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Elementary models of 3D topological insulators with chiral symmetry
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! Department of Physics, Bar-Ilan University, Ramat Gan, 52900, Israel
2School of Physics and Astronomy, University of Kent, Canterbury CT2 7NH, United Kingdom
(Dated: February 28, 2023)

We construct a set of lattice models of non-interacting topological insulators with chiral sym-
metry in three dimensions. We build a model of the topological insulators in the class AIIIl by
coupling lower dimensional models of Z classes. By coupling the two AIIl models related by time-
reversal symmetry we construct other chiral symmetric topological insulators that may also possess
additional symmetries (the time-reversal and/or particle-hole).

There are two different chiral symmetry operators for the coupled model, that correspond to two
distinct ways of defining the sublattices. The integer topological invariant (the winding number)
in case of weak coupling can be either the sum or difference of indices of the basic building blocks,
dependent on the preserved chiral symmetry operator. The value of the topological index in case of
weak coupling is determined by the chiral symmetry only and does not depend on the presence of
other symmetries. For Z topological classes AIII, DIII, and CI with chiral symmetry are topologically
equivalent, it implies that a smooth transition between the classes can be achieved if it connects the
topological sectors with the same winding number. We demonstrate this explicitly by proving that
the gapless surface states remain robust in Z classes as long as the chiral symmetry is preserved,
and the coupling does not close the gap in the bulk. By studying the surface states in Z2 topological

classes, we show that class CII and AII are distinct, and can not be adiabatically connected.

I. INTRODUCTION

While conventional phases of matter can be clas-
sified by the conventional Landau symmetry-breaking
paradigm [1], topological phase go beyond this frame-
work. They refer to states of matter that in addition to
symmetries are characterized by their topological prop-
erties, which are robust and non-local. A well-known
example is the integer Quantum Hall Effect (IQHE) [2],
which is observed in a two-dimensional electron gas at
low temperatures and high magnetic fields. The tran-
sitions between states of the IQHE sample with differ-
ent filling fractions are accompanied by a change in the
number of edge modes and occur without any change in
symmetry. The edge modes in IQHE are robust and are
protected by the non-zero first Chern number that deter-
mines the quantized Hall conductance. The IQHE repre-
sents an example of a topological insulator that cannot be
smoothly connected to a trivial insulator without closing
a gap. By now there are many experimentally realized
topological insulators [3-7]. The prototypical example
of 1D topological insulator is the polyacetylene polymer
chain, accurately described Su-Schrieffer-Heeger (SSH)
model [8-11]. The latter has a Z topological invariant.
In three-dimension there are numerous realizations of Zg
topological insulators [12-16].

From the mathematical perspective, the entire classi-
fication of non-interacting topological insulators is com-
plete [17, 18]. It is fully determined by dimensionality
and the presence or absence of chiral symmetry (C),
time-reversal symmetry (T'), and particle-hole symme-
try (P). The classification can be represented in a table
form, exhibiting Bott periodicity [19].

In the periodic table, each class is attributed its own
Cartan label, which describes the symmetric space of the
time evolution operator. Alternatively, the classes can
be classified based on the sigma model target manifold
or/and the symmetric space of the flattened Hamilto-
nian [20]. For a given symmetry class and dimensionality
the system may have Z or Zs classification.

As we already discussed in [21] that focused on one-
dimensional systems, some symmetry classes, thought
topologically distinct in general dimension, can be ac-
tually (topologically) identical for a specific dimension.
In the current paper, we show that similar phenomena
occur in 3D systems, and focus on the peculiarities of
this dimension. In particular, we demonstrate that the
chiral symmetric models with Z index can be smoothly
deformed from one into another without the gap closing
and the change of the topological index. This result is in
agreement with the general table, as obviously any chi-
ral class can be considered as a subclass of AIII (that
has chiral symmetry only). However, it is not imme-
diately obvious that topological sectors with the same
winding number of models with different symmetries can
be smoothly connected. The two main goals of our paper
are outlined below.

1. Construction of concrete lattice realizations of 3D
topological insulators. To date, the most widely
studied 3D topological insulators belong to the Zo
class All [3, 4, 12-16]. The remaining classes with
chiral symmetry have not been as thoroughly ex-
plored. A few models of topological insulators and
topological superconductors have been proposed for
the chiral symmetric classes DIII [22, 23], CI [24]
and AIIT [25, 26]. In our work, we aim to con-



struct the chiral symmetric models of 3D topologi-
cal insulators in a unified manner. To do that, we
couple two basic models belonging to AIII class (in
the case of one dimension they correspond to SSH
chains). By using the sign ambiguity of the chiral
symmetry in odd dimensions, we define two pos-
sible chiral symmetry operators of the combined
system, that correspond to two distinct ways of
coupling the AIIT models. By imposing additional
symmetries on the coupling terms, we construct the
classes that have T and P symmetries. The wind-
ing number in the weakly coupled case is either a
sum or a difference of the winding numbers that
characterize the individual blocks.

2. Our second goal is to identify the symmetry classes
that are topologically equivalent in 3D, though this
is not conspicuous from the table. Through ana-
lyzing the stability of the surface states via adia-
batic deformation of the models, we illustrate that
the three Z classes AIII, DIII, and CI are topolog-
ically equivalent. This implies that it is possible
to construct an adiabatic path between the models
of these classes without closing the gap or altering
the topological invariant. We also show that for
Zs classes no such path can be constructed, and
therefore these two classes are distinct.

The paper is organized as follows: In Sec. II we re-
view the non-interacting topological classification and the
main properties of the symmetry operators. In Sec. III,
we construct a basic model for topological insulators in
class AIIIl. This model serves as the building block for
constructing the 3D models in all classes with chiral sym-
metry. In Sec. IV, we construct the 3D models in each
class with chiral symmetry by coupling two basic AIII
models. We analyze the topological properties of the
constructed models by computing their topological in-
dices and also, by studying their surface states. In Sec. V
we discuss the topological equivalence of the constructed
models by studying the adiabatic transformations con-
necting them. In Sec. VI we discuss possible experimen-
tal realization of our models. Finally, in Sec. VII we
summarize the results.

II. TOPOLOGICAL CLASSIFICATION OF
GAPPED SYSTEMS:GENERALITIES

To have the presentation coherent and self-contained,
we briefly summarize the established properties of non-
interacting topological insulators, starting with the ten-
fold way of topological classification.

Table I. The classification table of non-interacting topologi-
cal insulators and superconductors from 1D to 3D [17, 18].
The ten classes of single-particle Hamiltonians are classified
in terms of the presence or absence of chiral symmetry (C),
particle-hole symmetry (P), and time-reversal symmetry (7")
listed from the second column to the fourth column. The
absence of symmetries is denoted by 0. The presence of the
symmetry C is denoted by 1 and the presence of the sym-
metry P or T is denoted by either +1 or —1 depending on
whether the symmetry operator squares to +1 or —1. The
first column lists the Cartan labels of the ten classes. The
last three columns list how the classification depends on the
spatial dimension d. The symbols Z and Zs indicate whether
the topological phases in a given class are characterized by
the integer topological invariant Z or by Zo invariant. The
empty table cells denote trivial classes.

Class C P d= 1 2 3
A 0 0 0 Z
AIII 1 0 0 Z Z
Al 0 0 +1
BDI 1 +1 +1 7
D 0 +1 0 Zo Z
DIII 1 +1 -1 Zo Zs 7
ATl 0 0 —1 Zo Zo
CII 1 -1 -1 27, Zs
C 0 -1 0 27
CI 1 -1 +1 27,

A. Tenfold way of topological classification

The non-interacting fermionic systems can be divided
into ten symmetry classes according to Altland and Zirn-
bauer [17, 18] based on symmetries C, T' and P. Depend-
ing on the dimension and symmetry class, the topologi-
cally non-trivial states can be characterized either by Z
or Zs invariant as shown in Table I. The tenfold classifi-
cation also exhibits a periodicity as a function of spatial
dimension d, known as Bott periodicity [19, 27]. In par-
ticular, a given class has the same classification d and in
(d + period). The two classes without 7" or P symmetry
(A and AIII, known as “complex classes”) have a period
of 2 when the dimension is changed, while the other eight
classes (known as “real classes”) have a period of 8. It is
also worth mentioning that one can construct topolog-
ical models in higher dimensions using models in lower
dimensions, or vice versa, following the Bott clock (see
Appendix A 1). For instance, one can construct the topo-
logical models with topological invariant Z following the
route: BDI (ind =1) - D (ind = 2) — DIII (in d = 3).
We will exploit this procedure to construct the equivalent
of the SSH chain in three dimensions in Section III.



B. Properties of symmetry operators

Next, we review the properties of the symmetry op-
erators that are used to classify non-interacting topo-
logical insulators and superconductors from the Table I.
As shown in Table I, there are three symmetry opera-
tors: chiral symmetry C', time-reversal symmetry 7', and
particle-hole symmetry P. In the single-particle Hilbert
space, C' is unitary while T and P are anti-unitary [28].
The chiral symmetry operator C anti-commutes with the
Hamiltonian:

CH(k)C™'=—H (k). (1)

The chiral symmetry operator is defined up to a phase,
namely e?C also acts as a chiral symmetry operator.

Without loss of generality, one can restrict the phase
by demanding C? = 1. Then according to this definition,
the operator C is defined up to a sign. The chiral sym-
metry is equivalent to a sub-lattice symmetry. In order
to show that one can define the projector operators onto
A and B sublattices as:

1+C 1-C
Py=-—%—, Pp=—— 2)

The projectors satisfy P4 + Pg = 1 and P4Pg = 0. In
terms of those projectors, the Hamiltonian with chiral
symmetry satisfies the following property:

PAHP4 = PgHPg =0 (3)

This implies that there are no terms in the Hamiltonian
that couple sites that belong to the same sublattice. Note
that Eq.(2) defines sublattices in a mathematical sense,
which can be different from the bare labeling of the atoms
in the original lattice. It follows from Eq. (2) that the
sign change of the chiral symmetry operator C' — —C'is
equivalent to the swap of the labelings of the sub-lattices
P4 +» Pg. According to the classification table I, all Z
topological systems in odd dimension have chiral symme-
try.

It is also worth mentioning that a model cannot have
two chiral symmetry operators, because their product
yields a unitary symmetry operator which commutes
with the Hamiltonian, and thus the Hamiltonian can be
further block-diagonalized. Then the topological classifi-
cation of the model would be determined by the symme-
tries of each of the blocks.

Symmetries 7" and P are anti-unitary in the single-
particle Hilbert space, and thus they can be represented
as T = UrK and P = UpK, where Ur and Up are uni-
tary matrices and K is complex conjugation. A Hamil-
tonian possesses symmetry T if it satisfies:

UrH* (k) Ur™ = H (-k), (4)
and if the model is particle-hole symmetric it satisfies:

UpH* (k)Up ™' = —H (—k). (5)

The operators T' and P square either to +1 or —1.

Depending on the type of time-reversal and particle-
hole symmetries, there are eight real classes, that to-
gether with the class AIIl, which has chiral symmetry
only, and A class with no symmetries, reproduce ten sym-
metry classes shown in the Classification Table I. Among
them, there are five classes with chiral symmetry: AIII,
BDI, CI, CII, and DIII. Note that if the system possesses
both T and P symmetries it also has chiral symmetry,
C = P -T. Thus the phases of the operators T" and P
can always be chosen such that C? = 1.

C. Winding number

The chiral symmetric topological systems in odd di-
mensions can be characterized by a particular topological
index, known as the winding number. It is defined as the
index of the mapping between the Brillouin zone to the
space of projectors onto the filled Bloch states [20]. In
3D this index can be calculated directly from the Hamil-
tonian through the expression [29]

1
T 4872

V3D

/ A3k el Tr [CHl (0w, H) H™" (01, H)

H (0%, H)] | ©)

where €' is the Levi-Civita anti-symmetric tensor. In
this expression, it is implied that C? = 1. The chiral
symmetry operator explicitly enter into this expression,
which reflects the fact that chiral symmetry is necessary
for the definition of the winding number.

Note that the winding number is defined up to a sign,
that can be switched by the relabeling of the sublattices,
as follows from the fact that the relabeling changes the
sign of the chiral symmetry operator C'. Note that be-
cause the choice of sublattices is purely a convention,
such relabeling clearly does not affect any observable
quantity, and thus the models with winding number v3p
and —v3p are physically equivalent.

III. THE BASIC 3D TOPOLOGICAL MODEL
WITH CHIRAL SYMMETRY

A. The model in class AIII

We construct a 3D topological model (7) by coupling
1D gapless wires to build a 2D topological insulator and
then stack them to construct a 3D model. The details
of this procedure are outlined in Appendix A. The result
is a model of a 3D topological insulator. In momentum



space the Hamiltonian reads:

ho :Z (Tw ® {Jw + v (cosky + cos ky + cos k)] oy
k

+v (sinkyoy +sinkyo,)} +vsink, 7, ® 00), (7)

where kg, ky, k. are short for k- R,, k- Ry, k- R, with
R, , . being the lattice vector, 0, 4, . and 7, , , are Pauli
matrices and o¢, and 7y are 2 by 2 identity matrices. The
parameters w and v are real.

The corresponding lattice model in real space is de-
picted in Fig. 1(a). There are four spinless sites in a unit
cell. The red and grey colors represent two different lay-
ers which are denoted by the Pauli matrix 7 and the two
atoms of the same color are denoted by the Pauli matrix
o. Hoppings between layers of the same color are forbid-
den as their presence would violate chiral symmetry. We
now discuss the symmetries of hg in some detail.

B. Symmetries and winding number of hg

The model (7) a has chiral symmetry with the operator
Cy = 7,09. One can define the projection operators onto
the sublattices P4 and Pp according to (2). In the case
of the model (7) the sublattices describe atoms in layers
of a different colors. Thus from (3), we may conclude
that there are no hoppings between the atoms within
one layer. The model hg also has two additional symme-
tries: time-reversal symmetry Ty = it,0,K (T¢ = —1)
and particle-hole symmetry Py = 7,0,K (P8 = +1).
However, these two symmetries are not relevant for our
construction and may be broken by extending the hop-
ping parameter to complex numbers. This will generate
some additional terms that do not change the topological
properties of the model if the change of the hopping am-
plitudes remains smaller than the gap which is controlled
by the original hopping parameters. From now on we will
imply that the time-reversal and particle-hole symmetries
in hg are weakly broken. In this case, hg belongs to the
topological class AIII, which has chiral symmetry only.
Note, that in one dimension we constructed the simplest
ATII model by breaking time-reversal symmetry in a two-
band model of BDI class that has 7§ = +1. The model
with 72 = —1 in 1D requires 4 bands and can be con-
structed by coupling two minimal ATIT models [21]. This
differs from the case of three dimensions, as equivalent
minimal Z model with T = +1 in 3D (class CI) requires
at least 8 bands, and not 4 [30], and thus cannot be used
as a minimal building block.

The topological phase diagram of Hamiltonian (7) is
shown in Fig. 1(b). The winding number vsp can be
computed by using (6) and yields:

0, |l >3l
vip =41, o] <fw| <3l (8)
-2, Ju| <ol

According to the general argument above (see also [21])
the winding number we compute has a sign ambiguity.
By switching A; with B; and As with By, the winding
number changes sign vsp — —v3p.

m
S

Figure 1. (a) The corresponding lattice model of Eq. (7).
There are four atoms in a unit cell. The two atoms of similar
color form the space of matrices cg,z,y,- in Eq. (7). The red
layer and grey layer stacked in the z direction form the space
of matrices 70,¢,y,-. Note that the dashed lines in (a) are not
hoppings, as hopping within the same layer is prohibited by
the chiral symmetry. The hopping within the unit cell has
the amplitude w, which is shown in the magnified view of the
unit cell. The intercell hoppings with the amplitude v/2 are
illustrated in Fig. 9(b)-(d) in the Appendix A. (b) The phase
diagram of Eq. (7). The blue and red lines indicate the phase
boundaries. When the red line is crossed, the gap closes and
reopens at one point in the Brillouin zone and when the blue
line is crossed, the gap closes and reopens at three points in
the Brillouin zone. The grey and orange areas indicate the
topological phases with vsp = 1 and vsp = —2, respectively.

C. Surface states of hg

In accordance with general principles, a three dimen-
sional topological insulator must be equipped with a ro-
bust two-dimensional surface state. We check this explic-
itly for our model and show that this is indeed the case,
and hg in its topological phase has robust surface states.
To do it, we assume the model has a surface perpendic-
ular to the z direction and remains periodic in the other
two directions. Analogous considerations would give the
same results for surfaces in other directions.

In the topological phase with vsp = 1, that corre-
sponds to |v| < |w| < 3]|v|, the surface states form a
Dirac cone at k;,k, = 0 in the surface Brillouin zone.
In the phase with vsp = —2 there are two Dirac cones
at the surface. For simplicity let us focus on the topo-
logical state with v3p = 1. The effective Hamiltonian of
the surface states near the Dirac point can be obtained



by projecting the model Hamiltonian onto the two zero-
energy surface states at k;, k, = 0 (see Appendix B for
the details)

h%ur =0 (kwny - kynm) ) (9)

where 7, , . are Pauli matrices. Note that the surface
Hamiltonian is chiral symmetric, and the corresponding
chiral symmetry operator Cy projected onto the surface
states is C§"" = n,. The surface states are robust with
respect to weak perturbations that preserve chiral sym-
metry 7, and that do not close the bulk gap. In partic-
ular, the allowed perturbations are proportional to 1,
and thus they only shift the position of the Dirac points,
but the spectrum of the surface states remains gapless.

Note that in the one-dimensional case, the topological
surface states of Z insulators must be localized on the
same sublattice [21]. This is related to the fact that in
1D the edge states are degenerate, that allows to choose
them to be eigenstates of the chiral symmetry operator.
This is not possible in 3D, as the surface states are not
degenerate except for the Dirac point. At this point,
they are localized on different sublattices (see Appendix
B) and thus their degeneracy is not protected. This is
consistent with the fact that the position of the Dirac
point in k— space can be shifted.

IvVv. MICROSCOPIC MODELS OF
THREE-DIMENSIONAL CHIRAL
TOPOLOGICAL INSULATORS

We now want to construct models in other classes with
chiral symmetry. We start by replicating the AIII model
discussed above.

A. Two uncoupled AIII models

The general idea of construction is similar to the one
proposed in reference [21] for one-dimensional topologi-
cal insulators. Though each of the AIIl models separately
has no time-reversal symmetry, we can choose them to
be time-reversal partners. Therefore in the full system,
the time-reversal symmetry is restored. We again em-
phasise that while philosophically this procedure requires
the time-reversal symmetry in each of the two decoupled
blocks to be (weakly) broken, mathematically it turns
out not to matter.

The decoupled Hamiltonian reads

Hoz(’go ,?O>, (10)

where hg = TohoT, '. Note that hy and hy are
also particle-hole counterparts of each other: hy =
—PohoPofl. The two blocks have the same winding num-
ber, which follows from the definition of the winding

number (6) and the properties of the chiral symmetry
operator described in Section II. Both blocks hg and kg
possess the chiral symmetry Cj and thus the total model
Hj should also be chiral symmetric. However, due to a
sign ambiguity of the chiral symmetry operator within
each of the blocks (discussed in the Sec. II) there are
two ways to define chiral symmetry in the full model.
The first and obvious choice is to take the chiral symme-
try operators of the two blocks with the same sign, so the
total operator reads

C1 = 50 ® Co, (11)

where sg is a 2 by 2 identity matrix acting on the space
of two blocks. Using this chiral symmetry operator, the
total winding number is the sum of the winding numbers
of individual blocks, so the total index is 2v3p.

However, if we choose the chiral symmetry operators
of the individual blocks to have the opposite sign, the
combined chiral symmetry may be written as

Cy =35, ®Ch, (12)

where s, is Pauli z matrix. This choice implies that
the sign of the winding number of the second block is
switched, and therefore the total winding number is zero.
The ambiguity of the value of the winding number is re-
lated to the additional unitary symmetry C; - Co that is
present due to the fact that the blocks hg and hg are not
coupled. By adding coupling terms, one can remove this
ambiguity by choosing coupling that is compatible with
only one of the chiral symmetry operators.

The lattice models that correspond to the two ways of
constructing the chiral symmetric system are illustrated
in Fig. 2. There are four atoms in the unit cell consisting
of sublattices of hg labeled by A and B and atoms A and
B that belong to the unit cell of hg. When couplings are
added the two lattices are merged into a "big lattice" with
the unit cell being double that of hg. There are two ways
to choose the sublattices of this “big lattice”, depending
on the preserved chiral symmetry operator. In particular,
for the chiral symmetry operator C; sublattices defined
via the projectors (2) correspond to the choice of sub-
lattices in the original lattice model hg. Therefore, the
coupling consistent with the operator C; connects atoms
of a different color. This is illustrated in Fig. 2(a). The
case of the chiral symmetry Cy corresponds to the situ-
ation when the lattice labeling is switched in the second
block hg. This is illustrated in Fig. 2(b), where the sub-
lattices are labeled according to the operator Cy. The al-
lowed coupling connects atoms that have the same color
in different layers.

B. Time-reversal and particle-hole symmetry

After discussing chiral symmetry, we discuss the time-
reversal symmetry and particle-hole symmetry of the un-



Atoms of hg
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unit cell
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Figure 2. Two ways of coupling between ho and ko in Eq. (10).
Atoms circled by solid lines are atoms of the model hg. Atoms
circled by dashed lines are atoms of the model hg. The four
atoms circled by the dashed green line form a unit cell. The
sublattices of ho are labeled by A and B, and the sublattices
of ho are labeled by A and B. In (a) and (b), the sublattices
of ho have opposite labelings. The black solid lines connect-
ing atoms illustrate the couplings consistent with the chiral
symmetry. The couplings in (a) preserve the chiral symmetry
C, and the couplings in (b) preserve the chiral symmetry Cs.
Note we didn’t draw all the allowed couplings here. In (a)
and (b), all couplings connecting A to B and B to A preserve
the chiral symmetry of the coupled model. In other words,
all couplings connecting the layers of different colors (red to
grey) preserve C1 and all couplings connecting the layers of
the same color (red to red and grey to grey) preserve Cs.

coupled model Hy. Since the two blocks in Hy are the
time-reversal counterparts of each other, Hg is invari-
ant with respect to two time-reversal symmetry operators
that square to £1:

T2 =—1:

T? = +1:
where Tp represents the time-reversal symmetry operator
relating hg and ho. The matrices s, and s, exchange the
two blocks of Hy and Ty and transform them back.

Similarly, one can construct two particle-hole symme-
try operators:

P? =41
P2 =_1:
where Py represents the particle-hole operator that re-

lates hg and hg. The chiral symmetry can be obtained
by C=T-P:

T =5, ®@Ty = 18,740 . K

. (13)
T, = —isy @ Ty = 8y7y0. K,

P, =5, ® Py =s5,7,0,K

. : (14)
P_=isy ® Py = isyT,0, K

{01 =T P, =T,P. =s,®Cy 1s)

CQZPJ,_TJ,_:P_T_:SZ@CO

The reason why Hy has two time-reversal symmetries and
two particle-hole symmetries is the presence of additional
unitary symmetry of the uncoupled model. The coupling
of the two blocks in Hj breaks some of the symmetries

and the coupled system falls into one of the 5 classes with
chiral symmetry listed in Table I (we constrain the cou-
pling terms to preserve one of the chiral symmetries C1,
C5). Next, we discuss concrete examples of the coupling
terms that realize models in the chiral symmetric classes
from Table 1.

C. The microscopic models of chiral topological
insulators

The Hamiltonian of the coupled model can be written
as:

Ha :H0+Va7 (16)

where a denotes one of the classes with chiral symme-
try, that are DIII, CI, AIII, CII and BDI. The term V,
connects the two blocks of Hy, preserving the symmetry
of class a. The topological invariants and the symmetry
operators of the corresponding model (16) in each class
are summarized in Table II. As mentioned before, the two
chiral symmetries Cy (C2) correspond to the same (op-
posite) sublattice labelings of the two blocks hg and ho
in Hy as illustrated in Fig. 2. The presence of C; or Co
only requires that the couplings must be between A and
B (also B and A). In this case, without any further sym-
metries of the coupling, the models belong to the AIII
class. Applying symmetry constraints to the coupling al-
lows us to construct the models of CI, CII, DIII, and BDI
classes. Next, we show the specific coupling terms and
construct microscopic models in each class.

Table II. Topological classes which can be obtained by the
coupled 3D models in Eq. (16). The table lists the presence
or absence as well as the properties of the symmetry oper-
ators in each class. It also lists the topological index the
corresponding class has in 3D. The last column shows the
symmetry operators the model (16) has if it belongs to the
class in the same row. The time-reversal symmetry is given
by (13), the particle-hole by (14) and the chiral symmetry is
determined by T - C' (15).

Class | T2 P? C Index |Symmetry Operators
DIII -1 +1 1 Z T_, Py, Ch

cr | +1 -1 1 27 T,, P_, Cy
AIIL 1 Z Cy or Cy

CII -1 -1 1 Zs T_, P_, Cy
BDI | +1  +1 1 0 T, Py, Cs

1. Class DIII, CI

According to Table II, classes DIII and CI have chi-
ral symmetry C7, therefore the coupling terms need to



connect layers of different colors, red to grey and vice-
versa, similar to the case in Fig. 2(a). An example of the
coupling structure in the classes DIII and CI is shown
in Fig. 3(a). The hoppings are indicated by the arrows
with amplitude a. If a is real, the couplings will preserve
time-reversal symmetry 7 and particle-hole symmetry
P,. Such a model belongs to class DIII. In k space, the
couplings are written as

a
Vi = 3 (14 cosky) (83Tp05 + SyTyog)
a .
—+ 5 Sin kz (SITIO'y + SyTny) ) (17)
which is written in the basis

T
{cAl yCA2,CB1,CB>,C4,,CA,,CBy > 032} )

where we have used the short notation, ca, .k, k, k. —
ca,. The Hamilltonian Vpirr is not the only possible
model with the symmetries of DIII class — in Table III we
list all possible couplings in k space that are compatible
with the symmetries of this class.

Table III. All coupling terms that are compatible with the
symmetries of class DIII and BDI. k can be any one of the
momentum components kg, ky and k.. fe (k) is any real even
function of k. f, (k) is any real odd function of k. The cou-
pling terms which preserve the symmetries of class CI (CII)
can be obtained from the coupling terms of class DIII (BDI)
by exchanging fe (k) and f, (k).

Class Functions Matrices
DIII fe (k) X (SI,Sy)®(Tz,Ty)®0'z
Jo (k) x (52, 5y) ® (Tz, Ty) ® (00, 0y,02)
BDI fe (k) X (Sz,sy)®[Tz®(0'0,0'y,0'z)77'0®0'z]
fD (k’)>< (Szasy)®[TO®(0-070-1170-Z)77—2®093]

If the hopping a is imaginary: a = i|a|, the couplings
will preserve time-reversal symmetry 7} and particle-
hole symmetry P_, that puts the model in the class CI.
In k space, this is written as

la]

Ver = 5 (1 —cosky) (83750y + SyTyoy)
+ % sinky (857202 + 5yTy04) (18)

in the same basis as that of Vpry in Eq. (17). All the
allowed couplings of class CI can be obtained from the
coupling terms of class DIIT in Table III by exchanging
fe (k) and f, (k).

One could also take the hopping a to be complex —
which would give a linear combination of Vpryr and Vi
in k space. Such a model still has the C; symmetry, but
no longer has time reversal or particle-hole symmetries.
It would therefore be in the universality class AIII.

Figure 3. Two ways of coupling ho and ho in the z direction.
Same as the labelings in Fig. 2: The sublattices of ho are
labeled by A and B. The sublattices of hg are labled by A
and B. In (a) and (b), the sublattices of ho have opposite
labelings. The forms of couplings in (a) and (b) preserve
chiral symmetry C; and C3 respectively. (a) may fall into
DIIT class, or CI class, depending on the hopping amplitude
a. (b) may fall into BDI class, or CII class, depending on the
hopping amplitude b. The arrows of the hoppings indicate
in which direction the hopping amplitude is ¢ and b. For
example, in (a), if a is imaginary (a = i |al), the couplings are
ilal c};z’RncAllan +ial CEQVRHCA&!RMLRI + h.c + ...

Suppose the coupling Vprir,cr is small, so it does not
close the original energy gap determined by the param-
eters of Hy. In this case, the winding number of the
weakly coupled system is the same as that of the uncou-
pled model Hy. Given the chiral symmetry is C;, the
total winding number will be vo1a1 = 213p, Where v3p is
the winding number of a single block hg which is given by
Eq. (8). We will later show that the topological phases
are manifested in terms of the protected surface states
in Sec. IV D, as expected from the non-zero topological
indices.

2. Class BDI, CII

Classes BDI and CII have chiral symmetry Cs, there-
fore the coupling terms need to connect the layers of the
same color, red to red and grey to grey similar to the case
in Fig. 2(b). An example of such a coupling that would
be in class CII or BDI is shown in Fig. 3(b). The hop-
pings are indicated by the arrows with amplitude b. If b is
real, the couplings will preserve time-reversal symmetry
T, and particle-hole symmetry P, which puts the model
in the class BDI. In k space the couplings are written as:

Vepr = b (1 + cos ky) 83700, + bsinkys,m0,.  (19)
Note that Vapr is written in the basis

T
{CA1 yCA3,CB1,CB2,CB,,CB,»,CA > CA2} )

which is intended to make the form of the Hamiltonian
independent on the relabelling in Fig. 3(b) and then the
symmetry operators in Eq. (11)-(14) also apply. Table I11



lists all the couplings which preserve the symmetries of
class BDI.

If the hopping b is imaginary: b = 4 |b|, the couplings
will preserve time-reversal symmetry 7 and particle-
hole symmetry P_. This corresponds to a model in class
CII. In k space, the couplings are written as:

Ve = 0] (14 cosky) syT,04 + |b] sinkysyT.0,.  (20)

Ven is written in the same basis as Vppr in Eq. (19).
All the allowed couplings of class CII can be obtained
from the coupling terms of class BDI in Table III by
exchanging f. (k) and f, (k).

If the coupling strength is small, compared to the gap
opened by the terms of the uncoupled model Hy, the
winding number of the coupled system is the same as
in the absence of coupling. The chiral symmetry of the
models CII and BDI is C5, and thus the total winding
number Viota1 = 0. This is a manifestation of the fact
that the classes CII and BDI do not obey Z classifica-
tion in three dimensions. In particular, the BDI class is
trivial, according to Table I, and CII is a Zs topological
insulator. This can be directly proven by calculating the
Zo invariant of Hcpp. Later, we also verify the existence
of a topologically non-trivial phase in the CII class by
examining its surface states.

Here it is also worth mentioning that by coupling the
two building blocks in Eq. (10), one can obtain models
in both classes with non-zero winding number (DIII, CT,
ATIT) and classes with zero winding number (BDI, CII).
This is a result of the sign ambiguity of the topological
index as was discussed in details in Sec. II C and in [21].
For each block, the winding number can be either posi-
tive or negative, thus the winding number of the coupled
model can be either the sum or difference of the absolute
values of the two blocks’ winding numbers. However, this
logic applies only to odd dimensions. In even dimensions
the Z index is the Chern number, which has no sign am-
biguity. Therefore, in even dimensions, one can obtain a
model in a Z class by coupling a pair of models with the
same Chern number. To construct a model of Zs class in
even dimensions one needs to couple models with oppo-
site Chern numbers. Therefore one can’t realize both Z
and Zs classes by coupling the same pair of models.

As before, one can also consider the case when the
real-space hopping b is complex, leading to a linear com-
bination of Vapr and Vegr. Such a model would have the
chiral symmetry Cy but no time-reversal or particle-hole
symmetries and thus be in the class AIIL. Unlike the case
of combing Vprr and Vp however, the winding number
in this case is zero — so although such a model would be
in a class that exhibits a Z topological classification, it is
always in the topological trivial phase.

D. Protected surface states of topological
insulators

Here we discuss the properties of the surface states
of the constructed models in the topological phase. The
topological nature of the models in the classes with chiral
symmetry is demonstrated by the robustness of gapless
surface states.

1. Surface states of the uncoupled model

Let us first focus on the edge states of the uncoupled
model. In Sec. ITIT C we showed that the surface states of
the block hg form a Dirac cone. Thus the model hq also
has the edge states, as it has the same winding number
as hg. If we consider a surface perpendicular to the z
axis, the effective Hamiltonian for the surface states of
the uncoupled system Hy (10) reads:

H™ = 50 ® hg™ = vso @ (kgny — kyna) - (21)

If we add coupling between the models hy and hg, it
might in general gap out the surface states. However,
if the coupling is sufficiently small and compatible with
the symmetries of a topologically non-trivial class, the
edge states will remain gapless. We demonstrate this in
the next subsections on the examples of chiral symmetric
topological classes.

2. Cy chiral topological insulators

Here we show that the chiral symmetry C; is the key
symmetry for the stability of the topological phases in
Z classes. In particular, given hg is in a topologically
non-trivial phase, as long as C; is preserved, any weak
perturbation can not gap the surface states described by
Eq. (21). In the same basis as that of Eq. (21), the ef-
fective C is expressed as C}"" = s¢1,, and therefore, the
perturbation matrices which preserve this symmetry are
proportional to sg ;.. ® hp. Here the matrix h, pre-
serves the chiral symmetry of a block, Cy = n,. It has
been shown in Sec. III C that such perturbations can’t
gap the surface states of the block described by Eq. (9).
The s0,4,y,» matrix couples the same or different blocks
of H3" in Eq. (21). However, by choosing the proper ba-
sis in the subspace where matrices s; act, we can always
block-diagonalize the perturbation and obtain:

5w — S0 ® h(s)ur + (QOSO + azsz) &® hp7 (22)

Since h,, does not open a gap in h{", the perturbation
50,2,y,2 @ hyp also leaves the edge states Hi§"" gapless. The
coupling terms of the classes DIIT and CII by construc-
tion preserve chiral symmetry C1, so they can’t gap the

surface states of the uncoupled model. Therefore, in the



weak coupling limit, the models with chiral symmetry Cy
that belong to the classes AIII, DIII, and CI are all in
the topological phase characterized by protected gapless
surface states. Note, that the other symmetries are not
relevant for their protection.

3. C5 chiral insulators

The existence of chiral symmetry C5 alone is not
enough to make the whole system topological, and ad-
ditional symmetries are needed. To prove that, consider
the operator (5 that in the space of the surface, states
is expressed as C5"" = s,7,. Consider the perturbation
S¢ ®n, that preserves Cy. In the basis where s, is diago-
nal s, — s,, the Hamiltonian of the surface states takes

the following form:
Hswr — S0 ® h(s)ur 4 Bsz ® Ns. (23)

This gaps out the surface states in each block hf'" of the
uncoupled model Eq. (21), as this Hamiltonian describes
the two massive Dirac fermions with the mass term given
by +4n,. That explains why the Hamiltonian of the AIIT
class with Cs symmetry is topologically trivial in the case
of weak coupling. However, the gapless surface states
may survive if the model has other symmetries. This
is the case of Zy class CII, that also has time-reversal
T_ and particle-hole P_ symmetries. In the space of
the surface states, T, P_ they are expressed as T5" =
isy @ Ny K, P2 = isy, @ n, K. With the constraint of
these two additional symmetries, no perturbations can
gap the surface states. If one further couples two copies
of the CII model together, the surface Hamiltonian is
expressed as Iyx4 ®h§"". Given the model is in class CII,
the symmetries C5", T5"", P*" need to be preserved.
In this case, there exist perturbations (e.g. 0y, ® s, ® 1,
0y ® S, ®1,) which preserve all the three symmetries, but
can gap out the surface Hamiltonian. This follows from
the fact that in the basis where o, and s, are diagonal,
the effective Hamiltonian of each of CII models takes the
form of Eq. (23) that corresponds to a gapped model.
This result shows that the CII model is characterized by
topological invariant Zs, not Z.

V. TOPOLOGICAL EQUIVALENCE OF THE Z
CLASSES

In this section, we discuss the topological equivalence
of the chiral classes with the same winding number (DIII,
ATII, and CI). Equivalence means the existence of a path
along which one can smoothly transform a model from
one class to another without closing the gap and chang-
ing the topological invariant. The equivalence of the Z
chiral classes follows from the fact that they are charac-
terized by the chiral symmetry operator C', and thus the

value of the winding number of a weakly coupled system
does not depend on the presence of other symmetries. In
particular, if one considers a Hamiltonian of classes DIII
or CI and weakly breaks time-reversal or particle-hole
symmetry, the winding number would not be changed.

This implies that one can construct a smooth path be-
tween different Z classes. For instance, one may consider
the Hamiltonian H = Hy + tVprr + (1 — ¢)Ver, where
t € [0,1]. This Hamiltonian describes the interpolation
between the classes CI and DIII via the AIII class. If
both coupling terms Vpip and Vip are weak, so they do
not close the gap opened by the terms in Hy, a smooth
transition from class DIII to class CI is achieved. More-
over, the winding number doesn’t change along the path
and if the model has a surface, surface states won’t be
gapped, as was discussed in the Sec. IV.

This is consistent with the fact that all symmetry
classes with chiral symmetry can be viewed as a special
case of AIII class. However, because of the additional
symmetries, the existence of the path that connects the
topological sector of one class to another is not guar-
anteed. In particular, the class CI can only have even
winding numbers 27 due to its additional symmetries, so
class CI is only equivalent to the 27Z sector of the classes
ATIT and DIII.

It is also worth mentioning that as discussed in
Sec. IVD 3, the model Hgyp of the class CII is a Zo
topological insulator. The CII model can be smoothly
connected without breaking chiral symmetry to the triv-
ial sector of the AIIT model with Cy chiral symmetry by
adding a term that breaks the time-reversal symmetry
and does not close the gap. However, there is no chi-
ral symmetry preserving path between the CII insulator
and Z topological models with a non-zero winding num-
ber. Along any path that connects these two models, the
chiral symmetry must change from C5 to Cy. Therefore
there is a point where the chiral symmetry changes and
the surface states are not protected and may be gapped.

Moreover, the models of two Zs classes in 3D are dis-
tinct and cannot be adiabatically connected. This is
in full analogy with the one-dimensional case [21]. In-
deed, to construct the path from the class CII to AII one
needs to break the chiral symmetry but preserve the time-
reversal, which is the only symmetry of the Zy class AIl
However, such perturbations gap out the surface states
of CII. To be specific, let us consider the Hamiltonian
of the surface states Eq. (21) and add the perturbation
that is compatible with the time-reversal symmetry 7
and breaks the chiral symmetry Cs. An example of such
perturbation is V = as, ® n,. This term will open a gap
in the two Dirac cones described by Eq. (21).
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VI. PROPOSAL FOR A REALIZATION IN A
COLD-ATOM EXPERIMENT

So far the discussion was purely theoretical. To study
the transition between various classes and observe the
emergence of the corresponding surface one needs to re-
alize the constructed models in experiments. It is rather
hard to control the parameters of the Hamiltonians in
solid-state systems but seems feasible in cold atomic set-
tings. In this section, we discuss the possibility of the
realization of these models in cold atom experiments.

As an illustration, consider the simplest model of a
chiral topological insulator that can be used as a build-
ing block for constructing other topological classes. The
original model (7) contains terms that involve the next-
nearest hopping in the z direction, the amplitude of that
is the same as that of nearest-neighbor terms as shown in
Fig. 9, see Appendix A. It is more convenient to consider
a modification of this model that is more experimentally
realistic and involves only nearest-neighbor hopping in
the z direction only:

h = ZG@ [w+ v (cos ky + cos ky + cos k)] o
k

+usink,m, ® 0o + Hso, (24)
where Hy, is given by
Hyo = v7, @ (sinkgoy + sinkyoy) . (25)

The model (24) is also in DIIT topological class with sym-
metries C =7, ®0,, T =itp®0yK and P =7, ® 0, K.
It has the same topological phase diagram as the model
(7). The possible values of the winding number are given
by (8).

We stress that although the model (24) and the model
(7) discussed earlier are not identical, they are inter-
changeable. One could also use (24) as the building block
in Eq. (10). By coupling the two such models one can
construct models of all the classes with chiral symmetry,
as described in the main text. The expressions of the
symmetric operators and the coupling terms will change,
but this will not affect our main results.

The corresponding lattice model of (25) is illustrated in
Fig. 4. The lattice consists of atoms with internal degrees
of freedom (e.g. spin) described by the Pauli matrices o;,
and 7; are the Pauli matrices that describe the layers of
different colors in Fig. 4. Besides the fact that in the z
direction it only has spin-independent nearest-neighbor
hoppings, another difference from the model (7) is that in
the model (24) inter-layer hoppings are spin-independent
and there are spin-dependent hopping terms (25) within
each layer.

The model (24) has spin-diagonal and spin-flipping
terms (25) that are staggered in z direction. The spin
diagonal part describes a regular hopping on a square

lattice in z,y, and z,x directions with hopping ampli-
tude v and in z direction the hopping is dimerized like in
the SSH model, see Fig. 4(c). The hopping dimerization
can be obtained by superposing two counter-propagating
lasers with the wavelengths A and 2A [10, 11] that creates
a double-well optical potential for atoms. The realization
of similar to (25) type of terms has been proposed theo-
retically [31] and realized experimentally both in 2D [32]
and 3D [33] in the context of Weyl semimetals. How-
ever, these papers discuss the spin-orbit interaction with
uniform hopping amplitude. The implementation of the
staggered part of the spin-orbit coupling is more chal-
lenging, and yet to be developed.

(a)

(b) TN <ivoy/.

. ——

S

(C) [N <ivoy/2 =N

P

=
N
‘<|
T
N
=
| <

______

Figure 4. (a) is the lattice model corresponding to Eq. (24).
The unit cell consists of four atoms. They differ by the color
that denotes the layer degrees of freedom (described by Pauli
matrices 7;). There are two types of atoms of the same color
in the unit cell, which may also describe internal degrees of
freedom (described by Pauli matrices o;), e.g. spin. The
dashed lines in (a) are not hoppings. The figures in (b), (c)
and (d) illustrate the hoppings in the z-, y-, and z-direction
correspondingly.

VII. SUMMARY

We constructed elementary non-interacting three-
dimensional lattice models that represent all of the topo-
logical classes with chiral symmetry. This construction
enables us to study the properties of topological insula-
tors that are not obvious from the general table of the
topological insulators. In addition, the models can be



used as the building blocks that are needed to incorpo-
rate the effects of interactions or to design real materials.

We have built the three-dimensional models from low-
dimensional ones. The basic 3D lattice model belongs to
ATIT class. We build it in stages. First, by coupling a set
of one-dimensional SSH chains to construct a 2D QWZ
model in the D class. Then, the latter were stacked in
parallel to construct an AIIl model in 3D.

Similar to the SSH model, the unit cell of the con-
structed model consists of atoms belonging to two sublat-
tices, labeled A and B. In addition, there is a ‘psudospin’
degree of freedom. The chiral symmetry is equivalent to
the sublattice symmetry, so only hopping from different
sublattices is allowed.

To construct other classes with chiral symmetry, we
couple two copies of AIIl, which are time-reversal part-
ners. By doing so we restore the time-reversal symmetry
of the full model. The resulting model possesses all possi-
ble symmetries (chiral, time reversal, and particle-hole).
By adding couplings that break some of the symmetries
we build the realizations in all symmetry classes with
chiral symmetry.

There are two possible ways of coupling that corre-
spond to different choices of chiral symmetry operator.
This is related to the fact that the sign of the chiral sym-
metry operator can be changed by the relabeling of the
sublattices. One corresponds to the case when the labels
of both sublattices are the same in both models and the
second choice is when in one of the models the labels
are switched A < B. Thus one can choose two differ-
ent chiral symmetry operators in the uncoupled system.
Adding coupling removes this freedom and breaks one of
the chiral symmetries.

Moreover, choosing a specific chiral symmetry allows
one to determine the winding number of a weakly coupled
system. As was proven in [21], the sign of the winding
number can be changed by the relabeling of the sublat-
tices. Therefore, the topological index of the weakly cou-
pled system is determined by the chiral symmetry only
and can be either a sum or a difference of the winding
numbers of the uncoupled building blocks, depending on
the preserved chiral symmetry operator.

Depending on whether the couplings preserve the time-
reversal and (or) particle-hole symmetries and the type
of symmetry operator, the coupled model falls into one
of the five classes with chiral symmetry. We find that the
models which have the chiral symmetry C; (that corre-
sponds to the same labeling of the two building blocks’
sublattices) fall in the classes characterized by the Z
topological index. Those are the classes AIIl, DIII, and
CIL.

We also showed that these models (AIII, DIII, and CI)
can be adiabatically transformed one into another with-
out closing the gap and without changing the topological
index Z. This means that these three classes are topolog-
ically equivalent in 3D. We illustrated this equivalence by
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studying the surface states in topological phases and by
proving that they remain gapless and robust as long as
the chiral symmetry is preserved and the perturbations
do not close the bulk gap.

The models that are characterized by the second chiral
symmetry operator Cs belong to one of the AIII, CII, and
BDI classes. BDI class is topologically trivial in 3D, and
the CII class is characterized by the Zs topological index.
By studying the surface states of the constructed models
we explicitly demonstrated that the two Zs classes CII
and AII are not topologically equivalent.
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Appendix A: Building the 3D model in class DIII in
real space

This section shows the construction of the 3D topolog-
ical model with a nonzero winding number in class DIII
in the route BDI(1D)—D(2D)—DIII(3D).

1. Bott clock of the 10 symmetry classes

We start with a brief review of the known results [19,
27|, which are presented here for the sake of a reader.
Fig. 5(a) is the Bott clock which shows the Bott period-
icity of the tenfold classification of topological insulators.
It shows that one can obtain a model of dimension d + 1
from a model in dimension d without closing the gap.
Following the general idea of construction models follow-
ing the Bott clock [34], we can obtain the 3D model in
DIII class starting from the model of BDI class (in 1d)—
class D (in 2d)— class DIII (in 3d).

2. From class BDI in 1d to class D in 2d

The simplest BDI model in 1D is represented by the
SSH model [8]. Its Hamiltonian in k space is given by:

Hgsn (ky) = (w4 vcosky) oy + vsinkyoy, (A1)

where o0, , . are Pauli matrices. The SSH model has
the time-reversal symmetry T = K with T? = +1, the
particle-hole symmetry P = 0, K with P2 = +1 and the
chiral symmetry C' = o,. Hggsg has non-zero winding
number |v1p| =1 when |w| < |v].
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Particle-hole symmetry

+1 0 |

Time-reversal symmetry

Figure 5. The Bott clock. The arrows point to the classes
with the same topological classification as the previous classes
when increasing the dimension d — d + 1. The grey and
the white partitions represent classes with and without chiral
symmetry, respectively. +1 and —1 denote the presence of
time-reversal symmetry 1" or particle-hole symmetry P and
they indicate whether the symmetry operator squares to +1
or —1. The eight real classes are in the outer circle of the
clock with a period of 8. They all have at least one of the
T or P symmetry. The two complex classes are in the inner
circle and have no symmetry 7" or P. Following the circle,
they are related only to each other and therefore the inner
cycle has a period of 2.

When w = —v, the gap closes near k, = 0, and around
this point the SSH chain has two propagating modes de-
scribed by a Dirac Hamiltonian: Ay = vk,o,. We
denote these two modes as left-propagating and right-
propagating modes as shown in Fig. 6(a). One can put
together such N parallel SSH chains as shown in Fig.
6(b), and introduce new couplings between chains in the
y-direction. The couplings only couple the right-moving
mode of the n-th chain and the left-moving mode of the
(n — 1)-th chain. As a result, only the two modes on the
two edges remain uncoupled and gapless: the left-moving
mode of the N-th chain and the right-moving mode of
the 1st chain. In this way, we construct the model that
has a bulk gap and a gapless surface state, which is a
signature of a topological phase. The couplings between
chains that gap out the right- and left-moving modes can
be written as: M = § (0, —i0.)|ny) (ny +1|. Now we
generalize the constructed model and consider the case
when w # v. We add the coupling M to (A1) and write
the full 2-dimensional model in k space:

Hp (kz, ky) =[w + v (cosky + cosky)] os

+wvsink,oy +vsinkyo.,

(A2)

where we take o = v to avoid too many parameters and
simplify our model. The term vsin k,o, breaks the time-

edge state
M~
W

®
v

n,= 2 € >
N~
y
n,=1%€ > L
edge state x
Figure 6. (a) The two conducting modes of a single SSH

chain. (b) The 2-dimensional model in class D by coupling N
SSH chains.

reversal symmetry and the chiral symmetry of Eq. (A1).
Thus the model (A2) has the particle-hole P = o, K sym-
metry only and thus belongs to the class D, characterized
by the Chern number Qa2p [20]. It can be computed ex-
plicitly and yields |Q2p| = 1 when |w| < 2]v]|, so the
model that we constructed is indeed topologically non-
trivial. This 2D model is the QWZ model [35].

3. From 2D class D to 3D class DIII

Next, we use the two-dimensional model Eq. (A2)
to construct the three-dimensional model in class DIII,
following the same logic as that in the last section.
When w = —2v, the gap closes near k, = 0,k, = 0.
In the vicinity of this point Eq. (A2) has two con-
ducting modes in the bulk which are the eigenstates
of Kl = v (kyo,+ kyo.) The eigenstates of Al =
v (kyoy + kyo.) = v |k| (cosfo, +sinfo) are

1 ) )
+olk] g =5 (1—ie?, 1+4ie? )" (A3)
1 . 0 . io\T
—v|k|:z/1b:§(1+zez, 1—ie') (A4)

They are the eigenstates of the particle-hole symmetry
operator: P =0,K, Py, = atp,, Py, = arby, where « is
a complex number.

To build a DIII model, 2 by 2 matrices are not suf-
ficient, since it is not possible to construct a Hamilto-
nian that would preserve both time-reversal and particle-
hole symmetries of this class in terms of Pauli matrices.
Therefore, we need to duplicate the 2D lattice Eq. (A2):

Hp = 7. Hp =r. & ([ -+ v (cosks +cosk,)]

+vsinkyo, + vsinkyo.), (A5)

This can be obtained by putting two 2D models (A2)
with parameters w,v and —w,—v together. Then we



can have new symmetry operators. Together with the
original particle-hole operator, they are

T=iryo.K, T? = —
P=0.,K, P?>=+1;
C =y (A6)
This group of operators determines the class DIII. The
model (A5) also has additional symmetries. For instance,
it is invariant with respect to C = 7, T' = 7,0, K. but
these symmetries will be broken by introducing the new
coupling terms. When w = —2v, near the gap clos-
ing point k;, = 0,k, = 0, there are now four conduct-
ing modes. There are two degenerate states that have
the energy +uv [k|: {1q,0}" ,{0,}" and two degenerate
states that have the energy —uv |k|: {¢p,0}" ,{0,¢q}".
Now for simplicity, we fix k, = 0 and write the four
eigenstates as +vky: ¥a = {—i,0,0, l}T /N2, g =
{i,0,0,1}" /2 and —vk,: ve = {0,—i,1,0}" V2,

= {0,4,1,0}" /¥/2 (a unitary transformation has
been acted on the two-states degenerate space). 14 and
¢ can form a space which the symmetries in Eq. (A6)
apply, so can ¢¥p and 9p, as illustrated in Fig. 7(a).
Next, we stack N layers of 2D Hp on top of each other in
the z direction. And we introduce the couplings between
layers which gap all the states in the bulk, leaving only
the state 14,9 c on the top and e 5, ¥ p on the bottom.
The requirement can be satisfied by the coupling matrix

M = § (1.0, — i1200) |n2) (n. +1].
(a) w (b) surface states
4
Vg - PQY, «—LEs yedp
" Ype—F—>Vp
M
: 2 M
Wp Ve - T WA‘L> Ve
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Figure 7. (a) An illustration of bulk states of Hp near
kz = 0,ky = 0. Note that ¥4, B,c,p depends on kz,ky, here
the horizonal is one direction in the k, — ky plane. 14 (vc)
and ¥ p(1p) are completely degenerate. ¥4, p,c,p are all self-
particle-hole symmetric. ¥ a(1p) and ¥c(¢p) are chiral and
time-reversal symmetric of each other. (b) The 3-dimensional
model in class DIII by stacking N class D layers.

Next, we generalize the model to the case when w #
—2v. So we add the coupling terms to the 2D model
(A5). As a result, we obtain a model which is bulk-
gaped but has gapless surface states. It also preserves
the symmetry of class DIII listed in Eq. (A6). We write
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the total Hamiltonian of this model in k space:

Houi (ke ky, k.) =
7. @ ([w + v (cos kg + cos ky + cos k)] 0

+usinkyoy, +vsinkyo,) + vsink, 7, ® oo,

(A7)
where we also take o = v to avoid too many parameters.
After the rotation 7, = 7,, 7, — 7, Eq.A7 becames Eq.7
of the main text.

The model Hpyyp is topological when |w| < 3|v|, its
winding number is

0, |w| > 3|v]|

vsp =141, [v] < |w] < 3|v] (A8)
=2, |w| <[v|
The corresponding lattice model in real space is
Hpm =Ho+ H, +Hy+ H., (A9)
with
Hy=w Z (CLJLCB,” — CTCJLCD,H) + h.c., (A10)

n

H,=v Z (cL’nﬂcB,n + cg,nﬂﬁcan) + h.c., (All)

n

v T T
Hy = 92 Z [CAnH-yCBm + CpntyCan

n
- cT c + cT [
C,nt+y-D,n D,n+y“C,n
—i(ct c + i c
An+y“An B,n+y~B,n

+i (cg,n+ycc7n + chm_chmﬂ + h.c., (A12)

v f t
HZ = 5 Z |:CA,n+zCB,n + CB,n+zCA,n

n
- (CT c + cT C )
Cn+z"D,n Dn+zCn
(. t
¢ cA,n-i—ch;rL + cC,n-l—ch;n
—i (cg’nJchD’n + cTD’nJchB’n)} + h.c., (A13)

where n,z,y, 2z are short for R,, R,, R,,R.. R, is the
position of the unit cell, and R,,R,,R. are the primitive
vectors connecting the unit cells. The lattice is shown in
Fig. 8(a). There are four atoms in one unit cell. The
whole lattice is composed of SSH chains in = direction.
The two atoms of similar color (for example, A and B)
form the space of matrices 0 4 ., in Eq. (A7). The red
layer and grey layer stacked in the z direction form the
space of matrices 79 4 4,.. The black lines connecting the
atoms in Fig. 8(a) are not the hoppings. The hoppings



Figure 8. (a) is the corresponding lattice model of Eq. (AT).
There are four atoms in one unit cell. The two atoms of
similar color are described by the space of matrices 0o,z,y,-
in Eq. (A7). The red layer and grey layer stacked in the z
direction form the space of matrices 70,4,y,-. (b) and (c) show
all the hoppings. (b) shows the hoppings of the red layer in
the x — y plane. The hopping terms within the grey layer are
the same as in the red layer but with w — —w, v — —v. (c)
shows the hoppings in the z — z plane where you can find all
the hoppings between layers in the z-direction.

in Eq. (A7) are drawn in Fig. 8(b) and (c). Fig. 8(b)
shows the hoppings of the red layer in z — y plane and
Fig. 8(c) shows the hoppings in «— 2z plane where one can
find all the hoppings between layers in the z-direction.

For convenience in expressing the chiral symmetry, we
can do a unitary transformation to Hpyyy in Eq. (A7) and
transform it to

hO (kwa kya kz) =
T @ {[w + v (cosky + cosky, + cosk. )| oy

+v (sinkyoy +sinkyo,)} +vsink, 7, ® 0g.  (Al4)

After the unitary transformation, the three symmetry
operators become

Ty = ityo. K, Tg = —1;
Py=r1.0.K, PO2 = +1;

Co =Tz. (A15)

Here we can still take 7, as the Pauli matrix that rep-
resents two layers. Then we have a new lattice of which
the chiral symmetry is the sublayer symmetry. The cor-
responding lattice model is given in Fig. 9. The Hamil-
tonian in real space can be written as

Hpm = Ho+ H, + Hy + H, (A16)
with

Hy = wZamchcB,n + h.c., (A17)

Vg

H, = > zn: [am (CTLX,nCB,nqL:v + CL’ncB,n,z)

—ioy (CL,ncB,n—m — CganB,n—x)] + h.c., (A18)

v

Hy ="

[UI (C;,nchﬂJFy + CL’nCB,nfy)

= =[]

—i0, (CA,nCB,n_;,_y — CTA’ncB,n—y)} + h.e., (Al19)

v
o= 25 o (e + )

n

T (era;,nCB,nH — CL’nCB’n,Z>] + h.c., (A20)

The whole lattice model is drawn in Fig. 9(a), in which
the zoom-in figure shows the unit cell. In each unit cell,
there are two groups of atoms labeled A and B. The A-
B sublattices form the space of 7y ;... The hoppings in
Eq. (A17) are represented by the blue line connecting the
A and B groups in the unit cell. The hoppings between
the unit cells in the z,y, z direction (H,, .) are given
in Fig. 9(b),(c),(d) respectively. The chiral symmetry
requires that the hoppings exist only between A and B
sublattices. In Eq.(A18)-(A20), we have tuned the hop-
ping amplitudes in each direction to be different. Now
the condition of the phase transition between the triv-
ial phase and topological phase changes from |w| = 3 |v]|
to |w| = |vy + vy + v.| (here vg,vy,v, are all positive or
negative).

Appendix B: Surface states

Here we show how we obtained the surface states of
the 3D models. Consider the 3D DIII model in Eq. (A7)
as an example. When w goes across —3wv, topological
phase transition happens with the bulk gap closing and
reopening at k;,ky, k., = 0. Near the phase transition
when w ~ —3wv, the physics can be described by the low
energy Hamiltonian:

hott (kg ky, k2) =v (kyT00 + kyTo0y + k2Tp00)

+ (m — vk?) 1.0y, (B1)
where k* = k2 + k2 + k2 and the mass term m = w + 3v.
If there is an open boundary perpendicular to the z di-
rection at z = 0, k. is not a good quantum number any-
more, however, the system remains periodic in z— and
y— directions and thus is characterized by well-defined
momentum components k,; and k,. The corresponding
Hamiltonian in the presence of boundary condition be-
comes (B1) with k, — —iad,, where a is the lattice con-
stant in z direction. To find the two degenerate surface
states at the center of the Dirac cone, set k;,k, = 0,



Figure 9. (a) is the corresponding lattice model of Eq. (A14).
The red layer and grey layer stacked in the z direction form
the space of matrices 70,z,y,-. (b), (¢) and (d) show the hop-
pings in the z-, y-, and z-direction.

so the three-dimensional Hamiltonian becomes a one-
dimensional Hamiltonian in the z direction. Given the
model is in the region z > 0, the boundary condition re-
quires that the wavefunctions exist at z > 0 and vanish at
z = 0. By solving the corresponding Schroedinger equa-
tion, one can find there exist zero-energy bound states at
the surface in the case mv > 0 described by the wave-
functions:

U, (2) = Coa (efz/§+ - e*z/@) : (B2)

U, (2) = Cie (e—z/f+ - e—z/ﬁf) , (B3)

where the penetration depth f;l = i (1 + /1 — 4m/v)
and C is the normalization constant. The eigen ener-
gies of ¥y (z) and Uy (z) are both zero. The eigen vec-
tors Y4 = {—i,0,0, 1}T /\/57 Yo = {0,—i,1, O}T /\/Z
same as those of the surface states shown in Fig. 7(a).
Eq. (B2) and (B3) describe the wavefunctions at z > 0.
They both decay exponentially away from the boundary
at z = 0 to the region z > 0. In the region z < 0, we
make Uy 5 (2 < 0) = 0. Note we are now focusing on the
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case when w goes across —3v and w satisfies |w| < 3 |v].
Then the bound state solutions exist as mv > 0 and
1>4/1—4m/v>0.

The effective surface model can be obtained by project-
ing the bulk Hamiltonian onto the surface states ¥; (2)
and Uy (z) in Eq. (B2,B3). This will lead to a 2 x 2
effective Hamiltonian:

DIl = /dZUT (2) hpr (kg, ky, w — iad,) U (2)

= v (kany + kyn2) (B4)

where U (2) = {¥; (2), V3 (2)}, Na,y,. are Pauli matrices.

In the same way, one can derive the effective Hamil-
tonian of the surface states of the model in Eq.(A14)
with the same open boundary conditions. The surface
states at k;,k, = 0 are in the same form as those of
(B2) and (B3). The corresponding eigen vectors are
Yo = {1,1,0,0}" /2,05 = {0,0,—1,1}" /v/2, which
are the eigen vectors we used in Sec. IIIC in the main
text. The penetration depths are also £4. Also, we can
obtain the effective model Hamiltonian near &k, k, = 0 by
projecting the model Hamiltonian to the surface states:

h?)ur =v (kxny - kynx) s (B5)

In addition, the three symmetry operators of
model (A14) Ty, Py and Cy can also be projected onto
the surface states because they preserve all of the three
symmetry operators. The symmetry operators do not
affect the z-dependent part of the wave functions and
only act on the eigenvectors 1, g. Defining the projec-
tion matrix Up = (¢q,1s), the three projected sym-
metry operators are T§™ = ULTyUp, P3" = ULP,Up
and C§"" = ULCoUp. Next we will prove that Tg™,
3" and C§"" are the symmetry oprators of effective
surface Hamiltonian (B5). By introducing another two
orthogonal vectors 1, and 1, that are also orthogonal
to Ya,g, together with 1., g one has a complete set of
vectors. Then one can obtain the form of symmetry oper-
ators in the new basis of 1,_s using the unitary matrix
U = (Ya,¥s,%y,15). Since the surface states preserve
all of the symmetry operators, if any symmetry operator
acts on an eigenvector of the surface states 1, or ¢, the
result will be a linear combination of 1, and 3. This
means that in the new basis, all the symmetry opera-
tors are block-diagonal. Take chiral symmetry Cy as an
example,

Utc,U = ( 0 Oy ) . (B6)
The model preserves the chiral symmetry ChC~! = —h,
where h is the k;-, k- dependent Hamiltonian which is
going to be projected to the surface state vectors (the
z dependent part has been integrated out). In the new
basis, the relation becomes

(Utcv) (UThU) (UTCU) ™ = —UThU (B7)
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This relation can be further written as
Cii 0 hir hia\ (CH' O
0 Co ha1 hao 0 Gy
hir hio
=— B8
( hat hs (B8)
Note that C11 = C§* and hq1 = hg"™, we have
CSUI‘hBIII’ (CSUI‘)_l — _h%llr (Bg)
So far we have proved that the projected operator Cg"" is
the chiral symmetry operator of hg"™" in Eq. (B5). In this
way, one can also prove that 75" and F§"" are the time-

reversal symmetry operator and particle-hole symmetry
operator of the effective surface Hamiltonian A$"™.
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