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Abstract

This paper develops maintenance policies for a system under, condition’ monitoring. We assume that a
number of defects may develop and the degradation processcof each defect follows a gamma process. The
system is said failed if a linear combination of the degradation processes exceeds a pre-specified threshold.
Preventive maintenance is performed. The system is renewed after several preventive maintenance activ-
ities have been performed. The main objective of this paper is to optimise the time between preventive
maintenance actions and the number of the prevemtive maintenance. Numerical examples are given to

illustrate the results.

Keywords: (T) maintenance; gamma progess; geometric process; preventive maintenance; condition-based

maintenance

1 Introduction

Condition-baséd mainténance has been extensively studied in the reliability literature due to the
emergence of/advanced condition monitoring and data collection techniques. Many papers have
been published either to model the degradation processes of assets (Si, Wang, Hu, Zhou, & Pecht,
2012; Ye.& Chen, 2014; Deng, Barros, & Grall, 2016; Zhao, Liu, & Liu, 2018) or to optimise
maintenarice policies (Caballé, Castro, Pérez, & Lanza-Gutiérrez, 2015; Liu, Wu, Xie, & Kuo,
2017; Zhao, Xu, & Liu, 2018). For a comprehensive view of the development in condition-based
maintenance, the reader is referred to review papers, see Si, Wang, Hu, and Zhou (2011); Alaswad
and Xiang (2017); Zhang, Si, Hu, and Lei (2018), for example.
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A number of degradation processes have been considered in condition-based maintenance related
literature. Many authors investigate different maintenance policies when they consider only one
degradation process such as the gamma process (Caballé & Castro, 2017), the Wiener process
(Sun, Ye, & Chen, 2018), the inverse Gaussian process (Chen, Ye, Xiang, & Zhang, 2015), and
the Ornstein-Uhlenbeck process (Deng et al., 2016). Some consider condition-based maintenance
policies for assets suffering a number of degradation processes. For example, Caballé et al. (2015)
proposes a condition-based maintenance strategy for a system subject to two dependent causes
of failure, degradation and sudden shocks: The internal degradation is reflected by the presence
of multiple degradation processes in the system, and the degradation processes start at random
times following a non-homogeneous Poisson process and their growths are modelled by using a
gamma process. Huynh, Grall, and Bérenguer (2017) consider maintenance policies monitored by
a process of the average of several degradation processes.

In this paper, we consider a system on which many different types of defécts develop over time.
If a linear combination of the degradation processes exceeds a pre-specified threshold, the system
is said failed. There are many examples behaving like that in thesteal world. For example, on
a pavement network, several different types of defects, such as fatigue /cracking and pavement
deformation, may develop simultaneously. The mechanism of theseydefects are different: fatigue
cracking is caused by the failure of the surface layer or base dué to repeated traffic loading,
and pavement deformation is the result of weakness inone or more layers of the pavement that
has experienced movement after construction (Adlinge=&Gupta, 2013). As such, from a data
modelling perspective, the deteriorating processespof these defects are different in the sense that
the parameters in the degradation processesnay\differ. Furthermore, both the approaches to
repairing these defects and the cost of repairing them differ from defect to defect. In a civil
engineering related journal, Shah, Jain, Tiwari, and Jain (2013) propose a linear combination
of defects of pavement condition indéxesyand suggest that a pavement needs maintenance once
its combined condition index exceeds a pre-specified threshold. But they did not discuss how the
maintenance policy may be pecrformed.)It should also be noted that such deterioration might cause
a partial loss of system functionality. As such, there is no need to overhaul or renew the entire
system unless it has experienced’a number of preventive maintenance.

Inspired by the above real world example, this paper develops maintenance policies for a system
with a number of degradation processes. Preventive maintenance (PM) is conducted on the system.
The effectiveness of th. PM is modelled by the geometric process (Lam, 1988). Costs of repairing
different defécts during a PM are different and, if the linear combination of the magnitudes of a
set of defects, exceeds a pre-specified threshold, an additional cost (or cost of failure) is incurred.
A replacement is carried out once the number of PMs exceeds an optimum value.

The remainder of the paper is structured as follows. Section 2 introduces the notations and
assumptions that will be used in the paper. Section 3 derives the distribution of the first hitting
time and considers random effects on the degradation processes. Section 4 derives maintenance
policies and proposes methods of optimisation. Section 5 illustrates the maintenance policies with

numerical examples. Section 6 offers discussion on some of the assumptions used in this paper.



Section 7 concludes the paper.

2 Assumptions

This paper makes the following assumptions.

A1l). Defects of n types develop through n degradation processes on a system, respectively.

A2). The system is new at time ¢ = 0.

A3). Two types of maintenance are taken: preventive maintenance and a complete replacement of
the system. The preventive maintenance restores the system to a state between a good-as-new
state (which is resulted from a replacement) and a bad-as-old state (which is/resulted from
a minimal repair) and is modelled using a geometric process. The replacementycompletely
renews the system.

A4). Preventive maintenance is carried out every 7" time units (7' > 0) and preventive replacement
is performed at the time of the N-th PM.

A5). On performing maintenance actions during a PM, a sequence of costs are incurred. Repairing
the k-th (k = 1,2,...,n) defect incurs two types of cost: & fixed ¢ost, and a variable cost
that depends on the degradation level of the k-th defect. &urthermore, if a linear combination
of the magnitudes of a set of defects exceeds a pre-specified threshold, an additional cost is
incurred.

A6). Maintenance time is so short that it can be neglected.

3 Model development

Van Noortwijk and Klatter (1999) optimise-inspection decisions for scour holes, on the basis
of the uncertainties in the process of occurrence of scour holes and, given that a scour hole has
occurred, of the process of current-indueed scour erosion. The stochastic processes of scour-hole
initiation and scour-hole deyélopment are regarded as a Poisson process and a gamma process,
respectively. Lawless and Crowder (2004) construct a tractable gamma-process model that incor-
porates a random effect’and fit the model to some data on crack growth. In the following, we make
similar assumptions@s those'in Van Noortwijk and Klatter (1999): The stochastic processes of the
initiations of defects andthe stochastic processes of the developments of the defects are regarded

as Poisson processes and gamma processes, respectively.

3.1 Medelling*the occurrences of the defects

Denote 77, T5, ... as the times between successive occurrences of the defects, where 17,75, ... are
an infinite sequence of non-negative real-valued random quantities. Assume the defect initiation
follows a homogeneous Poisson process. Similar to the assumptions made in Van Noortwijk and
Klatter (1999), we assume the defect inter-occurrence times are exchangeable and they exhibit
the memorylessness property. That is, the order in which the defects occur is irrelevant and the



probability distribution of the remaining time until the occurrence of the first defect does not
depend on the fact that a defect has not yet occurred since the last maintenance. According to
Van Noortwijk and Klatter (1999), the joint probability density function of 77, T, ...., T}, is given
by

tr
Py Ty, T (B s € / H — exp (_)\) p(A) dA, (1)

where (t1,ts,.....,1,) € R}, p(\) = F(V),u”)\’(”“)e ”/Al{»o}, i and v are parameters that can

be estimated from given observations, 1{x~oy = 1 if A > 0 and 1{~0y = 0 otherwise. With the
constraint T, T, ....,T,, < T, we assume that the n defects occur during the time interval (0,7).
For those defects occurring within other time intervals (kT (k + 1)T) (for k=1,2,.4.,), a similar
joint probability density function can be derived.

3.2 Degradation processes

We consider the situation where n types of defects may develop and deénote their degradation
processes by {Xx(t),t > 0} (k =1,2,...,n), respectively. That is, X(¢) is the deterioration level
of the kth degradation process at time ¢t and {X(t), k=1,...,n} are indépendent with resepct to
k.

Assume that X (¢) has the following properties:

a) Xx(0) =0,

b) the increments AXy(t) = Xi(t + At) — Xy (t) are independent of ¢,
c) AXj(t) follows a gamma distribution Gamma(ap(t+ At) — ag(t), B) with shape parameter
ag(t+At) —ag(t) and scale parameter [y, whereye,(t) is a given monotone increasing function
in ¢t and a4 (0) = 0.
X, (t) follows the gamma distribution Gammafay(t), B;) with mean Byay(t) and variance S7ay(t),

and its probability density function‘is given by

ﬁlzak(t)

2or®)=1,—z/Bkq £>0bs 9
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where T'(+) is the gamuha function: T'(2) = [7° u*te " du.
Suppose that the system is said failed as long as a linear combination of the magnitudes of the
n defects exceeds a pre-specified threshold. We consider that the overall degradation of the system

is represented by

t)=> beXi(t), t>0, b,>0, (3)

where by, (with by > 0) is the weight of defect k. Denote Yy (t) = by Xk (). Then Y (t) = 31, Yi(t)
and Yy (t) has pdf f(x; ag(t), bxSr).
Then the expected value and the variance of Y (¢) are given by

E(Y () = g: br B (), (4)



and

var(Y Z b2 Biay(t) (5)

respectively.
Furthermore, the overall degradation process {Y(¢),t > 0}, given by Eq. (3), is a stochastic
process with the following properties.
a) Y(0) = Xy bk Xk (0) = 0,
b) If the increment A Xy (t) = Xi(t+At)— X (¢) is independent of ¢, then AY (¢) = Y7, bp AXk(?)
is independent of t as well,
According to Moschopoulos (1985), the density function of Y (¢) can be expressed by

gy (y) — D(t) i Wyp(t)%*lefy/ﬁo y >0 (6)
v & T(olt) +5) | |

where By = minj<x<, bxfx. D(t) and p(t) are given by
n 50 ag(t)
== _— , 7
1(5.5) g

= Zi:@k(t), t >0, (8)

respectively, and (i41(¢) (for £ =0,1,2,...) is obtained i a recursive way as

and

Ck+1 k;—i— 1 Z]ﬁj Ck+1 —J t)

with (o(t) = 1 and 7, (t) being given by

In the special case that bgfy = bS5 for all k, then Y (t) ~ Gamma(}}_, ax(t),b5). That is, if

b B, = b for all ky {¥{t),t > 0} is a gamma process.

Example 1 We consider a system subject to three degradation processes { X1 (t),t > 0}, {Xa(t),t > 0}
and {X3(t),1 > 0Fpréspectively. These degradation processes start at random times according to a
homogeneous, Poisson process with parameter A = 1. The degradation processes develop according

to a non-homogeneous gamma process with parameters a; = 1.1, 5, = 1.1, ay = 1.2, /82 = 1.2 and
az = 1.3, 85 = 1.3. Figure 1 shows these degradation processes and the process Y (t) = j:l b; X;(t)
with by =1, by = 0.8, and by = 0.9, respectively.



Fig. 1. Realisation of three degradation processes and a linear combination of them.

3.2.1 First hitting time

To characterise the maintenance scheme of this system, the(distribution of the first hitting time
of the process {Y(t),t > 0} is obtained. Starting from Y (@) = O\and for a fixed degradation level
L, the first hitting time o, is defined as the amount of time required for the process {Y (), > 0}
to reach the degradation level L, that is,

o =inf(t 0:Y(¢t) > L).
The distribution of o, is obtained by

F,, (t) = P(Y.(A L)

= LOOgY(t>(y)dy
= - Ck(t)ﬁo_p(t)_k p(O)+k—1_—y/Bo
PO Tmam
o0 —p(t)—k 00
o (ST )
— D(1) i Wf’fﬂ%rump(t) kLB, (9)

where I'y(p(t) + k, L/ o) denotes the upper incomplete gamma function and is given by

Luip(t) + k,L/Boy) = /L/ﬁ 2POFk=Le=2
0

We can link the probability distribution F,, () with the probability distributions of the first hitting
times of the processes Xy (t)(k = 1,2,...,n) that compose Y (t). That is, F,, (t) can be expressed



by
F ZC’C ULk 7 tZOa

where Fi» (t) denotes the distribution of the ﬁrst hitting time to exceed L for a gamma process
with parameters p(t) + k and Sy, where p(t) is given by Eq. (8) and £y = minj<g<y, b Sx-

3.3 The process of repair cost

Cost of repairing different effects, such as fatigue cracking and pavement deformation in a
pavement network, may be different. Denote ¢, as the cost of repairing the kth defect with
deterioration level y. We assume that this cost is proportional to the deteriorationnlevel, that is,
Cky = YCr, Where ¢ is the cost of repairing the kth defect per unit of deterioration.We define
U(t) = > p_; cx Xk(t) as the total repair cost at time ¢. Then {U(t),t > 0} is the cost growth process
and c; Xy (t) has pdf f(x; ag(t), cxfr). The expected value and the variance'of U(#) can be obtained
by replacing by with ¢; in Eq. (4) and Eq. (5), respectively. The pdfaef U(t) = > _; cx Xk(t) can
be obtained via replacing by with ¢ in the pdf of Y in Eq. (6).

The covariance between Y (t) and U(t) is given by

Cov(Y( Z Zbkcjcov (X (1), X;(1)). (10)

k=1j=1

Since Xy (t) for k = 1,2, ... are independent, cov(Xu(t), Xj(t)) = 0 for k # j, then
Cov(Y( Z brero (1) B2 (t). (11)

In most existing research when the miaintenance cost of one degradation process Y'(¢) is discussed,
once the magnitude of the degradation ¥(t) is given, the associated cost of repair may be ¢, Y (1),
which is proportional to Y (¢)(where ¢, denotes the cost of repairing a unit of Y'(¢)). However, in
our setting, U(t) forms a stochastic process, which is not proportional to Y (¢). This is because
there are many different‘eombinations of Y () that can be summed up to obtain the same value of
Y (t). Correspondingly, the different Y}, (¢)’s incur different repair costs ¢, with £ =1,2,...,n. As
such, for a given ¥7(¢) at & given time point ¢, its associated repair cost U(t) is a random variable
that may not_haye a linear correlationship with Y'(¢).

The following result gives the probability density function of the cost of repair, conditioning on
the assumption-that the linear combination of the degradation processes exceeds the pre-specified
value L.

Lemma 1" The conditional probability fu )y ) (y, 2) is given by

fotow (v w) = al ] ( (1= i(behy + cuta) ) )eitlwmdtld@. (12)

429y () (y) 9y (t)



Proof. The characteristic function of the bivariate vector (Y (¢),U(t)) is derived by

by ),u@)(t, t2) = Elexp(it, Y (t) +ityU(t))]

= Elexp(ity Zn: b X (t) + ity Z": e X(t))]

exp Z bktl + thg Xk( )]

I
s

Elexp(i(bgt1 + cxta) Xi(t)]

B
Il
—

s

Ox, (1) (Drt1 + crta). (13)
k

Il
i

Since ¢x, ) (brt1 + crta) = (1 — i(byty + cita) By, D=® | we can obtain

Srwuwy 4 / / Oy v (tr, t2)e MY Aty dty
B 477'(2 /_ /_ <H Ox(r) (it + th2)> “rw e gt dty
4 T / / ( 1 — Z bktl + thg)ﬂ )_ak(t)> B_itly_itQU dtl dtg (14)
T

Hence, the conditional probability fu v« (y,w) is given by

_ fY(t U(t)(y7 )
gY(t)(

= ) / / ( (Y= i(bty + cuta)Bi) ™ )e“lyit?udtldtg, (15)

JTowyyw(y,u) =

where gy (y) is given by Eq. (6). This establishes Lemma 1. [ |

3.4 Incorporating random/effect

It is known that randofn environment may affect the degradation processes of a system. For
example, the deterioration processes of the defects on a pavement network may be affected by
covariates such as the weather condition (the amount of rainfall) and traffic loading. If it is
possible_to colleet weather condition data (eg., the amount of rainfall in a time period) and traffic
loading data, one may incorporate co-variates in the modelling. In addition, we may also consider
random effects to account for possible model misspecification and individual unit variability.

Bagdonavicius and Nikulin (2001) and Lawless and Crowder (2004) consider covariates in a
gamma process. When incorporating covariates, represented by vector z, for example, Bagdonavicius
and Nikulin (2001) incorporate ay(t) with ay(te* °) (where 27 is the transpose of z), Lawless and
Crowder (2004) replace Sy with fi(z), in which z has the effect of rescaling X (¢) without changing



the shape parameter of its gamma distribution. f;(z) may have a regression function expression
such as f[x(z) = exp(B87z), where 37 are regression coefficients. In the following, we adopt the
latter method and assume a degradation process {X/(t),t > 0}, which takes both covariates and
random effects into consideration. Then, X} (¢) has density function f,(2'; (), woSz k), where wy
is a random effect and $3, ;. represents f;(z). One may assume that w = wy ' has gamma distribu-
tion Gamma(y~!, ) and density function g,-1 5(w) = %w‘s_le_w; w has mean % and variance
o2 = %. If (X7, X%, ..., X! wp) has joint density h(z1,x,. .., 2,,w), then the conditional density
of X1, X),..., X! given wy = w, is

h(xy, 2o, ..., &y, w)
9y-1.5(w)

h0($1,x2,...,$n|w) = (16)

For given weather conditions and traffic loading, one can regard Xi, X/, ...,X/ as independent.
That is, X7, X}, ..., X! are conditionally independent given wy = w. Then,

h(z1,22,...,Zn, w) =ho(z1, 22, ..., Tp|w) g5 (W)

_97175(11))]}2‘[ hk(xk|w) (17)

(B5) kO (1)1

Since h(zx|w) = “T(an®) Tk

then

n

+oo
fo(zy, 29, ... 2) = /0 Gy—15(w) H hi(zw) daw
k=1

Bz,k )—Ock(t)

_ o (p G | e
_/0 (H T (old)) Ly )6 * gy 5(w) dw
T ﬁz_,sk(t) (1)1 o S+p(t)—1
‘(H eyt | h e e
C(ax(t) " o T(6) 3

< PLI 5+ p(t)) (»H_ nog >6+p(t) ﬁ B;]‘:k(t) g;gk(t)*l a8)
i1 Bek i D(a(t)) ,

3.4.1 First hitting time
Next, we compute the first hitting time of the process {Y(¢),t > 0} to exceed a degradation
level L. Let
op=inf(t >0:Y(t) > L).

10

LTS
e = if (X7, X5, . X0 hhas joint density function fo(xq, xo, . . .

L),



Then the probability distribution of ¢, is given by

n

+0o0
/ / / Gy 5(w H (xg|w) dwdzy... dx,

Zk 1 s Xk (t

According to Moschopoulos (1985), we have

S e Xp()>L (

where gg/(t)(y) is obtained following the same reasoning as that for Eq. (6), that is,

Bz.k *ak(t)

0S| Tk —
T ) ak(t)l) e 2 Pz day... doy :/L 9§/(t)(y) dy,

||::]:

[ (?))

/ Cz7k<t> (ﬁz O/w) pll pz(t)+k—1 _—wy/Bz.0
o(y) = D.(t °,
QY()(?J) ()kz::o T(p ()—I—k) e

and D, (t), ¢,x(t), p.(t) and B, are obtained by replacing (8 with 3, in the definitions of D(t),

Ck(t), p(t) and By, respectively.
Finally, we obtain

B /0 /L gg’(t) (y)grl 6(7«0) dy dw

_ > Ca(0) 30 ] Y pe(t)+k+8
=D, ()Y’ Y By ()—l—k ) / e <7+ 5%0) 4

k=0

:Dz(t) (/Bz,o’Y)é i B(p iztl;(—i_>k 5) /Loo P () +k—1 (ﬁz,O’Y + y)Pz(t)+k+6 dy, (2())
k=0 z )

where B(z,y) dénotes the beta function and is given by

B(z,y) =

4 Maintenance Policies

In the reliability literature, there are many models describing the effectiveness of a maintenance
activity. Such models include modifications of intensity models (Doyen & Gaudoin, 2004; Wu,
2019), reduction of age models (Kijima, Morimura, & Suzuki, 1988; Doyen & Gaudoin, 2004;

11



Wu, 2019), geometric processes (Lam, 1988; Wu & Wang, 2017; Wu, 2018), etc. For a system
like a section of pavement, maintenance may remove all of the defects. After maintenance, new
defects may develop in a faster manner than before. The effectiveness of such maintenance may
be modelled by the geometric process.

The geometric process describes a process in which the times between failures of a system
become shorter and shorter after maintenance. Its definition is given by Lam (1988), and it is
shown below.

Definition 1 (Lam, 1988) Given a sequence of non-negative random variables {X;,j =1,2,...},

if they are independent and the cdf of X; is given by F(a’~'x) forj =1,2,..., where a is a positive
constant, then {X;,j =1,2,---} is called a geometric process (GP).

The parameter a in the GP plays an important role. The lifetime described by F(a’~'z) with
a larger a is shorter than that described by F(a’~'x) with a smaller a with j& 1,2,. /..

e If a > 1, then {Xj,j =1,2,---} is stochastically decreasing.

e If a <1, then {X;,j=1,2,---} is stochastically increasing.

e If a =1, then {X;,j=1,2,---} is a renewal process.

o If{X; 7=1,2,...}isa GP and X, follows the gamma distribution, then the shape parameter

of X; for j =2,3,... remains the same as that of X; but ‘itssseale parameter changes.

The GP has been used extensively in the reliability literature to.implement the effect of imperfect

repairs on a repairable system (see Castro and Pérez-Oéén (2006); Wang and Zhang (2013); Wu

and Wang (2017); Wu (2018), among others).

In addition to the assumptions listed in Sectiony2, we 'make the following assumptions.

AT). Immediately after a PM, the system resets its\age to 0, at which there are no defects in the
system.

A8). The initiation of the defects after the j<th PM follows a homogeneous Poisson process with
parameters A/a;(T)’~!, where a{(T) > 0 and a,(7T) is a non-decreasing function in T for
i=1,2,...

A9). After the j-th PM and afterthé arrival of the k-th defect, the k-th defect grows according to a
gamma process with shape parameter ay(t) and scale parameter as(T')7 ! 8y, where ax(T) > 0
and a(7T) is an incréasing function in 7" for j = 1,2, .. ..

A10). Assume that each PMyincurs a cost of ¢p monetary units, the variable cost of repairing the
k-th defect with'degradation level y is ¢, and the fixed cost of repairing the k-th defect is
cy . Furthermore; if at a PM time the “overall degradation” of the system, as shown in Eq.
(21), exceeds'thé threshold L, an additional cost of ¢ monetary units is incurred. The cost
of the replacement at time NT' is equal to cg.

We explainrassumptions A9) and A10), respectively, in the following.

e Assumption A9) implies that the defect arrival rate relates to the time interval T between

two consecutive PMs, which reflects the case that a;(7") becomes bigger and the system tends
to deteriorate faster for large T" than for small T
e Assumption A10) implies that the degradation rate increases with the number of imperfect

repairs performed on the system. We denote by {Y}*(t),t > O} the “overall degradation” of

12



the maintained system after the j-th repair, and denote
6 => bXi;t), 0<t<T, (21)

where { X} ;(t),t > 0} stands for a gamma process with parameters oy, and Srao(T)? . Similar
to the derivation process shown in the previous section, we can compute the first hitting time
to exceed the threshold L for the process shown in Eq. (21) by following the same reasoning
as in Eq. (6) and replacing 3, with Srao(T)7~!. That is,

off) =inf{t>0:Y}(t) > L}.

We denote FJ as the distribution of oW
We want to determine the time between two consecutive PMs and the number of PMs that
minimise an objective cost function, which is formulated in terms of the expected cost rate per
unit time.
By a replacement cycle, we mean the time between two successive replacements of the system.
In this paper, the length of a replacement cycle is equal to NTw=Tiet Qo(N,T) be the expected

rate of the total cost in a replacement cycle. Then we obtain

n

] 1 o0 :
Qo(N,T) NlT [Cp-i- y (T (Cf,k‘|—/0 Ck,yf(y;@k(T>7ﬁka2(T)]1)dy)

+CF(a1(7;\))7 Fch(T)l +%’ (22)

where f(y; ax(T), Bras(T)~1) is given by Eqy(2), in which 3, is replaced with SBras(T)'~!; and
FJ (T) is given by Eq. (9), in which 3, is replaced with Syas(T)7~". The expected variable cost

per unit time in a replacement cycle is given by
N n ] 1 ]
CV(N. Z SN )l i an(D): Braa(TY ) dy (23)

The optimisation preblem is formulated as

Qo(Nopt; Topt) = min  Qo(N,T). (24)

goun

4.1 Special cases

In this section, we discuss Qo(NV,7T) and CV(N,T') under special cases of ¢, a1(T), az(T'), and
ai(T), respectively.
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4.1.1  Special cases of cyy
Different scenarios can be envisaged, depending on the variable cost function ¢y .
o If ¢, = ¢, then the expected variable cost rate in Eq. (23) in a renewal cycle becomes

Ch(T/\>]_ /OOO crf (y; aw(T), Braa(TY ™) dy

(T) ey,
—

AMZ
NE

<

Il
—
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Il
—_
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<

I
—
=
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,_.

e If ¢, is directly proportional to the degradation level of the k-th defect at the time instant
of a PM, that is, ¢, = ycg, then the expected variable cost given in Eq. (23)4s given by

CV(N,T) = QLR
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e Assume ¢y, is directly proportional to the square of.thesdegradation level of the k-th defect
at the time instant of a PM, that is, ¢, = y?cx; the Tepair cost may relate to the area of the
defect (see Van Noortwijk and Klatter (1999))=ln this case, Eq. (23) is given by

CV(N,T) = NlT é ké %)Jj /Ooo &y f (s an(T), Braz(T)' ™) dy
_ NlT ﬁ; kznjl E“(TA—W% (Var(X; (1) + (E(Xx,(T)))?)
_ Flf é kz: %)j_lck (BRon(T)az(T)¥ 2 + BRon(T)ax(T)%2)
S (s e ein

4.1.2 Special cases of a1(T), as(T), and ag(T)

The analysis of the monotonicity of Qo(N,T) is quite tricky. To analyse it, some particular
conditions aresiniposed. We assume that a;(7) = a1, ao(T) = a2, i (T) = a1, and ¢, = ycg,
Qo(N, T) given by Eq. (22) is then reduced to

Qo(N,T) =L 4 E 4 (e — 1) S e (25)
T  NT (a1 —1)ANT /= ©
(—_chak5k+ €F iaa 1F(J
)\N(alaz /\NT] 1 !
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We suppose that N is constant and 7T is variable on (0,00). A necessary condition that a finite
T* minimises Qo(N,T') given by Qo(N,T') in Eq. (25) is that it satisfies

Zaj 1( T F()(T)) >‘ <N0p+)\C(L1__11)§:Cf7k+CR>.

Cf

Next, we suppose that T is constant. Then a necessary condition when there exists a finite a

unique N* minimising Qo(N,T) is that N* satisfies

Qo(N +1L,T) = Qu(N,T),

and
Qo(N,T) = Qo(N — 1,T).
We obtain
1 " N(ad ™ —al) 2ale 1
N+1,T N,T)=—r——
QW +1LT) = Qo(N,T) = AT (a1 — 1) = Zcf”“ N(N +1)
2=t Ckakﬁk N(ay May M=agay) —alad +1
Maraz — 1) NN+ 1)
IR ey BN O(T) — af T F5)(T)
NN +1)T " E AN(N +1)T '

Hence, for fixed T', Qo((N +1),T) — Qo(N,T') > 0'ifand only if
Cran<l D(N, T),

where

N(af”rl a¥)y —al +1

AL oo

N+1 N+1 NN NN
N(ay " ay ™ —aay) —ayay + 1

>/M—‘

z:: cro B A(a1a2 — 1)
CF al N+1 =1 ()
7 Z a; —ay FJU(T)|.
j=1
If a; > 2, then D(N,T) is non decreasing in N. Therefore, if
cr < D(l, T),
then cg < D(N,T) for all N. We obtain
T(a1a2 — 1) "

D(,T) = (“1; D zn:cf,k +

Z ce B + = (ang) (T) — chi)(T)) .
k=1 )\ =1 )\
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Hence, if a; > 2 and

—1 n
crp < (al ) Z Cf ks
A k=1

then Qo(N,T) is increasing in V.

An economic constraint is introduced in the optimisation problem formulated in Eq. (24) to
limit the variable cost in a replacement cycle. The introduction of constraints in the search of
the optimal maintenance strategy is not new in the literature. For example, Aven and Castro
(2008) and Aven and Castro (2009) introduced constraints relating to the system safety in an
optimisation problem. In this paper, the constraint imposed in the optimisation is economic and
is related to the expected variable cost imposing that this expected variable cost cannot exceed a
threshold K.

Let © be the set of pairs (N, T') such that CV(N,T) < K, that is,

Q={(N,T): N=1,2,...,T > 0 subject to CV(N,T)<< K} (26)
and the optimisation problem is formulated in terms of the econoniic congtraint as
Qo (Topt, Nopt) = inf {Qo(NV,T') : (N4T'y€ Q} . (27)

To analyse the optimisation problem given by Eq. (27), the menotonicity of the function CV (N, T)
is studied.

4.2 Economic constraint analysis

We analyse the monotonicitytof €V.(N,T') in two variables N and T and assume that ¢, =
yf(y;ax(T), ) (i-e., variablé, cost ‘proportional to the degradation level) and as(7) > 1 and
a1(T) > 1 for all T'.

Lemma 2 [f a(T) is-convex in T for all k with c(0) =0 and o}, (0) < 0o, then

e CV(N,T) is inereasing in T for fized N, and

e CV(N,T) i increasing in N for fixed T.

Proof. The expectéed variable cost rate is given by

k=1 =0

1 (al(T)ag(T)) —1 n C ﬁkak )/T
T () .

CV(N,T) = ]17 (znj C’“B’fo";> (JVZ a1 (T)as(T )

The function ax(7")/T is increasing in 1" as a consequence of the convexity of ax(7) along with
ax(0) = 0 and a},(0) < co. On the one hand, since both a;(7") and as(7T) are increasing in T, then
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CV(N,T) is increasing in 7. On the other hand, the function
1 N— 1
- N ]:1 ’

is increasing in /N since

im0 ((ax(T)ax(T))Y — (ar(T)as(T))’)

gIN +1) —g(N) =

N(N +1) ’
and a;(T)ay(T) > 1, hence CV(N,T) is increasing in N. This establishes Lemma 2. [ |
An implication of Lemma 2 is that the condition
1 n . (033 (T)
- <
\ kz::I Ckﬁk T30 T = K7 (29)

has to be imposed. If inequality (29) is not fulfilled, then © = (). Onthe 6ther hand, if

lim lim CV(N,T) <K, (30)

T—00 N—oo

then Q = {(N,T): T >0, N =1,2,...}, and the optimisation) problem in Eq. (27) is reduced

to the optimisation problem in Eq. (24). Hence, to_deal with the optimisation problem with

constraints, we assume that the following inequality

12 T

chkﬁk T'_>0 ak; ) <K < lim hm CV(N,T), (31)
k=1

T—o0 N—oo

is fulfilled. If Eq. (31) is fulfilled, we denote
M= inf{N: lim CV(N,T) > K},
T—o0

and
N, — inf {N 1im CV(N, T) > K} .
T—0

We can obtain N ,< V5.
If N* is fixed such that Ny < N* < Ny, we denote T as the root of the equation

CV(N*,T%) = K,
and the set (2 given in Eq. (26) is therefore equal to

Q={(N,T): N=1,2,... . Ny —1}U{(N,T): N=N,Ny+1,....No— 1, T<T;}. (32)
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Fig. 2. Expected cost Qo(N,T') versus N and T.

5 Numerical examples

We consider a system subject to three different defects, all of which jstart at random times,
following a homogeneous Poisson process with rate A = 1 defects perumnit time. The degradation
process of the three defects is modelled using a nonhomogéneous gamma processes with shape
parameters a(t) = ot with & = 2, a; = 1, ay = 1, ag = )1 and scale parameters 3, = 1,
By = 2 and B3 = 3, respectively. The random effect wy is modelled with w = wy ', where w follows
a gamma distribution Gamma(1, 2).

The overall degradation process of the system Y is arcombination linear of the three processes
Y =0.2X3+0.7X5 + 0.4X3,

and we assume that the system failsavhen the degradation level of Y exceeds the failure threshold
L = 20. Preventive maintenance’is, petformed on the system every T time units and the effec-
tiveness of these PMs is modelled by a geometric process with parameters a;(7) = 1.1(1.2 —
0.2exp(—T)) for the time between the defect arrivals and as(7") = 1.15(1.2 — 0.2 exp(—T1")) for the
effectiveness of the impéxfe¢t repairs on the degradation rate of the defects. Each PM involves a
cost of cp = 0.05 monetaryrunits. Each repair involves a fixed cost of cy; = 2 monetary units
for the first type-of defect, cfo = 2 monetary units for the second defect and cf3 = 2 monetary
units for the third defect. The variable cost is given by ¢, = 7y, ¢z, = 7y and c3, = 7y on the
three defects, respectively, where y denotes the degradation magnitude of the defect at the time
of repair. If the.overall degradation of the system exceeds L = 20 at the repair time, an additional
cost of cg~= 100 monetary units is incurred. A complete replacement of the system by a new one
is performed at the time of the N-th imperfect repair with a cost of cg = 1000 monetary units.
Figure 2 shows the expected cost per unit time Qo(/N,T") versus N and 7'. This graph is obtained
by simulation with 10 values for 7" from 1 to 7, N from 1 to 5 and 3000 repetitions in each point.
The minimal value of Qu(NV,T) is obtained for T, = 1.9474 and Ny, = 3 with and optimal

expected cost rate of Qo(Nopt, Topt) = 332.6066 monetary units per unit time. The economic safety
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Fig. 3. Variable cost CV(N,T') versus N and 7.

constraint is introduced in this problem and it is dependent on the variable'costigiven by
1 n N-1 S
CV(N7 T) = W Z CkozkﬂkT Z (CLl (T)(lg(T))J (33)
k=1 §=0

For a fixed NV, the function given by Eq. (33) is non-decreasing in”T". For a fixed T', we obtain that

n cpan T N Al @ar (T)N — ay(T)ax(TY)
C\/(N+1,T)—CV(N,T)=k§1 = JZO O 7

is positive. Figure 3 shows the economic safety constraint versus 7" and N. As we can visually
check, the variable cost is non-decreasing in N\for fixed T" and non-decreasing in T for fixed V.

We assume that the variable cost cannot.exéeed the threshold K = 130 monetary units, that
is, the optimisation of Qo(N,T) given'byEq. (22) is performed on the set €2y, where

Q =4 (N, T)"such that CV(N,T) < 130}.

Inequality (31) holds since
; _ Ek—1
7111% CV(1,7T) hm E crBraT =0,

and, therefore, limg—6 CV(1,7) < K, and

lim lim CV(N,T) =

N—oo T—o0

hence inequality (31) holds.
Figure 4 shows the value of CV(N,T) for N < 10. The set of the points € that fulfils the

economic constraint is given by

O ={(N,T), N>1; T<Ty},
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Fig. 4. Variable cost CV(N,T') versus 7.

where T is the root of CV(N,T) = K.

The point in which the global minimum is obtained in the uncongtrained problem (that is,
Topt = 1.9474 and N,y = 3) presents a variable cost equals to CV (Nyge, Tops). = 147.8725 monetary
units per unit time, which implies that it is not an optimal solution. for the constrained problem.

Figure 5 shows the expected cost rate Qo(N,T) for T < TRssthat is, the expected cost rate
Qo(N,T) in the subset €. The minimum of this function is reached’at point Nop = 4 and Ty =
1.1137 with an expected cost rate equals to Qo(Zopt, Vopt) = 344.4153 monetary units per unit

time.
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Fig. 5. Expected cost rate Qo(N,T') versus T in §.

6 Discussion

This paper discussed maintenance policies for a scenario where a linear combination of degra-
dation processes was studied. Below we discuss the assumptions of the degradation processes, the

random environment, and the effectiveness of repair, respectively.

20



6.1 Degradation process.

The preceding sections assume that X (t) follows the gamma process. Certainly, one may choose
the degradation process of Xj(t) based on the real applications: for example, in the case of the ex-
ample investigated in this paper, the propagation process of a fatigue crack evolves monotonically
only in one direction, the gamma process is a good choice. Methodologically, however, X (¢) may
be assumed to follow any other process, such as the Wiener process (Sun et al., 2018), the inverse
Gaussian process (Chen et al., 2015) and the Ornstein-Uhlenbeck process (Deng et al., 2016). The
probability distribution of >°)_; X (t) can be easily derived if X (t)(k = 1,2,...,n) follow Wiener
processes. In some case, a closed form of the distribution of Y-}_; X (¢) may not be.easily found
and therefore numerical methods may be sought.

One may also assume that X (¢) may follow different degradation processes, for example, on
different £’s, some X (t)’s follow gamma processes and others follow Wiener,progesses.

6.2  Incorporation of dynamic environments.

The system considered in this paper is operated under a random énvironment. In addition to
the method that incorporates the random environment with the random effect method, one may
also use other methods, for example, one may consider theteffect of the dynamic environment on
the system as external shocks by using Poisson processes (Yang, Zhao, Peng, & Ma, 2018), or as
other stochastic processes, including the continuous-tithe Markov chain process (Bian, Gebraeel,
& Kharoufeh, 2015), and the semi-Markov process (Iharoufeh, Solo, & Ulukus, 2010). The reader
is referred to Peng, Hong, and Ye (2017) for a‘discussion in detail.

6.3 Imperfect repair.

In this paper, we consider the £ffectiveniess of repair as imperfect. The justification is as follows.
If we consider a pavement netsork iall/defects, such as fatigue cracking and pavement deformation,
disappear after repair. Thisdoesynot suggest the pavement network is repaired as good as new (i.e.,
perfect repair) or as bad as old (i.e., minimal repair). Instead, it is more reasonable to assume that
the repair is imperfect. In the literature, many methods that model the effectiveness of imperfect
maintenance hayé beemdéveloped (see the Introduction section in Wu (2019), for example). For
simplicity, this.paper uses the geometric process introduced in Lam (1988). Of course, one may use
other models such as the age-modification models (Kijima et al., 1988; Doyen & Gaudoin, 2004)
or superimposed renewal processes (Kallen, 2011), under which the optimisation process becomes
much mové complicated.

6.4  Maintenance policy based on the cost process.

Since U(t), i.e., the cost of repairing difference defects, forms a stochastic process, one may
develop a maintenance policy based on the cost process. That is, once the cost process reaches a
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threshold, maintenance on the combined degradation process Y () is carried out. Hence, intriguing

questions may include optimisation of maintenance intervals, for example.
6.5 FExchangeable and memoryless

The above sections assumes the defect inter-occurrence times to be exchangeable and to exhibit
the lack of memory property. Nevertheless, both properties may be violated in the real world.
If so, one may assume that the defect inter-occurrence times follow a non-homogeneous Poisson
process, for example.

6.6 A r-out-of-n case

In Section 3.2, we discussed the case when the sum of the deterioration leyels is monitored.
In practice, another scenario may be to monitor r-out-of-n deterioration precesses. That is, if
k-out-of-n deterioration levels are greater than their pre-specified thresholdsyrespectively, mainte-
nance needs performing. Denote Y(1)(t), Y(3)(t), ..., Y(n)(t) as by sorting the values (realisations)
of Yi(t),Ya(t),...,Yn(t) in increasing order. For simplicity, we*assume/that Yi(t) are ii.d for
k=1,2,..,n with cdf F(z, «(t),b"" ). The cumulative distribution function of Y{,)(t) is given by

n

Gyiym(y) =1->_

k=r

n!

(1= F(y,a(t), b B (F(y, a(t), b~ )" " (34)

(n —r)lr!

First hitting time 77,. Let 77, = inf(t > 0 : ¥;y(#)"> L). Then the distribution of the first

passage time 77, is given by

FTLQ() P
P

TL2<t)
Y ()>L2)
2 o7 Tl

=r

(
(

— F(Ly, a(t), 07" B))*(F(La, a(t), b~ )" "

(1 —r) 'r'

el

where b, > 0 for all k.

7 Conclusions

This paper investigated the scenario where a system incurs cost of failure when a linear com-
bination of the.dégradation processes exceeds a pre-specified threshold. It derived the probability
distribution of the first hitting time and the process of repair cost. The paper then considered the
degradation processes that are affected by random effect and covariates. Imperfect repair is con-
ducted when the combined process exceeds a pre-specified threshold, where the imperfect repair is
modelled with a geometric process. The system is replaced once the number of its repair reaches
a given number. Numerical examples were given to illustrate the maintenance policies derived in

the paper.

22



As our future work, we may investigate the case that a system needs maintenance if k out of n

degradation processes exceeds a pre-specified threshold.
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