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ABSTRACT. We use the gluing construction introduced by Jia Huang to explore the rings of in-
variants for a range of modular representations. We construct generating sets for the rings of
invariants of the maximal parabolic subgroups of a finite symplectic group and their common
Sylow p-subgroup. We also investigate the invariants of singular finite classical groups. We in-
troduce parabolic gluing and use this construction to compute the invariant field of fractions for
a range of representations. We use thin gluing to construct faithful representations of semidirect
products and to determine the minimum dimension of a faithful representation of the semidirect
product of a cyclic p-group acting on an elementary abelian p-group.

1. INTRODUCTION

In this paper we use the gluing construction introduced by Jia Huang [30] to explore the rings
of invariants for a range of modular representations. The gluing construction was motivated, in
part, by the work of Hewett [28], Kuhn and Mitchell [34], and Mui [37] on parabolic subgroups
of a finite general linear group. In Section 5, we use gluing methods to construct generating sets
for the rings of invariants of the maximal parabolic subgroups of a finite symplectic group and
their common Sylow p-subgroup. Our work in that section relies on the results of Carlisle and
Kropholler on the invariants of a finite symplectic group [2, §8]. We also use the gluing con-
struction to investigate the invariants of singular finite classical groups (Section 6). In Section 7,
we introduce parabolic gluing and use this construction to compute the invariant field of frac-
tions for a range of representations. We use thin gluing to construct faithful representations of
semidirect products (Theorem 2.3) and to determine the minimum dimension of a faithful repre-
sentation of the semidirect product of a cyclic p-group acting on an elementary abelian p-group
(Corollary 2.4).

Suppose V is a finite dimensional representation of a group G over a field F. We view V as
a left module over the group ring FG. There is a natural right action of G on the dual V* =
homg(V,F): for ¢ € V¥, g€ G, andv eV, (¢-g)(v) =¢(g-v). We use F[V] to denote the
symmetric algebra on V*. The action of G on V* extends to an action by degree preserving F-
algebra automorphisms on F[V|]. The ring of invariants of the representation is the subalgebra
F[V]9:={f €F[V]| f-g=f, Vg € G}. The elements of F[V] represent polynomial functions on
V and the elements of F[V]% represent polynomial functions on the orbits V /G. If G is finite and
F is algebraically closed, then F[V] is the ring of regular functions on the categorical quotient
V//G. For background material on the invariant theory of finite groups, see [2], [12], [19],
[26] and [38]. For background material on modular representation theory we suggest [1]. We
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occasionally make reference to Steenrod operations; see [38, §8] for the definition in the context
of invariant theory.

In Section 2 we introduce the gluing construction and define polynomial gluings, split gluings
and thin gluings. In Section 3 we summarise the relevant properties of tensor products of alge-
bras. In Section 4 we compute the image of the transfer for a polynomial gluing in terms of the
image of the transfer of the factors of the gluing. Section 5 is devoted to the maximal parabolic
subgroups of a finite symplectic group and Section 6 deals with finite singular classical groups.
In Section 7 we introduce parabolic gluing and compute the invariant field of fractions for a range
of representations. We conclude with Section 8, which introduces diagonal gluing and explores
a number of examples.

2. THE GLUING CONSTRUCTION

Let W) and W, denote representations over a field F of groups G| and G, respectively. The
vector space of linear transformations homg(W,, W) is a left FG1/right FG, bimodule: for g; €
G1, ¢ € homp(Wp,W)), go € Gy and v € W, we have (g1-¢-g2)(v) = g1 (¢@(g2-v)). Using the
unique unital ring homomorphism from Z to F, every FG;-module is also a ZG;-module. Let M
denote a left ZG/right ZG, sub-bimodule of homg(W,,W;). We use G| X o G2 to denote the
semidirect product whose elements consist of triples (g1, @,g2) € G X M x G, with the product
given by (g1,9,82) - (g}, ¢',83) = (181,810" + ¢g5,8285). We refer to G1 x pq G as the gluing
of G| to G, through M. Note that, to perform this construction, we need M to be closed with
respect to addition and with respect to the group actions. There is a natural action of G| X G2
onV :=W; & W, given by (g1,0,82)(wi Dwz) = (g1w1 + @(w2)) ® gown. If Wy and W, are
faithful, then V' is a faithful representation of G| X ¢ G;. If we choose bases for W; and W, and
denote the resulting matrices by [g1], [@] and [g], then the associated matrix group is given by

{([gol] [[;2]]) € GLoin(F)| g1 € G120 € Gay 0 € M}

where m = dim(W; ) and n = dim(W,). If W; and W, are both faithful, then the matrix group is
isomorphic to G| X, G3 .

Since M is a normal subgroup of G| X G with quotient isomorphic to G| x G,, we can
compute the ring of invariants F[V]1*MG2 by first computing the invariants under the action of
M and then computing the invariants under the action of G| X G», in other words, IF[V]GI MGz —
(F[V]M)@1%G2 We will routinely identify F[W»] with the subalgebra F ® F[W,] C F]W;] ®
F[W»] = F[W; © W,] = F[V]. Using this identification, we observe that F[W,] C F[V]M. We
will say that the gluing is split if there exists a graded subalgebra A C P[V]M such that

o F[VIM = AQF[W,),
e Ais an F(G; x G,) submodule of F[V]™ and
e G acts trivially on A.

When we write F[V]™ = A @ F[W;] above, we mean that there is an algebra isomorphism from
AR F[W] to F[V]M which restricts to the inclusion on each of the factors. If the gluing is split,
then F[V]61*mG2 = AG1 @ F[W,] 92,
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We are primarily interested in rings of invariants for finite groups. If M is non-zero and F has
characteristic zero, then M is an infinite group. For the remainder of the paper, we assume the
characteristic of IF is a prime number p and that M is finite. This means that M is an elementary
abelian p-group and a vector space over the prime field IF,,. Recent work on the rings of invariants
of modular representation of elementary abelian p-groups includes [11], [39] and [40].

We will use {yi,...,yn} to denote a chosen basis for W;" and {xi,...,x,} to denote a cho-
sen basis for W;. Observe that Flxi,...,x,] C F[V]™. We can use orbit products to construct
additional M-invariants: define Noq(y;) :=[[{y;-g | g € M}. The set

Ho={x1,.. ., x0, Not1)s - s NAt ()

i1s a homogeneous system of parameters for P[V]M (see, for example, [26, Example 6]). If H
is a generating set for F[V]™, we say that the chosen basis is a Nakajima basis for the FM-
module V. Recall that A is a generating set for F[V]**! if and only if the product of the degrees
of the elements of H is equal to the order of M (see, for example, [19, 3.7.5]). The polynomials
Naq(yj) have a number of special properties. The M-orbit of y; is of the form y; + U; where U;
is an F-subspace of W, = Spang{x,...,x,}. Thus

£i—1
Nup) =TT 0i+w) =207+ die, %
MEU]' k=0
where (; = dimpp(U ;) and the d; ; are Dickson polynomials associated to U; (see [49] or [20] ).
Therefore Np4(y;) is additive as a function of y; and is invariant under any subgroup of GL(W>)
which stabilises U;.

Example 2.1. Suppose F = F,, where g = p" for some r, and take M = homg, (Wo,Wp). Then,
for all j, we have U; = W, and deg(Naq(yj)) = ¢". Therefore, since the order of M is ¢,
we have F, [VIM = F,[x1, ..., %, Naq(31), - - - ,Nat(ym)]. Hence any basis consistent with the
decomposition V* = W|" @ W, is Nakajima. Furthermore, any subgroup of GL(W,) stabilises
W5. Thus G, acts trivially on A = Fy[Na¢(y1),-..,Nm(ym)] and so the gluing is split giving
F,[V]61*MmG2 = AG @ F, [W}]92. The algebra homomorphism from F,[W;] to A which takes y; to
N (yj) is a Gy-equivariant isomorphism which takes elements of degree d to elements of degree
d-q". This means that F,[V]¢1*M%2 is isomorphic to F,[W]%! @ F,[W,]°? by an isomorphism
which is not degree preserving but does restrict to an isomorphism of the augmentation ideals.

Definition 2.2. We say that a gluing is polynomial if there is a (G| x G,)-equivariant isomor-
phism of B-algebras from F[W; © W] to F[V]M.

In the case of a polynomial gluing, F[V]¢1*M% is isomorphic to F[W;]¢! @ F[W,]2. In most
of the polynomial gluings we consider, the F-algebra isomorphism v : F[W; @ W5] — F[V]M is
an extension of the inclusion of F[W5] into F[V]*™ and restricts to an isomorphism of F[W)] to
a subalgebra A C F[V]M; in this case, the gluing is split and the induced map from F[W;] to A
is Gp-equivariant. Example 2.1 provides a canonical example of a family of split polynomial
gluings.
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Jia Huang’s Gluing Lemma. Jia Huang’s Gluing Lemma [30, §2] is an extension of Exam-
ple 2.1. We reformulate his result in our notation. Suppose ¢ = p’, F, C F and M, is an F,G-
submodule of W;. Further suppose that M, is an F,G>-submodule of W, with F- M, = W, and
dimg,(M;) = dimg(W) = n. This means that every F,-basis for M, is an F-basis for W,. There-
fore, every element of homg, (M2, M) extends uniquely to an element of homg(W>,W)), giving
an isomorphism from homg, (M, M, ) to a left F,G,/ right F;G, sub-bimodule of homg (W, W));
take M to be the image of this map. The gluing G| x x4 G> is a split polynomial gluing. To see
this, first observe that U; = M for each j, which means that N (y;) has degree ¢" and, as in Ex-
ample 2.1, F[VIM = Fx,..., %, Naot(31),- - -, Nat(ym)]. Then observe that, since any subgroup
of GL(M) stabilises M;, G, acts trivially on A = Fy[Na((y1),-- -, N (ym)] -

Examples and Applications of Thin Gluing. We say that a gluing is thin if either dimg(W;) =1
or dimg(Wp) = 1. If dimp(W;) = 1, then the gluing is polynomial with A = F[Np(y;)]. If
dimg(W,) = 1, then the representation of M is what is known as a hyperplane representation;
the ring of invariants }F[V]M is still a polynomial algebra but the generators are not necessarily
orbit products of variables (see [9], [27] and [35]).

Theorem 2.3. If a finite group G acts on an elementary abelian p-group E and F is a sufficiently
large field of characteristic p, then there is a faithful representation of the semidirect product
G < E of dimension |G|+ 1 over F.

Proof. The action of G on E makes E a module over the group ring F,G. Every F,G module has
an injective envelope. Since injective F,G-modules are projective, this means we can embed E
into a free F,G-module, say F = @!_,F,Gb;. Choose elements cy,...,c, € Fso that {cy,...,c,}
is linearly independent over F,. Then we can embed F into FG using the F,G-module map
which takes b; to ¢;. Composing the map from E to F with the map from F to FG gives an F,G-
module isomorphism from E to an F,G-submodule of FG, say £. If we take G| = G, W; = FG,
G, =1 = {1} and W, =F, the thin gluing G X¢ 1 is isomorphic to G < E and the associated
representation is faithful with dimension |G|+ 1. |

Corollary 2.4. If the cyclic p-group of order p", C,r, acts on an elementary abelian p-group E
and E contains a free F,Cpr-submodule , then the minimum dimension of a faithful representation
of Cpr < E over Fis p" + 1, for F sufficiently large.

Proof. If E contains a free F,C,r-submodule then Cpr =< E contains an element of order p!
(otherwise C,r =< E has exponent p"). Since an element of p-power order in GL,,(F) has order at
most p” (see, for example, [12, Lemma 7.1.1]), the minimum dimension of a faithful representa-
tion is at least p” + 1. If F is sufficiently large, then the existence of a faithful representation of
dimension p” 41 is given by Theorem 2.3. |

Example 2.5. Specialise Example 2.1 by taking W, = F,G, and W; = F,G;. Then M =
homg, (F;G>,F,G) can be given the structure of a left module over F,(G; x Gy) in a natural
way. With this choice of action, M is the principal module generated by the linear map which
maps 1 € F,G; to 1 € F,Gy and is zero on all other group elements. This means that M is
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isomorphic to F, (G x G). Using this observation, it is easy to verify that (G; x G2) <F, (G X
G32) = G| XA Gy. Therefore, the representation associated to Gy X aq G, gives a faithful rep-
resentation of G =< F,G of dimension |G|+ |G>| whenever G = G| x G,. Taking G| = G, =
Cp gives an upper bound of 2p on on the minimum dimension of a faithful representation of
(Cp x Cp) =< Fp(Cp X Cp).

Remark 2.6. Theorem 2.3 and Corollary 2.4 had their origins in a question from Alex Dun-
can related to his work with Christian Urech on representations of finite subgroups of Cremona
groups.

3. PROPERTIES OF TENSOR PRODUCTS

In this section we summarise a number of properties of F[W;]! @ F[W,]%2 which are inherited
from F[W;]61 and F[W,]%2. We expect that most of the results of this section will be familiar to
the experts. Throughout we identify F[W;]¢! with F[W;]% @ F C F[W;]¢! @ F|W,] 2 and F[W,] %2
with F @ F[W,]92 C F[W}|%! @ F[W,]°2. Let A denote the category of finitely generated com-
mutative F-algebras which are graded over the non-negative integers and have both a unit and
an augmentation. Most of the results of this section are valid for objects in this category. One
approach to this material would be to follow the model developed in [5] for Noetherian local
rings. We have elected to take a more direct but ad hoc approach.

Lemma 3.1. Suppose B and C are objects in A. Then
dimg ((B ®C), / (B@C)i) — dimp (B /B2) +dimg(C4 /C?).

Proof. Observe that (B®C)1 = (B4 ®@F)® (B+ ®C1)® (F®Cy) and (BRC)2 = (BL®F)®
(B ®Cy)@ (FRC?). O

Note that if B is an object in A, then every set of minimal homogeneous generators for B
projects to a homogeneous basis for the finite dimensional graded vector space B /B%r There-
fore, although B does not have a unique minimal homogeneous generating set, the degrees of a
minimal homogeneous generating set are given by the dimensions of the homogeneous compo-
nents of B/ B%r. The following is a straightforward consequence of Lemma 3.1 and its proof.

Proposition 3.2. If {f1,...,fs} is a minimal set of homogeneous generators for F[W]%" and
{hy,...,h} is a minimal set of homogeneous generators for E|W,]°2, then {f1,..., fs,h1, ..., hi}
is a minimal set of homogeneous generators for F[W]61 @ F[W,] 2.

We will use Koszul complexes to relate properties of B ® C to properties of B and C. We
suggest [7, §1.6] as a good reference for the basic properties of Koszul complexes. Suppose B is
an objectin A and fi, ..., f; is a minimal set of homogeneous generators for B. Let Kz(f) denote
the Koszul complex determined by the sequence fi,..., f; € B. Similarly, let K¢ (h) denote the
Koszul complex determined by a minimal set of homogeneous generators h1,...,h; for C. We
write Kpgc(f,h) for the Koszul complex determined by fi @ 1,..., @ 1,1 ®hy,..., 1@~ €

B®C. The following is essentially [7, Proposition 1.6.6].
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Lemma 3.3. There is an isomorphism of differential graded (B @ C)-algebras from Kpsc(f,h)
to Kp(f) @ Kc(h).

Proof. The differential graded algebra Kpyc(f,h) is the exterior algebra on the free (B ® C)-
module generated {e;,b; |i=1,...,s;j = ... ,k} with the differential determined by d(e;) =
fi®landd(b;) =1® h;j. Using the univeral property of the exterior algebra, the map taking e;
to ¢;® 1 and b; to 1 ® b;, extends to an algebra map from KB®C(L@) to KB(]_‘") ® Kc(h). Using
the Koszul sign convention to define the differential on Kp(f) ® Kc(h), we see that the map is
a map of differential graded algebras. Since the graded components of both algebras are free
(B® C)-modules of the same rank and the map takes a basis to a basis, we have the required
isomorphism. O

It follows from Lemma 3.3 that the homology of Kpgc(f, k) is isomorphic to the homology
of Kg(f) ® Kc(h). Since the tensor product is over a field, the Kiinneth formula [48, Theorem
3.6.3] gives

H, (Kp(f) @ Kc(h)) = @D H; (Ks(f)) @ H; (Kc(h)).
i+j=n
Since the Koszul homology is independent of the choice of generating set we write H,(B) for the
homology of Kp(f). Using this convention and the above observations, we have

(1) W(BRC)= @ Hi( (C).
i+j=n
Recall that, for an object B in A, the depth of B is grade(B.,B), the length of a maximal
B-regular sequence in B. Since the grade can be computed using the Koszul complex, see [7,
Theorem 1.6.17], we have the following proposition.

Proposition 3.4. depth(F[W;|%' @ F[W,]¢2) = depth(F[W;]°") + depth(F[W,]°?).

Since an object in A is Cohen-Macaulay if and only if the depth is equal to the Krull dimension,
we get the following.

Proposition 3.5. F[W;|%! @ F|W,]©2 is Cohen-Macaulay if and only if both F[W}]%' and F[W,]%2
are Cohen-Macaulay.

Suppose B is an object in A and f,..., fy is a minimal set of homogeneous generators for B.
Denote R :=F[X},...,X;]| and consider the resulting presentation p : R — B given by p(X;) = f;.
We say that B is a complete intersection if ker(p) is generated by a regular sequence. We use
dim(B) to denote the Krull dimension of B. The analogue of the following result is well-known
in the setting of Noetherian local rings, see for example [7, §2.3] and [36, §21].

Proposition 3.6. Suppose B is an integral domain. Using the above notation, B is a complete
intersection if and only if dimg(H;(B)) = s — dim(B).

Proof. Note that, since B is an integral domain, ker(p) is a prime ideal. Let p(ker(p)) denote
the number of elements in a minimal generating set for ker(p). If B is a complete intersection
then p(ker(p)) = grade(ker(p),R) = height(ker(p)). Conversely, since R is Cohen-Macaulay,
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height(ker(p)) = grade(ker(p),R) and if grade(ker(p),R) = p(ker(p)), then ker(p) is generated
by a regular sequence, see [42, Theorem 16.21]. Observe that Kz(f) = Kg(X) ®g B. Therefore

H,(Kp(f)) = Tork(F,B). The short exact sequence of R-modules 0 — ker(p) — R — B — 0

gives a long exact sequence ending in
TorX(F,R) — TorX(F,B) — F®gker(p) = F@rR — F@gB — 0.
Note that F@g R = F = F®g B and Tor{ (F,R) = 0. Hence
H,(B) = TorX(F,B) = Fogker(p) = ker(p) /(R ker(p))

and dimg(H;(B)) = u(ker(p)) (compare with [36, page 170]). Recall that height(ker(p)) =
dim(R) —dim(B) (see, for example, [7, Theorem A.16]). Puting these ideas together, we see that
B is a complete intersection if and only if dimp(H;(B)) = dim(R) —dim(B) = s —dim(B). O

Proposition 3.7. F[W;]C! @ F[W»]C? is a complete intersection if and only if both F[W]6' and
F[W»]C2 are complete intersections.

Proof. Since F[W;]%!, F[W5]%2 and F[W; © W,|91%02 = F[W;]¢! @ F[W,]2 are all integral do-
mains, Proposition 3.6 applies. Using Equation 1, we have

dimg (H1 (E[W;]C ®IF[W2]G2)> — dimg <H1 (P[Wl]G1)> +dimg <H1 (F[WZ]GZ)) .

Suppose {f1,...,fs} is a minimal set of homogeneous generators for F[W;]¢! and {hy, ...k}
is a minimal set of homogeneous generators for F[W,]%2. Using Proposition 3.2, we see that
{fi,..., fs,h1,...,h} is a minimal set of homogeneous generators for F[W;]! @ F[W,]92. There-
fore F[W;]¢' @ F[W5]92 is a complete intersection if and only if

dims (i (FIW ]9 @ FWo] ™) ) = (54 ) — dim(F[W ]9 & F[Wo]%).
Since G and G are finite groups and F[W;|6! @ F[W,|%2 = F[W; @ W,]¢1* 2, we have
dim(F[W;|%' @ F[W5]©?) = dimg(W; @ W5) = dim(F[W;]°") + dim(F[W,]°?)
and the result follows. ]

Proposition 3.8. F[W;|C1 @ FW,]©? is a unique factorisation domain if and only if both F[W; |1
and F[W,]©? are unique factorisation domains.

Proof. Again we identify F[W;]¢ @ F[W»]%2 with F[W; @ W,]¢1*C2, Using a result of Nakajima
(see [2, Corollary 3.9.3]), a ring of invariants of a finite group is a unique factorisation domain
if and only if there are no non-trivial homomorphisms from the group to the units of the field
taking the value one on every pseudoreflection. The pseudoreflections for the action of G| x G,
on W; @ W, are precisely the elements (g1,1) and (1,g7) for g; a pseudoreflection for the action
of G; on W; and g, a pseudoreflection for the action of G, on W,. A homomorphism from
G1 x G, to F* is determined uniquely by the restrictions to G; x {1} and {1} x G;. Therefore,
any homomorphism ¢ : G; x G, — F* which takes value one on every pseudoreflection will
restrict to give homomorphisms ¢; : G; — F* and ¢» : G, — F* which take value one on every
pseudoreflection. O



8 YIN CHEN, R. JAMES SHANK, AND DAVID L. WEHLAU

For a representation V of a finite group G a subset {fi,..., f;} C F[V] is called a geometric
separating set if the elements of the set can be use to distinguish (separate) the G-orbits of V Qg F,
where F is the algebraic closure of F (see, for example, [22]).

Proposition 3.9. If {f1,...,fs} is a homogeneous geometric separating set for E|W1]°! and
{hy,...,h} is a homogeneous geometric separating set for E|W,]92, then {f1,..., fs,h1,...,h}
is a homogeneous geometric separating set for F[W;]% @ F[W;]%2.

Proof. We identify F[W;]C! @ F[W5]C2 with F[W; @ W,]¢1%C2, Let B; denote the subalgebra of
F[W)] generated by {f1,..., fs} and let B, denote the subalgebra of F[W,| generated by {A;,. .., h}.
Then B := B| ® B, is the subalagebra of F[W; ® W»] generated by {fi,..., fs,h1,...,h}. Us-
ing [22, Proposition 1.2], F[W;]% is the purely inseparable closure of B; in F[W;]. Let B de-
note the purely inseparable closure of B in F[W; @ W]. Since B C F[W; & W5]01%C2, we see
that B C F[W; @ W,]%1%C2, Therefore, we need only show that every homogeneous element
of F[W; @ W5]¢1*2 lies in B. Consider f € F[W; @ W5]61*C%2. Using Proposition 3.2, write
f= Zi':l a; ® B for some choice of o; € F[W;| and f; € F[W,]. Choose N € Z" so that

N N
of € Bjand Bf € B, for all j. Then, since taking the p"-power is additive, we have =

e ooV o ppt _ -

Theorem 3.10. Suppose G X pq Gy is a polynomial gluing. Then
(i) F[V]61*M2 js polynomial if and only if both F[W; |61 and F[W,]©? are polynomial;

(ii) F[V]¢*MC2 s Cohen-Macaulay if and only if both F[W]61 and F[W>)®2 are Cohen-
Macaulay,

(iii) F[V]91*MO2 js a complete intersection if and only if both F[W;|61 and F[W,]92 are com-
plete intersections;

(iv) F[V]|9>*MC2 s unique factorisation domain if and only if both F[W1]°" and F[W,]92 are
unique factorisation domains.

Proof. Each of these properties is preserved by the gluing isomorphism. Therefore the results
follow from Propositions 3.2, 3.5, 3.7 and 3.8. O

Theorem 3.11. Suppose G| X p G is a split polynomial gluing. Then
depth(F[V]61*MG2) = depth(F[W]€") + depth(F[W>]92).

Furthermore, if ¥ : E[W; © W3] — E[V]M denotes an F-algebra isomorphism which is an exten-
sion of the inclusion of F[Ws)] into B[V|M and restricts to a G1-equivariant isomorphism of F]W]
to A which takes F[Wy] to A, then {w(f1),...,W(f),h1,...,hx)} is a geometric separating set
for B[V|9mMG2 where { f1, ..., f;} is a homogeneous geometric separating set for F[W|61 and
{hy,...,h} is a homogeneous geometric separating set for F[W,]%2.

Proof. While the map v is not degree preserving, it maps F[W; & WZ]JGF1 “C2 1o P[V]EIXMGZ.
Therefore, the results follow from Propositions 3.4 and 3.9. O
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4. THE IMAGE OF THE TRANSFER

Suppose G := G x (G5 is a polynomial gluing with gluing isomorphism y : F[V] — F[V]M
where F[V] = F[W; & W,]. We continue to identify F[W;] with the appropriate subalgebra of F[V].
Recall that the transfer map Tr¢ : F[V] — F[V] is the morphism of F[V]®-modules defined by
TrO(f) := Y ¢ec f g The image of the transfer is an ideal in F[V]®. By a result of Bram Broer
[6], since M is a p-group and F[V]M is polynomial, the image of Tr'™ is a principal ideal in
F[V]M. Let 7 denote a generator for this ideal. There is a factorisation Tr® = Tr% <2 o TrM,
Furthermore, since M is a normal subgroup of G, G| x G, stabilises the image of Tr'*!; to see
this observe that (3" ,c v f-1)8 =Y e (f-8) (g7 hg). Therefore, for any g € Gy x G, we see
that 7- g is a scalar multiple of 7. Thus we define a character of G| X G, by 7-g = x.(g)7. If
G x G, is a p-group, then x is trivial and T € F[V]61%02,

Proposition 4.1. Suppose {uy,...u;} is a generating set for the image of Tr%', {v1,..., vy} is
a generating set for the image of Tr®2 and T € F[V]61*C2 is q generator for the image of M.
Then the image of Tt is the ideal generated by {ty(uv;) | 1 <i<k,1<j<s}

We give the proof of Proposition 4.1 after proving Lemma 4.3 below.

Example 4.2. In the context of Example 2.1, it follows from [41, Theorem 4.4] that T = d,, ,(W;)" €
F[V]¢1*02, Hence, in this context, we can apply Proposition 4.1 to compute the image of Tr® in
terms of the image of Tr¢! and the image of Tr®2.

For instance, let U/ (n,F,) be the group of n X n upper-triangular unipotent matrices over F, and
consider G =U(4,F,) and G| = G, =U(2,F,). Then G = G| x »( G, with M = homg,,(F2, F>).
By [41, Theorem 4.4] we see that the image of Tr is the principal ideal generated by

0 :=dy1(x1) -doa(x1,x2) - d33(x1,%2,)1)

where d; j denotes the Dickson invariants in the specified variables. In particular, d; 1 (x1) = xf -1 ,

ry\ p—1
d272(x1,x2) = det <x1 x,l,) and

X Xy

2y p—1
X1 xf x’f

2
d33(x1,%0,y1) =det [ x, x5«

2
v oy N
On the other hand, applying [41, Theorem 4.4] again we observe that the image of Tr' is the
principal ideal generated by 7 = d272(x1,x2)2, which is G| X Gp-invariant. The image of T is
generated by u :=dj 1(x1) = xf_l and the image of Tr®? is generated by v := diin) = yf_l.
Note that y(u) =d; 1(x1) and

2
v(v) = w(n)P = O +dia(xn,x)y? +daa(xr,x)y)P

Using Proposition 1.3(b) of [49], we see that d33(x1,x2,y1) = —d22(x1,x2)¥(v). Therefore
Ty (u) - w(v) =dan(x1,%2)? - di1(x1) W) = —di 1 (x1) - dap(x1,%2) - d3 3(x1,%2,1) = —8.
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Lemma 4.3. Suppose {uy,...u;} is a generating set for the image of Tt and {vy,...,vs} is a
generating set for the image of Tr®2. Then the image of TrC'* 2 is generated by {uj | 1<i<

<j<sh

Proof. Let I61*G2 denote the image of Tré1 %02 Jet IG! denote the image of Tr¢! and let /©2
denote the image of Tr%. Observe that Tr% <02 = Tri!}xG2 o TrG1 {1} Choose f; € F[W;] and
h; € FWs] so that Tr%! (f;) = u; and Tr(h;) = v;. Then

TrGlXGZ(f,-hj) — Trl1}xG2 oTrGIX{l}(fihj) = Tr{]}XGZ(u,-hj) =uyv; € [61%G2

On the other hand, for any f € F[V], write f =3 ;c1, sx!y’ for exponent sequences I and J with
crg € F. Then

TrGlXG2 Zc; JTrG1*62 xly Zc; JTrG2 Ter1 (yj) c 1912,

Hence Tr¢ *C2(f) is in the ideal generated by {u;v; | 1 <i<k,1<j<s}. O

Proof of Proposition 4.1. Let IS denote the image of Tr®. Choose f; € F[W)] and /; € F[Ws] so
that Tr9 (f;) = u; and Tr? (h;) = v;. Choose a € F[V] so that T (o) = 7. Then

1y (finj)a) = TR TeM(y(fihj)a) =T (y(fih))r)
= ”EI[/(TI‘G1 xGa (f,/’l])) = ’L'I//(l/tl'vj') el’.
Suppose f = Tr%(f’). Then f = Tr% <2 (TrM (")) = T ¥ (f1) for some f € F[V]M. Since
7 € F[V]91%62 and v is a (G x Gy)-equivariant isomorphism, we get
£ =TT O (1)) = Ty (T ()
for some f” € F[V]. Therefore f is in the ideal generated by {ty/(u;v;) | 1 <i<k,1<j<s}. O

5. MAXIMAL PARABOLIC SUBGROUPS OF FINITE SYMPLECTIC GROUPS

For this section, we let V denote the defining representation of the symplectic group Sp,,,(F;)
with ¢ = p”. We choose an ordered basis ey, ez, ...,en, fm, fm—1,---,f1 for V with dual basis
Vis-«vsYm,Xm,---,X1 S0 that the symplectic form is represented by the matrix

000 .- 001
0 000 - 010
J= Q with Q = :
—0 0 :
010 - 000
100 - 000

We identify Sp,,,(F,) with the set of matrices A € GLy,, (F,) satisfying ATJA = J. Define
&= y%xm - ymxfnl 4ty X1 — ylx1 Carlisle and Kropholler proved that F, [V]SpZm(Fq) is the
complete intersection generated by &i,...,&yn—1 and the Dickson invariants dipms- - dm2m, S€€
[2, Theorem 8.3.11]. Note that for i > 1, &; can be constructed by applying Steenrod operations
to &;. Therefore Sp,,,(F,) is the subgroup of GL,,,(F,) which fixes &;.

The symplectic group Sp,,,(F,) has a BN-pair of type C,, (see [45] or [13, §1.11]). To con-
struct a maximal parabolic subgroup for Sp,,, (F,), we remove one of the m generating reflections
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from the associated Weyl group, N/(BNN), and lift the resulting subgroup to get a subgroup of
N, say N. The resulting parabolic subgroup is generated by B and N. We label the vertices of
the Coxeter graph so that the edge of weight 4 joins vertex m — 1 and m. We will refer to the
maximal parabolic subgroup constructed by removing the reflection corresponding to vertex k as
a maximal parabolic of type k and denote this subgroup by G;. The primary goal of this section is
to compute F, [V]gk . In the following, we use Q to represent the k x k submatrix of Q constructed
by removing the first m — k columns and the last m — k rows. Therefore

0 0 0 O
0 0 Onrx O
0 —Onir O 0
—0 0 0 0

J=

Let P, denote the subgroup of GL,,,(F,) consisting of matrices of the form

I, C G A
0 L, O B
0 0 Ly B
0 O 0 I

subject to the relations C; = —QBY Ok, C2 = QkBT 0,y and ATQy — OtA = B1 0, _1B1 —
BT Q,,_iBs. Observe that Py is a p-group and a subgroup of Sp,,,(F,) .

Proposition 5.1. The maximal parabolic subgroup Gy is isomorphic to

(GLk(Fq) X szm—Zk(Fq)) < Py

with the action of GLy(Fy) X Spy,,,_oi(Fy) on Py given by mapping (A,B) € GLy(Fy) X Spy,,_2(Fy)

to
A O 0

0 B 0 € Spo(Fy).-
0 0 QA HTQ

Proof. We use the BN-pair for Sp,,, (F,) described in Chapter 8 of Taylor’s book [45]. The Borel
subgroup B is the group of upper triangular symplectic matrices and N is the group of symplectic
monomial matrices. The Weyl group is generated by reflections wy,...,w,,. For i < m, w; can
be lifted to the element n; € N which takes e; to —e;;1, €iy+1 to e;, fi to —fir1, fi+1 to f; and
fixes the other basis vectors. The generator wy, lifts to n,, € N which takes e, to — f,,,, fin to e
and fixes the other basis elements. The maximal parabolic subgroup G, is generated by B and
{ni,...;nm}\ {mi}-

Direct calculation verifies that Py is precisely the set of symplectic matrices of the given block-
form and that the embedding of GL(F,) x Sp,,,_o«(F,) gives the set of symplectic matrices of
that corresponding block-form. A further explicit calculation verifies that the embedding of
GLy(Fy) % Spy,_ok(Fy) normalises P;. The removal of vertex k from the Coxeter graph gives
a graph of type Ay X C,—¢. The removal of the generator n; separates the basis vectors into
three sets: {ey,...,ex}, {€xit1y---remsfmy-- o fxa1 s {fir---, 1} We are left with the usual BN-
pair for GLi(FF,) on the span of {ej,...,e}, the usual BN-pair for Sp,,, »;(F,) on the span of
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{ek+1,---rem, fm,- -, fix1}, the action of GL(F,) on { fi, ..., fi} determined by the symplectic
condition, extended by the normal subgroup P to recover the Borel subgroup. O

Let Uy denote the span of {e1,...,e} and let Sp,,,(F,)y, denote the pointwise stabiliser sub-
group.

Corollary 5.2. The maximal parabolic subgroup Gy, is isomorphic to

GL(Fy) > Spay (Fg)u

with the action of GLi(F,) as described in Proposition 5.1.

Proof. With our chosen basis, the matrices representing elements of Sp,,, (F, )y, are of the form

I, A B
0 C D
0 E F

where {A,E} C FZX(Z’"—%), {B,F} C P’;Xk, Ce Pézm_Zk)x(zm_Zk) and D € IF((Izm_Zk)Xk. The sym-

plectic condition forces E = 0, F = [ and C € Sp,,,_(F,). If we restrict to C = I,,_o; and
apply the symplectic condition, we recover P;. Since the action of Sp,,,_»;(F,) normalises P,
we see that Sp,,,(F,)y, is isomorphic to Sp,,,_»x(F,) =< P, and the result follows from Proposi-
tion 5.1. =

Notation 5.3. For the rest of this section, we use c’i; ¢ to denote the i'" Dickson invariant in the first
¢ variables taken from the ordered list x1,...,Xm,Ym,- .., y1. For example, d; ,, is the i'" Dickson
invariant in xy, .. ., Xy. Let Wy denote the span of {x1, ..., Xm,Ym,---,¥1} \ {1, .-,V } and define

2m—k
2m—k—j <~
Ne(o):= T[4y =D " djomk € F V][]
veWw, j:()

Note that Ni(x;) = 0 and N(y;) =0 if i > k.

Theorem 5.4. The ring of invariants F, [V]SpZm(Fq)Uk is generated by xi,...,x;, E1,...,Em_1,
Ne(¥1)s-- - Ni(yk), and djopm—y for i =1,2,...,2m — k. Furthermore, this ring is a complete
intersection and, therefore, Cohen-Macaulay.

Proof. Since F, [V]SpZm(Fq) is Cohen-Macaulay and a complete intersection, it follows from [32,
Theorem B] that F,[V] SPan(Fo)u g Cohen-Macaulay and a complete intersection.

We will use Kemper’s algorithm based on [32, Theorem 2.7] to compute a generating set
for F, [V]SPZW(F‘I)UL Given a G-invariant polynomial, Kemper’s algorithm produces a set of G-
invariant polynomials. The algorithm uses only the input polynomials and the subspace U. Ap-
plying the algorithm to {d; 2, | i = 1,...,2m} produces a generating set for F, [V]GLZm(F‘f)Uk. By
GLy,,(Fy)

comparing the order of GLy,,(F,)y, with product of the degrees, we see that F,[V] U is

the polynomial algebra generated by {Nk(y,-),a7j72m_k li=1,....,k;j=1,2,....2m —k}. Apply-
ing the algorithm to the &; produces {xi,...,x¢,&1,...,Em—1}. We do not claim that this is a

minimal generating set. O
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Corollary 5.5. For k < m, the set

Hii= {21, X6 N1+ s NeOR) st 2k - -+ s Bam—2k 2k}

is a homogeneous system of parameters.

Proof. 1t is sufficient to show that the ideal generated by #y in F,[V] is zero dimensional. Since
[F,[V]is integral over I, [V]SL2nFa)uc and, from the proof of Theorem 5.4, F, [V]6LonFa)u s gen-
erated by S := {Nk(yi),c@gm_k li=1,...,k;j=1,2,...,2m—k}, we see that the ideal generated
by S in F,[V] is zero dimensional. Thus the ideal generated by H; US is zero dimensional. How-
ever, it follows from the definition of cfz,’ngm,k, see Notation 5.3, that for j > 2m — 2k, cflvj’z,n,k is
in the ideal in F,[V] generated by {xi,...,x;} (one way to see this is to compute the lead term
of dNLZm_k using a grevlex order with y; >y, > --- > y,, > x;, > --- > x1). Therefore the ideal

generated by Hy, coincides with ideal generated by H; US and so is zero dimensional. O

For k = m, we have

I, A

which is an elementary abelian p-group of order q(m2+m)/ 2,

Corollary 5.6. The ring of invariants F, [V)Pm is the complete intersection generated by xy, . . ., Xm,
Elyoe 1, and Nyy(v1) - -+, Nin ()

Proof. By Theorem 5.4, F, [V]P is the complete intersection generated by x1,...,%u, &1, ..., Exm1,
Nu(31),---sNu(ym), and d; , for i = 1,2,...,m. Since d; , € Fy[x1,...,x,), these generators are
redundant. An explicit calculation gives

m m—1
ém = ijNm(yj) - (Z éidvmi,m) .
=1 i—1

Thus &,, is also a redundant generator. Similar relations can be constructed to eliminate &; for
J > m; one approach to doing this is to apply Steenrod operations to the relation for &,,. O

Remark 5.7. The above result is essentially Theorem 5.4.8 of [31].

The action of GLi(FF;) on V is the direct sum of the action as a vector and a covector on
Span(ey,...,e;) and Span(fy,..., f1), in the sense of [3] or [14], and a trivial action on the re-
maining basis vectors. This means that we can use the results of [14] to compute generators for

GLy(F,)
F,[V]%%(Fa) Our approach to the construction of generators for F,,[V]% = (Fq [V] 5P (% )Uk> o

is to apply a “diagonal gluing” to the invariants of F, [V]SL (Fa) Tt is useful to start with the case
k = m, which is closely related to the Sylow p-subgroup of Sp,,,(F,;). We use USp,,, to denote
the group of upper-triangular unipotent symplectic matrices, a Sylow p-subgroup for Sp,,, (F,).
In the following theorem, we use N(x;) to denote the product of x; + v as v runs over the span of
XlgeoosXi—1-
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Theorem 5.8. The ring of invariants F, [VUSP2m is the complete intersection generated by
517 MR émeZ, N(XI), e 7N(xm) Cmde()’m)mefl (yWI71)7 e 7N1 ()’1)

Proof. Let H denote the upper triangular unipotent subgroup of GL,,(F,). Observe that USp,,, is
isomorphic to H = P,, with the action given by restricting the action of GL,,(F,) given in Propo-
sition 5.1 to the subgroup H. Furthermore, this restriction gives a vector/covector action of H on
V. Bonnafé and Kemper [3] showed that F, [V]H is a complete intersection generated by Ny (y;),
N(x;) for i =1,...,m and additional invariants which they denote by u; for j=2—m,...,m—2.
Let S denote the algebra generated by x1, ..., X, Npu(V1),- - -, Nim(ym)- Referring to Corollary 5.6,
we see that {x1,...,Xu, Nu(31),--.,Nu(ym)} is a homogeneous system of parameters for F,[V]
and that F [V] is a finitely generated free S-module. Furthermore, the S-module generators can
be taken to be monomials in the &;. Therefore, since the &; are H-invariant, adjoining the &; to a
generating set for S¥ gives a generating set for F,[V]V5P2n = (F,[V]f)H . The algebra homomor-
phism from F,[V] to S which fixes x; and maps y; to N,,(y;) is an H-equivariant isomorphism of
algebras. Thus we can construct generators for S7 by substituting N,,,(y;) for y; in the generators
for F,[V]". Note that Ni (N (y:)) = Ni(y:). Substituting N, (y;) for y; in u; gives

m
ﬁ() = ZX,‘Nm
i=1
m .
~ q’ .
ijo= ) Na()
i=1
m
I/T_j = le'Nm
i=1

for j = 1,...,m. These invariants can be written in terms of the &; and the Dickson invariants in
Xlyeoey Xy

m _
’/70 = Zéidmﬂ',m
i=1
m—j—1
o= Y e Y &
i=0

i=m—j+1
m .
~ ”"q]
ijo= Y &nrjidf,
i=0

for j =1,...,m; see Lemma 5.10 below for details. Since the Dickson invariants c;’:m can be
written as polynomials in N(x;),...,N(xy), the 4y_p, ..., U,_> are redundant, as long as we in-
clude &i,...,&y,_» in our generating set (the invariants u_,,, Ui, U,—1 and i, require &, |

to rewrite). Define H := {N(x1),...,N(xm),Niu(¥m),.--,N1(y1)} and let A denote the algebra
generated H. Note that A is the ring of invariants for the upper triangular unipotent subgroup
of GL,(F,), each d;>, € A and H is a homogeneous system of parameters. Furthermore,
F, [V]USP2n is a finite A-module and the module generators can be taken to be monomials in
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the &;. The Bonnafé-Kemper relations [3, page 105] translate into relations which allow us
to rewrite powers of the & in terms of elements of A and powers of £; of lower total de-

gree. In particular, the translatlon of relation R, ; rewrites 52 ; +17 for j =0,...,m—2, the

translation of R, rewrltes 52 " for j=1,...,m—2 and the RT rewrites §2m_2; compare
with [3, Theorem 2.4]. Using these relations, we see that {E" .- &2 2 | q; < ¢I™=i/21} s
a set of A-module generators for F,[V] USpan . Observe that the product of the degrees of the
elements in H is q’"(zm_l), the order of USp»,, is q’”2 and the number of module generators
is qm(’”_l). Therefore Pq[V]Uszm is Cohen-Macaulay, see [19, Theorem 3.7.1] or [12, Corol-
lary 3.1.4]. Since F, [V]USP2m is Cohen-Macaulay, the elements of H form a regular sequence.
Let ) denote the ideal in F,[V]U5P2n generated by the elements of H. The ring F,[V]V5P2n
is a complete intersection if and only if F, [V]USP2n /1y is a complete intersection (this follows

from [7, Theorem 2.3.4]). However, using the rewriting relations F,[V]Y5P2 /f is isomorphic to

m—1 m—1 m—2

Fylli,-- -, 8om—) /(&) & & ... ,62‘1;_2>, which is a complete intersection. i

The above is consistent with the calculation of FF, [V]USI”4 in [25]. Since USp»,, is a Sylow p-
subgroup for all of the standard parabolic subgroups of Sp,,, (F,), the following is a consequence
of [10].

Corollary 5.9. If G is any parabolic subgroup of Spa,,(F,), then F4[V]© is Cohen-Macaulay.

In the following, it is useful to take &) = 0 and é‘fjl = —é-qjii for j >i>0.

1

Lemma 5.10. Fork <mandi,j > 0, we have
2m—k

quNk ys Z éZm k—i— é-i—deZm k

Proof. We expand the right hand side giving

i

2m—k ) 2m—k [ m N kit q .

q 79’ _ kit amekie 4/
E :€2m—k—i—€+jd£,2m—k = E : E :(xsys YsXs d€,2m—k
(=0

/=0 s=1

2mk ” i 2m—k—(+j i 2m—k—(+] j
. qz q m—k—{+j ql q m—k—{+j “’q}
- § : § :xs Vs — Vs Xs dé,Zm—k
(=0 \s=1
m

= Z(quk(ys) —y?Nk(XS) )

s=1

k
= D ANGO”,
s=1

as required. O

Theorem 5.11. The ring of invariants F, [V]gk is generated by &;1,....Eom—1, di2m, - .. diom
- dig and dy i - - At 2k
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Proof. Using Corollary 5.2, we have F,[V]% = (F, [V]SP2n(E )Uk)GLk( a). A generating set for
F, [V]SP2n(Fa)Ui was given in Theorem 5.4. Let S denote the subalgebra of F, [V]SpZm(F‘I)Uk gen-
erated by {xi,...,x¢,Ne(y1),...,Ni(yx)} and let W denote the span of {ej,...,ex, fi,---,f1}
so that F,[W] = Fy[y1,..., Yk, X, ...,x1]. The action of GLi(F;) on W is a vector/covector
action and the algebra homomorphism from F,[W] to S which takes y; to Ni(y;) and fixes
x; is GLg(F,)-equivariant. Therefore, we can construct generators for SOL«(Fy) by substitut-
ing Ni(y;) for y; in the generators of F,[W]%(s) given in [14]. Let A denote the subalge-
bra of F, [V]Sp2m(]F")Uk generated by {c;’vl’zm,k,.. d2m 2%2m—k}- It follows from Corollary 5.5
that {xl,...,xk,Nk(yl),...,Nk(yk),oi~1,2m,k,...,c?zm,%zm,k} is a homogeneous system of pa-
rameters for F [V]SPM(F 4)Ui and, therefore, F [V]sz'"(F Ui is a free finitely generated (S®A)-
module. Furthermore, the (S ® A)-module generators can be taken to be monomials in the &;
and d; i om—k for j > 2m — 2k. Since the d; i 2m—k are GLy(FF,)-invariant, we have (S ® A)GLk(Fq)
SGL(Fa)  A. Since the & are also GL; (F,)-invariant, to construct a generating set for F,[V]% =
(Fq[V]SpZm(F‘l)Uk)GLk(Fq), we need only adjoin &,...,&,_1 and cfi;z,n,k fori=1,2,...,2m—k
to a generating set for SOL«(Fe) It was shown in [14] that F, [W]GLk(Fq) is generated by Dick-
son invariants in the x;, Dickson invariants in the y; and the Bonnafé-Kemper invariants u; for
j=1—k,....k—1. Let Cig’k denote the polynomial constructed by substituting N (y;) for y; in
the Dickson invariants in the y;. Then SC(F4) is generated by {a?,-’k,cfl;k,ﬁj li=1,....k; j =
L=k, k— 1} with it = S5 xiNe(y), i = S5 2 Ne(yi) and i_g = S xiNe(v) for
¢>0.

For the remainder of this proof we use H to denote the parabolic subgroup of GL,,,(F,) as-
sociated to the partition (k,2m — 2k, k) and observe that G is a subgroup of H. We claim that
F,[V]H is generated by

(digydipsdjom i |i=1,....k; j=1,...,2m—2k}.

First note that we have 2m elements in this set and the product of the degrees equals the order
of H. Thus we only need to show the set is a homogenerous system Of parameters. We could
do this directly but prefer to take an alternate approach. The set {d, odjom—rk|i=1,....k; j=
1,...,2m— 2k} is the generating set for the parabolic subgroup of GL;,,—«(Fy) as5001ated to the
partition (2m — 2k, k) constructed by Kuhn and Mitchell [34, Theorem 2.2]. We can then form H
as the polynomial gluing of this group with GL(F,). This shows that the given set is a generating
set for I, [V]¥ but this also means that we can replace the aTi’k with d; »,, in our generating set for
F,[V]9% by using the Kuhn-Mitchell generators for F [V

To complete the proof we need to show that u; and Cfl;,szk for i > m — k are redundant. To
show that the u; are redundant we use Lemma 5.10: taking i = 0 and j = O shows that ug is
redundant, taking i = 0 and j > O shows that u_; is redundant, and taking i > 0 and j = 0 shows
that u; is redundant.

Define R := Fy[Yki1s---,YmsXms---,X1), let Wy denote the span of {xi,...,x;} and define
Ni(t) = HMGW (t —u). Let 3,-72,",2;C denote the element of R constructed by substituting Ny(y;)
for y; and Ny (x;) for x; into the i'" Dickson invariant in the variables {Yi_1, ..., Ym>Xm; - - -, Xks1}-
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Define "
= Y Nilxj)Ne(y)? = Ne(yj)Ne(x))? .
j=k+1

The action of G; on R is a polynomial gluing of Sp,,, _».(F,;) and GL(F,). Using the Carlisle-
Kropholler generators for the symplectic invariants, the gluing construction and Theorem 3.10,
we see that the ring RY% is the complete intersection generated by c’l;k fori=1,...,k, 3i,2m—2k for
i=1,....m—kand & fori=1,...,2m— 2k — 1. Using the expansion of N (z) in terms of the
Dickson invariants and the fact that Ny (x;) = 0 for i < k gives

- " k k—0 ~ k k—s ~ d k k—0 ~ qj
& = ), (ijl- dy k) (ZYZI- ds,k> - (Z)’? yde.,k> (ZX sk>
j=1 /=0 s=0 /=0

mn k k 4 k +i k—s+i k—{ [

k—{ s+i —s+i I\ ~ o~

_ q q q
=220 ( XY ) dygd g

ji=1 (=0 s=0

~.

which gives

) = N dad Y e dde,
{>s—i l<s—i
Therefore the E lie in the algebra generated by the &; and the szk Since d~,~72m_k € RY%, these
invariants can be re-written as polynomials in c’l:k fori=1,...,k, Ei,Zm—Zk fori=1,....m—k
and & fori=1,...,2m — 2k — 1. Using the Kuhn-Mitchel generators for the parabolic subgroup
of GLyy,—(Fy) assoc1ated to the partltlon (2m — 2k, k) and comparmg degrees, d; yn—ox for i =
1,...,m—k can be be rewritten using d,72m,k fori=1,...,m—kand d, kfori=1,... k. O

Corollary 5.12. The ring F,[V]9' is a complete intersection.

Proof By Theorem 5.11, Fq[V]gl is generated by &;,...,&m 1, d~172m_1,...,d~m_172m_1, di om
and d1 1= xl ! Define

1 ~ ~
He={x1"&,. .. .¢n1,diom—1,- - dn—12m—1,d1 2m}

i—1
and let b denote the ideal in F, [V]g1 generated by H. We will show that ézqn;_ll € bhand 52‘1,;_ ;€ b
for j =2,...,m. From this it follows that H is a homogeneous system of parameters and that
the resulting module generators are monomials in &,,, ..., &>, 1. Since the order of the group is
2

q" (g— 1 ITY, '(g* = 1), the product of the degrees of the elements of 7 is

q(3m 1) m/2 2 H

and the ring is Cohen-Macaulay, we need (g — l)q’”(’"’l)/ module generators. Therefore, there
are no further relations and F,[V]9' is a complete intersection.
Lemma 5.10 with k = 1,7 =0 and j = 0 gives
2m—1

xiNi(y1) Z€2m 1oy om-1 = Eam- 1+Z§2m 1 edg om- 1+Z§sd2m s—1.2m—1-
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Therefore x|N;(y1) — &am—1 € b. Furthermore dj 2, = &,qu’zmil — Ni(y1)?~'. Hence 62"";11 =
(1N (y1))? ! €. ,

Equation 2 above with k=1 and i € {m,...,2m —2} gives &, = £ — §i+1x(f71 - éi,lxgq_l)ql +
é,-x(lq_l)(qlﬂ). Therefore éiq =y Ei. Using the notation of the proof of Theorem 5.11 with k =1,
RY! is a complete intersection with the relations coming through the gluing isomorphism from
the Carlisle-Kropholler relations for Sp,,,_»;(F,). Define

_ - = = _
He={x1"&,... ¢, 2.diom2,...dn-22m2}.

an let h denote the ideal in RY generated by H.Thenh C hn RY'. Fori= 2m 2, we can
Zm 2—i Jj—2

use the Carlisle-Kropholler relations to show that 5 € b Cb. Therefore §2m 1= égm ;€D

for j =2,...,m, as required. |

Example 5.13. Consider the > type 2 parabolic for m = 2. By Theorem 5.11, the mvarlants are
generated by 51,52,53,611 z,dz 2,d1.4,d> 4 which have degrees q+ 1, F+1,43+1,¢>—q,¢> —
1,4* — ¢°,4* — ¢*. There are two natural choices for a homogeneous system of parameters:

Hi:={&1,8,d14,dr4},

Ho = {d12,dr2,d1 4,d24}.
For the first system of parameters, we need q(q*> +1)(q -+ 1) module generators and for the second
we need q*(q — 1)?(q+ 1) generators. Using the second system of paprameters, the module

generators can be taken to be monomials in the §;. Using the Carlisle-Kropholler relation for
F,[V]SP+(Fa), we have

El+di a8+ dr 4l = &1(&] g I L EIENIT = Eydyy.

This is essentially the translation of the relation T from [14] into this context. Let Yy denote
the ideal in F [V]G2 generated by H,. Since ds4 € F [d1 z,dz 2,d14,d> 4] the relation above
shows 53{1 € b. The translation of the relation Ty from [14] shows that 51 € b. The translation

of the relation Toy shows that (&5 gl _
additional relations, T\ o and Ty 1. These relations would translate to relations in degrees q4 —q

1q§3)q_] € bh. Conjecture 16 from [14] suggests two

and g* — ¢ +q*> — 1. We can use the the relation Ty to show that 532_1 is congruent modulo b to a
linear combination of smaller monomials in the &; (using the grevlex order with & > &y > &1). We
conjecture that the relation in degree q* — q can be used to show that &; 55127‘]71 is also congruent
to a linear combination of smaller monomials and that the relation in degree ¢* — ¢*> + ¢* — 1
shows that 51‘1 62‘127‘171 is congruent to a linear combination of smaller monomials. If true, by
counting independent monomials, these conjectures would show that F, [V]g2 form=2isnota
complete intersection. We have confirmed these conjectures for ¢ = 3 and q = 5 using Magma

[4].

Remark 5.14. To an arbitrary parabolic subgroup of Sp,,,(F,) we can associate a partition
of2m : A = (ry,...,re,2m—2k,ry,...,r1) with ry +---+r; = k. Let G, denote the parabolic
subgroup of Sp,,,(F,) associated to A and let GL; denote the parabolic subgroup of GLy,,(Fy)
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associated to the partition A. The ring F, V]S is a polynomial algebra generated by a collec-

tion of Dickson invariants. Since F,[V]9 is Cohen-Macaulay, it is a free F,[V]S%-module. We
conjecture that the module generators can be taken to be monomials in the & and that F,[V]%%

is generated by &y,...,Epy—1 and a subset of a generating set for F, [V]GL?L.

6. SINGULAR FINITE CLASSICAL GROUPS

In this section F will denote a finite field and 8 an alternating, symmetric or Hermitian form on
V. We suggest [45] or [46] for background material on finite classical groups. Define Gg := {ge
GL(V) | B(gv,gw) = B(v,w)¥v,w,€ V}. Take W to be the radical of 3, in other words, W, :=
{ueV|B(u,v) =0Vv €V} Take G| := GL(W;), W, :=V/W; and G, to be the image of Gg
in GL(W,). It is a straight-forward observation that Gg is the polynomial gluing G| x r( G2 with
M = homg(W,,W;). Furthermore, 8 induces a non-degenerate form on W,. This construction
reproduces the content of [31, §4.7]. Following the convention of Section 2, we denote m =
dim(W;) and n = dim(W5,).

If B is an alternating form, then 7 is even, G is isomorphic to Sp,,(F) and Gp is isomorphic to
GL,,(F) % o4 Sp,,(F). By the work of Carlisle and Kropholler [2, §8.3], we know that F[W,]5Px(F)
is a complete intersection and a unique factorization domain. Therefore, using Theorem 3.10,
we see that F[V] 5 is a complete intersection and a unique factorization domain. Note that in this
case, we can identify Gg with the subgroup of GL;4.n(F,) which fixes & := xjx§ —x{x; +--- +
Xy X0 —xz_lxn with F =F,.

If B is Hermitian, then G, is isomorphic to the unitary group U, (F) and Gg is isomorphic to
GL,,(F) x oq U,(F). By the work of Chu and Jow [17], we know that F[W5]U»(®) is a complete
intersection and a unique factorization domain. Therefore, using Theorem 3.10, we see that
F[V]® is a complete intersection and a unique factorization domain. Note that in this case,
we can identify Gg with the subgroup of GLy,(F,2) which fixes & := x’f“ + - x0T with
F= qu .

If B is symmetric and the characteristic of FF is not 2, then 3 is the polarization of the quadratic
form Q(v) := B(v,v)/2 and G, is isomorphic to the orthogonal group O,(F,Q). While there
are some partial results and conjectures concerning P[WQ]O"(F’Q), see [15] and [16], there is no
published refereed account of the general result. In characteristic 2, there is a breakdown in
the correspondence between quadratic forms and symmetric forms. We do have the work of
Kropholler et al. [33] which computes the ring of invariants for the orthogonal group associated
to a non-singular quadratic form on vector space over the field F,; in this context, the polarization
of the quadratic form is a possibly degenerate alternating form.

Example 6.1. Take q odd, n = 3 and consider the quadratic form A = x% —x1x3. Then G,
is O3(F,). The order of O3(F,) is 2q(¢* — 1) and F,[W1]%3F0) is a polynomial algebra with
generators in degrees 2, g+ 1 and q(q — 1), see [18] or [43). The generator in degree 2 is A and
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the generator in degree q+ 1 can be constructed by applying a Steenrod operation to A. Define

1 2¢ c?
E = 01 ¢ |c€IFq
0 0 1

Then E is a Sylow p-subgroup for O3(F,). The ring of invariants F, [W5)E is the hypersurface
generated by A and the orbit products of the variables, see [29] and, for the case g = p, [21]. Note
that we can identify Wy with the second symmetric power representation of SLy(Fy). The action
of SLy(F,) on W is not faithful; the image of SLy(FF,) in W5 is isomorphic to SL,(F,)/(—1) and
has index 4 in O3(F,) with coset representatives

-1 0 0
0 (—1) 0 |e1, e €40,1}
0 0 (~1)@

The ring of invariants of F, [Wz]SLZ(Fq) is a hypersurface with generators in degrees 2, q+ 1,
q(qg—1)/2 and q(q+1)/2, see [29] and, for the case q = p, [21]. It follows from Theorem 3.10
that the ring of invariants for GL,,(Fy) x pm O3(Fy) is a polynomial algebra and that the ring of
invariants for GL,,(Fy) X pm E and GL,, (Fy) X aq (SLo(Fy) /(—1)) are both hypersurfaces.

Example 6.2. Take q odd, n = 4 and consider the quadratic form u = x,x3 — x1x4. Then G is
O (F,). The order of O (F,) is 2¢*(¢* —1)? and F, (W] Ba) is a hypersurface with generators
in degrees 2, g+ 1, > + 1, ¢° — ¢* and ¢°> — q, see [15]. The generator in degree 2 is u and the
generators in degrees g+ 1 and g* + 1 can be constructed by applying Steenrod operations to u.
Define

1 ¢ ¢ ciea
L 0 1 0 )
E = 0 0 1 cl | (Cl,Cz) c Fq
0 0 O 1

Then E is a Sylow p-subgroup for O} (F,). The ring of invariants Fy[Ws| is a complete intersec-
tion generated by u, an element in degree q+ 1 constructed by applying a Steenrod operation to
u, and the orbit products of the variables: Ng(x4) of degree q°, Ng(x3) and Ng(x3) of degree g,
and x| (see [25]). Let E| denote the subgroup of E of order q corresponding to taking co = 0. It
is easy to show that IF, [Wh]E1 is the hypersurface generated by u and the E1-orbit products of the
variables; this calculation can also be interpreted as the n = 2 case of [3, Theorem 2.4]. Let E,
denote the subgroup of E of order q corresponding to taking c; = 0. Since E; is conjugate to Ej,
F,[V]E2 is also a hypersurface. Note that there is vector/covector action of GLy(F,) on Wy with
E\ as the image of the Sylow p-subgroup. It follows from [14] that F, [WQ]GL2(F4) is generated
by u, uy = xg)g —x‘fx4, u_| = xzxg —xle, and Dickson invariants: dyp and d» in the vari-
ables x1 and x>, and df 5 and dik,z in the variables x3 and x4. Furthermore, while F, [WZ]GL2(F‘1)
is Gorenstein, it is not a complete intersection. Let B denote the upper triangular subgroup of
O (Fy). It follows from [3, Theorem 2.4] that Fy[W5]® is the complete intersection generated
by u, uy, u_i, x?_], and Ng(x;)4~! for i = 2,3,4. There are two equivalence classes of maximal
parabolic subgroups for OI (Fy). One is represented by GL(F,) = E» using the vector/covector
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action of GLy(F,) and the other is represented by C, < B, where C, acts by exchanging x, and
x3. The ring F, [W1]€2"B is the complete intersection generated by u, uy, u_1, x?_l, Ng(x4)471,
Ng(x2)97 '+ Ng (x2)4~ " and Ng (x2)7~ ' Ng (x2)97 1. The ring F,[W2] 2 F0)*E2 js Cohen-Macaulay
and is generated by dy 5, dy > and the five generators for F, [Wl]oj( (Fy), If H is any of the above
subgroups of OI (Ey), the results of Section 3 can be used to deduce properties of the ring of
invariants of GL,,(Fy) x pm H.

Recall that a group G acts on V' as a rigid reflection group if every isotropy subgroup acts on
V as a reflection group (see, for example, [23]).

Theorem 6.3. If F[W>]°2 has a homogeneous geometric separating set of size n then E[V]6 has
a homogeneous geometric separating set of size m~+n and Gg acts on 'V as a rigid reflection

group.

Proof. Since G| Xy G, is a split polynomial gluing and F[W;]¢1 = E[W;]S4W1) is a polynomial
algebra, it follows from Theorem 3.11 that F[V]Gﬁ has a homogeneous geometric separating set
of size m+ n. It then follows from [23] that G acts on V' as a rigid reflection group. |

Example 6.4. In this example, we consider an alternating form with n = 4. We will show that
F, [Wz]Sp‘*(Fq) has a homogeneous geometric separating set of size 4 and therefore, using the
above theorem, GL,,(Fy) X a1 Sp4(Fy) acts on'V as a rigid reflection group. Using the work of
Carlisle and Kropholler [2, Section 8.3] we know that T, [WQ]SP“(F‘?) is the hypersurface generated
by dy 4,d24,81,&2,E3 subject to the relation

2
E 4 di 48] +dral] = & (ET T - 1 e

Write & ( ]q2+1 — 2q+1 + 5?53)’]_1 = 0p+ 51‘](06153 44 Oﬂq—lgglil) Jor o; € Fq[él;éz] and
define f:=dpa— (&3 + -+ aqfléf_l) so that &) = oy — dy 4&] — fE]. We will show that
{f.d14,E1,8} is a homogeneous geometric separating set for Fy [W;]5P4(Fa) Let F, denote the
algebraic closure of F, and define Wy =W, QF, Fq. Since §3q and &3 separate the same points
in W, the value of & at any point w € W is determined by the values of {f,dy 4,&1,&2}. It then
follows from the definition of f that the values of { f,d\ 4,&1,&} on w determine the value of d; 4
on w. The conclusion then follows from the fact that the generating set is a geometric separating
set.

7. PARABOLIC GLUING
Consider a vector space W over F with a flag
F=(FHW)={0}, h(W),R(W),....F,(W) =W)

so that F;(W) is a proper subspace of Fi1(W). Let Pr denote the parabolic subgroup of GL(W)
consisting of invertible linear transformations which stabilise the flag. Define M r to be the
subset of homg(W, W) consisting of linear transformations consistent with the flag F, i.e.,

Mz ={¢ € homg(W,W) | ¢(F;(W)) CF,(W)fori=1,...,¢(}.
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Choose G and G, to be subgroups of Pr and take Wy = W, = W. Then M r is a left FG,/ right
FG, sub-bimodule of homg(W,W) and we may form the parabolic gluing of G to G, through
Mz, which we denote by G| X  G.

For the rest of this section, we assume F = F, so that G; x 7 G; is a finite group. If we
choose a basis for W which is consistent with the flag F then the matrices representing M r
are block upper-triangular with diagonal blocks of size n; x n; where n; = dim(F;(W)/F,_(W)).
Denote ry = nj + - --+n;. We continue to denote the basis for W;* by {yi,...,y,} and the basis
for W by {xi,...,x,} and assume the bases are consistent with the flag. Taking the dual of
the surjection from W to W /F;(W) gives an inclusion of (W /F;(W))* into W*. Define U; to be
the image of (W /F;_(W))* in Wy". Thus U; = Spang, {xi,...,x}, U, = Spang, {xn 41, -, xn},

Us = Spang, {Xu 4n,+1, -, %}, and so on. Define N;(t) := [ [, (t +u). Then

L

H = {xl, ... ,xn}U (U {Ni(yj) | ri1 < j< r,-})
i=1

is a generating set for F, [V]Mf and any basis for V* consistent with the flag is a Nakajima basis

for V as an F; M r-module. Since G, stabilises the image of (W /F;_{(W))* in W5, we see that

G» acts trivially on
l

QFNi(y)) | i1 < j <ri
i=1

A

and F,[V]M = A®F,[W>]. However, in general, the algebra isomorphism from F,[W;] to A which
takes y; to N, (y;) is not Gi-equivariant. For example, if we take n = 2 and choose the partition
(1,1) then A = Fy[N;(y1),N2(y2)] where Nj(y;) has degree ¢g* and N>(y2) has degree ¢. If Gy
contains an element g such that y; - g = y; + y», then

Ni(1) -8 = Ni(n) +Nal2)? + (di2(x1,32) +4 ) Na(ro).
Remark 7.1. The algebra isomorphism

Fq[Wl/Fz(Wl)] - Fq[yri—O—lv cee a))n] — Fq[Ni+l (yri—l-l) cee 7Ni+1 (yn)]

which takes yy to Ni11(yy) is Gy-equivariant — compare with Example 2.1.

We will say that a sequence of homogeneous polynomials fi, f2,..., f, € F,[Wi] is consistent
with the flag F if f; € Fy[y.+1,...,ys] Whenever r; < j < riy1. In this case we write f; for the
polynomial formed by substituting N (yx) for yi in f;.

Theorem 7.2. Suppose Fy[W1|%1 =TF,[f1,..., fa] where the sequence of homogeneous polyno-
mials fi,..., [, is consistent with F and Fy[W2]? =F[hy,. .., hy] for homogeneous polynomials

Riy... hn. Then By[V]O G =F [f1,..., o, h1,. .. ha).

Proof. First observe that, since G; stabilises the flag F, we have {f},...,f,} C F[V]G1*7C2,
Furthermore, if r; < j < ri41, then deg(f;) = ¢" ' deg(f;).
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For an ideal  C F,[V], let V(I) denote the variety in V =V @ F, cut out by . Since F,[W;]% =

Fglfi,-- -, fu], we know that [[_, deg(f;) = [Gi] and V({f1, ..., fu)) = V((V1,.- -, ¥n)) (see Cor-
rollary 3.2.6 and Lemma 2.6.3 of [12]). Similarly, since F, [W,]62 = Fylhi,...,h,), we have

[1j-1deg(h)) = |Ga| and V((h1,..., hn)) = V((x1,...,%)). Observe that if w € V((x1,..., %))
then f]( w) = (fj(w))? "' whenever r; < j < ri,1. Hence

V<<f17"'7ﬁ17h17"'7hn>) :V(<y17"'7yn7xl;"'7xﬂ>>

and {]71, e ,f;l, hi,...,h,} is ahomogeneous system of parameters. It follows from the construc-
tion of f; that

4
Hdeg fj)deg(h Hdeg fiydeg(h) | T[(@" 1) =G| |Gal - IMF| = |Gy % 5 G-
j=1 j=1 i=1
Thereforqu[V]GleGZ:Fq[fl,...,ﬁ,hl,...,hn]. O

Example 7.3. Suppose G| = Pr. By choosing a basis for W consistent with the flag we can
think of the elements of Pr as block upper-triangular matrices. Let Ur denote the subgroup
consisting of the elements whose block-diagonal entries are 1,,. Then Ur is a p-group and a
normal subgroup of Pr. A generating set for F, (W7 is given by
l

U {ds,n,- <N[7]__ (yj) |ri1<j< ri> |s= 1,...,1’1,’}

i=1
where the Dickson invariants d ,, are evaluated on the indicated n;-tuple of orbit products (the
resulting polynomial is independent of the order). To see this observe that the polynomials are
invariant, homogeneous, algebraically independent and the product of the degrees is the order of
Pr. This construction is essentially the result of iterated polynomial gluing — compare with [28],
[34], and [37]. Since dy, <N(7f (vj) €EFqlyr (+1s---.Yn) whenever ri_y < j < r;, the hypotheses
of Theorem 7.2 are satisfied whenever F, [WZ]G2 is a polynomial algebra.

Theorem 7.4. Suppose Fy(W1)%' =F,(f1,..., f) where fl, ., Jn 18 a sequence of homogeneous
polynomials consistent with F. Then Fy(V)61*762 = (fl, o f) @F,(Wa) @2,

Proof. As in the proof of Theorem 7.2, first observe that {fi,..., f,} C F,[V]61*762. Also
observe that the image of ]7] — f;’nil lies in the ideal (x1,...,x,) whenever r; < j < ri;1. Therefore
Fq(fh I 7]711) ®Fq(W2)G2 - Fq(V)GIXIG2'

Since G; and G, are subgroups of Pr, we have F,(W))P* c F,(W))%" = F,(f,...,fs) and
F,(W2)F7 C Fy(W)92. It then follows from Example 7.3 that

F,(V)EF*FPE C B (fi,.. ., fa) @B (Wa) 92 C B (V)G FC2 C B (V).

Therefore F, (f] S ®F,(W2)% CF (V)ls a Galois extension with Galois group H satisfying
PrXyPr>H> G xx G, and Fy(V)H (fl, ) ®F,(W2)¢2. To complete the proof,
we need to show that H < G| X r G». Suppose (h1,9,hy) € H with h; € Pr and ¢ € M x. Since
fj €F,(V)H, we have f] (h1,Q,hy) = fj It then follows from Remark 7.1 that f;-h; = f;. Since
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this true for every j, by Galois Theory, we have h; € G,. For any f € F,(W»)%2 C F,(V)H, we
have f = f- (h1,@,hy) = f - hy and, therefore, by another application of Galois Theory, /1, € G».
Since h) € G| and hy € G, we have (hy, @, hy) € G| X r Gy, as required. O

Example 7.5. Choose a basis consistent with the filtration F and let G| be a subgroup of GL(W)
represented by a subgroup of the upper triangular unipotent matrices using this basis. Then G
is a p-group and a subgroup of Pr. Using the Campbell-Chuai construction from [8] gives a
generating set f1, f2,..., fn for the field of fractions Fq(Wl)Gl which is consistent with F. If
G, is any subgroup of Pr then the hypotheses of Theorem 7.4 are satisfied and ]Fq(V)Gl XFGy —

Fq(flu cee 7.?;1) ®FQ(W2)62'
8. DIAGONAL GLUING

Suppose we have a gluing with G = G; = G,. Embed G in G x G using the diagonal map:
g — (g,8). Restricting the gluing to the image of the diagonal map gives a subgroup of G X 4
G which we denote by G4 and refer to as the diagonal gluing of G through M. Note that
homg (W5, W;) is a left FG-module with the action given by ¢ +— g- @ -g~! and M is an FG
submodule. Furthermore, G is isomorphic to the semi-direct product G < M. There is an
action of Gyg on V. =W, &W, given by (g,¢)- (w1 ®wz) = (g-wi+@(wy))® (g-wy). Since M
is a normal subgroup of G v , we have F[V]9M = (F[V]M)C . If there is a G-equivariant algebra
isomorphism y : F[V] — F[V] then the gluing is polynomial and y induces an isomorphism
from F[V]C to F[V]oM,

Example 8.1. Take F =F,, G = GL,(F,;), Wi =W, = Fy, and M = homg, (W1,W,). Then we

have a split polynomial gluing, see Example 2.1. In general, computing F, [Pg &) FZ]GL"(EJ) is a
difficult problem. However, the field of fractions Fq(FZ @FZ)GL"(Fq) is rational over Fy and a
generating set is given in Section 3 of [44]. Applying the gluing isomorphism gives a generating

set for Fq(Fg @ FZ)GL" (Fg)m proving that this field is also rational over F,.

Example 8.2. Take F =F,, G = GL,(F,), Wi =F}, W, = (F})*, and M = homg, (W, W2). Then
again it follows from Example 2.1 that we have a split polynomial gluing. A generating set for
Fy[F; @ (F’;)*]GL"(Fq) was computed in [14]; the ring is Cohen-Macaulay but not a complete
intersection. Applying the gluing isomorphism gives a generating set for F, []FZ D (PZ)*]GLn(FCI)M
and shows that this ring is also Cohen-Macaulay but not a complete intersection.

Example 8.3. Take F =F,, G = C), (the cyclic group of order p with q = p"), Wi =V, Wo =V,
(indecomposable F,Cp,-modules) and M = hoqu(Wz,Wl). It follows from Example 2.1 that
the gluing is split polynomial. Generating sets for Fy[V,, ® VS are known for m,n < 4, see
[47]. In each case, applying the gluing isomorphism gives a generating set for Fy[V,, &V, (Coa,
By the celebrated formula of Ellinsgrud and Skjelbred (see [24] or [19, §3.9.2]) the depth of
Fy[Vin ® VS is 4 as long as m+n > 3. Since the the gluing preserves the augmentation ideal,
this also holds for B[V, @V, () .

Example 8.4. Take F =F,, G = C, and Wy = W, =V,,. Let 1 denote the one dimensional sub-
module of homg, (V,,Vy,) given by scalar multiples of the identity function. The ring Fy[V, ® /AL
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is polynomial for n = 1, a hypersurface for n =2 and not Cohen-Macaulay for n > 2. Therefore
the gluing in not polynomial for n > 1. However, the field of fractions F,(V, @ Vn)1 is rational
over Fy. Define uj .= yjxj—y;x| for j=2,3,....nand N := yi’ —ypc?_l. Using the Campbell-
Chuai construction from [8], we have Fy[V, & V]V x[ '] = Fylxt, ..., %0, N,u, ..., un)[x; '], Let
g denote a generator for C, and choose bases for W\ and W, so that xjg = xj+x;_1, y;g§ =
yj+yj-1 for j > 1, xig =x1 and y1g = y1. Then SpanFq{uz,...,un} is isomorphic as an
F,Cp-module to V" | and N € [V, & V,]L. Therefore FyV, ® V,] 1 [x;] is isomorphic to
F Va1 Vi &V, [xl_l] where the isomorphism is induced by the Cy,-equivariant map taking
Spang, {uz,...,un} GEN SV 10V, &V BV,
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