rx (D, x:[Als) = (1 * ), x: [Alrss

Thus, r % ' is undefined if I contains any linear assumptions and therefore implicitly in the PR rule we require that I'
contains only graded assumptions. We later denote a context which contains only graded variables as [I'].

The ELIM rule eliminates a graded modality and captures the idea that a requirement for x to be used in an r-like way
in t; can be matched with the capability of t; described by its graded modal type. In Granule, this construct is folded into
pattern matching (seen above): we can ‘unpack’ (eliminate) a graded modality via pattern matching to provide a non-linear
(graded) variable in the body of the function (the analogue to t, in this rule).

The DER rule (‘dereliction’) connects linear typing to graded typing, showing that a requirement for a linear assumption
is satisfied by an assumption graded by 1. Note that it is not the case that A= [A]; since dereliction only converts from a
graded assumption to linear assumption; there is no inverse. Meanwhile, WEAK explains how we can weaken with variables
graded by 0. The last important rule is the ApPrOX rule which provides grade approximation; this allows a grade r to be
converted to another grade s, provided that s approximates r where C is the pre-order of the semiring in question.

Example 1. Some useful choices for the pre-ordered semiring (all of which are provided in Granule) include:

e The semiring of natural numbers, which we define as (N, x, 1, +, 0, =). Note that the discrete ordering = here means
that this particular semiring has no approximation, and so we are tracking the exact number of times a term has been
used. We could instead use the standard < ordering on natural numbers which would then permit approximation; this
would allow for an upper bound on a term’s usage.

e A semiring of intervals over N [16] (seen earlier), with the standard interval arithmetic definitions for + and %, captures
lower- and upper-bound usage, with (l;..u1) C (I..up) if I <1y and uq < u;.

o Intervals over the extended natural number semiring, with N U {oo}; these are additionally useful since constructing an
interval with bounds 0..c0 allows us to capture a potentially arbitrary amount of use.

e The ‘none-one-tons’ semiring [23] with R = {0, 1, w} (in Granule, these are written zero, one, Many) for tracking linear
vs. non-linear usage, but with zero use identified as separate to non-linearity to capture irrelevance.

e The semiring of security levels [24], with R = {Lo, Hi} such that Lo C Hi (in the ordering that we use in this paper)
which means that high-security inputs cannot flow to low-security outputs, and 1 = Lo and 0 = Hi with * = and
+ = u. This can be generalised to ordered lattices with an arbitrary number of security levels, as are often used for
tracking confidentiality and related properties in type systems which focus on information flow control [25].

Finally, we have the rules for introducing and eliminating tensor products and the multiplicative unit, which are standard,
though it is of course important to remember that products are linear and so it is not possible to discard either side: both
elements must be used when consuming a product.
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ket :A MEt:AQA
I'kHt:B ® I'y,x:A,y:A+-t:B
[1+Tak(t,6):A®B ' Ti1+Taklet(x,y)=t;int;:B

e

MNet:1

NIT; FaFf:B UNIT
"' I'1+TyFletunit=t;int;: B ©

U
@+ unit:1

The following gives an example that combines together several of the above rules to show how a value of type [J3A presents
the capability to use an A value three times, which is split into forming a pair with a single usage of A and the formation
of a further graded modality:

— VAR
x:AFXx:A
——— VAR —————  DER
X:AFXx:A x:[Al1Fx:A
DER
x:[Ali Fx:A x:[A F[x]:OA
®,
x:[AlzF (x, [x]) :AQ LA 'y:D3AI—y:D3A

ELIM

y:[0sAFlet[x] =yin (x,[x]) :AQ A
Note that [J;A has the structure of a graded exponential comonad [24] meaning it has the following operations, all of which
can be derived from the typing rules here: § : O.5A —o Or(LsA) and ¢ : [01A — A, and contr : O45A — (0rA) ® (sA) and
weak : [JpA — 1.

3.2. Linear session types in granule

The implementation of session types in Granule is based on the GV calculus (originating from Gay and Vasconcelos [10],
further developed by Wadler [8], for which we use Lindley and Morris’ formulation [11]). The GV system extends the
linear A-calculus with a data type of channels Chan(S) parameterised by session types S [2], which capture the protocol of
interaction allowed over the channel. Communication in GV is usually asynchronous: sending always succeeds, but receiving
can block as usual, though Lindley and Morris consider a synchronous semantics [11].

Starting with a simple subset, session types can describe channels which send or receive a value of type T and then can
be used according to session type S written !T.S or ?T.S respectively, or can be closed written end, or end;. There are then
functions for sending or receiving a value on a channel, forking a process at one end of a channel returning the other, and
waiting for a channel to be closed:

send : T ® Chan(!T.S) — Chan(S) fork : (Chan(S) — Chan(end;)) — Chan(S)
recv : Chan(?T.S) — T ® Chan(S) wait : (Chan(end;) — 1)

where S is the dual session type to S, defined 'T.S =?T.S, ?T.S =!T.S, end, = end, and end, = end,. The fork combina-
tor leverages the duality operation, spawning a process which applies the parameter function with a fresh channel, thus
returning the dual endpoint.

The core interface in Granule correspondingly has operations with the following types, where protocol is the kind of
session types whose constructors and associated operations we highlight in purple:

send : V {a : Type, p : Protocol} . LChan (Send a p) — a — LChan p
recv : V {a : Type, p : Protocol} . LChan (Recv a p) — (a, LChan p)
forkLinear : V {p : Protocol} . (LChan p — ()) — LChan (Dual p)
close : LChan End — ()

The type-level function pual : protocol — Protocol provides the standard notion of duality for session types, defined:

Dual End = End

Dual (Send a p) = Recv a (Dual p)
Dual (Recv a p) = Send a (Dual p)
Dual (Select pl p2) = Offer (Dual pl) (Dual p2)
Dual (Offer pl p2) = Select (Dual pl) (Dual p2)

We can define a parallel composition combinator on thunked computations (i.e., of type () — a) using forkLinear to run
one computation in parallel and then return its result via the associated channel:

6
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-- 'par' expects two thunks, 'f' and ‘g’

1

2 -- and returns their resulting values in a pair

3 par : V {a : Type, b : Type} . (() - a) - (() - b) — (a, b)

4 par £ g = let -- compute f in new thread

5 c = forkLinear (Ac’ — close (send ¢’ (f ())));
6 b =g (); -- compute g in current thread

7 (a, ¢’) = recv c; -- get result of f from other thread
8 () = close c’

9 in (a, b)

Choice We also provide some utility operations for internal and external choice (also known as selection and offering);
note that as described in the original formulation by Lindley and Morris [11] these can be defined in terms of the core
functions given above, and so when it comes to our semantics we will not need to define explicit reductions for or prove
properties relating to these operations, but we do provide them as primitives in the implementation for ease of use.

selectLeft : V {pl p2 : Protocol} . LChan (Select pl p2) — LChan pl
selectRight : V {pl p2 : Protocol} . LChan (Select pl p2) — LChan p2
offer : V {pl p2 : Protocol, a : Type}

(LChan pl — a) — (LChan p2 — a) — LChan (Offer pl p2) — a

The following gives a brief example putting all these primitives together:

1 server : LChan (Offer (Recv Int End) (Recv () End)) — Int [0..1] — Int
2 server ¢ [d] = offer (Ac— let (x, ¢) = recv ¢ in let () = close ¢ in x)
3 (hc—> let ((), c¢) = recv ¢ in let () = close ¢ in d) ¢
4

5 «client : V {p : Protocol} . LChan (Select (Send Int End) p) — ()

6 client ¢ = let ¢ = selectLeft c;

7 c = send c 42

8 in close c

9

10 example : Int -- Evaluates to 42

11 example = server (forkLinear client) [100]

The server offers a choice between being sent an integer or a unit value. The second parameter (bound to d) is used as a
default value in the case that a unit value is received by the server, where 1nt [0..1] denotes that this integer can be used
0 or 1 times (see Section 2 for more explanation of this grading). The client selects the left behaviour, sends an integer,
then closes its side of the communication.

The final definition exampile spawns the client with a channel and connects the dual end of the channel to the server
which returns the received value of 42 here.

Core calculus representation In the core calculus we add a type of channels indexed by session types (protocols), with
grammar:

A:=...|ChanP (types, extended)

P:=SendAP|RecvAP | End (session types)

with the duality function P on session types defined as expected:

(SendAP) =RecvAP (RecvAP) =SendAP End =End

As mentioned above, we elide the offer and select types from the core calculus and the theoretical development in this
paper, since they can also be emulated using send and receive and coproducts as in the Fst presentation of GV [11].
The term language is extended with the following primitives and their typing:
send : Chan (SendAP) — A — ChanP
receive : Chan (RecvAP) — A ® Chan P
forkLinear : (ChanP — 1) — ChanP

close : ChanEnd — 1

We assume asynchronous communication, which is captured in the operational model of Section 5.
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4. The relationship between grading, call-by-value, and effects

The type system described thus far is based heavily on that of Orchard et al. [16], though with some simplifications
where we elide concepts that are irrelevant to this paper. Orchard et al. also described an earlier version of session types
in Granule based somewhat on the GV calculus, but the session types were not included in the language’s formal semantics
at the time, which resulted in some cases where combining grading and session types led to unsoundness and the possible
introduction of deadlocks. This work resolves these issues and we will present a full operational semantics in Section 5
as part of our formal theory of graded session types, but before we do this we first discuss the problems present in the
original system and describe our solution.

The first and primary problem becomes apparent when promoting a primitive function which creates new channels.
Consider the following example which is allowed by the type system described so far:

1 problematic : Int

2 problematic =

3 let [c] ((LChan (Recv Int End)) [2]) = [forkLinear (ic — close (send c 42))];
4 (n, ¢’) = recv ¢; () = close c’;

5 (m, ¢’) = recv ¢; () = close c’

6 in (n + m)

On line 3, the program forks a process that sends 42 on a channel, but under a promotion, with the type explaining that
we want to use the resulting value twice (given by the explicit type signature here). This promotion then allows two uses
of the channel on lines 4-5.

The typical semantics for coeffect-based calculi in the literature is call-by-name [13,24,15,19]. Under a call-by-name
semantics, which Granule allows via the extension 1anguage cBN, this program executes and produces the expected result
of s4. The key is that call-by-name reduction substitutes the call to forkLinear into the two uses of variable ¢ on lines 4 and
5, and thus we are receiving from two different channels. However, under the default call-by-value semantics (which was
chosen in Granule for simplicity, performance, and to avoid complications resulting from effects), line 3 is fully evaluated
(underneath the graded modal introduction), and so variable ¢ on lines 4 and 5 refers to a single channel. This means that
executing this program blocks indefinitely on line 5; we get an error from the underlying implementation’s concurrency
primitives (written in Haskell) describing a thread blocked indefinitely in an MVar operation. This comes
from Granule’s runtime which leverages these standard primitives.

In order to get around this problem with non-linear channels in a call-by-value setting, Orchard et al. [16] instead
deal with channels monadically, so here we would end up with a channel of type (session (LChan ...)) [2] (with
the session monad).> To make this example well-defined would then require a distributive law which maps from this
to session ((LChan ... ) [2]), copying the channel. Providing such a distributive law is unsound—it would enable
problematic and thus indefinite blocking—and fortunately it is also not derivable. However, we wish to avoid the monadic
programming style as it is not required when working with just linear channels.

Our alternative solution is that we instead syntactically restrict promotion to terms which do not allocate resources, i.e.,
whose reduction does not create linear channels. In particular this includes reducible expressions containing the forkLinear
primitive which causes the difficulty here. Non-linear channels are then re-introduced by additional primitives in Sections 6,
7 and 8 which allow for precise and carefully managed non-linear usage, allowing for grading to be combined with linear
channels even in a call-by-value setting and without the extra overhead that was required when every channel had to be
wrapped in the session monad.

Thus, we modify the promotion rule to be:

'Ht:A —resourceAllocator(t)
r+xF[t]: A

where resourceAllocator(t) classifies those terms whose reduction to a value would trigger creation of a resource; such terms
contain a use of the forkLinear primitive (or the other fork primitives introduced in later sections) in a reducible position.
Note in particular that —resourceAllocator(1x.forkLineart) since reduction does not happen underneath a A-abstraction (Sec-
tion 5 defines the reduction semantics). Definition 6 in Appendix A gives the formal definition. Generally, any term whose
reduction semantics creates channels is classified as a resource allocator.

Promotion is not the only source of unsoundness in the session type system of Orchard et al, [16] however. Some
additional restrictions on the primitives which combine grading with linear channels are required, in order to prevent
possible problems that can occur when two ends of the same channel reach inconsistent communication states or are used
at different grades. We will discuss these problems further in Sections 6, 7 and 8 where we will go on to define how exactly
these new primitives must operate in order to properly preserve communication safety.

2 In Granule such a channel would in fact have the type (LChan ... <Session>) [2], with <Session> being an instance of the graded monadic
<r> modalities which are dual to the graded comonadic [r] modalities. We elide discussing these further here since we will not need any monad other
than Session.
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Linear Haskell Note that since we developed this approach, other work has resolved the same problem relating to promo-
tion through different techniques. Originally, the linear types extension to Haskell [20] avoided this difficulty by only ever
allocating new resources (such as linear channels or mutable arrays) inside a continuation, which is passed around at every
step until deallocation to prevent the allocator itself from ever being promoted.

More recently, this strategy of requiring specialised restrictions on the interface for each resource allocator has been
generalised by introducing a “linear constraint” [26] called Linear1ly. This constraint is assumed whenever a new resource is
allocated, and since the assumption must be used exactly once this prevents the promotion of a linear resource constructor
in much the same way. A continuation is still necessary when rinearly is initially assumed, but unlike before this same
qualification can now be used generically across many types of resource.

5. Semantics

We define an operational model for our linear session types here, in order to make the connection between our type
system and the underlying communication behaviours more concrete, and so that we can prove that type safety will con-
tinue to hold after our extensions with additional primitives in Sections 6, 7, and 8. We give a semantics to terms in the
context of runtime “configurations” of processes and channels. This allows us to show that progress can always be made
regardless of the current state of the global configuration, and proving preservation of typing of the overall configuration.
We discuss deadlock freedom as further work in Section 11, with a sketch of the key theorems and definitions.

5.1. Operational semantics

The semantics is call-by-value and at its core is based on the standard small-step operational semantics for the linear
A-calculus and its extension to graded modal types in a call-by-value setting given by Orchard et al. [16]. We extend this
with the processes and channels.

Processes A process configuration tracks the state of a number of processes, comprising ordinary terms, running in parallel:

Pu=-| (P|tF) (process configurations)
Riu=ole (role)

(the parentheses are typically omitted). The role o marks a subordinate process and e marks the main process. Typing of
process configurations later establishes that a well-typed process configuration has exactly one main process (Section 5.2).

Configurations are subject to an equivalence relation capturing commutativity and associativity of the parallel composi-
tion in process configurations:

Pi1lP2=P2 | 1 (P11 P2) | P3=P1|(P2]P3)

In subsequent relations (e.g., reduction) we work up-to process equivalence, i.e., we can freely apply the equivalence relation
to rearrange process configurations. This relation is akin to structural congruence in process algebras.

Channels Communication channels in the operational semantics are represented by pairs of dual channel endpoints to allow
asynchronous duplex communication. Throughout, ¢ ranges over channel endpoint names, which appear in ‘positive’ and
‘negative’ forms:

cu=nt|n" (channel endpoint names)

The dual of an endpoint name c is another endpoint name, denoted ¢, where n* =n~ and n— =n* and thus duality is an
involution, i.e. ¢=c.

Channel configurations record the contents of channel endpoints in the current environment by associating names with a
queue v of message values:

Cu=-|C,c=V (channel configurations)

We write () for an empty queue, v : v for a queue with value v enqueued on the end, and v: v for a queue with v on the
front (ready to be dequeued).

We will sometimes refer to ¢ as simply a channel, and also as a reference to its contents (the queue) within a configu-
ration.
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Reduction Single-step global reductions are then defined over pairs of process and channel configurations (which we refer
to as global configurations) with reductions of the form:

(P; O)~ (P'; C)

where P, P’ are (incoming and outgoing) process configurations and C,C’ are (incoming and outgoing) channel configura-
tions respectively. The channel configuration may be updated if reduction involves applying a concurrency primitive, which
could involve spawning two endpoints of a new channel or communicating a value from one end of a channel to the other.

Channels inside a channel configuration can either be linear or they can be shared, which means that rather than being
used linearly they are used according to some grade r. We will discuss this in more detail when we describe primitives that
can spawn graded channels, starting from Section 6.

The standard call-by-value small-step semantics for the linear A-calculus embeds within this more complex global con-
figuration semantics through the use of the following rule:

t~t

(P ItR; O)~ (PR, ©)

REDUCE

which states that if the term t can reduce to t’ (without any need to interact with the global context) then we can make
that same reduction within the global configuration, at any role, whilst threading all of the extra channel configuration
information through so that it can come back into play once we reach a communication step. Going forwards, we elide the
role in places where a reduction rule is agnostic to the role, assuming that the role of a process being reduced is preserved
in its corresponding location in the output process configuration.

We will now briefly discuss how these standard reduction steps work in practice, to provide a foundation from which we
can go on to explain the behaviour of our core session type primitives in this setting of process and channel configurations.
We will explain some rules in detail and elide others which are very similar to those already introduced. All reduction rules
for the entire semantics are collected together in Appendix A.

The core reduction rules for the (CBV) linear A-calculus terms are of course S-reduction and function application, which
are given as follows.

t1 ~ tﬁ t~t
s
tip~thity

vt~ vt “prim (Ax.H) v~ tlv/x] P

Our semantics is call-by-value, and left-to-right: we fully reduce the left-hand side of a function application to a value and
then reduce on the right.

Perhaps more interesting are the rules for “boxed” terms which are those typed with a graded modality in our system;
note that in many other Granule-related papers with call-by-need semantics any boxed term is a value by default, but here
a boxed term is only a value if the term inside the box is itself a value. The reduction rules are:

t~t
let[x] = v]int~ tv/x] P [t~ [¢]  reduee
t1 ~ [’q
~ et

let [x] =t;int; ~let[x] =t;int,

Thus we can B-reduce an introduction-elimination pair for the graded modal values, eliminating the box modality through
pattern matching. We reduce inside the box for terms that are not yet values, and we have a congruence rule for reducing
the term in an elimination form. We will skip over the rules for tensor product and unit in this section, since they are very
similar to the rules for boxed terms, with rules for reducing terms inside a pair and also substitution and elimination for
products and unit as above.

The real action happens when we reach an instance of application where the value being applied on the left is some
(potentially already partially applied) communication primitive and the term on the right is the final parameter for said
primitive, as this is where some communication behaviour needs to occur and so we will have to consider the state of
the channel configuration. We begin by considering the creation of a new channel, which occurs through the use of the
forkLinear primitive. For this we need to now extend the syntax of terms to include runtime values, which in this setting are
just channel endpoint names c:

ti=...|c (Runtime terms)

Furthermore, we also define the notion of an evaluation context, denoted Ctxt, in which reduction can occur at a single
“hole” in the syntax tree:

10
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Definition 1 (Evaluation contexts). Syntax trees with a single hole are defined:

Ctxt Contexts

| —

| Ctxtt

| v Ctxt

| [Ctxt]

| let [x] = Ctxtint

| letunit = Ctxtint
| let (x,y) = Ctxtint
| (Ctxt, t)

| (v, Ctxt)

where — denotes a hole and we write Ctxt{t} to denote the operation of filling the hole in Ctxt with a term t.

The operational semantics of forkLinear, in some evaluation context, is then:

#c
(P | Ctxt{forkLinear (Ax.t)}; C) ~ (P | tlc/x]° | Ctxt{c}; C,c=(),c={())

In this case, we select a fresh name c for the new channel (denoted by #c in the premise) and add both dual endpoints of
the channel (¢ and ¢) to the channel configuration, each empty of values for now. As well as reducing the term by carrying
out the expected substitution we also spawn a new process for communication on the fresh channel and add it to the
process configuration, marked as a subordinate process.

In the forkLinear rule, we need not concern ourselves with whether the fresh endpoint name c is a positive channel
name n* or negative n~ since the actual polarity is immaterial; whatever fresh name we have, the channel configuration is
extended with a queue associated to this endpoint name ¢ and a queue associated to its dual endpoint name c.

The next cases we consider are sending and receiving information on one end of a channel, where the dual end will
have to receive or provide said information in turn. Sending is asynchronous, given by:

FORKLINEAR

(P | Cixt{sendcv): C.c =)~ (P | Coxtlch: Coim=v v o>
The value v provided by the user is consumed, and the channel configuration is updated by appending v to the end of
whatever queue of values is already present inside the dual end of the channel they sent on, where they will later be
necessarily received by virtue of the session type guarantees. The process configuration contains the original end of the
channel in context, which the sender will continue to use according to the next step of its protocol given by the session
type. Conversely, receiving operates as follows:

(P | Ctxt{receivec); C,c=v: V)~ (P | Ctxt{(v,0)}; C,c="V) RECY
In this case, the first value is popped from the queue of values contained in the end of the channel held by the receiver,
and this is given to the user inside the context in the process configuration; they can again continue to use their end of the
channel according to its protocol. This may involve receiving more values or sending values to the dual end depending on
the particular session type that has been specified.
Finally, channels are closed as follows:

- CLOSE
(P | Ctxt{closec}; C,c=())~ (P | Ctxt{unit}; C)

Note this reduction closes the referred-to endpoint of the channel c, rather than its dual, akin to how RECV receives from
the referred to endpoint of the channel. This allows for asynchronous behaviour since the dual endpoint ¢ may still have
values in its queue to be received.

5.2. Runtime typing

In order to later consider type safety properties, we extend typing to process and channel configurations, considering a
notion of runtime typing.
For runtime typing of terms, the same typing rules apply but where the context also contains channel names and their
typing. We refer to a runtime context by the letter A, defined:
A=0@|A,c:ChanP (Runtime contexts)

'=...|A (Contexts (redefined))

11
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where c: ChanP types a linear channel. Contexts I' are then extended to include A, though it is sometimes useful to denote
contexts that contain only runtime types (channel types) separately by using the A notation.

Context addition extends to A, treating the linear channel names just as linear variables. The variable rule of typing
extends to channel names, i.e., we can derive runtime typing:

c:Ch:;mPI—c:ChanPVAR

Process configurations P are typed by a judgment I', A+ P : A where A is the type of the main process and I" are the term
variables and A the channel names in scope of the processes in P. Here, the type L is a type that cannot be given to any
term, but is used only for process configuration typing to denote a configuration without a main process.

— EMPTY
AE-: L

F],AH—PZL Fl,Aﬂ—P:A
Iy, Ap-t:A M, Ay t:1

MAIN
M+, A1+ 2Pt A M+, A1+ APt A

Empty process configurations are given the type L. The MAIN rule puts a term t in parallel with a configuration P and
marks it as the main process and thus the process configuration has the type of this process. The suB rule puts a term ¢t
in parallel with a configuration P, but this term is marked as a subordinate process with o (of which there may be many)
and thus the return type of t must be unit. The process configuration’s type is that of P. Note that this type can itself be
1, and so a process configuration with type L is not necessarily empty.

Channel configurations C are typed by a judgment A - C, defined:

SUB

—NIL
g

AEC AFC
EMPTY ——END
A,c:ChanPFC,c= () A,c:ChanEnd+~C,c=v

AFv:A A1, Ay, c:ChanP+C,c=V:v
Al,Az,C:Chan(SendAP)l—C,E:G

SEND

A1Fv:A A1, Ajc:ChanPC,c=V
A1, Ay, c:Chan (RecvAP)-C,c=v:V RECV

The EmMPTY rule says that a channel endpoint that is empty can have any type (it is in a ‘waiting state’). Meanwhile, the
END rule says a channel can be typed at ChanEnd while its dual endpoint may contain any number of values. Reading the
SEND rule bottom-up, the conclusion types a channel on which a value v of type A can be sent and thus we can type that
channel with the continuation behaviour P in the premise when that value has been enqueued on the channel. Note that
channel value is the dual to the typing, since sending is actioned by enqueueing on the dual endpoint. Reading the REcv
rule bottom-up, the conclusion types a channel on which a value v of type A can now be received (from the head of the
channel) with the continuation behaviour P in the premise after the value has been received (and hence removed) from
the front of the channel.

5.2.1. Summary

So far we have established just the operational semantics for the core calculus with linear channels. We are now in a
position to establish the key properties of well-typed programs containing graded modal session types but we delay this to
Section 9.

Next, we introduce the new non-linear communication primitives which are the main contribution of this paper and
expand the operational semantics to include their model, and associated definitions, which also includes expanding the
definition of processes to include some intermediate runtime processes. In Section 9, we then consider the syntactic type
safety properties for the full calculus with the non-linear extensions included.

6. Reusable channels

A reusable or non-linear channel is one which can be shared and thus used repeatedly in a sound way. This contrasts
with the notion seen in Section 4 of promoting a fresh linear channel to being non-linear in a call-by-value setting, which
was unsound; a linear channel used in a shared way can easily lead to a deadlock where one user of the channel leaves it
in a state which is then blocking for another user of the channel. The key problem with sharing a channel is ending up with
inconsistent states across different shared usages. This can be avoided if the protocol allowed on the channel is restricted

12
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such that only a single ‘action’ (send, receive, choice, or offer) is allowed, and thus if the channel is used multiple times
it can never be left in an inconsistent state across shared uses. This is captured by the idea that (P | P) # P in general
in process calculi (like CCS or the mr-calculus) and so a replicated channel which has more than a single action cannot be
split off into many parallel uses, e.g., (ab)* | (ab)* # (ab)*. However, if there is only a single action then multiple repeated
parallel uses are consistent, e.g., a* | a* =a*.

We capture this idea via the following variant of the fork primitive with arbitrarily graded channels:

forkNonLinear : {p : Protocol, s : Semiring, r : s}
. {SingleAction p, ExactSemiring s}
= ((LChan p) [r] — ()) — (LChan (Dual p)) I[r]

where ExactSemiring : Semiring — Predicate Iestricts acceptable semirings to only those that do not permit any approx-
imation (so as far as semirings mentioned in this paper are concerned, the grade r is allowed to be a natural number,
representing exact usage, but importantly is not allowed to be an interval, representing a range of possible usages) and
SingleAction : Protocol — Predicate iS a type constraint that characterises only those protocols which comprise a single
send, receive, choice, or offer, i.e.,

SingleAction End SingleAction (Send a End) SingleAction (Offer End End)
SingleAction (Recv a End) SingleAction (Select End End)

As an example, consider a channel in a graded modality which says it can be used exactly n times. The following uses this
channel to send every element of a vector of size n (using the vec type of Section 2):

sendvec : V {n : Nat, a : Type} . (LChan (Send a End)) [n] — Vec n a — ()

1

2 sendVec [c] Nil = ();

3 sendVec [c] (Cons x xs) =
4 let ¢’ = send c Xx;
5 () = close c’

in sendVec [c] xs

This code shows the powerful interaction between grading, linearity, and indexed types in Granule. Note that the above
code is typeable without any of the new primitives described in this section, but would be unusable without promoting a
use of forkLinear. However, we can complete this example with a dual process (recvvec) that is then connected to sendvec

via forkNonLinear:

I recvVec : V {n : Nat, a : Type} . Nn — (LChan (Recv a End)) [n] — Vec n a
2 recvVec Z [c] = Nil;

3 recvVec (S n) [c] = let (x, ¢’) = recv c;

4 () = close ¢’

5 in Cons x (recvVec n [c])

6

7 length’ : V {n : Nat, a : Type} . Vec na — (N n, Vec n a)

8 length’ Nil = (Z, Nil);

9 length’ (Cons x xs) = let (n, xs) = length’ xs in (S n, Cons x xs)
10

11 example : V {n : Nat, a : Type} . Vecna — Vecn a

12 example xs = let (n, list) = length’ xs

13 in recvVec n (forkNonLinear (Ac— sendVec c list))

14

15 main : Vec 5 Int
16 main = example (Cons 1 (Cons 1 (Cons 2 (Cons 3 (Cons 5 Nil)))))

Since forkNonLinear gives us a pair of channels whose semiring-usage is exact, we must consume all values produced
by sendvec on the dual endpoint. Therefore, the receiver recvvec needs to know how many elements to receive. This
information is passed separately (via an indexed natural number n n) so that recvvec can induct on the natural number
and leave no message unreceived. A system with dependent session types [27,7] could avoid this by first sending the length,
but this is not (yet) possible in Granule; the Gerty prototype language provides full dependent types and graded modal types
which would be a good starting point [28].

6.1. Semantics

In the notation of the core calculus, the forkNonLinear primitive has its typing rendered as:

SingleAction(P) ExactSemiring(S) r:S

— FORKNONLIN
@ = forkNonLinear : ((0,ChanP — 1) —o [J.(Chan P)

This primitive now introduces the notion of a non-linear, or shared channel, which we reflect into the runtime typing and
channel configuration typing that was setup in Section 5.

13
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As an example (partial) derivation here, consider the following term which uses forkNonLinear with a protocol
Send IntEnd, and the natural numbers semiring with grade 2 to spawn a process reusing the channel twice to send two
integer terms (3 then 5), yielding the dual channel which can be used twice to receive two integers:

y : [Chan (Send Int End)]; I let unit = close (sendy 3) in close (sendy 5) : 1
x : [y (Chan (Send IntEnd)) + let [y] = x in let unit = close (sendy 3) in close (sendy5) : 1
@+ rx.let [y] = x in let unit = close (sendy3) in close (sendy5) : 1
@ - forkNonLinear (Ax.let [y] = x in let unit = close (sendy 3) in close (sendy5)) : [J> (Chan (RecvInt End))

ELIM

—0i

FORKNONLIN

Shared channel typing We extend runtime-typing contexts A with a shared channel typing:

A=-|A,c:ChanP| A,c:* ChanP (Runtime contexts)

where c:* ChanP types a shared channel.

The predicate [I'] classifying graded contexts then also extends to include the rule that [I'] = [T, c:* ChanP], i.e., we
treat shared channels akin to graded variables, as graded variables may be used non-linearly. Runtime context addition then
needs to account for sharing:

Definition 2 (Runtime context addition). Runtime context addition is akin to context addition, where channels can be marked
as linear or shared and addition is only defined for contexts that are disjoint in their linear channels and where shared
channels may appear in either context:

B+ Ay= Ay
A1 +0=Aq
(Aq,c:ChanP) + Ay = (A1 4+ Ay),c:ChanP iff c € dom(Ay)
A1+ (Ay,c:ChanP) = (A1 + Ay),c:ChanP iff ¢ ¢ dom(A1)
(A1,c:*ChanPq) + (A, c:* ChanPy) = (A1 + Ay),c:* ChanP where P =P <Py

where Pi < P, defines compatibility of shared channel session types, a symmetric partial operation defined:

P><aP =P ifSingleAction(P)
P><End =P if SingleAction(P)
End><P =P if SingleAction(P)

where SingleAction is a built-in predicate on protocols:

SingleAction(End) SingleAction(RecvAEnd) SingleAction(Send AEnd)

Thus, two shared channels are compatible when they have the same protocol, or when one of the shared channels has
been used and is in the End state. For example, consider three non-linear uses of a shared channel ¢ whose protocol is
a single action Send AEnd; after one communication is performed, one of the uses of ¢ is typed as End, but this is still
compatible with the two remaining non-linear uses of ¢ typed at Send AEnd.

Thus, + combines contexts which are disjoint in their linear channels, and allows shared channels to be included in both
contexts as long as their session types are compatible, computing via >< their compatible shared type.

Scalar multiplication of contexts extends smoothly to scalar multiplication of runtime contexts where r % (A,c :*
ChanP) = (rx A), c:* ChanP.

The variable rule extends to shared channel names:

VARCHANS

c:* ChanPt c: ChanP
The weakening rule also extends to shared channel names:

I'Ht:B

WEAKCHANS
IoxIV,c:*ChanP+t:B

Channel configurations and reduction In channel configurations, we explicitly denote shared channels with assignments writ-
ten ¢* = V. If we need to distinguish a linear channel in a channel configuration, we write ¢! =V though if the linear or
shared nature is immaterial we write c =V as before. The typing of channel configurations behaves the same for shared
channels as linear channels.

Send and receive reduction rules apply to shared channels exactly as linear channels. However, the close primitive has a
different reduction semantics for shared channels:

14
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= A — SHAREDCLOSE

(P | Ctxt{closec}; C,c* =v)~ (P | Ctxt{unit}; C,c* =v)
Note that when a shared channel is closed, we preserve it inside the channel configuration rather than removing it. Further-
more, we do not even require that it is empty since the channel may be shared and messages may have arrived for another
interaction, e.g., particularly in the case of forkNonLinear.

An important point here is that although the channel is preserved, unlike in the linear close rule, this still does not
permit orphan messages to remain inside any channel when it is closed. This is because of the Exactsemiring constraint on
the forkNonLinear primitive, which ensures that there are always exactly the same number of senders as receivers, and the
SingleAction constraint, which restricts each participant to only send or receive a single message. Indeed, this is exactly
why both of these restrictions are necessary.

Reduction semantics for forknonLinear Now that we have extended the runtime typing notions to shared channels we can
consider the operational semantics of forkNonLinear.

The operational model of forkNonLinear follows the typing: its reduct starts with an application of this primitive to a
function value forkNonLinear (Ax.t) in some evaluation context within a process reducing by creating a fresh shared channel
endpoint ¢ (and its dual endpoint ¢) and spawning a new process t with x replaced by the graded modal lifting of the
channel [c] and returning the dual endpoint also inside a graded modal box:

#c
(P | Ctxt{forkNonLinear (Ax.t)}; C)
~ (P | Cext{[c]} | tl[c]/x]°; C,C" = (), c" =())

The spawned process based on the function body t (with the promoted channel substituted in) is marked as being a
subordinate process with o. The newly created channels in the context are marked as being shared channels ¢* and c¢*.

FORKNONLINEAR

7. Replicated servers

The m-calculus provides replication of a process P as the process !P, which session-typed i -calculus variants have
refined into the more controlled idea of having a replicated ‘server’. Here, the spawning of replicated instances is controlled
via a special receive [29-31], e.g., written like xc(x).P meaning receive an x on channel ¢ and then continue as P, whilst
still providing the original process. From an operational semantics point of view this looks like xc(x).P | c(d).Q — xc(x).P |
P[d/x]| Q where ¢(d).Q sends the message d to the server which ‘spawns’ off a fresh copy of the server process P whilst
also preserving the original server process for further clients to interact with.

This important pattern is not achievable with the reusable channels of Section 6 but the non-linearity inherent to repli-
cated servers can be captured and explained again via the combination of graded and indexed types. We provide the
replicated server functionality here as the fork variant forkreplicate:

forkReplicate : V {p : Protocol, n : Nat} . {ReceivePrefix p}
= (LChan p — ()) [0..n] - Nn — Vec n ((LChan (Dual p)) [0..1])

Here the grading is less general than in Section 6; we instead focus on a particular grading which says that given a server
process (Lchan p — ()) that can be used O to n times, then we get a vector of size n of dual channels which we can use
to interact with the server. The predicate rReceiveprefix p classifies those protocols which start with a receive, i.e.:

ReceivePrefix (Recv a p) ReceivePrefix (Offer pl p2)

Each returned client channel can itself be discarded due to the graded modality ... [o..1]. Thus, we can choose not to
use any/all of the client channels, reflected in the dual side where the server can be used at most n times. This introduces
some flexibility in the amount of usage.

The following example demonstrates forkreplicate to define a simple server that can receive requests to receive two
further integers which it adds and sends back, or requests to compare a received integer for equality to O:

addServer : LChan (Offer (Recv Int (Recv Int (Send Int End)))

1

2 (Recv Int (Send Bool End))) — ()
3 addServer c =

4 offer

5 (Ac—> let (x, c) = recv c;

6 (y, ¢) = recv c;

7 in close (send ¢ (x + y))

8

9 (hc—> let (x, c) = recv c;

10 in close (send ¢ (x == 0))) ¢

We then define two clients client1 and client2 that can interact with this server, exercising both parts of the offered
choice:
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1 clientl : V {p : Protocol}
2 . LChan (Select (Send Int (Send Int (Recv Int End))) p) — Int
3 clientl ¢ = let (x, c¢) = recv (send (send (selectLeft c) 10) 20);
() = close c
in x

3
4

5

6

7 client2 : V {p : Protocol}
8 . LChan (Select p (Send Int (Recv Bool End))) — Bool

9 «client2 ¢ = let (b, c) = recv (send (selectRight c) 42);

10 () = close ¢

11 in b

We then compose the server and clients together using forkrReplicate to get a vector of channels, which we pattern match
on immediately to get the channels to pass to each client (which are composed in parallel using par defined in Section 3.2):

1 import Parallel -- Provides the 'par' combinator derived from ‘'forkLinear'
2 main : (Int, Bool)

3 main =

4 let (Cons [cl] (Cons [c2] Nil)) = forkReplicate [addServer] (S (S Z))

5 in par (A () — clientl cl1) (A () — client2 c2)

In the intuitionistic linear logical propositions of Caires and Pfenning [6], this same idea of a replicating fork is captured by
a non-linear channel (in Dual Intuitionistic Linear Logical style) which yields a linear version when interacted with; this is
akin to the idea of shared channels [2]. Our approach codifies the same principle using graded modalities, but only allows
finite replication. Section 7.2 shows a variation of this primitive which allows unbounded replication.

7.1. Semantics

In the notation of the core calculus, the forkreplicate primitive has its typing rendered as:

ReceivePrefix(P)

—— FORKREP
# - forkReplicate : (Ig_,(ChanP — 1) —o N n — Vecn (g1 (Chan P))

We thus also extend the core calculus with indexed types for natural numbers and vectors, which previously were derived
inside Granule using the syntax of GADTs (see Section 2):

A:=...|Nn|VecnA

These indexed types are internally definable in Granule as GADTs, but for simplicity we add them as primitive to the core
calculus, with standard introduction rules:
7 F'—t:Nn
W+Z:NO '=St:N(n+1)
I'kEt:A I'y -ty :VecnA
————— NIL C
A ():VecOA M+t t:Vee(n+1)A
We elide their eliminators here for brevity, but their elimination is standard following usual eliminators for indexed
types [32] (see also Granule’s type system [16], whose indexed type eliminators also cause specialisation in grades, allowing
type indices and grades to interact). As a shorthand, we write a vector constructor with n elements as (ti, .., ty).

As an example (partial) derivation, the following uses forkReplicate to spawn a server that can be used at most three
times to receive an integer and sends it back incremented:

ONS

A+ rx.let (v, x) = receive x in close (sendx (y + 1)) : Chan (RecvInt (Send Int End)) — 1
PR
A+ [rx.let (y, x) = receivex in close (sendx (y + 1))] : o, 3(Chan (RecvInt (Send Int End)) — 1)
() I forkReplicate [Ax.let (y, X) = receive x in close (sendx (y + 1))] : N 3 — Vec 3 ({Jp_1 (Chan (Send Int (RecvInt End))))

FORKREP

The operational model of forkReplicate splits into two rules. The first follows the typing and corresponds to a B-reduction
of forkReplicate: its reduct has an application of this primitive to a promoted function application and a natural number term
forkReplicate [Ax.t] n. The result is to spawn off a number of intermediate processes called “watchers” and to return to the
originating process a vector of fresh channel endpoints (each promoted), of type Vecn (Cy 1 (ChanP)):

#c1 ... #cy
(P | Ctxt{forkReplicate [Ax.t]n}; C)
~ (P | Ctxt{({[c1], .., [cn])} | Weh (c1 > Ax.t) | .. | Weh (¢cp > Ax.t)
s Cat=(), =), =(), .. = ()

FORKREPLICATE
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Thus, n pairs of fresh channel endpoints are created and the forkReplicate reduct, in some evaluation context Ctxt, is replaced
by a vector of the dual endpoints (promoted to the graded modality). In parallel, n “watcher” processes are created, where
Wech (c— t) is a runtime process waiting to receive a value on channel ¢ and containing the continuation of the replicated
process body: the suspended computation of process t, abstracted over the channel x.

Watcher processes (which are not ordinary terms) have the following typing, under the process typing judgment:

',AiEP:A 'y, x:Chan (RecvA'P), Ay -t: 1
't +(0..1%I'y), A1 + Ay, c: Chan (RecvA’'P) =P | Weh (c — Ax.t) : A

Thus, given a t which has a free x which is a channel on which we can receive, then t can be placed into a watcher process,
linked to the channel ¢ on which a receive can occur. Note that in the conclusion here we scale the requirement of t by
0..1 since t may never be evaluated as forkReplicate provides an upper bound on the number of possible replications.

The second part of the operational semantics for forkReplicate then involves reducing a watcher process into a regular
term-based process upon receiving an initial request:

WATCH

= — WATCHER

(P |Wch(cr Ax.t); C,c=v:V)~ (P |tlc/X]°; C,c=vVv:V)

For a watcher on channel c, if there is a value v at the end head of the channel v then a new subordinate process is formed,

substituting c for x. Note that the channel is left unchanged so that the spawned process can receive the value; the presence
of the value v in the channel simply triggers the spawning of the process from the watcher.

7.2. Variations

In forkreplicate, each returned channel (in a vector) can be discarded due to the graded modality ... [o0..1]: we can
choose not to use any/all of the client channels, which allows for some flexibility in the amount of usage. A more strict
variant is given as:

forkReplicateExactly : V {p : Protocol, n : Nat} . {ReceivePrefix p}
= (LChan p — ()) [n] - N n — Vec n (LChan (Dual p))

meaning we have exactly n clients that must spawn the server n times.
A more powerful version of replication allows an unknown number of clients (possibly infinite), with an interface similar
to forkReplicate but returning a lazy stream of client channels which can be affinely used:

data Stream a = Next a (Stream a)

forkReplicateForever : V {p : Protocol} . {ReceivePrefix p}
= (LChan p — ()) [0..00] — (Stream (LChan (Dual p))) [0..1]

The result is a stream wrapped in the graded modality with grade o..1. Due to the typing of pattern matching in Granule,
one can pattern match on the stream inside the graded modality, such that its components inherit the grade o..1; e.g,
example [Next c¢ rest] = ... binds the stream rest in the scope of the function body with the same grade o..1 so it can
be used once or not at all.

This last variation of replication captures more closely the replicated server concept found in session-typed i -calculi.
The above two primitives are provided in the implementation but are not considered in the core calculus and metatheory
here.

8. Multicast sending

The final primitive we introduce here provides the notion of multicast (or broadcast) communication where messages on
a channel can be received by multiple processes by copying the messages. This non-linearity is thus on the payload values
being sent, with a graded modal type deployed to explain that the amount of non-linearity in the messages matches the
number of receiving processes (clients). The forkMulticast primitive provides this behaviour, typed in Granule:

forkMulticast : V {p : Protocol, n : Nat}
. {Sends p}
= (Chan (Graded n p) — ()) — N n — Vec n (Chan (Dual p))

where Graded : Nat — Protocol — Protocol is a built-in type function that adds a graded modality to payload types,
defined:

Graded n End = End

Graded n (Send a p) = Send (a [n]) (Graded n p)

Graded n (Recv a p) — Recv (a [n]) (Graded n p)

Graded n (Select pl p2) = Select (Graded n pl) (Graded n p2)
Graded n (Offer pl p2) = Offer (Graded n pl) (Graded n p2)
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and sends : Protocol — Predicate iS a built-in predicate defined:

Sends p Sends pl Sends p2

Sends End Sends (Send a p) Sends (Select pl p2)

Thus, as long as we are sending values that are wrapped in the graded modality such that they can be used n times, we
can then broadcast these to n client processes via the vec n (Chan (bual p)) channels returned by forkMulticast.

For example, in the following we have a broadcaster that takes a channel which expects an integer to be sent which
can be used 3 times.

1  broadcaster : LChan (Send (Int [3]) End) — ()
2 broadcaster ¢ = close (send c [42])

We can then broadcast these results with forkMulticast broadcaster (S (S (s z))) producing a 3-vector of channels.
Below we aggregate the results from these three receiver channels by applying aggregaterecv to the vector, giving us the
result 126, i.e. 3 * 42.

aggregateRecv : V {n : Nat} . Vec n (LChan (Recv Int End)) — Int
aggregateRecv Nil = 0;
aggregateRecv (Cons c cs) = let (x, c¢) = recv c;
() = close ¢
in x + aggregateRecv cs

N U WN =

main : Int -- Evaluates to 126
main = aggregateRecv (forkMulticast broadcaster (S (S (S Z))))

o0

8.1. Semantics

In the notation of the core calculus, the forkmulticast primitive has its typing rendered as:

Sends(P)
@ I forkMulticast : (Chan (Graded,P) — 1) — N n — Vecn (ChanP)

FORKMULTI

Similarly to forkReplicate, the operational model of forkMulticast comprises two rules; a g-reduction that generate some
intermediate processes, and a rule actioning those processes in response to communication. The S-reduction rule follows
the typing; its reduct has an application of the primitive to a function value and a natural number term: forkMulticast (Ax.t) n.
The result is to spawn the process derived from t as well as a special “forwarding” process (explained below):

#c #cy ... #cy
(P | Ctxt{forkMulticast (Ax.t) n}; C)
~ (P | Ctxt{(cq, .., cn)} | tlc/x]° | Fwd (c + c1, .., Cn)
; Ce=(0,c=(a=0,..a=(,a=()...cn=())

FORKMULTICAST

Thus, n pairs of fresh channel endpoints are created, cg ...cp, and the forkMulticast reduct is replaced by a vector of the dual

endpoints (cq, .., ¢y). In parallel, the function body t from the reduct has c¢ substituted for x to form a subordinate process

tlc/x]°, and a “forwarding” process is created. The forwarding process Fwd (c — cq, .., ¢) is a runtime process that receives

a graded modal value from c, unboxes the value and forwards copies of this payload on the (dual end of) channels c; to c;.
Forwarder processes are typed by the process typing judgment as:

Sends(P) IAFP:A
— F
I', A, c: Chan (Graded,P), ¢ : ChanP+ P | Fwd (c+> cq, .., Cp) : A

'WD

where ¢; : ChanP is short hand for the typing c¢; : ChanP, .., ¢, : ChanP. For example, if P =SendBP’ (satisfying the Sends
predicate) then ¢ : Chan (Recv (O, B) (Graded,P’)) in the above.

The reduction of the forwarding process then occurs by receiving on channel ¢ an n-graded value, which gets sent along
n further channels:

—— FORWARDER

(P |Fwd(cH c1,..,Cp); C,c=[v]:vV,
~ (P|Fwd(c+ c1,..,cp); C,c=V,01 =

<19

Note that there is no “garbage collection” step for the forwarding process, though this can be easily added as an implemen-
tational detail.
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9. Properties

We consider the standard probes on the language design: whether typing guarantees progress of reduction (that we do
not get stuck, or blocked locally) and preservation of types (that reduction does not conflict with the specifications of types
and maintains its meaning throughout). Proofs of all the statements that follow are provided in the appendix.

We are now in a position to establish the key properties of well-typed programs containing graded modal session types.
Our semantics defined over global configurations that was presented in Section 5 allows us to demonstrate that type safety
(and thus communication safety) holds by proving two main theorems: progress and preservation.

Lemma 1. Value lemma
Given T" - v : A then, depending on the type, the shape of v can be inferred:

A=A —o Bthen v = Ax.v’ or a partially applied primitive term p.
A=0;Athenv =[v'].

A=A ®Bthenv=(v1,vs).

A =1 then v = unit.

A =ChanP then v =c.

Note that as in other session-typed systems, typability of an expression is not sufficient to guarantee that it can imme-
diately make progress at runtime [10]. For example, a channel with type Chan (RecvAP) can only make progress if the dual
channel has already sent the value that this channel needs to receive (as described by the Recv rule). Our progress theorem
applies to well-typed configurations that also satisfy the following property.

Definition 3. Given AFt: A A A+ C then we say that C is buffered with respect to A, written buffered(C, A), if for any
channel ¢ in C with type Chan (RecvAP), we have that ¢ contains at least one value v.

The full inductive definition of the buffered predicate is as follows, where c:" ... in the runtime contexts and c="... in
the process configurations abstracts over both linear and shared channels.

buffered(C, A)
buffered(-, A) buffered((C, ¢ =" V), (A, ¢ :" Chan End))

buffered(C, A)
buffered((C, c =" V), (A, c " Chan (Send A P)))

buffered(C, A)
buffered((C, c =" v: V), (A, ¢ :" Chan (RecvAP)))

Theorem 1 (Progress terms).

AFt:A
ANAFC
A buffered(C, A)
ANAFP:B
= value(t) vat', ¢, P . (P|t; C)~ (P |t; C)

A process configuration P contains all values, defined by the predicate values(P), if every process is either a value v or
is a forwarder or watcher process.

Theorem 2 (Progress global config).
AFP:A AN AFC A buffered(C, A)
= values(P) vIC', P’ .(P; C)~ (P'; C)

Proof. (Highlights) See Appendix C for the full proof.
Note that there are two separate progress theorems here; the first is akin to the standard progress theorem on terms,
though some cases require additional information from the process and channel configurations and the overall result is that
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either the term t is a value, or a global step can be taken which can reduce either or both of the two configurations along
with the term. The second global progress theorem consider cases where we must reduce a process configuration without
being able to focus on a term, for example if we need to reduce based on watcher and forwarder processes which only exist
at runtime.

Most cases in the first progress theorem proceed exactly as they would in a standard proof of progress for a type system;
in these cases the REDUCE rule from the global semantics allows us to say that if a term can be reduced in the standard
way, then we can take a global step which does not affect the remainder of the process configuration or any of the channels
which exist at runtime, simply reducing that term in place.

The interesting cases in this proof are the ones where a communication primitive is applied to a value, which by the
value lemma (Lemma 1) must be a channel. In these cases we cannot reduce by only considering the term; the rules we
must use are the global semantic rules for the communication primitives, which take into account the channels that are
present in the channel configuration and in some cases (such as FORKREPLICATE and FORKMULTICAST) also spawn additional
processes.

The second proof is not too involved, and almost follows as a corollary of the first, but does require a little extra work
for the cases of watcher and forwarder processes. Note in particular that it is possible for a forwarder process to still be
present and for no reduction to be possible, but this is only in cases where all other terms are values, so the theorem does
still hold here because values(P) holds for a process configuration as long as all terms have been fully reduced. O

Theorem 3 (Preservation).

T,LAFP:AAARC A (P, Q) ~ (P C)
— JA.T,ANFP:AAANKC

Proof. (Highlights) See Appendix D for the full proof.

The proof proceeds by induction on the structure of process configuration typing, in concert with channel configuration
typing and then the inductive definition of global reductions that are possible at each typing.

Preservation for reduction of a single term comes from previous preservation results for Granule’s core calculus [16].

For the concurrent primitives (both the communication primitives and forking primitives introduced here), their reduc-
tions involve terms in a reduction context. A lemma provides factorisation for a well-typed term in context, i.e., if Ctxt{t}
is well-typed then Ctxt{x} is well-typed and t is well-typed separately (Lemma 6, p. 28). This lemma tells us that either
x is a linear variable, i.e., the term ¢t is substituted into a linear hole position, or x is a graded variable, i.e., the term ¢ is
substituted into a graded hole position, which for ' - Ctxt{t} : B then gives us:

(arq, I'y, A, r. —resourceAllocator(t)
A ', x: [A], F Ctxt{x} : B
A [TMa]Ft:A
Al=T1+r*xI))

Critical here is that we know that this factorisation tells us that t is not a resource allocator. Given a global reduction which
leads to a new term t’, we then have the evidence to show that —resourceAllocator(t’) in these cases. Context application
lemmas then give the dual result allowing us to reconstruct a well-typed term in context, i.e., Ctxt{t'} is well-typed (with
preserved types).

Note that communication primitives (send, receive, close) are not resource allocators and can occur in graded contexts, in
which case the factorisation lemma also states that their channels must therefore be shared, since [I",] classifies (runtime)
contexts which are all graded or all shared channels. In these cases, the typing preservation is straightforward.

For the forking primitives, and auxiliary processes like forwarding and watching, the factorisation lemma tells us that
these must necessarily be within a linear context as they are resource allocators, and thus given I' - Ctxt{t} : B we can
factorise the typing into I'1,x: AF Ctxt{x} : B and I'; -t : A where I" =T'1 4 I'5. This shows us the effect of restricting terms
to non-resource allocators in ensuring preservation. The type preservation then follows by the constructing the typing of
the subject produced by reduction, which all satisfy the theorem statement.

For the forkReplicate case, the ReceivePrefix(P) predicate is essential to type preservation: the watcher processes that
forkReplicate reduces into rely on having receiving channels in order to continue reducing. Furthermore, the typing of a
forkReplicate reduct has its first argument of type [y ,(ChanP — 1). Since this argument is a value in the reduct, by
inversion (the value Lemma 1), it is necessarily of the form [Ax.t] and we have I't,x:ChanP, A1 ~t:1 and 0..nx ("1, A1) -
[Ax.t]: (ChanP — 1) where I'1, A1 is a graded context. Reduction yields n watchers, each of which holds a copy of t that by
the typing of watchers promotes their resources by 0..1 to 0..1 % (I'1, A1). Thus the n-wise parallel composition therefore
(by distributivity of % over +) results in preserving the 0..n* ("1, A1) resources.

For the forkMulticast case, the Sends(P) predicate is essential to type preservation also: the forwarding processes that
forkMulticast reduce into rely on having a receiving channel endpoint and subsequent channels to send upon. Further-
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more, the payload grading given by GradednP ensures that the copying of the value to n channel endpoints is well-
resourced. 0O

Progress and preservation go some way to ensuring that our approach does not undermine guarantees of the language.
A further useful property to prove would be deadlock freedom. We give a sketch of how to prove this for our system in
Section 11, although completing it for the full system here is left as further work.

10. Related work

Shared channels Session type theories often provide non-linearity via shared names which provide repeated behaviours such
as a replicable ‘server’ [2] akin to our forkReplicate concept.

Particularly relevant in our context of linear types, Caires and Pfenning give a session-types meaning to intuitionistic
linear logic in which propositions denote the types of (linear) channels and the exponential modality ! types the communi-
cation of shared servers which can be repeatedly spawned [6]; that is, !A denotes the type of a non-linear shared channel
which is used by a ‘server’ process to spawn new sessions conforming to the communication behaviour of A. The production
of a new ‘client’ channel involves giving a semantic meaning to dereliction where a non-linear (shared) channel has a linear
copy ‘sharded’ off. In their formulation, I'; A+ P :: T types a process P providing behaviour T along a channel, and using
non-linear channels I" and linear channels A. Access to the replicable server then involves the following process and typing:

Nu:A;Ay:AFP T
Mu:A;AF@WY)u(y).P::T

i.e., access to the shared server via shared channel u : A (essentially a !A linear channel) is provided to P by the new linear
channel y : A, amounting to contraction of u and dereliction of u into y. This is coherent with a call-by-name semantics for
linear logic where a value of type !A is essentially an infinite number of copies of an A value, whereas in the call-by-value
semantics !A is just a single A value that can be used non-linearly. Therefore in our CBV approach, forkReplicate provides
a vector of client channels to capture the notion of channel copies.

In the GV calculus, Lindley and Morris add replicated channels by first extending GV with an S4-style O modality (akin
to the exponential modality) to provide “unlimited types” [11]. They derive a replicate primitive of the following type (where
in GV, the type !A.S denotes a channel on which we first send an A then behave as S, see Section 3.2):

replicate : (!(0S).end)) ® (O(S —o end;)) —o end
replicate(x, f) =send ([let[g] = f infork f], x)

(we have used our notation for modal introduction and elimination to make the derivation more easily understood here).

Thus, replication takes a pair of (1) a channel x on which is sent a OS value, i.e., a non-linear channel which can behave
as S and (2) a non-linear function f which expects a channel behaving as S as input). The function unboxes the non-linear
function f into an instance g, and forks this, but underneath modal promotion, yielding a ‘boxed’ channel which is then
sent on the input channel x. Whilst GV is call-by-value like Granule, the derivation above is only sound if 0O behaves in a
call-by-name way, i.e.,, we do not reduce under O but instead capture the enclosing fork such that uses of it on the dual
endpoint of x get a freshly forked function g each time. Thus, the semantics of O in GV in this extension differs to Granule
which is ‘pervasively’ call-by-value, evaluating inside of modalities.

For more detail, Appendix E gives a rendering of replicate in Granule, but using its call-by-name language extension for
soundness.

Non-linear communication Possibly the closest ideas to the ones described in our work that exist in the literature appear
in the type system developed by Zalakain and Dardha, who use leftover typing to define a resource-aware variant of the
m-calculus that can represent shared channels (which can be freely discarded or reused), graded channels (which must be
used precisely n times for some n) and linear channels [33].

Applying their notion of ‘graded channel’ allows them to capture roughly the same behaviour as our forkNonLinear
primitive, but their work does not consider more general forms of grading (though their mechanisation allows for user-
defined resource algebras). We capture some of the same ideas inside our unified graded approach, showing how different
amounts of sharing can be characterised precisely with the interaction of linear, indexed, and graded types; our setting is
also more general, since we work in a pre-existing programming language rather than developing a calculus specifically
focused on communication.

Another paper which describes some similar non-linear communication patterns to our work is the generalisation of
session types via adjoint logic presented by Pruiksma and Pfenning [34]. Here, they offer the capacity for both multi-
cast communication and replicated servers, corresponding to our forkMulticast and forkReplicate primitives respectively.
However, their system does not include any notion of grading, and so while they offer non-linear communication this is
without the precise quantification allowed by grading in our system.
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Classical session types As well as the session-based interpretation of intuitionistic linear logic mentioned above [6], it is also
possible to understand the correspondence between communication and logic by relying on classical linear logic, as was
first demonstrated by Wadler [8]. The differences between these two systems go beyond the superficial; it has been shown
that there exists a class of processes which are typable following the classical interpretation but not via the intuitionistic
interpretation, and that these are the processes which break the so-called locality principle for shared channels [35].

Recent work by Kokke, Morris and Wadler extends this interpretation through an approach which draws on notions from
bounded linear logic [9]. While their notion of a shared channel corresponds closely to the one that we develop in our work
(which may be unsurprising, since graded modal types are also built upon the foundation of bounded linear logic), their
focus is more on accounting for non-determinism and races in a logical setting while preserving deadlock freedom. Their
paper contrasts the system they develop with other related work on manifest sharing [36]; said work uses modal operators
to describe the interaction between linear and shared processes, and has greater expressivity when it comes to non-linear
communication, but this comes at the cost of reintroducing deadlocks in some circumstances.

Graded sessions in linear Haskell 'We explored combining grading with linear session types in Granule, but this could be ex-
tended to other settings. The linear types extension to Haskell is based on a calculus involving graded function arrows [20],
and adding additional multiplicities to this system is a possibility. The Priority Sesh library provides a convenient embedding
of the GV linear session calculus in Haskell [37], and extending this to make use of more precise information about channel
usage could be valuable. This would also allow for experimenting with graded channels in a setting where grading can be
implicit, rather than one where (like Granule) all grades are explicitly encoded via modalities.

11. Discussion and conclusion

The key idea here is that graded types capture various standard non-linear forms of communication pattern atop the
usual linear session types presentation. The demands of call-by-value required a different approach to past work on the
interaction between graded types and session types, including the syntactic restriction discussed in Section 4 and vectors to
capture multiplicity of channels. We have also proven type safety and various essential communication properties given the
additional restriction on promoting channels and the other features introduced here.

Deadlock freedom Whilst the proofs of progress and preservation go some way to ensuring that our new primitives do not
undermine the guarantees of the language, a further useful and important property to prove would be deadlock freedom.
Whilst progress and preservation suggest that we don’t become locally stuck, they do not rule out the possibility of some
subset of processes becoming indefinitely blocked due to a mutual dependency. Proving deadlock freedom is future work
though we sketch some details here based on other approaches in the literature.

There have been various proofs of deadlock freedom for session-typed calculi with asynchronous communication. These
approaches generalise duality to compatibility, for example in the work of Fowler [38] and Bocchi et al. [39]. In essence,
compatibility needs to take into account that asynchronous protocols may be ‘out of sync’ as one process sends to another,
filling a channel’s buffer without those messages being received yet. We can tie together the types of two channel endpoints
Py, P, with the contents of the associated channel values (buffers) v, v, via a relation:

AFC1:(P1—§1)I><1C2:(P2—\72)

meaning that P; is compatible with P, once the channel buffer values v; and v, have been ‘stripped off the head of the
protocol. For example, a receiving protocol RecvAP for channel endpoint ¢ is compatible with another protocol P’ for the
dual channel endpoint ¢, if the channel has a value v of type A in its head, and then P and P’ are compatible with that v
removed:

AFc:(P—V)ac: (P —V2) AFv:A
AFc:((RecVAP) —v: V1) s<iC: (P — V3)

><Recv

Following Fowler [38], we then need to adapt process configuration typing into a typing of the entire configuration (process
and channels), with parallel composition enforcing that between two processes there is exactly one pair of compatible
endpoints connecting them, i.e.:

I'1,A1,c:ChanP+t:A Ty, Ay, c:ChanP'+P:L;C
Abc:(P=Vy)sac: (P —Vy)
I'M+T2, A1+ A+ A, c:ChanP,c:ChanP P |t*:A;C,c=V1,C= V3

From this ‘global’ configuration typing, we can then prove that there is a limit on the number of ‘connection’ points between
processes:
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Definition 4 (Connection). For processes 1 and P, then we define those channels endpoints that connect them via the
function:

connected(Pq, Py) = U{{C, c|cefn(Pr),cefn(Pr)}

Lemma 2 (Limited connectivity). If T, A+ P : A;C and P =P’ | P1 | P then 3c.connections(P1, P2) C {c, ¢}

We note however that, for a full proof for our system here, the above lemma needs extending to handle forwarding
processes which have a number of channels connecting processes, but where only sending is allowed.

Deadlock can then be characterised in terms of mutually dependent blocked processes, which are ruled out by the typing,
similar to the formulation of Lindley and Morris for GV [11]. That is, a term t blocked on a channel c is a term which is
equivalent to some evaluation context in which a receive is applied to c:

blocked(t, c) £ 3Ctxt. t = Ctxt{receive c} v t = Ctxt{close c}

Thus, the term t can only reduce further in composition with another a global configuration. A dependency can then be
characterised as a term which is both blocked on a channel and with a free-variable dependency:

A

depends(t, ¢, x) = blocked(t,c) A x € fv(Ctxt{t})
depends(P,c,x) £ @t, P.P= (P |t™) A depends(t, c, x))
V(3P1,Py. P=(P1]|P2) A Id.depends(Pq, c,d) A depends(P,d, x))

The main definition of a deadlocked configuration with cyclic dependencies can then be characterised as:

deadlocked(P) £ 3P, Py, P2. P= (P | P1 | P2)
A 3c, d.depends(Pq, ¢, d) A depends(P,, d, ¢)

From Lemma 2, we conjecture that this then enables the proof of deadlock freedom theorem:
Theorem conjecture 1. [f ", A - P : A; C then —~deadlocked(P).

Further work remains to flesh out the details of Lemma 2 for forwarding, and to integrate the global configuration typing
(processes and channels together, with compatibility) into the progress and preservation theorems here, rather than their
current formulation with process and channel configuration typing separate.

Recursion and other combinators A notable omission from our core session types calculus is the ability to define recursive pro-
tocols. However, some of the power of recursive session types is provided here; reusable channels (Section 6) are equivalent
to linearly recursive session types (e.g., ux.P.x), although the expected usage has to be precisely specified in the grading
since for example allowing the grade r to be instantiated to o..co to capture an arbitrary amount of use would break our
guarantee of deadlock freedom. Further work is to integrate standard ideas on recursive session types and to explore their
interaction with grading.

Note that combinations of the ideas here should also be possible; for example, combining multicast sending with reuse
to get channels which we can repeatedly use to broadcast upon.

Applications of graded sessions Using the linear channels already present in Granule it is possible to represent functions that
are sequentially realizable [40]; a sequentially realizable function is one which has outwardly pure behaviour but relies on a
notion of local side effects which are contained within the body of the function. Looking into which such behaviours may
be more easily expressed by introducing non-linearity via graded channels would be an avenue for future work.

More recently, the GV session type calculus has been extended to allow for multiparty session types [41], allowing for
concurrent communication between several participants at a time. It has also been shown that this multiparty system is
strictly more general than the original binary GV system. It would be interesting to explore an implementation of this in
Granule, particularly with a view to introducing grading into this setting to see if it can increase expressivity further.

Other resource allocators As discussed in Section 4, it is necessary to restrict promotion of channels due to Granule’s default
call-by-value semantics, since omitting this restriction allows for a linear channel to be used non-linearly. A very similar
caveat applies if we consider mutable arrays. Recent work describes how to represent uniqueness of reference within Gran-
ule in addition to linearity [42]; however, this takes place in a call-by-name setting, because if a unique array is promoted
under call-by-value then we end up with multiple references to the same array, so we can no longer guarantee uniqueness
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for mutation. This is resolved in later work incorporating a call-by-value semantics by restricting promotion in much the
same way as we have here for linear channels [43].

These are most likely not the only resource allocators for which such a restriction applies. Future work is to develop
a better understanding of the general case here, and to further explore the best way to embed interfaces for allocating
resources in a graded type system such as Granule’s which can express multiple different evaluation strategies.

Uniqueness and graded sessions Uniqueness in a concurrent setting was considered in various works by de Vries et al., but in
particular we draw attention to their paper on resource management via unique and affine channels [44]. They allow for a
notion of a channel which we can guarantee unique access to after i communication steps where i is some natural number;
this is a form of grading, though quite different from the ideas we have discussed. It would be interesting to explore how
we can represent this in Granule which already has both uniqueness and graded session types, and whether we gain further
expressivity from doing so. This idea closely relates to recent work by Rocha and Caires on introducing mutable state into
the classical linear logic interpretation of session types [45], through typing rules inspired by differential linear logic.
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Appendix A. Collected rules
A.l. Typing
I'kHt;:A—B

I'x:A+t:B I'Ht:A
VAR —oj —o
X:AFx:A FHixt:A—B ' T1+T2Ft1t:B

Nktt:A MEt:AQA
IHt:B 'y, x:Ay:A+-t:B

I +F2|—(t1,t2):A®B®i M+Tklet(x,y)=t;int; : B

e

MNMet:1

NIT; F2Ft2:B UNIT
" T1+TyFletunit=t;int,:B  °©

—U
#+ unit : 1
—resourceAllocator(t)
Ix:A-t:B [T]Ft:A '-t:B

DER PR WEAK
I'x:[Ali+t:B r« [ [t]: A roxI+t:B

I,x:[Al,T/+t:B
rcs

x:[Als,]V+t:B

APPROX
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Definition 5 (Graded contexts). [I"] classifies those contexts which contain only graded variables:

- [r]
@l ITx:[AL]

Definition 6 (Resource allocating terms). Predicate definition:

resourceAllocator(forkLinear) resourceAllocator(forkNonLinear)

resourceAllocator(forkReplicate)  resourceAllocator(forkMulticast)

resourceAllocator(t)
resourceAllocator([t])

resourceAllocator(ty) resourceAllocator(ty) resourceAllocator(ty)
resourceAllocator(tq t;) resourceAllocator(ty t;) resourceAllocator((Ax.t1) t2)

resourceAllocator(t{) resourceAllocator(ty)
resourceAllocator(let [x] =t inty) resourceAllocator(let [x] =t7 inty)

resourceAllocator(t1) resourceAllocator(ty)
resourceAllocator(let unit = t; in t;) resourceAllocator(let unit = t; in ty)

resourceAllocator(ty) resourceAllocator(ty)
resourceAllocator(let (x, y) =t1 inty) resourceAllocator(let (x,y) = t1 in tp)

resourceAllocator(t1) resourceAllocator(ty)
resourceAllocator((t1, tp)) resourceAllocator((t1, t2))

Primitives

SEND
#Fsend:A® ChanSend AP — ChanP

RECV
# + receive : ChanRecvAP — A ® Chan P

— FORK
@ - forkLinear : (ChanP — 1) —o ChanP

CLOSE
# I close : ChanEnd — 1

SingleAction(P) ExactSemiring(S) r:S

— FORKNONLIN
@ = forkNonLinear : ((J;ChanP — 1) —o [J.(Chan P)
ReceivePrefix(P)
—— FORKREP
# - forkReplicate : (g, (ChanP — 1) —o N n — Vecn (g1 (Chan P))
Sends(P)
— FORKMULTI

@ - forkMulticast : (Chan (Graded,P) — 1) —o N n — Vecn (Chan P)

Runtime typing

VARCHANS

VAR
c:ChanPt c:ChanP c:*ChanPt c:ChanP

I'Ht:B
IoxI7,c:*ChanP+¢t:B

WEAKCHANS

In typing derivations in the appendix, we abstract over whether a channel is linear or shared by writing c:" ChanP.
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A.2. Global configuration reduction rules

t~t
(PR O (P15 C)
P o~ @iy
PIE O~ (P C)

EDUCE

— — SEND
(P | Ctxt{sendcv}; C,c=Vv)~ (P | Ctxt{c}; C.c=V:V)
= — RECV
(P | Ctxt{receivec}; C,c=v:v)~ (P | Ctxt{(v,0)}; C,c=V)
#c
- = = FORKLINEAR
(P | Ctxt{forkLinear (Ax.t)}; C) ~ (P | tlc/x]° | Ctxt{c}; C,c=(),c={())
= " — SHAREDCLOSE

(P | Ctxt{closec}; C,c* = V)~ (P | Ctxt{unit}; C,c* =v)

- CLOSE
(P | Ctxt{closec}; C,cl = ()) ~ (P | Ctxt{unit}; C)

#c
- — — FORKNONLINEAR

(P | Ctxt{forkNonLinear (Ax.t)}; C) ~ (P | Ctxt{[c]} | t[[c]/x]°; C,Cc" = (),c* = ())

#c1.. . #ey

- — — — FORKREPLICATE
(P | Cext{forkReplicate [Ax.t]n}; C) ~ (P | Ctxt{([C1], .., [Cal)} | Weh (c1 = Ax.t) | .. | Weh (cp > Ax.t); Coci=(),.,cn=1{),C1 = (), .. cn =1())

#c #cy ... H#ep
(P | Cext{forkMulticast (Ax.t) n}; C) ~ (P | Ctxt{(Cy, .., Cn)} | tlc/xX]° | Fwd (c > c1,..,n); Coc=(),c={().ci={()ssn=(),C1={(),..Ca =())

FORKMULTICAST
A.3. Standard small-step reduction rules

t1 ~ t’l t~t
N N
(AX.t) v~ t[v/X] f t1ty ~ [’a ty ArP

—_,“prim
Ve~ vt P

let (x,y) = (v1,v2) in £3 ~ t3[vy/xI[va/y]  &°

[1’\/>tq

~
let (x,y) =ty int; ~ let (x,y) =t} in LET®
ti~ ty~t)

Nt L ;" R
(t1, ) ~ (£}, 1) ®reduce . 0) ~ (v. £)) ®reduce

t1 ~ [a
> i > i
let unit = unitint~t """ letunit = t; in t; ~ let unit — tyint, LETuni
1~ ti
~0B ~ et

let [x] = [v]int~ t[v/X] let [x] =t;int; ~let[x] =t int;

t~t
m ~~Oreduce
Appendix B. Auxiliary results

Linear and graded substitution lemmas have been previously proved by Orchard et al. [16] for the core calculus used
here:

Lemma 1 (Linear substitution). [16] Given "1, x:At; :Band Ty -ty : Athen 'y + 'z - tq[t2/x] : B.

Lemma 2 (Graded substitution). [16] Given T'1,x : [Al; -ty : B and [T'2] F t : A and —resourceAllocator(ty) then I'y + 1% 'y
t1[t2/X] : B.
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Proof. Proof as in Orchard et al. [16], but where the additional premise of —resourceAllocator(t;) is deployed in the promo-
tion case. O

Ctxt n= Contexts
| —
| Ctxtt
| v Ctxt
Definition 7 (Evaluation contexts). : Egtt)g(]] — Cixtint
| letunit = Ctxtint
| let (x,y) = Ctxtint
| (Ctxt, t)
| (v, Ctxt)

Lemma 3 (Non-resource allocator context). —resourceAllocator(Ctxt{t}) = —resourceAllocator(Ctxt{x})
Proof. Trivial by the definition of resourceAllocator(t) and since x is a variable and not a resource allocator. O

Lemma 4 (Non-resource allocator composition). —resourceAllocator(Ctxt{x}) A —resourceAllocator(t) — —resourceAlloca-
tor(Ctxt{t})

Proof. By induction on the definition of contexts and the definition of resourceAllocator(t). O
Lemma 5 (Contexts preserve resource allocator property).

resourceAllocator(t) = resourceAllocator(Ctxt{t})

Proof. By induction on the grammar of context terms: the structure of context terms matches the inductive term structure
of resourceAllocator.

e Ctxt = — by identity;

e Ctxt = Ctxt't'. By induction on the first premise and modus ponens with the antecedent then resourceAllocator(Ctxt'{t})
and thus resourceAllocator(Ctxt'{t} t') by the definition.

e Ctxt = v Ctxt'. By induction on the second premise and modus ponens with the antecedent then resourceAllocator(Ctxt'{t})
and thus resourceAllocator(v Ctxt’{t}) by the definition.

e Ctxt = [Ctxt']. By induction on the first premise and modus ponens with the antecedent then resourceAllocator(Ctxt’{t})
and thus resourceAllocator([Ctxt’{t}]) by the definition.

o Ctxt =let[x] = Ctxt’int,. By induction on the first premise and modus ponens with the antecedent then resourceAlloca-
tor(Ctxt'{t}) and thus resourceAllocator(let [x] = Ctxt’{t} in t;) by the definition.

o Ctxt =letunit = Ctxt'int,. By induction on the first premise and modus ponens with the antecedent then resourceAllo-
cator(Ctxt'{t}) and thus resourceAllocator(let unit = Ctxt'{t} in t;) by the definition.

o Ctxt = let(x,y) = Ctxt'int,. By induction on the first premise and modus ponens with the antecedent then
resourceAllocator(Ctxt'{t}) and thus resourceAllocator(let (x,y) = Ctxt'{t} in t;) by the definition.

e Ctxt = (Ctxt’, t'). By induction on the first premise and modus ponens with the antecedent then resourceAllocator(Ctxt’{t})
and thus resourceAllocator((Ctxt'{t}, t')) by the definition.

e Ctxt = (v, Ctxt'). By induction on the first premise and modus ponens with the antecedent then resourceAllocator(Ctxt’'{t})
and thus resourceAllocator((v, Ctxt'{t})) by the definition. O

Corollary 1 (Non-resource-allocating contextual term).
—resourceAllocator(Ctxt{t}) = —resourceAllocator(t)

Proof. Dual of Lemma 5 (modus tollens) O
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Lemma 6 (Context factorisation).
'+ Ctxt{t}: B

- Ary, 'y, A. T, x A Ctxt{x} : B
ANTyHLt:A
ANT=T1+T7)
v (3Al'1, 'y, A, r. —resourceAllocator(t)
A T, x: [Al - Ctxt{x} : B
A [Ta]Ft:A
AT =T1+r1rx0)

Proof. By induction on Ctxt:

o Ctxt = —, i.e., the premise is that I' -t : B and thus the result is given by I'1 =- and I') = I" with derivation:

VARX:BFXx:B (ctxt)

and the substitute derivation given by the premise. Thus, we prove this case by giving the first disjunct.
o Ctxt = Ctxt't’ where Ctxt{t} = Ctxt'{t}t' i.e., with premise derivation:
I FCxt'{t}:A'—B  THHt:A
I+ Cext'{t}t' : B
where I' =T + T,
By induction on the first premise, then there are two cases:

- (first disjunct) We have T'f, I') such that I'{,x: A+ Ctxt'{x} : A’ — B and I'J -t : A such that '} =T + 7.
We conclude with derivation:

Oe

1. x:AFCtxt'{x}:A'—B  THEt:A
(T + 1), x: A Ctxt {x} € < B e (ctxt)
ie, where I'y =T'{ +T% and I'; =T% where I' =Ty 4+ I, =T7 + T, + T =T} + I'}, from the induction and by
commutativity and associativity of +.
The concluding substitute I') -t : A is from the induction.
- (second disjunct) We have I'}, T} such that —resourceAllocator(t) and I'{,x : [A]; - Ctxt'{x} : A’ — B and [[}]Ft:A
such that T} =T7 +r*T7.
We conclude with derivation:
1, x: [Alr - Ctxt'{x} : A" — B Iyt A
%
(T] +T%),x: A Ctxt'{x} t' : B (ctxt)

ie, where I'y =T + T, and where T'; = [I']] where:

=T7+T) {premise }

'Y +r* T 4T {induction I';] }

I +T% +r* T {+ comm. and assoc.}
I'{+rxIy {concluding contexts}

The concluding substitute [["J]Ft: A is from the induction and that —resourceAllocator(t).
o Ctxt =vCtxt’ where Ctxt{t} = v Ctxt'{t} i.e., with premise derivation:

M Fv:A'—B I Cext'{t}: A
I'+vCext'{t}: B
where ' =T +T%.
By induction on the second premise, then there are two cases:

- (first disjunct) We have I}, I') such that I'/,x: A+ Ctxt'{x} : A" and T} - t : A such that I}, =T'] + I'). We can then
conclude with:

MkEv:A—B T, x: A Cext'{x}: A
I+ T7,x:A-vCext'{x} : B e (ctxt)

Oe

and substitute T -t : A (from the induction) where 'y =T} +T'{ and I'; =T') where ' =T + T, =T} + T + T
from the induction and by commutativity and associativity of +.
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- (second disjunct) We have '}, I') such that —resourceAllocator(t) and I'{, x : [A]; I Ctxt'{x} : A" and [I"j]+ t: A such
that I, =T] +r=T7.
We can then conclude with:
I Fv:A'—B 1% [Al - Coxt'{x} A
|+ T, x: [Alr - vCext'{x} : B

(ctxt)

and —resourceAllocator(t) (from the induction) and substitute [I'}]+t: A (from the induction) where I'y =T"} + I'}
and I'; =T") where:

=T} +T) {premise }
= I'} + '] +r* T {induction I'} }
=T1+rxl> {concluding contexts}

o Ctxt = [Ctxt'] where Ctxt{t} = [Ctxt'{t}] i.e., with premise derivation:

—resourceAllocator(Ctxt'{t}) [T} Ctxt'{t}: A’
P

IF et {0)] : O, A N

where T' =71 T.

By induction on the second premise, there are two cases:

- (first disjunct) We have T}, T"J such that T/, x: A+ Ctxt'{x} : A and T/ -t : A such that I'; =T'{ 4+ T, and we know
that [I'}] since the premise derivation gives us that [I'}].
We can then conclude with the derivation (giving the second disjunct):

ind.hyp.
[T7],x: Al Ctxt'{x} : A
[T/, x: [AlL FCxt (x) - A

Lemma 3 ER

—resourceAllocator(Ctxt’{x}) or
r+ Y, x: [Al F [Cext' {x}] : A’ (ctxt)

with substitute T') -t : A (from the induction) and with ' =r*I'{ and I'; =TI") where:

['=r=*T {premise }

r+(T{ +T%) {inductionI"} }

r+ ) + 1% {dist. }

M +r*ly {concluding contexts}

From the premise derivation —resourceAllocator(Ctxt'{t}), by Corollary 1, we then have that —resourceAllocator(t) as
needed here.

- (second disjunct) We have —resourceAllocator(t) and I'f, Iy such that '], x : [A]s F Ctxt'{x} : A" and [I'J]+t: A such
that I'; =T + s+ T, and we know that [T"]] since the premise derivation gives us that [T}].
We can then conclude with the derivation (giving the second disjunct):

ind.hyp.
[T]1, x : [Als F Ctxt'{x} : A’

Lemma 3

—resourceAllocator(Ctxt’{x}) bR
r# DY, X [Alpss = [Ctxt'{x}]: OA (ctxt)

with substitute [TJ]+t: A (from the induction) and with I'y =7 %'} and I'; =T, where:

I'=r«T) {premise }

r+ (T +s+I'Y) {induction T }

rs D +r%s% T {*dist. }
I'{4+rxsxIy {concluding contexts}

and —resourceAllocator(t) from the induction, as required.
o Ctxt =let[y] = Ctxt' int; where Ctxt{t} = let [y] = Ctxt'{t} in t,. i.e., with premise derivation:

rEcxd{ty:0A Thy:[AlFt:B
I} + T let[y] =Ctxt'{t}int; : B

ELIM

where ' =T +I%.
By induction on the first premise, then there are two case:
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- (first disjunct) We have I'{, I') such that I'{,x: AF Ctxt'{x} : A" and I'J - t : A such that I’} =T} +T.
We can then conclude with:
Tox: A Cext'{x}: OA I,y:[Al-+t2:B
(T) +T%),x:Arlet[y] =Ctxt'{x}int;: B

ELIM

and substitute I') -t : A (from the induction) where 'y =T'] 4+ TI", and I'; =T, therefore:

=T74+T) {premise }

I'{ + %+ {induction I} }

'Y + T, + T {+ comm. and assoc.}
' +TI {concluding contexts}

- (second disjunct) We have —resourceAllocator(t) and I'}, I') such that I'{,x : [Als - Ctxt'{x} : A" and [T;]+t: A such
that '} =T] +s* I,
We can then conclude with:
Iy, x: [Als - Ctxt' {x} : O,A° T5,y:[Al+-t2:B
(T'] +T%),x: [Als Flet [y] =Ctxt'{x}int,:B

ELIM

and substitute [I";]+t: A (from the induction) where T'y =T] 4+ T% and T'; =T therefore:

=T} +TY {premise }

'l +s% ) + T {induction T} }

I'{ +T% +s* ') {4+ comm. and assoc.}
=T1+s*xI {concluding contexts}

and —resourceAllocator(t) as required, from the induction.
o Ctxt = letunit = Ctxt’'int; where Ctxt{t} = let unit = Ctxt'{t} in t;. i.e., with premise derivation:

I ECext'{t}:1 ThkEt:B
EL
I} + Iy - let unit = Ctxt'{t} in t : B

IM

where I' =T + T,.
By induction on the first premise, then there are two cases:
- (first disjunct) We have T'f, I') such that I'},x: A+ Ctxt'{x} : 1 and I') -t : A such that T} =T7 4+ T7.
We can then conclude with:
Tox AR Cext'{x}: 1 ILHty:B
(] +Th).x:AFlet[y] =Ctxt'{(x}intz:B

and substitute I') -t : A (from the induction) where T'y =T 4+ T and I'; =T therefore:

=T} +TY {premise }

'Y + T4 4T {induction I} }

I'{ + 1% 4T {4+ comm. and assoc.}
'+ {concluding contexts}

- (second disjunct) We have —resourceAllocator(t) and I}, I} such that I'{,x: [A]; - Ctxt'{x} : 1 and [TJ]t:A such
that I} =T] + s+ .
We can then conclude with:
1ox:[Als F Cext'{x} 1 Iyt B
(T +T,).x: [Als F let [y] = Ctxt'{x} int; : B

ELIM

and substitute [[')] -t : A (from the induction) where I'y =T'] 4+TI", and I'; = I} therefore:

r=r7+4T) {premise }

= I’ +s+ '] + T {induction I'} }

'Y + T +s* ') {+ comm. and assoc.}
' +sxI {concluding contexts}

and —resourceAllocator(t) as required, from the induction.
e Ctxt =let (x,y) = Ctxtint, the same as above, modulo the additional free variables for x and y in the scope of t;;
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o Ctxt = (Ctxt’, t'") where Ctxt{t} = (Ctxt'{t}, t). i.e., with premise derivation:
I ECext'{ty: A Th-t:B
®
LT (Gt (e}, ) A QB
where ' =T +I%.
By induction on the first premise, then there are two case:
- (first disjunct) We have I'f, ') such that I'{,x: At Ctxt'{x} : A" and I'J - t : A such that '} =T +T.
We can then conclude with:
1. x:A-Ctxt'{x}: A" THHE:B
I+ T, x: A (Ctxt'{t},t') : A ®B

and substitute I'J -t : A (from the induction) where I'y =I'{ + T and I'; =T, therefore:

i

=T} +T) {premise }

I'{ + 1% 4T {induction I'} }

I'{ +T% 4T {4+ comm. and assoc.}
' +TIsy {concluding contexts}

- (second disjunct) We have —resourceAllocator(t) and I'f, Iy such that T'], x : [A]ls F Ctxt'{x} : A" and [I'"}]+t: A such
that T} =T +s*T7.
We can then conclude with:
T, x:[AlsFCixt'{(x}: A Thrt':B .
I+ T, x: [Als = (Cext'{t}, V') : A ® B
and substitute [[")]+t: A (from the induction) where I'y =T'] 4+ T" and T'; =TI} therefore:

r

i

47T {premise }

= I'{ +s% I+ T {inductionI"} }

= I'{ + T +s* Ty {+ comm. and assoc.}
=T1+s*xI {concluding contexts}

and —resourceAllocator(t) as required, from the induction.
o Ctxt = (v, Ctxt') where Ctxt{t} = (v, Ctxt'{t}). i.e., with premise derivation:
IEv:A ThHECxt'{t): B
®
LTy (v, Cext'{t)) A @B

where ' =T 4+ T,
By induction on the second premise, then there are two case:
- (first disjunct) We have I'{, I') such that I'{,x:AF Ctxt'{x} : A" and I'J |- t : A such that I', =T + .
We can then conclude with:
MEv:A 1.x:AFCext'{x}: B
®
(T} + T, x: A (v, Ctxt' {x}) : A @ B’
and substitute I') -t : A (from the induction) where T'y =T} + T and I'; =T therefore:

i

i

I'=T)+T {premise }
= I'} + '] + '} {induction I'} }
=T1+1I, {concluding contexts}

- (second disjunct) We have —resourceAllocator(t) and I'f, ') such that '], x : [A]s F Ctxt'{x} : A" and [I"j]+t: A such
that I, =T] + s+ I,
We can then conclude with:
I Fv:A 1 % [Als F Cext'{x} - B o
(T + T, x: [Als + (v, Ctxt'{x}) : A’ @ B’

and substitute [['}]+t:A (from the induction) where I'y =I'; + T} and I'; =T, therefore:

i

r=r74+T) {premise }
= I'} + '] + 5% I} {induction I'} }
=T1+sx {concluding contexts}

and —resourceAllocator(t) as required, from the induction. O
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Lemma 7 (Context application (linear)).
I',x:Ab Ctxt{x}:B
AT LA
= ' + T - Ctxt{t} : B
Proof. By induction on the structure of evaluation contexts
o Ctxt = —, i.e., the premise is:
VAR

X:AFx:A (ctxt)

(i.e, 'y =-and A=B).
Then the conclusion follows by Ctxt{t} =t therefore the second premise provides the conclusion.
o Ctxt = Ctxt't’ where Ctxt{x} = Ctxt'{x}t' i.e., with premise derivation:

LXARCxt'{(x}:A'— B THEU:A
(T} +T5),x: A Cext' {x}t' : B

By induction on the first premise, yielding: I} + ' - Ctxt'{t} : A’ — B therefore the conclusion can be constructed as:

Oe

VAT ECxt'{t}:A—B  THHt A
(T} +T2) + Ty - Cext'{t} t' = B

which by commutativity and associativity of + matches the conclusion.
e Ctxt = v Ctxt’ where Ctxt{x} = vCtxt'{x} i.e., with premise derivation:

Ev:A —B T x:AFCtxt'{x}: A
(T} +T5),x:AFvCtxt'{x} : B

Oe

e

By induction on the second premise, yielding: I, 4+ I'; - Ctxt’{t} : A’ therefore the conclusion can be constructed as:
iFv:A —B  Th+ T kECxt'{t): A
(I} + T5) + T FvCext'{t} : B

satisfying the goal of the lemma.
o Ctxt = [Ctxt'] where Ctxt{x} = [Ctxt'{x}] i.e., with premise derivation:

[T ]+ Cext'{x} : A’
T (Ot (x]: OA

where I'; must contain x. However, this leads to a contradiction since there cannot possibly be a linear assumption x
in the conclusion due to the form of the typing. Therefore, the premise is false and this case is trivial.
Ctxt = let[y] = Ctxt'int, where Ctxt{x} =let [y] = Ctxt'{x} in t,. i.e., with premise derivation:

1Lx:ARCext'{x}:OA  Thy:[Al-t2:B
(T} +T5),x:Aklet[y] =Ctxt'{x}int, : B

By induction on the first premise, yielding: I} + ' - Ctxt'{t} : J,A’. Therefore the conclusion can be constructed as:

Oe

R

ELIM

T ECxt'{t) A T, y:[Al -t:B
('} + T2) + Iy Flet [y] = Ctxt'{t}int, : B

which by commutativity and associativity of + matches the goal.
o Ctxt = letunit = Ctxt'int; where Ctxt{x} = let unit = Ctxt'{x} in t;. i.e., with premise derivation:

1 XA Cxt'{x}: 1 IYHt:B
ELIM
Ty +T5),x:Arlet[y] =Ctxt'{x}int;: B

ELIM

By induction on the first premise, yielding: T} + ' - Ctxt'{t} : 0,A’. Therefore the conclusion can be constructed as:
L+ ToFCext'{t}: 1 Th-t:B
('} +T2) + Iy et [y] =Ctxt'{t}int, : B

which by commutativity and associativity of + matches the goal.

ELIM
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e Ctxt =let(x,y) = Ctxtint, the same as above, modulo the additional free variables for x and y in the scope of t;;
o Ctxt = (Ctxt’, t') where Ctxt{x} = (Ctxt'{x}, t'). i.e., with premise derivation:

LxARCE {x}: A THHt B
®
(T +T5),x:AF (Ctxt'{x},t) : A ® B

i
By induction on the first premise then I} + I'p - Ctxt'{t} : A’. Therefore the goal can be constructed as:

I+ ToEcxt'{t}:A THRt:B
®
(T + )+ TH F (Cext' {x},t) : A @B

i
satisfying the goal by commutativity and associativity of +.
o Ctxt = (v, Ctxt’) where Ctxt{x} = (v, Ctxt'{x}). i.e., with premise derivation:

MEv:A  Th,x:AFCtxt'{x}: B
®
(T} + Ty, x: A (v,Ctxt' {x}) : A ®@ B

i
By induction on the second premise we have I'}, + ' - Ctxt'{t} : B'. Therefore the goal can be constructed as:

MEv:A  TH+T-Cext'{t): B
®,
L+ (T +T) - (v, Ctxt' {(x}) : A @B

satisfying the goal by associativity of +. O

Lemma 8 (Context application (graded)).

', x: [A]l; F Ctxt{x} : B
A[M2]FE:A
A —resourceAllocator(t)
= 'y +r*x I - Ctxt{t} : B

Proof. By induction on the structure of evaluation contexts and their typing.
Note that for all possible contexts, it is possible that typing is by (non-syntax directed) (approx) rule and thus we have:

I',x:[AlsFt:B  sCr
I'i,x:[Al; -t :B

APPROX

Then by induction on the premise we have I'y +s* ' - t': B.
Let I'; =x; : [Ajl;, for 1 <i < |I'2| since by the premise every assumption is graded in the context. Then we can then
construct the conclusion as follows:

REFL
SiCs; sCr
I'M+sxIHt:B Sk S;CT%s;
M+rxI-t:B

MONOTON.+UNIT

APPROX*

The rest is by induction now we have considered this possibility at each context term:

o Ctxt=—.
There are therefore two possibilities for the derivation of the premise:
- (var/der combination)

—— VAR
xX:AFXx:A

——— DER
x:[AlhFx:A

(ie,I'1=-and A=Band r=1).
Since 1 I'; =TI'; and since Ctxt{t,} =t then we can conclude with the second premise I'; -t; : B
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- (var/der/approx combination)

—— VAR
X:AFXx:A
———  DER
x:[Al1 Fx:A 1Cr
APPROX
x:[Al;Fx:A

(i.e, I'1 =-and A=B).
Let I'; =x; : [Als, (since by the premise every assumption is graded in the context). Then we can then construct the
conclusion as follows:

————— (SECOND PREMISE) ————— MONOTON.+UNIT
INEt:A SiErxs;
APPROX*

e Ctxt = Ctxt't’ where Ctxt{x} = Ctxt'{x} t'. i.e., with premise derivation:
X (Al FCtxt(x}:A'— B Th,x:[Als, Ht A
(T} +T%), X : [Als; 15, F Ctxt' {x} t : B

i.e., where r = s + s,. This derivation applies without loss of generality here for application since we can set s2 =0 in
the case that x € FV(t').
By induction on both premise we attain:

Oe

[} +s1 %M - Cext'{t}: A" — B (ih1)
F/2+52*F2l—t/2A/ (ih2)
From which we construct the concluding judgment:
[ +s1x Do Ctxt'{t}: A — B Th+spx okt A
Fq +s1 x4+ F/z + sy %I l—Ctxt’{t}t’:B

Oe

which since r = s; + s, and by distributivity of % over +, and commutativity and associativity of + yields: I} + ', +
r* Iy - Ctxt'{t}t' : B.
o Ctxt =vCtxt’ where Ctxt{x} = v Ctxt'{x} i.e., with premise derivation:
I, x:[Als, Fv:A'—B  T%,x:[Als, F Ctxt'{x} : A
(T} + %), x: [Als, 45, F vCtxt'{x} : B
This case proceeds as above by induction on both premises.
e Ctxt = [Ctxt'] where Ctxt{x} = [Ctxt'{x}] i.e., with premise derivation:

—resourceAllocator(Ctxt’ {x}) [[71, x: [Als, F Ctxt'{x} : A’
s1 % (T, X : [Als,) F [Ctxt' {x)] : A7

ie, where r=s1 %5 and 'y =51 %'}
By induction on the second premise we attain:

PR’

[} + g % Ty - Cext'{t} : A (ih)
From which we construct the concluding judgment:

Lemma 4
—resourceAllocator(Ctxt’{t})
s1 % (0] 452 % T2) F [Cext'{t}] : A

which by distributivity of + over + and associativity of « yields: s1%I"j 4 (s % 52) %'z = [Ctxt'{t}] : 3;A’. and by r = 51 %5
and 'y =51 « I} yields the goal: T'y + 1% Iy - [Ctxt'{t}] : A’
o Ctxt =let[y] = Ctxt'int, where Ctxt{x} =let [y] = Ctxt'{x} in t;. i.e., with premise derivation:
I, x:AFCtxt'{x}:OA  Th,y:[Al+-t:B
(I} +T5),x: Ak let[y] =Ctxt'{x}int, : B

Proceeds by induction similarly to the (App-L) case, with no extra context manipulation necessary.

T[] +s3 % Ty - Ctxt'{t} : A
PR’

ELIM
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o Ctxt =letunit = Ctxt'int; where Ctxt{x} = let unit = Ctxt'{x} in t;. i.e., with premise derivation:

I}, x: A Ctxt'{x} : 1 Ity :B
(T +Th).x:AFlet[y] =Cxt'(x}intz : B

Proceeds by induction similarly to the (App-L) case, with no extra context manipulation necessary.
Ctxt = let (y, z) = Ctxt'int, where Ctxt{x} =let (y,z) = Ctxt'{x} in t. i.e., with premise derivation:

a,XZAFCtXt,{X}2A1 R A F’z,yiALZ:Azl—tz:B
(T} +T%),x:Aklet (y,z) = Ctxt' {x} in t; : B

ELIM

Proceeds by induction similarly to the (App-L) case, with no extra context manipulation necessary.
Ctxt = (Ctxt’, t") where Ctxt{x} = (Ctxt'{x}, t'). i.e., with premise derivation:

LXARECxt'{x}: AN THHE:B
®
(T} +T5),x: A (Ctxt'{x},t) :AA @B

i
Proceeds by induction similarly to the (App-L) case, with no extra context manipulation necessary.
o Ctxt = (v, Ctxt’) where Ctxt{x} = (v, Ctxt'{x}). i.e., with premise derivation:
MEv:A  Thx:AFCtxt'{x}: B
®
(T +T5),x:AF (v, Ctxt'{x}) : A ® B

i
Proceeds by induction similarly to the (App-R) case, with no extra context manipulation necessary. O

Lemma 9. Value lemma
Given T" - v : A then, depending on the type, the shape of v can be inferred:

A=A — Bthen v = Ax.v’ or a partially applied primitive term p.
A=0,A thenv=1[V].

A=A ®Bthen v = (vi, ).

A =1 then v = unit.

A =ChanP thenv =c.

Proof. Recall that the value terms sub-grammar is:

vi=(v1,v2) |unit| [v]|Ax.v|c|p (value terms sub-grammar)

where p are partially-applied primitives. In other words,

p ::=close | send | sendc | receive | forkLinear | forkNonLinear
| forkReplicate | forkReplicate ¢
| forkMulticast | forkMulticastc

We then proceed by case analysis on the type A to match the structure of the lemma. In each case we must consider
what possible values can be assigned the type A and by which rules.
In all cases, there exist additional derivations based on dereliction, weakening and approximation, e.g., for the case where
A=A —B:
ILx:A-t:A —B
D
Mx: 1A Ft:A—B
Ix:AFt:A —B
D
ILx:01A,0xAFt:A —B
Iy:0A, T, x:A+-t:A—B rCs
ry:OA", T, x:A+-t:A'—B

ER

ER

DER

In all of these cases we can apply induction on the premise to get the result since the term is preserved between the
premise and the conclusion.

We elide handling this separately each time in the cases that follow as the reasoning through dereliction is the same
each time.
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e A =A'—o B then there are two classes of possible typing:
- Abstract term:
Ix:A+V:B
v . _p 0
F'-axv' :A"—B

i

thus v = Ax.v as in the lemma statement.
- Primitive term p formed by an application of zero or more values to a primitive operation, of which there are then
ten possibilities:

1

CLOSE
# I close : ChanEnd — 1

then v = close.

SEND
#Fsend:A® ChanSendAP — ChanP

then v = send.

c:ChanPt c:ChanP VAR SEND
#+send:A® ChanSend AP — ChanP

c:ChanPFsendc:A— ChanP

e

then v =sendc.

RECV
# I receive : ChanRecvAP — A ® Chan P
then v = receive.

— FORK
@ - forkLinear : (ChanP — 1) —o ChanP

then v = forkLinear.

— FORKNONLIN
# I forkNonLinear : ((J-ChanP — 1) —o [J.(Chan P)

then v = forkNonLinear.

7.
ReceivePrefix(P)
- —— FORKREP
# - forkReplicate : (g ,(ChanP — 1) —o N n — Vecn ((Jg. .1 (Chan P))
then v = forkReplicate.
8.
c:ChanPt c:ChanP VAR ReceivePrefix(P)
¢:0p.1ChanP - [c]: o 1ChanP PR FORKREP

@ - forkReplicate : [Jg_,(ChanP —o 1) —o N n —o Vecn ((Jg_1 (ChanP))
¢ : Oo..1Chan P - forkReplicate [c] : N n —o Vecn (Chan P)

then v = forkReplicate [c].

Sends(P)
— FORKMULTI
# I forkMulticast : (Chan (Graded,,P) — 1) — N n — Vecn (ChanP)

then v = forkMulticast.
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10.

i VAR Sends(P)
c: Chan (Graded,,P) - ¢ : Chan (Graded,P) — FORKMULTI
(A - forkMulticast : (Chan (Graded,,P) — 1) —o N n —o Vecn (Chan P)

¢ : Chan (Graded,, P) I forkMulticast c : N n —o Vecn (Chan P)

—Oe¢
then v = forkMulticast c.
e A =LA then there is only one possible non-dereliction typing of a value at that type:
v :A
——————— PR
r«=[v]:0A

thus v =[V/] as in the lemma statement.
e A=A’ ® B then there is only one possible non-dereliction typing of a value at that type:

MikFvi:A Thbkvy:B
C14+Tok (v, v2):A ®B ®i

thus v = (vq, v2) as in the lemma statement.
o A =1 then there is only one possible non-dereliction typing of a value at that type:

——— UNIT;j
¢+ unit : 1

thus v = unit as in the lemma statement.
o A =ChanP then the only possible typing that is a value is given by:

. VAR
c:ChanPF c:ChanP

thus v = c as in the lemma statement, regardless of the protocol P. O
Appendix C. Progress proof

Theorem 1 (Progress terms).

AFt:A

ANAFC

A buffered(C, A)

ANAFP:B

= value(t) v3t',C,P. (P|t; C)~ (P |t; C)
Proof. We prove this by induction on the three judgments forming the assumptions.
First, we case split on the typing of process configurations: A+ P :B.
e (cons)

F1 B A] FP:A
I, Ayt:B
'+, Aq +A2|—7)|tR2A
In this case, we can write the process configuration P as P’ |t”, or in other words as another process configuration P’
extended with some term t”.
By induction, there are two possibilities here: either t” is itself a value, or there exists some reduction (P’; C)~
(P”; C.
If there is such a reduction, then we can make a global reduction using the following rule:
(P; C)~ (P'; C)
Plt; O~ (P'1t; C)
and the overall progress theorem is satisfied.
Otherwise, we must consider the possible reductions for the additional term t.

CONSR

PAR
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e (empty)

——— EMPTY

M- L

Since the process configuration is empty in this case, it cannot make any reductions, so again we only need to consider
the possible reductions originating from the term t.

We then induct on the last step of the typing derivation Aq Ft:A. Note that in some cases the process and channel
configurations do not come into play, in which case the proof proceeds roughly the same as the standard progress
theorem on terms; either t is a value, in which case the theorem holds directly by induction, or we can take a step
t~ t', in which case we will be able to take a global step via the REDUCE rule. In these cases we can generally ignore
the presence of the runtime context Aj.

- (var)

—————— VAR
X:AFX:A
Trivial since the variable x cannot be reduced and so is necessarily a value.
- (abs)
I'x:A+t:B
'-Ax.t:A—B

Trivial since (Ax.t) is already a value.
- (app)

i

Nkttij:A—B
't A
I'+I'Ht16:B ¢

By induction on the first premise, there are two possibilities: either t; = v for some value v or t; ~ t; for some t;.

In the first case, by the value lemma there are eleven cases to consider.
1. t1 = Ax.tq. Here, there are two possibilities: either t = v for some value v or t; ~ t’2 for some t’z.
In the first case, we can reduce by REDUCE using the reduction:

~B
(AX.t) v~ t[v/X]
In the second case, since Ax.tj is a value then by induction on the premise we can reduce by REDUCE using the
reduction:

t~t
vt~ vt " prim
2. t1 =close, where A = ChanEnd. Therefore, we induct on the second argument. There are two cases.
* tp is a value. Then, by the value lemma, t; = ¢ and the runtime typing derivation has two possible (consequen-
tial) specialisations:

(a)

c:ChanEnd | c: ChanEnd VAR CLOSE
# I close : ChanEnd — 1

c:ChanEnd - closec: 1

—Oe¢
Therefore, by Lemma 7 our overall succedent is of the form A/, c: ChanEnd |- Ctxt{closec} : A.

By inversion on the typing of channel configurations, we necessarily have:

AFC
A,c: ChanEnd}+C,c= ()

EMPTY

Therefore, there is a reduction as follows:

CLOSE

(P | Ctxt{closec); C,cl = () ~ (P | Ctxt{unit}; C)
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(b)

VARS
c:* ChanEnd |- ¢ : ChanEnd . CLOSE
# F close : ChanEnd — 1

c:* ChanEnd |- closec: 1

Therefore, by Lemma 7 our overall succedent is of the form A/, c:* ChanEnd I~ Ctxt{closec} : A.
There is then a reduction as follows:

Oe

= — SHAREDCLOSE
(P | Ctxt{closec}; C,c* = V)~ (P | Ctxt{unit}; C,c* =V)

% t is not a value, and has a reduction t; ~ t}, for some t,. Then we can reduce by REDUCE using the reduction:

th~ t
. 7 "prim
closet; ~ closet,
3. t; = send, where A = Chan (SendA’P) — A’ — ChanP. Therefore, we induct on the second argument. There are
two cases.
% tp is a value. Then, by the value lemma, t; = c and so t; t; = sendc which is also a value.
% tp is not a value, and has a reduction t; ~ t}, for some t,. Then we can reduce by REDUCE using the reduction:

t~ by
- 22
sendty ~ sendt,
4. t1 = sendc, where A =A" — ChanP. Therefore, we induct on the second argument. There are two cases.
% tp = x for some value x. The runtime typing derivation specialises to:

r / / e : / VAR
c:" Chan (SendA’P) - sendc: A" — ChanP Arv:A

c:" Chan (SendA’' P) - sendcx : ChanP

Therefore, by Lemma 7 our overall succedent is of the form A/, ¢:" Chan (Send A’ P) - Ctxt{send cx} : A.
By inversion, channel configuration typing must be of the form:

Aq Fv:A
A1, Ay, c"ChanPHC,c=V:v
—— SEND
A1, Ay, c:"Chan (SendAP)-C,c=v

with A = Aq, As.
In this case, there is then a reduction as follows:

Oe

SEND

(P | Ctxt{sendcv}; C,Cc= V)~ (P | Ctxt{c}; C.,C=V:V)

* to is not a value, and has a reduction t; ~ t/2 for some t/z. Then we can reduce by REDUCE using the reduction:

th~ t)

~
sendcty ~ sendct) prim
5. t; = receive, where A = Chan (RecvA’ P) — A’ ® Chan P. Therefore, we induct on the second argument. There are
two cases.
% tp is a value. Then, by the value lemma, v, =c and the runtime typing derivation refines to:

¢:" Chan (RecvA’ P) - ¢ : Chan (RecvA’ P) VAR . RECV
# - receive : ChanRecvAP — A ® Chan P

c:" Chan (RecvA’ P) I- receivec : A’ ® Chan P

e

Therefore, by Lemma 7 our overall succedent is of the form A/, ¢:" Chan (RecvA’ P) - Ctxt{receivec} : A.
Now, since the channel configuration C must be buffered with respect to A, the channel ¢ cannot be empty,
and so it must contain at least one value v. Hence, there is only one possibility for the channel configuration
typing:

A1kv:A

A1, Ay, c:"ChanP+C,c=V

— RECV
A1, Ay, c:"Chan (RecvAP)-C,c=v:v
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with A = Aq, As.
Then there is a reduction as follows:

= — RECV
(P | Ctxt{receivec}; C,c=v:v)~ (P | Ctxt{(v,0)}; C,c=V)

* t is not a value, and has a reduction t; ~ t), for some t},. Then we can reduce by REDUCE using the reduction:

tr~ by

s
receive t ~ receivet, =
6. t; = forkLinear, where A = (ChanP — 1) —o ChanP. Therefore, we induct on the second argument. There are two
cases.
* t is a value. Then, by the value lemma, t; = )»x.t/2 for some t/z and we can construct the following runtime
typing derivation:

x:ChanPrt): 1
i

f+ Ax.th : ChanP —o 1 - — FORK
() I forkLinear : (ChanP — 1) —o ChanP

¢ | forkLinear Ax.t, : Chan P

—Oe
Therefore, by Lemma 7 our overall succedent is of the form A/, - Ctxt{forkLinear Ax.t}} : A.
Then there is a reduction as follows:

#c
(P | Ctxt{forkLinear (Ax.t)}; C) ~ (P | tlc/x]° | Ctxt{c}; C,c=(),c={())

FORKLINEAR

where the channel configuration is typed A), =C and we select a fresh name c for the channel being forked.
% t is not a value, and has a reduction t; ~ t}, for some t,. Then we can reduce by REDUCE using the reduction:

ty~t)

- prim

forkLinear t; ~» forkLinear t)

7. t; = forkNonLinear, where A = ((O0,(ChanP) — 1) — [J,(ChanP). Therefore, we induct on the second argument.
There are two cases.

% tp is a value. Then, by the value lemma, t; = Ax.t), for some t), and we can construct the following runtime
typing derivation:

x:0,(ChanP) k-t : 1

f + ax.ty : O (ChanP) —o 1 - — FORKNONLIN
() - forkNonLinear : ((O.ChanP — 1) — [J,(ChanP)

@ I forkNonLinear Ax.t), : (I (Chan P)

(C1)

Note that this derivation cannot include any instances of the APPROX rule, because of the ExactSemiring con-
straint present in the type signature of forkNonLinear, and so the grade r must remain the same throughout
the typing.

Therefore, by Lemma 7 our overall succedent is of the form A/, - Ctxt{forkNonLinear Ax.t}} : A.

Then there is a reduction as follows:

#c
(P | Cext{forkNonLinear (Ax.t)}; C) ~ (P | Ctxt{[C]} | t[[c]/x]°; C.C" = (), c* = ())

FORKNONLINEAR

where the channel configuration is typed A, =C and we select a fresh name c for the channel being forked.
% ty is not a value, and has a reduction t; ~ t’2 for some t/z. Then we can reduce by REDUCE using the reduction:

th~ th

forkNonLinear t; ~ forkNonLinear t) “enm
8. t1 = forkReplicate, where A =[Jg_1(ChanP — 1) —oN n —o Vecn (ChanP). Therefore, we induct on the second
argument. There are two cases.

% t is a value. Then, by the value lemma, t; = [Ac.t}] for some t} and t; t; is forkReplicate [Ac.t;] which is also a
value.
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* to is not a value, and has a reduction t; ~ t’2 for some t/z. Then we can reduce by REDUCE using the reduction:

tr~ )

forkReplicate t; ~ forkReplicate t’2 prim

9. t; = forkReplicate c, where A =N n — Vecn (ChanP). Therefore, we induct on the second argument. There are
two cases.
% tp is a value. Then, by the value lemma, t; = Ax.t}, for some t} and the runtime typing derivation refines to:

x:ChanPHt): 1
- —0
- ax.t; :ChanP —o 1 . )
ReceivePrefix(P)

PR
P+ Dx.ty]: 0o n(ChanP —o 1) —— FORKREP
# + forkReplicate : [Jy_,(ChanP —o 1) —o N n —o Vecn (g, 1 (Chan P))

@ I forkReplicate [Ax.t5] : N n —o Vecn (Co_1 (Chan P))
@ - forkReplicate [Ax.ty1n : Vecn ((o 1 (ChanP))

i

e

Oe

Therefore, by Lemma 7 our overall succedent is of the form A/, - Ctxt{forkReplicate [Ax.t)]n} : A.
Then there is a reduction as follows:

#cq ... #ep
(P | Ctxt{forkReplicate [Ax.t]n}; C)~> (P | Ct{{[T1). .. [Ca])} | Weh (¢t > Ax.0) | .. |[Weh (Cp > Ax.0); C.c1 = (), o= (). 1= (). Cn = ()) FORKREPLICATE

where the channel configuration is typed A/, =C and we select fresh names ¢ and c;...c, for the channels
being forked.
% t is not a value, and has a reduction t; ~ t}, for some t,. Then we can reduce by REDUCE using the reduction:

tr~ t

. . 7 ~prim
forkReplicate c t; ~ forkReplicate c t;
10. t; = forkMulticast, where A = (Chan (Graded,P) — 1) — N n —o Vecn (ChanP). Therefore, we induct on the second
argument. There are two cases.
% t is a value. Then, by the value lemma, t; = Ac.t’2 for some t/2 and t; tp is forkMuIticastkc.t/2 which is also a
value.
* to is not a value, and has a reduction t; ~ t/2 for some t/z. Then we can reduce by REDUCE using the reduction:

th~ t

forkMulticast t, ~ forkMulticast t) “prm

11. t; = forkMulticastc, where A =N n — Vecn (Chan P). Therefore, we induct on the second argument. There are two
cases.

% t is a value. Then, by the value lemma, t; = Ax.t), for some t, and the runtime typing derivation refines to:

x: Chan (Graded,P) -t} : 1
@+ Ax.t, : Chan (Graded,P) —o 1
Sends(P)

— —O,
) - forkMulticast (Ax.t5) : N n —o Vecn (Chan P) € — FORKMULTI
) - forkMulticast : (Chan (Graded,P) — 1) —o N n —o Vecn (Chan P)

{ - forkMulticast (Ax.t5) n : Vecn (Chan P)

i

Oe

Therefore, by Lemma 7 our overall succedent is of the form A/, - Ctxt{forkMulticast Ax.t, n} : A.
Then there is a reduction as follows:

#c #cy ... #ep
- —— = — — FORKMULTICAST
(P | Ctxt{forkMulticast (Ax.t) n}; C) ~ (P | Ctxt{(Cq, .., Cn)} | tlc/X]° |Fwd (> c1, .., p)s Coc=().c=(),cir=()...cpn={().CT=(),..Ca =())

where the channel configuration is typed A/, =C and we select fresh names ¢ and c;...c, for the channels
being forked.
% t is not a value, and has a reduction t; ~ t}, for some t,. Then we can reduce by REDUCE using the reduction:

th~ th

~prim

forkMulticast ¢ t, ~ forkMulticast c t)
In the second case, by induction on the premise we can reduce by REDUCE using the reduction:

t1fv>t/1

_—
tito~tity
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- (pr)
I'Ht:A
——— PR
r«H[t]:OA

There are two cases: either t = v for some value v, or t~ t’ for some t’.
In the first case, [v] is a value.
In the second case, we can reduce by REDUCE using the reduction:

t~t
] ~~reduce

[t]~ [t
- (elim)
Mkt :OA
'y, x:[Al;Ht:B

- ELIM
'+Iyrlet[x] =t1inty : B

By induction on the first premise, there are two possibilities: either t; = v for some value v or t; ~ t; for some t;.
In the first case, by the value lemma t; = [V] for some value v’'. This refines the typing as follows:
gV :A
P e — PR
AEV]:OA x:[Al;+t:B
@rlet[x] =[V]int;:B

ELIM

Therefore, we can reduce by REDUCE using the reduction:

let [x] =[v]int~ t[v/x] ~0p

In the second case, by induction on the premise we can reduce by REDUCE using the reduction:

t1~t]

N
let[x] =t;int;~ let[x] =, int, Lett]

- (der)
I'x:AFt:B
—D
Ix:[Al1+t:B

Goal achieved immediately by induction on the premise.
- (weak)

ER

I'+t:B
ILoxI"+t:B
Goal achieved immediately by induction on the premise.
- (approx)
OLx: A, TV+t:B
rcs
I'x:[Als,]T/-t:B

Goal achieved immediately by induction on the premise.
- (tensor)

WEAK

APPROX

MNeEt:A
I'kHt:B ®
[ +Tak(t,6):A®B

There are three cases: either t; = v and t; = v, for some pair of values (vi, v3), t; = v for some value v but t; ~ t),
for some t}, or t; ~ t} for some t].

In the first case, (v1, v2) is a value.

In the second case, we can reduce by REDUCE using the reduction:

ty~ )

.~ . <" ®reduceR
v, ) ~ (v, t})
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In the third case, we can reduce by REDUCE using the reduction:

t1 ~ t;
(f.0)~ (6. 1) oot
- (pairElim)
MEt:AQA

I'y,x:A,y:A-t:B
'+Iklet(x,y)=t;int; :B

By induction on the first premise, there are two possibilities: either t; = v for some value v or t; ~ t; for some t;.
In the first case, by the value lemma t; = (vq, v3) for some pair of values (v, v2). This refines the typing as follows:

QH—V12A @FVztA,
P (1,v2) AQA x:A,y:AFt:B
@let (x,y) = (v1,vp)int, : B

e

i

Therefore, we can reduce by REDUCE using the reduction:

let (x,y) = (v1, v2) in t3 ~ t3[v1/X][v2 /Y] ek

In the second case, by induction on the premise we can reduce by REDUCE using the reduction:

1~ ta
let (x,y) =t;int; ~let (x,y) =t] int; LET®
- (unit)
———UNIT;
A+ unit: 1
A value.
- (unitElim)
NrEt:1
I'Ht:B

- - UNIT,
' + Ty Hletunit=tyint, : B

By induction on the first premise, there are two possibilities: either t; = v for some value v or t; ~ t; for some t;.
In the first case, by the value lemma t; = unit and so we can reduce by REDUCE using the reduction:

let unit — unitin t~—t 2™

In the second case, by induction on the premise we can reduce by REDUCE using the reduction:

t1'\f>ta

i i . N ~ 0O
let unit = t; in t; ~ let unit = t/l int, LETUnit

A process configuration P contains all values, defined by the predicate values(P), if every process is either a value v or
is a forwarder or watcher process.

Theorem 2 (Progress global config).
AFP:A AN AEC A buffered(C, A)
= values(P) v 3C', P'.(P; C)~ (P; C))

Proof. By induction on the two judgments forming the assumptions.
First, we case split on the typing of process configurations: A - P : A.

e (empty)
———— EMPTY
AL

This case is trivial, as values(P) holds by default for an empty process configuration.
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e (cons)
Fl,A]l—P:A
I, Apt:B

CONSR
F1+F2,A1+A2|—P|tR:A

Here, we can decompose P into P’ | t. First, focus on the particular term t and apply Theorem 1.

Then, either ¢ is a value or there exists some possible reduction (P |t; C)~ (P’ |t'; C').

If we can make such a reduction, then the theorem is satisfied. If not, then apply induction to the smaller process
configuration P’. We find that either values(P’) holds or there exists a reduction (P’; C)~ (P”; C').

If values(P’), then since t is also a value we have values(P) and we are done.

Otherwise, we apply the following rule to find a reduction satisfying the theorem:

(P; C)~ (P'; C')
PAR
(Plt; C)~ (P'|t; C')

e (watch)

', Ai1EP:A 'y, x:Chan (RecvA'P), Ay -t: 1
't + (0..1 % '), A1 + Az, c: Chan (RecvA’ P) =P | Weh (c > Ax.t) : A

By induction on the first assumption, we have either that values(P) or that there exists some reduction (P; C)~
(P C).
If there is such a reduction, we can make a global reduction as follows:

WATCH

(P; C)~ (P’ C) oAR
(P | Weh (c = Ax.t); C)~ (P’ | Weh (c — Ax.t); C)

Otherwise, we must reduce on the watcher process itself. Note that due to the session typing of the channel in the
runtime context, and the condition requiring that C is buffered, the channel configuration must be typed as follows:

A1+ A EC A+ A v A
A+ A, c:(ReVA P FCoc=viv o (€2)

Hence, we can construct the following global reduction:

= — WATCHER
(P |Wch(cr Ax.t); C,c=v:Vv)~ (P |tlc/x]°; C,c=vVv:V)

o (forward)

Sends(P) LAFP:A
— F
I, A, c: Chan (Graded,P), ¢; : ChanP+ P | Fwd (c + c1, .., Cp) 1 A

WD

By induction on the first assumption, we have either that values(P) or that there exists some reduction (P; C)~
(P C.
If there is such a reduction, we can make a global reduction as follows:
(P; C)~ (P; C) PAR
(P |Fwd(c+> c1,..,cn); C)~ (P | Fwd (c+ c1,..,Cn); C)

Otherwise, we must reduce on the forwarder process itself. Note that due to the session typing of the channel in
the runtime context, and the condition requiring that C is buffered, then the channel configuration must be typed as

follows:
Grv:A A,cq1:ChanP, .., c,:ChanP,c:ChanP+C,ci =V :Vv,..,Ch=Vp:V,C=V .
PR — - — — SEND
@ [v]:OA A, cq :Chan (SendAP), .., c, : Chan (SendAP),c: ChanP+C,¢{ =V1,..,Ch =Vp,C=V
= = — RECV
A, c1 :Chan (SendAP), .., ¢, : Chan (SendAP), c : Chan (Recv (0,A)P)-C,C1 = V1,..,Ch = Vp,c=[v] : V
(C.3)

Hence, we can construct the following global reduction:

= — = — — — FORWARDER
(P |Fwd(cr>c1,..,Cn); Coc=1[V]:V,C1 =V1,..,Cn="Vp)~ (P |Fwd(c+> C1,..,Cp); C,C=V,C{=V1:V,..,Ch="Vp:V) a
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Appendix D. Preservation proof

Theorem 3 (Preservation).
C,AFP:AAAFC A (P; C)~ (P C)
= AN . T,AFP:AAANKFC

Proof. By induction on the three judgments forming the assumptions here.
We first case split on the typing of process configurations: ', A+ P : A.

e (empty)

T

There is no reduction on the empty process configuration so this case is trivially true since the antecedent is false.

e (cons) We consider an abstraction over the two possibilities for extending a process configuration with a term which is
either main or subordinate process:

I',A1+t:B Iy, Ap-P:A
Ti4T2, A1+ AP tR:ARB

CONSR

where R abstracts over whether t is a subprocess o or the main process e and A ™ B selects the appropriate type
depending on R, i.e.,

Ac*B=B AA=1
AS°B=A AB=1

We then case on the reduction of process configurations consider the role R where pertinent.
- (send)

— ————SEND
(P | Ctxt{sendcv}; C,c=Vv)~ (P | Ctxt{c}; C,c=Vv:v)

with process configuration typing:
I'1, Aq,c: Chan (SendAP) - Ctxt{sendcv}:B T, A2 -P:A »
CONS
I'1 + T2, A1+ Ay, ¢’ Chan (SendAP) P | Ctxt{sendcv}™ : A (D.1)

and channel configuration typing:
AskEvV:A A3, A4, c:" ChanP+C,C=V:v
— SEND
A3, Ag,c:" Chan (SendAP)-C,c=V (D.2)

where (A3, Ag) = A1+ Ay,
We can then construct the consequent channel configuration typing given by the premise of (D.2):

A1+ Ay, c:"ChanPHC,C=v:V

From typing I'1, A1 F Ctxt{sendcv} : B, and by Lemma 6 we have two cases:
1. Typing I'}, A} Fsendcv:A” and T,y : A”, A} - Ctxt{y} : B with 't =T} + I, and A; = A} + A), which by
inversion must therefore be of the form:

c:Chan (SendA'P) - c: Chan (SendA'P) '
@,c:Chan (SendA P) - send ¢ : A' — Chan P = Gy A
@, c: Chan (Send A’ P) - send cv : Chan P

i.e, where A” =ChanP and I'} = - and A} =c:Chan(SendA’P).
Therefore, for the goal of this theorem we construct the typing:

Oe

VAR
#,c:ChanPt c:ChanP
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By Lemma 7 then I}, A}, c: ChanP - Ctxt{c} : B which is equal to I'1, A, c: ChanP - Ctxt{c} : B.
We then build the process configuration type:
I, Ay, c:ChanP+ Ctxt{c}:B T2, Ay-P:A
[y 42, Ay + Ag, c:ChanP - P | Ctxt{c}™ : A
1 +T3, A1+ Ay, c:ChanP+ P | Ctxt{c} ¥ : A (D.3)

CONSR

where the equality step follows by A; = A} + A), =A) and Ty =T} + T, =T}.
2. Typing [I'}, Aj1Fsendcv:A” and T,y : [A"];, A} F Ctxt{y} : B with 't =r* "} + T and A1 = A} 4+ A}, which by
inversion must therefore be of the form:

= 7 7— VARCHANS
c:* Chan (Send A’ P) - c: Chan (Send A’ P)

¢:* Chan (SendA’' P) - send ¢ : A — Chan P
¢:* Chan (SendA’' P) - send cv : ChanP

O¢

Grv:A

i.e, where A” =ChanP and I'} = - and A} =c:* Chan(SendA’P).
Therefore, for the goal of this theorem we construct the typing:

VARCHANS

c:*ChanP} c: ChanP

By Lemma 8 then I'), A}, c:* ChanP |- Ctxt{c} : B which is equal to I'y, A’ c:* ChanP - Ctxt{c} : B (since I'1 =
r«l)+ Ty =r+«@+T,=TIY%)
We then build the process configuration type:
I}, A, c:* ChanP Ctxt{c}:B T2, A2-P:A
I+, Ay + Ay, c:* ChanP - P | Ctxt{c)™ : A
14T, A1+ Ay, c:* ChanP P | Ctxt{c} : A (D.4)

CONSR

where the equality step follows by A; = A] + A=A} and Ty =r* T} + T, =T}.
- (recv)

= — RECV
(P | Ctxt{receivec}; C,c=v:Vv)~ (P |Ctxt{(v,0)}; C,c=V)

with process configuration typing:

I'1, A1, ¢ Chan (RecvAP) I Ctxt{receivec} :B Ty, Ao P :A

- - = CONSR
I'1 + T2, A1+ Ag,c:" Chan (RecvAP) - P | Ctxt{receivec}’~ : A (D.5)
with channel configuration typing:
AsFvV:A A3, Agq,c:" ChanPFHC,c=V
— RECV
A3, Ag,c:" Chan (RecvAP)-C,c=v:V (D.6)

where (A3, Ag) = A1+ A,. (note that EMPTY cannot be used in the root of this derivation as the reduction constraints
the channel to start non-empty).
We then construct the consequent channel configuration typing given by the premise of (D.6):

A1+ Ay, c:"ChanPHC,c=V

From typing I'1, A1 F Ctxt{receivec} : B, and by Lemma 6 then there are two possible cases:
1. Typing I}, A - receivec: A” and T,y : A", A, - Ctxt{y} : B with Ty =T} + T and A; = A} + A}, which by
inversion must therefore be of the form:

@, c: Chan (RecvAP) I c: Chan (RecvAP) VAR
¥, c : Chan (RecvAP) I receivec: (A® ChanP)

e

where A” = (A® ChanP) and I} =- and A} =c: Chan (RecvAP).
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Therefore, for the goal of this theorem we construct the typing:

c:ChanPrc:ChanP =  @rv:A (by(D6))
c:ChanP*F (v,c): (A® ChanP)

By Lemma 7 then I}, A}, c: ChanP - Ctxt{(v, ¢)} : B which is equal to I't, A}, c: Chan P+ Ctxt{(v,c)} : B
We then construct the preserved process configuration typing:
I, A, c:ChanP Ctxt{(v,¢)}: B T2, AyFP:A
I+ T2, Ay 4+ Ag, c: ChanP P | Ctxt{(v,0)}~ : A
I'1+ T2, A1+ Ay, c:ChanP+ P | Ctxt{(v, )} X : A (D.7)

CONSR

where the equality step follows by A; = A} + A, =A) and T’y =T + T, =T%.
2. Typing [}, Aj]Freceivec: A” and I,y : [A"];, A, - Ctxt{y} : B with Ty =r* T} + T, and Ay = A} + A}, which
by inversion must therefore be of the form:

VARCHANS

¢ :* Chan (RecvAP) |- c : Chan (RecvAP)
¢ :* Chan (RecvAP) |- receivec : (A ® ChanP)

Oe

where A” = (A® ChanP) and I'} =- and A} =c:* Chan (RecvAP).
Therefore, for the goal of this theorem we construct the typing:

= VARCHANS ) ,
c:*ChanPt c:ChanP Av:A (by(D.6))

c:*ChanPk (v,¢) : (A® ChanP)

By Lemma 8 then I'},, A, c:* ChanP I~ Ctxt{(v, c)} : B which is equal to I'1, A}, c :* ChanP |- Ctxt{(v, ¢)} : B (since
Fi=r*}+T)=r*«@+T,=T%).
We then construct the preserved process configuration typing:
I, Ay, c:* ChanP Ctxt{(v, )} : B T'2, As-P:A
[+, Ay + Ag, c:* ChanP+ P | Ctxt{(v, c)}* : A
I+ T2, A+ Ay, c:* ChanP - P | Ctxt{(v, c)} ¥ : A (D.8)

CONSR

where the equality step follows by A; = A} + A), =A) and Ty =r* T} + T, =T%.
- (close)

LOSE

c
(P | Ctxt{closec}; C,c! = ()~ (P | Ctxt{unit}; C)
with process configuration typing:

I'1, A1, c:ChanEnd F Ctxt{closec} : B I, Ay-P:A -
CONS
I'1 + T2, A1+ Ay, c: ChanEnd - P | Ctxt{closec}™ : A (D.9)

(i.e., c € dom(A3)) with only one potential channel configuration typing:

A+ A EC
1 EMPTY

A1+ Az,c:ChanEndFC,c’ = () (D.10)
The goal channel configuration Ay + Ay FC is then given by the premise of (D.10).
From typing T'y, Aq b Ctxt{closec} : B, and by Lemma 6, and since we know here that c is a linear channel, then
the typing factorises to the typing I'{, A} Fclosec:A” and T,y : A”, A}  Ctxt{y} : B with 'y =T} + T, and Ay =
A’ + Al), which by inversion must therefore be of the form:

c:ChanEnd - c: Chan End

c:ChanEnd - closec: 1

—O¢
where A” =1 and I'; =- and A} =c: ChanEnd.
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Therefore, for the goal of this theorem we construct the typing:
————— UNIT;
A+ unit: 1

By Lemma 7 then I, A, - Ctxt{unit} : B.
We then construct the preserved process configuration typing:

I, AL Ctxt{unit) : B Ty, Ag-P:A
T+, A, + Ay =P | Ctxt{unit}™ : A
I'1+ T2, A+ Ay P | Cext{unit}® : A (D.11)

where the equality step follows by A; = A} + A, =A) and T'y =T} + T, =T%.
- (sharedClose)

CONSR

= — SHAREDCLOSE
(P | Ctxt{closec}; C,c* =v)~» (P | Ctxt{unit}; C,c* =v)

with process configuration typing:
I'1, A1, c:* ChanEnd |- Ctxt{closec} : B I, AyP:A »
CONS
'y + T2, A1+ Ay, c:* ChanEnd - P | Ctxt{closec}¥ : A (D.12)

and channel configuration typing A1 + Ay, ¢:* ChanEnd - C, c* = V.

Since the reduction semantics preserves the channel configuration, this channel configuration typing then also pro-
vides the goal configuration typing as-is.

From typing I'1, Aq F Ctxt{closec}: B, and by Lemma 6, and since we know here that c is a non-linear channel, then
the typing factorises to the typing [}, A]]Fclosec:A” and ',y : [A”];, A, - Ctxt{y} : B with I'y =r T} + T and
Ay = A} 4+ Al, which by inversion must therefore be of the form:

c:*ChanEnd |- c : ChanEnd
c:* ChanEnd - closec: 1

where A” =1 and T} =- and A} =c:* ChanEnd.
Therefore, for the goal of this theorem we construct the typing:

Oe

———————— UNIT;
A unit: 1

¢:* ChanEnd I unit : 1

By Lemma 8 then I'}, A}, ¢ :* ChanEnd + Ctxt{unit} : B.
We then construct the preserved process configuration typing:

I, A5, c:* ChanEnd |- Ctxt{unit} : B T, Ay -P:A
% + T, Ay 4+ Az, c:* ChanEnd F P | Ctxt{unit}” : A
I'1 4+ T2, A + Ay, c:* ChanEnd - P | Ctxt{unit}™ : A (D.13)

where the equality step follows by A; = A} + Al =A) and Ty =r* T} + T, =T}.
- (fork)

WEAKCHANS

CONSR

#c
(P | Ctxt{forkLinear (Ax.t)}; C)~ (P | tlc/x]° | Ctxt{c}; C,c=(),c={())
with process configuration typing:
I'1, A1 F Ctxt{forkLinear (Ax.t)} : B I, Ay-P:A
I'1 + T2, A + Ay - P | Cext{forkLinear (Ax.t)}™ : A coNSR (D.14)

FORKLINEAR

with channel configuration typing:

A1+ AzC (D.15)

From typing I'1, A1 F Ctxt{forkLinear (Ax.t)} : B, and by Lemma 6 there are two possibilities:
1. (second disjunct) (with Ctxt{forkLinear (Ax.t)} factorising into a graded binding) Gives —resourceAllocator(forkLinear
(Ax.t)) which is a contradiction, thus we can conclude trivial by ex falso.
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2. (first disjunct) Typing I'}, A - forkLinear (Ax.t) : A, which by inversion must therefore be of the form:
I'},x:ChanP, A t:1

[ A F(x.0):ChanP—1

|, A -forkLinear (Ox.t) : Chan (P) (D.16)

i

where A= Chan (P) and I'{, x: Chan (P), A - Ctxt{x} : B where 'y =T} + T/ and Ay = A} + A].
Therefore, for the goal of this theorem we construct the typings:

— — VAR
@,c:Chan (P) - c: Chan (P)

and

VAR
@#,c:ChanP} c:ChanP (D.17)

By Lemma 7 then I'”, ¢ : Chan (P) - Ctxt{c} : B.
We construct the goal channel configuration typing as:
A] FC
A1+ Ay,c:ChanPFC,c= ()
A1+ Az, c:ChanP,c:Chan(P)-C,c=(),c= ()

EMPTY

EMPTY

with process configuration typing then given by:

!, A7,C:Chan (P) - Ctxt{c}: B T2, A2 FP:A " (D.16) (D.17)
— CONS S
/{+F2,A/{+A2,E:Chan(l’)l—73|Ctxt{E}R:A 1, A, c:ChanP+ t[c/x] : 1

[ 4+ T2 +T}, Ay + Ay + A}, c: ChanP, ¢ : Chan (P) - P | tc/x]° | Ctxt{c}™ : A
I'1 + T3, A1+ Ay, c:ChanP,c: Chan (P) - P | t[c/x]° | Ctxt{E}R tA

where disjointness conditions in the above for ¢ and ¢ are satisfied by the fact that c is fresh as per the semantics,
and disjointness of the constituent contexts comes from their original disjointness being defined (e.g., A1 = A} +
AY).

- (forkNonLinear)

UBST

#c
(P | Ctxt{forkNonLinear (Ax.t)}; C) ~ (P | Ctxt{[c]} | t[[c]/x]°; C,CT" = (), c* = ())
with process configuration typing:

I'1, A1 F Ctxt{forkNonLinear (Ax.t)} : B Iy, A-P:A

FORKNONLINEAR

- R CONSR
I'1 + Ty, A1 + Ay B P | Ctxt{forkNonLinear (Ax.t)}"* : A (D.18)
with channel configuration typing:
A1+ A EC (D.19)

From typing I'1, A1 b Ctxt{forkNonLinear (Ax.t)} : B, and by Lemma 6 there are two possibilities:

1. (second disjunct) (with Ctxt{forkNonLinear (Ax.t)} factorising into a graded binding) Gives —resourceAllocator (fork-
NonLinear (Ax.t)) which is a contradiction, thus we can conclude trivial by ex falso.
2. (first disjunct) There is a typing I'}, A} I forkNonLinear (Ax.t) : A, which by inversion must therefore be of the form:
".x:0r(ChanP), A} Ft: 1
o
1, A+ (x.t) : Or(ChanP) —o 1
— —0

", A} - forkNonLinear (Ax.t) : O (Chan (P)) ¢ (D.20)

i

where A=, (Chan (P)) and I'}, x: O;(Chan (P)), A{ - Ctxt{x} : B and where I'y =T} + '] and A = A} + A].
For the goal of this theorem we construct the typings:

4. Chan(P) - c:Chan(P)
@,¢:* Chan (P) - [c] : ,(Chan (P)) " (D.21)
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and

VAR
@, c:* ChanP} c: ChanP
9.c ChanPF [c]: ), (ChanP) " (D.22)

By Lemma 7 then I'}, A}, €:* ChanP - Ctxt{[c]} : B.

We then construct the consequent channel configuration typing:
—(D.19)
A +2AEC

A1+ Ay, c:*ChanPC,c* = ()

EMPTY

— — — EMPTY
A1+ Ay, c:*ChanP,c:* ChanP - C,c* = (), c* = ()
and process configuration:
T}, A7, C:* ChanP+ Ctxt{[c]}: B T2, Ay P:A (D.20) (D.22)
i — — = ——= CONSR — GRADED-SUBST
T} + Ty, AY 4+ Az, :* ChanP+ P | Ctxt{[]} : A I}, A}, c:* Chan P+ t[[c]/x] : 1

— SUB
T + T + Ty, A} + A} + Ay, c:* ChanP, ¢ * ChanP + P | Ctxt{[c]}® | t[[c]/x]° : A

I'1 4+, A1 + Az, c:* ChanP, ¢ :* ChanP P | Ctxt{[c]}™ | t{[c]/x]° : A

where disjointness conditions in the above for ¢ and ¢ are satisfied by the fact that c is fresh as per the semantics,
and disjointness of the constituent contexts comes from their original disjointness being defined (e.g., A1 = A} +
Al

- (forkReplicate)

#cy ... %

- — — — FORKREPLICATE
(P | Ctxt{forkReplicate [Ax.t]n}; C) ~ (P | Ctxt{([c1], .., [cn])} | Weh (c1 = Ax.t) | .. [Weh (cp > Ax.t); Coci=(),..can=(),c1={(),...cn =())

with process configuration typing:

I'1, A1 F Ctxt{forkReplicate [Ax.t]n} : B I, Ay-P:A

- = CONSR
I'1 + T2, A1 + Ay B P | Ctxt{forkReplicate [Ax.t] n}'* : A (D.23)
with channel configuration typing:
A1+ A0zFC (D.24)

From typing I'1, A1 F Ctxt{forkReplicate [Ax.t]n} : B, and by Lemma 6 there are two possibilities:
1. (second disjunct) (with Ctxt{forkReplicate [Ax.t]n} factorising into a graded binding) Gives —resourceAllocator (fork-
Replicate [Ax.t]n) which is a contradiction, thus we can conclude trivial by ex falso.
2. (first disjunct) then there is a typing I'{, A] - forkReplicate [Ax.t]n : A, which by inversion must therefore be of the
form:
!,x:ChanP, A{+t:1
" AT ax.t:ChanP —1
PR
(0..n) * T, AT+ [Ax.t] : Op_n(ChanP —o 1)
(0..n) * T, A - forkReplicate [Ax.t] : N n — Vecn ((Jg_ 1 (Chan (P))) ¢
(0..n) * '], A I~ forkReplicate [Ax.t]n : Vecn (g 1 (Chan (P))) ¢ (D.25)

i

where A = Vecn (o1 (Chan (P))) and I'}, x : Vecn (Co_1 (Chan (P))), A} - Ctxt{x} : B and where A; = A] + A] and
where I't =T7) 4 (0..n) * T}

Furthermore by the ReceivePrefix(P) constraint of forkReplicate we know that P = RecvA'P'.

For the goal of this theorem we construct the typings:

CONS™ + NIL

¢1 :* Chan (SendA'P'), .., C; :* Chan (Send A" P') - ([c1], .., [Cql) : Vecn ((o_1 (Chan (Send A’ P')))

By Lemma 7 then:

I}, A}, c1 :* Chan (SendA'P'), .., T, * Chan (Send A’ P') F Cext{([c1], .., [Cal)} : B.

The consequent channel configuration has type derivation (and as a short hand we write ¢; : ChanP; for c; :*
ChanPy, .., c; :* ChanPy):
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A+ A EC
A1+ Ay, ci:Chan (RecvA' P), G :* Chan (SendA'P) -C,ci* = (), .., =, = (), .. = ()

EMPTY"

We then construct the process configuration typing where A’ = A, ¢; :* Chan (RecvA’ P'), G; :* Chan (Send A’ P’)

Iy, A}, * Chan (Send A’ P') - Ctxt{([c7], .., [Gq])} : B T2, AP :A
1 A1LG (¢ ) {([c1], ... [ca])} 2, A2 CONSTR.

T + T, A} + Ay, G :* Chan (Send A' P') - P | Ctxt{([cT], ... [Gal)} X : A D.25
1+ T2, Al + A2, an (Sen ) | Cext{([ct], -, [Eal)} I"]’,x:Chan(Rech’P’)A,A’l’l—t:]( )

T+ 0.1%T)) + T2, A} + A) 4 Az, A" FP | Cxt{{[TT], .., [Ga])) ™ | Weh (c1 > Ax.t) : A
T + (0.n%TY) 4+ T2, A) + A 4+ Ag, A+ P | Cxt{([eT], -, [Ga])} X | Weh (1 > Ax.t) | .. | Weh (cp > Ax.t) - A
T1 + T, Ay 4 Az, A+ P | Cxt{([TT], ., [G])} X | Weh (1 > Ax.t) | .. | Weh (cq > Ax.L) : A

WATCH

WATCH*

since 0..1 4+ ...+ 0..1 n-times is equal to 0..n, satisfying the typing goal, and where disjointness conditions in
the above for ¢; and ¢; are satisfied by the fact that ¢; are all fresh as per the semantics, and disjointness of the
constituent contexts comes from their original disjointness being defined (e.g., A1 = A} + Af.

- (watch)

= — WATCHER
(P |Wch(c ax.t); C,c=v:v)~ (P|tlc/x]°; C,c=v:V)

with process configuration typing:
I'1,x:Chan (RecvA'P), A1 t: 1 Iy, Ay-P:A
0.1%T1 + T2, Ay + Ay, c: Chan (RecvA'P) - P [Weh (c > Ax.0) i A 0" (D.26)
and channel configuration typing:
A +A2HC A+ AkviA
A1+ Az, c: (RecvA'P)-C,c=v:V (D.27)

For the goal of this theorem we construct the typing:

Ty, x:Chan(RecvA'P), Ay t:1 (D.26)  c:Chan(RecvA P) - c:Chan (RecvA'P)
1..1 %1, Aq, c: Chan (RecvA’P) - t[c/x] : 1
0.1%Ty, Ay, c:Chan (RecvA P) - f[c/x] : 1

SUBST

APPROX

(D.28)
From this we can construct the channel configuration typing as just (D.27) and the process config typing:
I, Ay-P:A 0..1%T'1, A1, c:Chan (RecvA'P) - t[c/x]: 1(D.28)
0.1%I'1 + T, A1+ Ay, c:Chan (RecvA' P) - P | t[c/x]° : A

and the premise channel configuration provides the consequent channel configuration.
- (forkMulticast)

TCH

#c #cq ... #ep
(P | Ctxt{forkMulticast (2x.t) n}; C) ~» (P | Ctxt{(c1, .., Cn)} | tIc/X]° |Fwd (C+> €1, .., p); Coc=().c=(),ci=(),..cn=0)C1=(),..Ca = ()

FORKMULTICAST
with process configuration typing: process configuration typing:

I'1, A1 F Ctxt{forkMulticast (Ax.t) n} : B Iy, ApFP:A

1+ 2, A1+ Az F P | Cixt{forkMulticast (x.t) n} : A consTe (D.29)

with channel configuration typing:

A1+ AsFC (D.30)

From typing I'1, A1 F Ctxt{forkMulticast (Ax.t) n} : B, and by Lemma 6 there are two possibilities:
1. (second disjunct) (with Ctxt{forkReplicate [Ax.t]n} factorising into a graded binding) Gives —resourceAllocator (fork-
Replicate [Ax.t]n) which is a contradiction, thus we can conclude trivial by ex falso.

2. (first disjunct) Then there is a typing I'}, A} I forkMulticast (Ax.t) n : A, which by inversion must therefore be of the
form:

|, x: Chan (Graded,P"), A] Ft:1
T, A} F Ax.t:Chan (Graded,P) o1
|, A} FforkMulticast (Ax.t) : N n —o Vecn (Chan P') -
|, A} - forkMulticast (Ax.t) n : Vecn (Chan P') - (D.31)
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where A = Vecn (ChanP) and I'/,x:Vecn (ChanP), A+ Ctxt{x} : B and P = GradednP’ and where 'y =T} +I']
and where A; = A} + Af.
For the goal of this theorem we construct the typing:

CONS" + NIL

¢1:ChanP,..,c; : ChanP+ (7, .., ;) : Vecn (Chan P)

By Lemma 7 then I'}, A}, A" Ctxt{(cy, .., Cp)} : B
The consequent channel configuration has type derivation where we write A’ = c¢; : ChanP, ..,c, : ChanP and
A’ =7¢7:ChanP, .., ¢, : ChanP.

A1+ A C

- — EMPTY*
A1+ Az, c: Chan (Graded,P), ¢ : Chan (Graded,P), A, A’ C,c=(),c=(),ci={(),.cn={(),c1=(),..Ca = ()

We then construct the process configuration typing:

Y, AL A ECxt((Tr, ... en)}:B T2, Ap-P:A I}, x:Chan (Graded,P'), Aj -t:1
1” ! " ’ - —_— —\R CONSR 7 ! 7 ( . ),, ! SUBST
I + T2, AT+ Az, A'EP | Cxt{(cy, ... Cy)} T 1A '}, A}, c: Chan (Graded,P) - t[c/x] : 1
[} + ] + T, A} + A] 4+ Ay, c: Chan (Graded, P'), A’ - P | Ctxt{(c1, .., )} | tie/x1° 1 A
[} 4T + T2, A} + A + Ay, A, A/, c: Chan (Graded,,P'), T : Chan (Graded, P') - P | Ctxt{(C1, .., &)} % | tlc/X]° | Fwd (¢ > C1, .., Cn) : A

I'1 + T2, Ap 4+ Ay, A', A/, c: Chan (Graded, P’), ¢ : Chan (Graded, P’) - P | Ctxt{(c7, .A,a)]72 | t[c/x]° | Fwd (¢ c1, .., Cn) : A

CONSR

FWD

satisfying the goal.

- (forward)
(P |Fwd(cr>c1,...cn); C.c=[v]:V, 01 =V1,...,Ch = Vn)~ (P |Fwd(cr> C1,..,Cn); C,C=V, 01 =V{:V,..,Ch=Vp:V FORWARDER
with process configuration typing:
Sends(P) IAEP:A
WD (D.32)

— F
I', A, c: Chan (Graded,P), ¢; : ChanP+ P | Fwd (c+ cq, .., Cp) - A

(specialisation of the FWD rule since Sends(RecvA’P) = Sends(P)) and with channel configuration typing:

Aghv:A Agkv:A" Ag,Aq,ci:ChanP, . c;:ChanP,c:ChanP+C. Gl =V :v,..Gi=Vq:V,c=V SEND"
PR = "y — Y =
Ao [v]:O,A Ag, A1,c1:Chan(SendAP), .., ¢, : Chan (SendAP),c:ChanP+C,c; =Vvq,..,Ch = Vp,C=V RECY
Ao, A1, c1 :Chan (SendAP), .., ¢, : Chan (SendAP), c : Chan (Recv ((J,A)P) -C, ¢ = V1, ..,Cn = V, c=[V]
(D.33)
where A = Ag, Aq.
The goal channel configuration typing is then given by the premise of (D.33):
AoFv:A Ai,c1:ChanP,..,c,:ChanP,c:ChanP+C,ci=V1:V,...,Ch=Vp:V,c=V ;
SEND

From the definition of Sends(RecvA’'P) = Sends(P) and Sends(SendA’ P) = Sends(P) therefore we can define the
process configuration typing as:

Sends((P)) Sends(P) TI,AFP:A
— FWD
I' A,c:Chan (P),cq : ChanP, ..,c; : ChanP+ P | Fwd (c+> ¢, .., cp) : A m]

Appendix E. Related work further details; comparison with GV

The construction in GV of the replicate primitive can also be captured in Granule. Their construction [11, Appendix B]

can be written in Granule with JA = A [Many] (where R = {zero, One, Many} is a semiring for capturing linear/non-linear
behaviour [47]) but only if we both turn off the resource allocator restriction on promotion that we introduced in Section 4,
which was critical for soundness in our call-by-value semantics, and use call-by-name semantics, both of which are provided
by a language extension:

N U WwN =

language CBN -- Call-by-Name semantics, also turns off the restriction
-- to non-resource allocating terms in promotion

-- GV ‘'replicate’
replicate : V {s : Protocol}
(LChan (Send ((LChan (Dual s)) [Many]) End)
, (LChan s — ()) [Many]) — LChan End
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8 replicate (x, f) =
9 let [g] = f in send x [forkLinear g]

10
11 -- Dual ‘request’ primitive
12 request : V {s : Protocol}
13 . LChan (Recv ((LChan s) [Many]) End) — LChan s
14 request s = let (w , s) = recv s
15 in let () = close s
16 in let [y] = w in y
Data availability
No data was used for the research described in the article.
References

[1] K. Honda, Types for dyadic interaction, in: E. Best (Ed.), CONCUR'93, Springer Berlin Heidelberg, Berlin, Heidelberg, 1993, pp. 509-523.

[2] N. Yoshida, V.T. Vasconcelos, Language primitives and type discipline for structured communication-based programming revisited: two systems for
higher-order session communication, Electron. Notes Theor. Comput. Sci. 171 (4) (2007) 73-93, https://doi.org/10.1016/j.entcs.2007.02.056.

[3] J.-Y. Girard, Linear logic, Theor. Comput. Sci. 50 (1) (1987) 1-101, https://doi.org/10.1016/0304-3975(87)90045-4.

[4] P. Wadler, Linear types can change the world!, in: M. Broy, C.B. Jones (Eds.), Programming Concepts and Methods: Proceedings of the IFIP Working
Group 2.2/2.3 Working Conference on Programming Concepts and Methods, Sea of Galilee, Israel, 2-5 April, 1990, North-Holland, Amsterdam, 1990,
pp. 561-581, https://homepages.inf.ed.ac.uk/wadler/topics/linear-logic.html#linear-types.

[5] D. Walker, Substructural type systems, in: Advanced Topics in Types and Programming Languages, 2005, pp. 3-44.

[6] L. Caires, F. Pfenning, Session types as intuitionistic linear propositions, in: Proceedings of the 21st International Conference on Concurrency Theory,
CONCUR'10, Springer-Verlag, Berlin, Heidelberg, 2010, pp. 222-236.

[7] B. Toninho, L. Caires, F. Pfenning, A decade of dependent session types, in: N. Veltri, N. Benton, S. Ghilezan (Eds.), PPDP 2021: 23rd International
Symposium on Principles and Practice of Declarative Programming, Tallinn, Estonia, September 6-8, 2021, ACM, 2021, pp. 3:1-3:3.

[8] P. Wadler, Propositions as sessions, J. Funct. Program. 24 (2-3) (2014) 384-418, https://doi.org/10.1017/S095679681400001X.

[9] W. Kokke, J.G. Morris, P. Wadler, Towards races in linear logic, in: Coordination Models and Languages: 21st IFIP WG 6.1 International Conference,
COORDINATION 2019, Held as Part of the 14th International Federated Conference on Distributed Computing Techniques, DisCoTec 2019, Kongens
Lyngby, Denmark, June 17-21, 2019, Proceedings, Springer, 2019, pp. 37-53.

[10] SJ. Gay, V.T. Vasconcelos, Linear type theory for asynchronous session types, J. Funct. Program. 20 (1) (2010) 19-50, https://doi.org/10.1017/
S0956796809990268.

[11] S. Lindley, J.G. Morris, A semantics for propositions as sessions, in: European Symposium on Programming Languages and Systems, Springer, 2015,
pp. 560-584.

[12] J.-Y. Girard, A. Scedrov, PJ. Scott, Bounded linear logic: a modular approach to polynomial-time computability, Theor. Comput. Sci. 97 (1) (1992) 1-66,
https://doi.org/10.1007/978-1-4612-3466-1_11.

[13] A. Brunel, M. Gaboardi, D. Mazza, S. Zdancewic, A core quantitative coeffect calculus, in: Proceedings of the 23rd European Symposium on Programming
Languages and Systems, vol. 8410, Springer-Verlag, Berlin, Heidelberg, 2014, pp. 351-370.

[14] D.R. Ghica, A.l. Smith, Bounded linear types in a resource semiring, in: Proceedings of the 23rd European Symposium on Programming Languages and
Systems, vol. 8410, Springer-Verlag, Berlin, Heidelberg, 2014, pp. 331-350.

[15] T. Petricek, D. Orchard, A. Mycroft, Coeffects: a calculus of context-dependent computation, in: Proceedings of the 19th ACM SIGPLAN International
Conference on Functional Programming, ICFP '14, Association for Computing Machinery, New York, NY, USA, 2014, pp. 123-135.

[16] D. Orchard, V.-B. Liepelt, H. Eades III, Quantitative program reasoning with graded modal types, Proc. ACM Program. Lang. 3 (ICFP) (2019) 1-30, https://
doi.org/10.1145/3341714.

[17] D. Marshall, D. Orchard, Replicate, reuse, repeat: capturing non-linear communication via session types and graded modal types, in: Carbone and
Neykova [46], pp. 1-11, https://doi.org/10.4204/EPTCS.356.1.

[18] P. Choudhury, H. Eades III, R.A. Eisenberg, S. Weirich, A graded dependent type system with a usage-aware semantics, Proc. ACM Program. Lang.
5 (POPL) (2021) 1-32, https://doi.org/10.1145/3434331.

[19] A. Abel, J. Bernardy, A unified view of modalities in type systems, Proc. ACM Program. Lang. 4 (ICFP) (2020) 90:1-90:28, https://doi.org/10.1145/
3408972.

[20] J.-P. Bernardy, M. Boespflug, R.R. Newton, S. Peyton Jones, A. Spiwack, Linear Haskell: practical linearity in a higher-order polymorphic language, Proc.
ACM Program. Lang. 2 (POPL) (Dec 2017), https://doi.org/10.1145/3158093.

[21] E.C. Brady, Idris 2: quantitative type theory in practice, https://doi.org/10.4230/LIPIcs.ECOOP.2021.9, 2021.

[22] J. Wood, R. Atkey, A framework for substructural type systems, in: I. Sergey (Ed.), Programming Languages and Systems - 31st European Symposium
on Programming, ESOP 2022, Held as Part of the European Joint Conferences on Theory and Practice of Software, ETAPS 2022, Munich, Germany, April
2-7, 2022, Proceedings, in: Lecture Notes in Computer Science, vol. 13240, Springer, 2022, pp. 376-402.

[23] C. McBride, I got plenty o’ nuttin’, in: S. Lindley, C. McBride, PW. Trinder, D. Sannella (Eds.), A List of Successes That Can Change the World - Essays
Dedicated to Philip Wadler on the Occasion of His 60th Birthday, in: Lecture Notes in Computer Science, vol. 9600, Springer, 2016, pp. 207-233.

[24] M. Gaboardi, S.-y. Katsumata, D. Orchard, F. Breuvart, T. Uustalu, Combining effects and coeffects via grading, in: Proceedings of the 21st ACM SIGPLAN
International Conference on Functional Programming, ICFP 2016, Association for Computing Machinery, New York, NY, USA, 2016, pp. 476-489.

[25] V. Rajani, D. Garg, Types for information flow control: labeling granularity and semantic models, in: 2018 IEEE 31st Computer Security Foundations
Symposium (CSF), 2018, pp. 233-246.

[26] A. Spiwack, C. Kiss, J.-P. Bernardy, N. Wu, R.A. Eisenberg, Linearly qualified types: generic inference for capabilities and uniqueness, Proc. ACM Program.
Lang. 6 (ICFP) (Aug 2022), https://doi.org/10.1145/3547626.

[27] B. Toninho, N. Yoshida, Depending on session-typed processes, in: C. Baier, U.D. Lago (Eds.), Foundations of Software Science and Computation Struc-
tures - 21st International Conference, FOSSACS 2018, Held as Part of the European Joint Conferences on Theory and Practice of Software, ETAPS 2018,
Thessaloniki, Greece, April 14-20, 2018, Proceedings, in: Lecture Notes in Computer Science, vol. 10803, Springer, 2018, pp. 128-145.

[28] B. Moon, H. Eades III, D. Orchard, Graded modal dependent type theory, in: N. Yoshida (Ed.), Programming Languages and Systems - 30th European
Symposium on Programming, ESOP 2021, Held as Part of the European Joint Conferences on Theory and Practice of Software, ETAPS 2021, Luxembourg
City, Luxembourg, March 27 - April 1, 2021, Proceedings, in: Lecture Notes in Computer Science, vol. 12648, Springer, 2021, pp. 462-490.

53


http://refhub.elsevier.com/S0890-5401(24)00099-3/bib2AB3343875E56DC0A15CBB6A98570CF2s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibFC86EC8DD37876599369413610D7A0D3s1
https://doi.org/10.1016/j.entcs.2007.02.056
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibFC86EC8DD37876599369413610D7A0D3s1
https://doi.org/10.1016/0304-3975(87)90045-4
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibEE7218216E8069AD13D402BBE0AA3833s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibCF7B4451A17199C0465BE3D2233737AAs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibCF7B4451A17199C0465BE3D2233737AAs1
https://homepages.inf.ed.ac.uk/wadler/topics/linear-logic.html#linear-types
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibCF7B4451A17199C0465BE3D2233737AAs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibB545954F90BA45F32EF3D45780ED6CCAs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib5CD0EA82F3EBADC9468F9BDE3CB669E7s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib5CD0EA82F3EBADC9468F9BDE3CB669E7s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibFC1B84E7D7ACD43BC48E036204058AAEs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibFC1B84E7D7ACD43BC48E036204058AAEs1
https://doi.org/10.1017/S095679681400001X
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib5D9A572D039F075D51A3D316B2840310s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC8D6C8BAFBA418363D3AE658B91D2BA9s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC8D6C8BAFBA418363D3AE658B91D2BA9s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC8D6C8BAFBA418363D3AE658B91D2BA9s1
https://doi.org/10.1017/S0956796809990268
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibF76383CEDACFEC13BFF1537D940DDA0Fs1
https://doi.org/10.1017/S0956796809990268
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibF76383CEDACFEC13BFF1537D940DDA0Fs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib0D742E574F6E47359BC0E4B83D8FDF69s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib0D742E574F6E47359BC0E4B83D8FDF69s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib39E109D076D6F1574384B0F14BC0DA08s1
https://doi.org/10.1007/978-1-4612-3466-1_11
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib39E109D076D6F1574384B0F14BC0DA08s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib14CA9340E648EADF04EFC7514A12FE9Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib14CA9340E648EADF04EFC7514A12FE9Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib79B54375634C3D9DCC800C75E6956951s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib79B54375634C3D9DCC800C75E6956951s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibA5E8644CA29CC71D885C60157D19DC29s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibA5E8644CA29CC71D885C60157D19DC29s1
https://doi.org/10.1145/3341714
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib7BBF5B36163BD284A500150A7EE8651Cs1
https://doi.org/10.1145/3341714
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib7BBF5B36163BD284A500150A7EE8651Cs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibD2FC3B99084225063AED8BCADD7CF57Bs1
https://doi.org/10.4204/EPTCS.356.1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibD2FC3B99084225063AED8BCADD7CF57Bs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibF71CFCC6200E204E71002D7A109E8620s1
https://doi.org/10.1145/3434331
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibF71CFCC6200E204E71002D7A109E8620s1
https://doi.org/10.1145/3408972
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib0B1D156C64690A72C2656D5FA85820D6s1
https://doi.org/10.1145/3408972
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib0B1D156C64690A72C2656D5FA85820D6s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibB22421C913D8D317B73D63A194C56AF9s1
https://doi.org/10.1145/3158093
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibB22421C913D8D317B73D63A194C56AF9s1
https://doi.org/10.4230/LIPIcs.ECOOP.2021.9
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib88E21BF2C4D961E13677A0A338E8B942s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib9A4D6C1647647AFA5AEB38423117E38Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib9A4D6C1647647AFA5AEB38423117E38Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib9A4D6C1647647AFA5AEB38423117E38Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibBABA71168234A1A1AB4B70343184DE64s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibBABA71168234A1A1AB4B70343184DE64s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibDBB9A049FF7B1B662B1A532A15E9A4B4s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibDBB9A049FF7B1B662B1A532A15E9A4B4s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib02E7A8A3F314D07CACF950A8CC465F3Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib02E7A8A3F314D07CACF950A8CC465F3Ds1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib40C16F8684EF9F9FEB084E78A6D0316As1
https://doi.org/10.1145/3547626
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib40C16F8684EF9F9FEB084E78A6D0316As1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib32CFAE89690753FD0A3EDA0E54A6C12Bs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib32CFAE89690753FD0A3EDA0E54A6C12Bs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib32CFAE89690753FD0A3EDA0E54A6C12Bs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib8013B584B20017D8A5ABE6C0E301E140s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib8013B584B20017D8A5ABE6C0E301E140s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib8013B584B20017D8A5ABE6C0E301E140s1

D. Marshall and D. Orchard Information and Computation 301 (2024) 105234

[29] M. Berger, K. Honda, N. Yoshida, Sequentiality and the m-calculus, in: International Conference on Typed Lambda Calculi and Applications, Springer,
2001, pp. 29-45.

[30] D. Sangiorgi, D. Walker, The 7-Calculus: a Theory of Mobile Processes, Cambridge University Press, 2003.

[31] V.T. Vasconcelos, Fundamentals of session types, Inf. Comput. 217 (2012) 52-70, https://doi.org/10.1016/j.ic.2012.05.002.

[32] S. Peyton Jones, D. Vytiniotis, S. Weirich, G. Washburn, Simple Unification-Based Type Inference for GADTs, ACM SIGPLAN Notices, vol. 41, ACM, 2006,
pp. 50-61.

[33] U. Zalakain, O. Dardha, w with leftovers: a mechanisation in agda, in: K. Peters, T.A.C. Willemse (Eds.), Formal Techniques for Distributed Objects,
Components, and Systems, Springer International Publishing, Cham, 2021, pp. 157-174.

[34] K. Pruiksma, F. Pfenning, A message-passing interpretation of adjoint logic, Electron. Proc. Theor. Comput. Sci. 291 (2019) 60-79, https://doi.org/10.
4204/eptcs.291.6.

[35] B. van den Heuvel, ].A. Pérez, Session type systems based on linear logic: classical versus intuitionistic, PLACES@ ETAPS 314 (2020) 1-11.

[36] S. Balzer, F. Pfenning, Manifest sharing with session types, Proc. ACM Program. Lang. 1 (ICFP) (Aug 2017), https://doi.org/10.1145/3110281.

[37] W. Kokke, O. Dardha, Deadlock-free session types in linear Haskell, in: Proceedings of the 14th ACM SIGPLAN International Symposium on Haskell,
Haskell 2021, Association for Computing Machinery, New York, NY, USA, 2021, pp. 1-13.

[38] S.J. Fowler, Typed Concurrent Functional Programming with Channels, Actors and Sessions, 2019.

[39] L. Bocchi, M. Murgia, V.T. Vasconcelos, N. Yoshida, Asynchronous timed session types - from duality to time-sensitive processes, in: L. Caires (Ed.),
Programming Languages and Systems - 28th European Symposium on Programming, ESOP 2019, Held as Part of the European Joint Conferences on
Theory and Practice of Software, ETAPS 2019, Prague, Czech Republic, April 6-11, 2019, Proceedings, in: Lecture Notes in Computer Science, vol. 11423,
Springer, 2019, pp. 583-610.

[40] D. Marshall, D. Orchard, How to take the inverse of a type, in: K. Alj, J. Vitek (Eds.), 36th European Conference on Object-Oriented Programming (ECOOP
2022), in: Leibniz International Proceedings in Informatics (LIPIcs), vol. 222, Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, Dagstuhl, Germany,
2022, pp. 5:1-5:27.

[41] ]. Jacobs, S. Balzer, R. Krebbers, Multiparty GV: functional multiparty session types with certified deadlock freedom, Proc. ACM Program. Lang. 6 (ICFP)
(Aug 2022), https://doi.org/10.1145/3547638.

[42] D. Marshall, M. Vollmer, D. Orchard, Linearity and Uniqueness: an Entente Cordiale, in: I. Sergey (Ed.), Programming Languages and Systems, Springer
International Publishing, Cham, 2022, pp. 346-375.

[43] D. Marshall, D. Orchard, Functional ownership through fractional uniqueness, Proc. ACM Program. Lang. 8 (OOPSLA1) (Apr 2024), https://doi.org/10.
1145/3649848.

[44] E. de Vries, A. Francalanza, M. Hennessy, Uniqueness typing for resource management in message-passing concurrency, J. Log. Comput. 24 (3) (2012)
531-556, https://doi.org/10.1093/logcom/exs022.

[45] P. Rocha, L. Caires, Propositions-as-types and shared state, Proc. ACM Program. Lang. 5 (ICFP) (Aug 2021), https://doi.org/10.1145/3473584.

[46] M. Carbone, R. Neykova (Eds.), Proceedings of the 13th International Workshop on Programming Language Approaches to Concurrency and
Communication-cEntric Software, PLACES@ETAPS 2022, Munich, Germany, 3rd April 2022, EPTCS, vol. 356, 2022.

[47] J. Hughes, D. Marshall, J. Wood, D. Orchard, Linear exponentials as graded modal types, in: 5th International Workshop on Trends in Linear Logic and
Applications (TLLA 2021), Rome (Virtual), Italy, 2021, https://hal-lirmm.ccsd.cnrs.fr/lirmm-03271465.

54


http://refhub.elsevier.com/S0890-5401(24)00099-3/bib9EF16B554E858DF2E7304F7CF684B037s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib9EF16B554E858DF2E7304F7CF684B037s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibDF60E4E2C9C935ADADA17F8A3749A57Cs1
https://doi.org/10.1016/j.ic.2012.05.002
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib0FE403FA8F6941802FC810CC0CE151EBs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib3D3D8BBE052FA2831F29EDB73E43227Bs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib3D3D8BBE052FA2831F29EDB73E43227Bs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC03E490F22505B9422B2DB26DCA5B5F9s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC03E490F22505B9422B2DB26DCA5B5F9s1
https://doi.org/10.4204/eptcs.291.6
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibA38AFA0B3241EAF4D144EC46790410F3s1
https://doi.org/10.4204/eptcs.291.6
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibA38AFA0B3241EAF4D144EC46790410F3s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibFB42A317E3869AD43B340DA582DAA465s1
https://doi.org/10.1145/3110281
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib9E5BF5A3727C95E3E9938AC15FB1FEE0s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib81C8AC0F192BD4F59E3BBC0AF2AB05BEs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib81C8AC0F192BD4F59E3BBC0AF2AB05BEs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib0AF7EB96ADE844B5AA46693855A94335s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibEAB224FE46B3E06C65858C0A7EF18325s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibEAB224FE46B3E06C65858C0A7EF18325s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibEAB224FE46B3E06C65858C0A7EF18325s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibEAB224FE46B3E06C65858C0A7EF18325s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib27AAF468CAA744923B6A11A67A48BA65s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib27AAF468CAA744923B6A11A67A48BA65s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib27AAF468CAA744923B6A11A67A48BA65s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibAD1CDD23CBF770CB4A61B82FE6430160s1
https://doi.org/10.1145/3547638
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibAD1CDD23CBF770CB4A61B82FE6430160s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC6EC54FCA9F7EC5526D646BB3F52E495s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibC6EC54FCA9F7EC5526D646BB3F52E495s1
https://doi.org/10.1145/3649848
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib62F3E97107F38CBD959CF06BE666CC1Fs1
https://doi.org/10.1145/3649848
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib62F3E97107F38CBD959CF06BE666CC1Fs1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib4FC5D3CE535AC2AF50F6BD58343F8F7Es1
https://doi.org/10.1093/logcom/exs022
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib4FC5D3CE535AC2AF50F6BD58343F8F7Es1
https://doi.org/10.1145/3473584
http://refhub.elsevier.com/S0890-5401(24)00099-3/bibD4B4D62202E75474BF4E33992ECDB825s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib70CB2993CC6BA32DBAB2849DFDA86BF3s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib70CB2993CC6BA32DBAB2849DFDA86BF3s1
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib07311CEA5E61EE10715B7D9554E7A1E7s1
https://hal-lirmm.ccsd.cnrs.fr/lirmm-03271465
http://refhub.elsevier.com/S0890-5401(24)00099-3/bib07311CEA5E61EE10715B7D9554E7A1E7s1

