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Determining the symmetries of difference equations

Pavlos Xenitidis

September 30, 2018

Abstract

We derive the determining equations for the N-th order generalised symmetries of partial difference equations defined
on d consecutive quadrilaterals on the lattice using the theory of integrability conditions. We provide their algebraic for-
mulation and develop the necessary theoretical framework for their analysis along with a systematic method for solving
functional equations of the form 9 (f) + Af + B = 0. Our approach is algorithmic and can be easily implemented in sym-
bolic computations. We demonstrate our approach by deriving the symmetries of various equations and discuss certain
applications and extensions of the theory.

1 Introduction

The theory of the symmetries of differential equations is well developed, its relation to integrability is known and there
is a plethora of corresponding results and applications, see for instance [16, 23, 13]. Moreover the theory provides us the
means to compute the symmetries of a given equation in an algorithmic way and, most importantly, to implement it in
symbolic computations, see for instance the Mathematica package Sym [3].

The corresponding theory for difference equations is relatively new and several methods and approaches have been
proposed recently for the computation of generalised symmetries of partial difference equations [5, 11, 12, 14, 15, 17, 20].
Levi and Yamilov developed the so-called generalised symmetry method for difference equations [11, 12] which has been
used in a classification problem [8], and for the computation of symmetries, e.g. in [19]. Moreover based on this method,
the authors of [5] proposed the use of the characteristic vector fields for the derivation of determining equations and the
computation of symmetries. A different approach is offered by the theory of integrability conditions developed in [14, 15]
which can be used either for the classification of integrable equations or to determine the symmetries of a given equation.
Finally, other approaches have also been used in [20, 17].

All these methods deal with partial difference equations defined on an elementary quadrilateral of the square lattice
(quad equations) and lead essentially to the same conditions for the existence of symmetries of order one or two. But
there do exist difference equations defined on d consecutive quadrilaterals (d-quad equations),

*
QUn,m> Uns1,m»-++» Untd,m> Un,m+1, Uns1,m+1s -+ Untd,m+1) =0, deN”,

admitting generalised symmetries of order N, see for instance [1, 2, 4] and references therein. Therefore our aim here is
to consider d-quad equations and systematically study their generalised symmetries of any order.

To achieve that we extend the theory of integrability conditions to include d-quad equations and derive corresponding
conditions for the existence of symmetries of order N in the n direction. These conditions can then be used for the
derivation of symmetries. Specifically, the relation between integrability conditions and symmetries stems from the fact
that the latter (viewed as differential-difference equations) and partial difference equations share the same recursion
operator [14]. This allows us to interpret the integrability conditions for the existence of a recursion operator of order
N as determining equations for symmetries of the same order by identifying certain coefficients of the formal recursion
operator R with the first order derivatives of the symmetry generator F [15]. As we have two different ways to replace
a pseudo-difference operator with a formal series (either Taylor or Laurent), we are able to construct a set of 2N linear
Jfunctional equations with unknowns all the first order derivatives of F (except dy,, ,, F). But the most important fact is that
these determining equations can be derived algebraically for any d-quad equation and its N-th order symmetry.

Since the determining equations are functional relations of the form 9 (f) + Af + B = 0, where A, B are known func-
tions, operator J is the shift in the m direction, and f = f(n, m, uy—N,m, ..., Un+N,m), we develop the necessary framework



and tools to solve them. This amounts to defining two sets of dynamical variables based on the arguments of f and J (f),
respectively; two elimination maps to eliminate one set of dynamical variables in favour of the other; and appropriate dif-
ferential operators (chain rule) related to those sets of dynamical variables. Using this machinery, we propose a general
algorithmic method to solve functional equations of the above form.

The main advantage of our approach is that all the key elements, like determining equations, differential operators
and elimination maps, can be easily defined for any d-quad equation in a certain class and its N-th order symmetry and
subsequently employed for solving functional equations in any software suitable for symbolic computations. It should be
also emphasised that even though the integrability conditions were originally developed for autonomous quad equations
and their autonomous symmetries, in their interpretation as determining equations they can also be used for the study
of non-autonomous equations and their autonomous and non-autonomous symmetries, e.g. see [22], as well as [6] for a
similar interpretation of the generalised symmetry method for quadrilateral equations.

The paper is organised as follows. Section 2 presents our notation and framework and gives the algebraic formula-
tion of formal series and that of the integrability conditions. Section 3 deals with the dynamical variables and elimination
maps necessary for dealing with functional equations and Section 4 presents our strategy for solving such equations. Sec-
tion 5 implements the proposed method by deriving the symmetries of three difference equations and in the concluding
section 6 we discuss further applications and extensions of the theory.

2 Symmetries and their determining equations

We start this section by introducing our notation. In order to make our presentation self-contained, we give a short
review on symmetries of difference equations, pseudo-difference operators and integrability conditions based on [14,
15].We present the necessary extensions of the theory to cover scalar d-quad equations and derive algebraic formulae
for the computation of formal series. Finally we present the integrability conditions, or in our terminology determining
equations, in a purely algebraic form.

2.1 Notation and the class of difference equations

In what follows we consider scalar partial difference equations for a function u of two independent discrete variables
n and m. The dependence of u on those variables is denoted in the standard way with indices, i.e. u(n+i,m+ j) =
Un+i,m+j- The shift operators in the n and m direction are denoted by ¥ and 97, respectively, and their action is defined
as yk(un,m) = Up+k,m and g—é(un,m) = Up,m+¢, Tespectively

The equations we are going to consider are partial difference equations defined on d consecutive quadrilaterals on
the lattice, i.e. equations of the form

QUn,m> Un+1,m»- - Up+d,m> Un,m+1> Un+l,m+1r-- > Un+d,m+1) =0, deN*, (1)
(n,m+1) (n+d,m+1)
(n,m) (n+d,m)

Figure 1: d consecutive quadrilaterals where equation (1) is defined.

For simplicity in our notation we will denote the derivatives of Q as

2Q

aun+i,m+j

Qij: )



Throughout our analysis we assume that function Q depends explicitly on the values of u at the corners of the quadrilat-
eral on which the equation is defined. We can state this as

Requirement 1. The defining function Q of equation (1) is such that

Q0,0Q4,0Q0,1Q4,1 # 0. 3)
Moreover, we assume that

Requirement 2. Function Q cannot be factored and represented as a product of functions depending on the same or a
smaller number of variables.

Requirement 3. Equation (1) can be solved uniquely with respect to any of the corner values un,m, Un+d,m» Un,m+1 and

Un+d,m+1-

Finally, we want to exclude the case that equation (1) degenerates to one defined on d’ < d quadrilaterals by a point
transformation of the independent variable n. For instance, we want to exclude equations of the forms

QUn,ms Un+ke,ms -+ -» Unsk,mo Unym+1r Unakeymads - Unesk,ms+1) =0 and QU m, Untd,m> Unym+1> Untd,m+1) =0,

which clearly can be written as

Q! > Un+1,m> -+ > Ul 45,0 Un/m+ 1 Ul 4 1,m 1o+ Undws,me1) =0 and QU my Un +1,m> Un!,m+1> U/ +1,m+1) = 0,

respectively, after an appropriate change of the independent variable n. So we have to assume that Q depends explicitly
on at least one of the intermediate shifts of . We can formulate this as

Requirement 4. Let k > 1 denote the divisors of d > 1. We require that for every divisor k at least one of the derivatives
Qik+e,j is not identically zero, withi =0, ..., % -1,¢=1,...,k—1and j =0,1. Equivalently, for every divisor k > 1 of d we
require that

dlk-1k-1 1
> Y Y Qg 20 @
i=0 (=1 j=0
Example2.1. Itis easy to check that the quadrilateral equation [19]

UnmUn+1,m + Unm+1 Uns1,m+1 + Unsl,mUnm+1 (Unm + Uns1,me1 + 1)+ =0, 6))

satisfies the first three requirements. As in this case d = 1, the last requirement does not apply to (5).
On the other hand, the two-quad equation

Un,mUn+2,m+1 (un+l,m+l (Un+1,m + Unm+1) + Un+1,m un+2,m) +a=0 (6)
satisfies requirements 1-3 (unless a = 0 in which case requirement 2 is not satisfied). For the fourth one, since it is d =2
and k = 2, relation (4) becomes Q%,o + Qil # 0, which obviously holds. O
2.2 Symmetries and recursion operators

We collect here some necessary definitions to make our presentation self-contained. We also use the notation f([u]) to
denote that function f depends on u;, ; and a finite, but otherwise unspecified, number of shifted values of u.

Definition 2.1. The Fréchet derivative of a function f([u]) is defined as

0
DfZZZ !

ST, )
ij OUn+ime+j

Using the notion of Fréchet derivative, we can define the symmetries of a difference equation in the following way.



Definition 2.2. A function F(n, m,[u]) is a symmetry of equation Q(n, m,[u]) =0 if
Dq(F)=0 (8)
holds on solutions of Q(n, m, [u]) = 0.

It is also useful to interpret a symmetry as a differential-difference equation compatible with the difference equation.
More precisely,

Definition 2.3. Assume that uy, ,, depends also on a continuous variable t. Then, the differential-difference equation
O¢tn,m = F(n, m,[u]) 9)
defines a symmetry of the difference equation Q(n, m, [u]) = 0 if D;(Q) = 0 on solutions of the difference equation.

It is not difficult to verify that the requirement D;(Q) = 0 in view of (9) is equivalent to (8).

In what follows we discuss generalised symmetries of equation (1), and more precisely generalised symmetries in the
n direction which are of the form F(n,m, uy—nm,..., Un+N,m). We call the positive integer N the order (or length) of
symmetry F. We restrict our analysis to this kind of symmetries because they can be computed systematically. However,
and as far as we are aware, the symmetries in the other lattice direction are of the general form

G= G(un,m_M, o UnmeMye o Unrd—1,m—Mr--+» un+d_1,m+M), MeN,

for which, at the moment, there is no systematic way to compute them when d > 1.

The existence of an infinite hierarchy of generalised symmetries of increasing order serves as a definition or criterion
of integrability. In fact to prove integrability in this context is sufficient to find a recursion operator R which maps symme-
tries to (higher order) symmetries. For the symmetries we are interested in recursion operators are .#-pseudo-difference
operators [14] which can be formally represented either by their corresponding formal Taylor series

.51 .
Rr= Y # L =t NS Vi Vb b gt S+,
i=—N
or by their formal Laurent series
oo .
RL = Z f‘_l'y_l =fNyN+fN_1yN_1+"'+f1y+fo+f_1y_l+"'.

i=—N
The positive integer N is also referred to as the order of the recursion operator.
Example2.2. Consider the discrete potential KdV (or H1) equation

(Un,m = Un+1,m+1) (Un+1,m — Unm+1) = € = P. (10)

Its lowest symmetry in the 7 direction is of length one and has the form

1

Ortipm =Fpm = (11)

Un+1,m — Un-1,m .
The corresponding recursion operator is [14]
R=Fym (L +D (L =) Fym(F-77).

To represent this operator as a formal series, we have to replace (% — 1)~} with a formal series and then expand the
resulting expression. If we represent (% — 1)~ ! with its formal Taylor series (& — N l=-1-9-9%2—... then we can
write the recursion operator as

Rr = Fyzl'my_l +2F mFni1,m + Fom QFni2,m — Fom) L+ (12)



If we have employed the formal Laurent series (. — D l="14+9724 93 +... then we would have ended up with
R = Fimy +2FnmFn-1,m+ Fnm2Fn-2,m — Fn,m)esp_1 +eee (13)

In both cases we can easily check that (¥ —1) "o (¥ ~1) = (¥ ~1)o(#—1)"! = 1 hold when we replace operator (¥ —1)"!
with either of its formal series.
It should be noted that H1 admits one more symmetry of the same order [20], namely

n Un,m
)
Uptl,m = Un-1,m  2(a—B)

asun,m =

which can be derived using our approach based on the integrability conditions and the formal recursion operator. How-
ever the action of YR on the above symmetry cannot be defined locally and leads to non-local symmetries [21]. O

2.3 Determining equations

In this section we exploit recursion operators to derive necessary integrability conditions for equation (1) which also serve
as determining equations for the symmetries of the same equation. More precisely, our approach extents the correspond-
ing theory for quadrilateral equations developed in [14, 15] and employs the first few of these conditions as equations to
determine the symmetries of the equation.

We start be presenting the necessary generalisation of Theorem 1 in [14].

Theorem 2.4. Consider the difference equation (1).

1. If there exist & -pseudo-difference operators R and* such that

Dgo%=PoDy, (14)
where
d R .
Do =) Qo' +) Qin¥'T, (15)
i=0 i=0
then ‘R is a recursion operator for equation (1).
2. Relation (14) is satisfied if and only if
TR =B o oRool 0%, (16)
and the operator Q3 satisfies
P=of oNRool !, 17
where
d _ d .
o= QoS and B:=) Qi1 ', (18)
i=0 i=0
Proof. The proof is omitted here as it is similar to the one given in [14]. O

Equation (16) is obviously satisfied if we replace «# !, 7! and 9R with their respective formal series. And we can do
that using either Taylor or Laurent formal series. Even though these two optionslead to equivalent integrability conditions
and conservation laws [14], they provide us with two inequivalent sets of determining equations for the symmetry F as they
involve different derivatives of F.

To see that we have to take into account that difference and differential-difference equations share the same recursion
operator. To be more precise, if 6;u;, ;,;, = F is a symmetry of equation (1) and *R is the corresponding recursion operator,
then fR is a recursion operator for this differential-difference equation and the following relation holds.

0R = [Dp,R] (19)



If we replace the recursion operator in the above relation with its formal series, then we can derive the connection among
the derivatives of F and the coefficients in the formal series of k. Specifically, if we employ the Laurent series

R =N N+ v PN v P+ o+ T P+ (20)

or the Taylor series
Rr=t- NI N+t yn S Vi R+ h S+, @1

then relation (19) implies that 7; and 7_;, with i = 1,..., N, are proportional to first order derivatives of F. However, as we
are interested in determining symmetry F and not the formal recursion operator, it is sufficient to consider that

OF ) OF
o T

Fi=————
OUp+im

, i=1,...,N. (22)

OUp—im

So our next target is to extract these determining equations from (16) by exploiting Taylor and Laurent series and formu-
late them algebraically.

Example 2.3. Starting with equation (10), its symmetry (11) and the formal recursion operators given in Example 2.2 we
can readily verify that (i) The leading term in the Taylor series (12) is indeed the derivative of F;, ;; (11) with respect to
Up-1,m, and (ii) The leading term in the Laurent series (13) is equal to =0y, , ,, Fn,m- [l

2.4 Formal series and their algebraic formulation

For the algebraic formulation of (16) we need to compute formal series for pseudo-difference operators. For this purpose
we first define two matrices.

Definition 2.5. For any K € N*, we define the K x K matricesL(a) and T(a), where a € RX as

PV (@), iz]
0 i<j

LI @i-j1), iz]

0 i<j’ (23)

L(a),j = { and (T(a);,; = {

respectively, where (@) denotes the k™" entry of a.

Moreover, with any difference operator ® of order d, i.e. ® = g% + ...+ $1.% + o where d € N* and Ppop4 # 0, we
associate two vectors ¢, ¢, in RX according to the following rules.

(Pa-Par1-x)7, ifK=<d+1 (Po-+-px-1)T, fK=d+1
¢r= , and  ¢r= (24)
(Pa--¢po0---0)7, fK>d+1 (bo-+Ppa10---0)7T, fK>d+1

Using the matrices in Definition 2.5 and the vectors in (24), we can determine algebraically the coefficients of the
formal series of the inverse of operator ®.

Theorem 2.6. Consider the difference operator ® = ¢p4.% + ...+ $1.F + o, where d € N* and Py # 0, and its associated
vectors ¢, b given in (24). Moreover, let e; denote vector (10---)7 of RX,

1. The formal Laurent series of the inverse of ® can be written as
1_ % 7 i_ 7 d_ 7 d-1
O;'=Y ;S =paS  + P S+, (25)
j=d

with the first K coefficients given by

¢=@a - Pasx-1)" =4 (Lig) Ve (26)



2. The formal Taylor series of the inverse of ® can be written as

o0

(D}lzZ(ﬁjyjz([)0+([>19+(f>292+..., (27)
j=0
with the first K coefficients given by
b7 =(go- hx-)T =T(¢pp) " er. (28)

Proof. Using ® and the Laurent series (25) along with @1 o® = 1, we end up with
oo fd+k _ . B B B
> ( )3 <l>i5”"(¢l--k)) S K= paP ) +($aS  Ga1) + a1 S @) S+ = 1.
k=0\i=d

We can collect the first K terms in the above relation and write them as

S Ppa) 0 e 00 $a 1
S Upa) S Pa) 0 - 0 Basi 0
P pa-x+1) LN pa-gs2) - o Py Park-1 0

Since ¢4 # 0, the lower triangular matrix of the system is invertible and thus we can express the first K coefficients in the
Laurent series (25) in terms of the components of operator ®. Taking into account the definition (23) of matrix L we can
write the solution to the above system as in (26). Working in the same way but employing Taylor series (27), we end up
with a similar linear system for the first K components of the series (27), the solution to which is (28). O

Using Theorem 2.6, we can now compute the composition of an .#-operator and a formal series according to

Theorem 2.7. Consider the difference operators® = ¢y S + ...+ p1.L + P and ¥ = ¢ 4.9% + ...+ y1.% + o with d € N*
and opayoypa #0. Let Py, ¢ and y, W be their associated vectors (24). Then

1. The first K coefficients of the formal Laurent series
oV =G +a L+ oS

are given by
(o Cx-1)" =9‘d(L(wL)L(¢L)‘1)e1. (29)

2. The first K coefficients of the formal Taylor series
O loW=+EF ++0F %+

are given by
(Co-ex-1)T =T T(Pp) er. (30)

Proof. Using Theorem 2.6 we replace operator ®~! with its formal series. Then we expand the composition @' o ¥ and
collect coefficients of different powers of the shift operator which yields the above algebraic relations. O

2.5 Algebraic formulation of the determining equations

We may now replace in (16) all the pseudo-difference operators with their formal series and use Theorem 2.7 accordingly
to derive the sought algebraic form of the determining equations.



Theorem 2.8 (Laurent series). Consider relation (16) with operators «f, 94 given in (18) and R being an & -pseudo-
difference operator of order N. Let qry and qr, be the vectors associated with of and 98, respectively, defined as (qL ]-)i =
Qa+1-ij,1=1,...,Kand j=0,1. If

R =INF N+ +Fg+7 1P 4.

is the formal Laurent series of R, then the first K integrability conditions following from (16) can be written as
T 7 =L@ LA 7 (Lare Lar) ") e, 31)

where ¥ = (Fy Fy-1 -+ Fn-k+1)T and %= (X Fx-1)":= %4 (L(qr)L(qLe) ") e1.

Proof. 1f we replace o "' 0 % and %! o« in (16) according to Theorem 2.7 and R with its formal Laurent series, then
relation (31) follows by employing twice Theorem 2.7. O

Using formal Taylor series we end up with

Theorem 2.9 (Taylor series). Consider relation (16) with operators «f, A given in (18) and ‘R being an ¥ -pseudo-difference
operator of order N. Let qt and qt, be the vectors associated with «/ and 9, respectively, defined as (qT j)i =Qi-1,j,
i=1,...,Kandj=0,1.1If

Rr=r NS Na.  +hg+1.F+...

is the formal Taylor series of R, then the first K integrability conditions following from (16) can be written as
T =7 (T®) T¢) T(qre) Tar) " e, (32)

where F = (F_y P41 -+ Fr-n-1)T and %:= (%9 %x-1)" =T(qr)T(qre) 'e1.
Proof. It is similar to the proof of Theorem 2.8. O

Remark 2.1. Writing equation (16) in the equivalent form R = o LoBoT (R) 0B 1ol we can express vectors 7, f in
terms of their - shifts. In particular the use of formal Laurent series leads to

F=NUP| LT ) S (Uge) Uay) e, 7i= 7 (Laro)Liqr) ™) er, (33)
while the use of Taylor series results to
P =7 N[T@)TT @) Tqr) Tare) " e1, §:=Taro)T(qry) er. (34)

The positive integer K appearing in Theorems 2.8 and 2.9 is arbitrary. However, for the derivation of a symmetry of
order N, it is sufficient to choose K = N because of relations (22). Thus, functional equations (31-34) with K = N and in
view of relations (22), along with equation (8), are the determining equations for the N-th order generalised symmetry F in
the n direction of the difference equation (1).

Remark 2.2. We are interested in determining the lowest order generalised symmetries in the n direction. As there is
no criterion for the initial choice of N, we have to start with N = 1 and work successively until we find a non-trivial
generalised symmetry. All the examples we have at our disposal suggest that the lowest order generalised symmetries
admitted by equation (1) are of order N < d + 1. O

Now the next step is to try to solve the functional equations (31-34) by reducing them into a system of partial differ-
ential equations for the coefficients 7 and 7 of the formal recursion operator. For this purpose, we have first to introduce
a few concepts and tools.

3 Dynamical variables, elimination maps and differentiation

In this section we present the tools we are going to use to solve functional equations like the determining equations
(31), (32). More precisely, we define two different sets of dynamical variables, corresponding elimination maps, and
appropriate total derivatives for the analysis of functional equations. We define these concepts in a way suitable for
symbolic computations.



3.1 Dynamical variables

The defining equation (8) for symmetries and the integrability condition (16) hold on solutions of the corresponding
difference equation. This means that we must use the latter and its shifts to eliminate some of the values of u appearing
in the former equations. Since Requirements 1 and 3 allow us to solve equation (1) uniquely for any of the corner values
Un,m> Un,m+1> Un+d,m and Up+q m+1, We choose to eliminate always values of u which lie on the same horizontal line. More
precisely,

* We use equation (1) and its shifts to eliminate variables u,,+s,,+1 With s = d or s < 0. Then, any expression involving
those variables, like (31) and (32), will become an expression depending only on {u,+; m}icz and {1+ j,m+1};-i:_(}.

¢ Alternatively, we employ equation (1) and its shifts to eliminate variables v, ;, with s = d or s < 0. In this case,
any expression involving these variables will be reduced to one depending only on {u,,+.,m+1}iez and {up+ j, m}?:‘(}.

These are the two different sets of dynamical variables which we are going to use in our analysis of functional equa-
tions and we denote them as

Up = {{un+i,m}igz U{un+j,m+1};-t(}}; U; = {{un+i,m+1}igz U{un+j,m};-t;}- (35)

We also denote the sets of the eliminated variables as

Vo=Up\U1 ={upssm:s=d or s<0},

V1 =U1\Up = {un+s,m+1:5=d or s<0}. (36)

In applications we always deal with relations and equations depending on a finite number of the dynamical variables.
Thus, in what follows when we say that a relation depends on Uy or U; or Uy U U;, we mean that it depends on a finite,
but otherwise unspecified, subset of the corresponding set of variables.

Un+2,m+1 Up+im+1

[/ /"

Un+i,m Un,m Un+2,m

Figure 2: The two sets of dynamical variables Uy (black dots) and Uy (grey dots) with d = 3. In each case two of the eliminated values,
fromVy andVy respectively, are denoted with circles.

3.2 Elimination maps

The concept of the elimination map was introduced in [14] for quadrilateral equations. In a similar way we introduce
here two elimination maps &y and &; which are adapted to our considerations of the dynamical variables Uy and U; and
the eliminated ones Vj and V;.

3.2.1 Elimination map &,

The elimination of variables V, requires us to solve equation (1) for #;,4 4, Or Uy m, shift the result appropriately and then
replace all variables Vj recursively. Specifically, if we denote

Unsdm = X(Un,ms -+ Unsd—1,m> Un,m+1>++-» Untd,m+1)> 37)
Unm =Y (Un+1,m> -+ Unsd,m Unym+1s -+ Unsd,m+1),

then we can describe the elimination of these variables as follows.



Definition 3.1. The elimination map &y : Ug UU; — U is defined recursively as

for0si<d: 6Eo(Un+im) = Un+im; (38a)
foralli: &y(Un+im+1) = Un+im+1s (38b)
foriz=d:
Eo(Un+iym) = X(Eo(Unsi-d,m)r--»E0(Un+i-1,m), Un+i-d,m+1>-++» Un+im+1); (38¢)
fori<o0:
go(unﬂ,m) = Y(fg’o(unﬂﬂ,m),---,go(un+d+i,m)v Untim+ls--- Untd+im+1)- (38d)

3.2.2 Elimination map &

The elimination of variables V; in favour of variables Uy can be done in a similar way. Now we solve equation (1) for
Un+d,m+1 OF Un,m+1, 1.€.

Untdm+1 = ZWnmy - Untd,ms Unm+15 -+ Untd—1,m+1), (39)
Unm+1 = W(lnms - Unsd,ms Un+tl,m+1s-- > Untd,m+1)»
and then we describe this process as follows.
Definition 3.2. The elimination map &, : Ug U Uy — Uy is defined recursively as
foralli: & (Un+im) = Un+im; (40a)
for0si<d: & (Unsims+1) = Untime1s (40Db)
foriz=d:
gl(un+i,m+1) = Z(um—i—d,m» ceey un+i,my£1(un+i—d,m+1); e ygl(un+i—1,m+1)); (40c)
fori<o0:
E1(Un+i,m+1) = W (Un+ismy o Untrdriymr E1 (Un+iv1,m+1)s -+ E1 (Unsavim+1))- (40d)

3.3 Differentiation

Our requirements for the defining function Q of equation (1) allow us to express variables V, as functions of variables
U;_,. In this context, using implicit differentiation, we compute the derivatives of variables ;. ,+¢ € V, with respect
to Up+k,m+e € UgnUy, where k€ I ={0,...,d -1}, r ¢ I and £ = 0,1. We also use these expressions to define differential
operators which annihilate any function depending on V,_, U {un’m+1_[, ey Ltn+d_1'm+1_g}.

Proposition 3.3. The derivatives of uy.rm+e, d <17 < d+ N, with respect t0 Uy, m+¢, With0 <k < d and ¢ =0 or1, are the
solutions of the system

At = Dik,0), (41a)

where the entries of the (N +1) x (N +1) matrixA[ are given by

(Aé)i,j =7t (Qd+j—i,€); (41b)
and the vectors ¢y, U (k,¢) are defined as

6un+d+i—1,m+£

(Bk0); = v (Pwn); ==L N Quinre), i=1,...,N+1. (41c)

Oupy k,m+¢
Proof. Consider equation (1) and its positive .#-shifts. Our requirements for function Q imply that we can solve uniquely
all these equations for variables 4, m+¢, With r = d and £ = 0 or 1, and express them as functions of the remaining dy-
namical variables. Using implicit differentiation, we differentiate all the difference equations {#*(Q) = 0}].\; 0 with respect
t0 Up+k,m+0, With 0 < k < d, to find

Oumee (#(Q) +jzda ()

OUny jme
— T =0, i=0,...,N
aMm—k,mﬁ-[

10



which can be written also as

i i aMm—dﬁ-j,mﬁ-[ i .
Y FQarj-i)————==F"(Qr-i¢), i=0,...,N.
j=0 aun+k,m+€

These relations can be clearly cast in the form of system (41). O

Proposition 3.4. The derivatives of t,..r,m+¢, —N < 1 < =1, with respect 0 U4k, m+¢, With0 <k < d and ¢ =0 or 1, are the
solutions of the system
ArBe,0) = Dik,0)) (42a)

where the entries of the N x N matrix A, are given by

(Ae); ;=" (Qi-j0), (42b)
and the vectors iy o), V(k,¢) are defined as
A~ aun—i,m+€ N —i .
() = 5—— (Pw0);=—S"Qsie) i=1,...,N. (42c)
Ok, m+0

Proof. Now we consider all the negative .¥-shifts of equation (1). Our requirements for function Q imply that we can
solve uniquely all these equations for variables ;. ,,;+¢ With r <0 and ¢ = 0 or 1, and express them as functions of the
remaining dynamical variables. Using implicit differentiation, we differentiate all the difference equations {&~*(Q) =
0}, with respect to u4k,m+¢, With 0 < k < d, to find

—i i —i Oun—j,m+e
6un+k,m+[ (‘y Z(Q)) + Z aun—j,m+[ (‘y I(Q)) —L =0, i=1,...,N,
j=1 OUpsk,me
which can be written also as
i . 0uy,— im+0 s .
S Qi) = = (Quei)y i=1,...,N,
j=1 OUpsk,me

which can be written as system (42). O

Using the above Propositions we define the differential operators which we employ in our strategy for solving func-
tional equations in the following section.

Definition 3.5. We define the derivative operators D ¢y as
Dty = O imse + By Vi) - De + (A, D) Ve, 0<k<d, €=0,1, (43a)
where the matrices and the vectors involved are given in Propositions 3.3 and 3.4, and
Ao = Oupigmee aun+d+N,m+€)T’ Vo= 0up e "'aun-zv,m+/)T’ (43b)
and the - denotes the usual scalar product of vectors. Moreover, we define the vector operator
P0= (20,00 Pa-1,0)" - (44)

Remark 3.1. When d = 1 there exist only two operators, namely 2(o,0) and 2,1), and they have been used previously in
[20] and in the equivalent form &1_; (2,1), i =0, 1, in [5].
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4 Solving functional equations

In this section we present an algorithmic method for solving functional equations, like (31-34), which can be easily im-
plemented in symbolic computations. More precisely we consider equations

Ef)=9(H+Af+B=0 (45)

which must hold on solutions of (1), where f = f(n,m, un+am,..., Un+bm) is the unknown function, I (f) is the shift
of f in the m-direction, i.e. I (f) = f(n,m+ 1, Un+a,m+1,..., Un+b,m+1), and the integers a, b are such that a < b. For
our presentation it is convenient to denote the set of values of u appearing as arguments of f and J (f) with Uy =
{unram - Unipmt and Ug(r) = T (Uf) = {Un+a,m+1,---» Unrbm+1} and consider them as subsets of Uy and Uy, respec-
tively. Also, A #0, B are given functions of n, m and of variables Uy U U;.

Our aim is, starting from equation (45), to derive differential equations involving only either f or 9 (f) since they
depend on different sets of variables. This last observation implies that we can apply vector operator %y to equation (45)
to eliminate 9 (f) because it does not depend on variables uy, , ..., Un+qd—1,m- This results to a set of d equations for the
first order derivatives of f, namely

Do(E(f) = ADo(f) + Do(A) f +Do(B) =0 (46)

Since f depends only on Uy < Uy, and all the other functions in (46) depend on variables from Uy U U;, we apply elimi-
nation map &) to remove all variables belonging in V; = U; \ Up.

& (2o(E()) = & (Ao) (f) + &1 (Do(A) f +E1 (Zo(B)) =0 47)

But f now depends on Uy, a subset of Uy, thus variables Ug \ U can be used as separation variables. In this way, from
(47) we end up with a system Ry for the first order derivatives of f.

Ry := {Coeffients (&1 (2o (E(f))), U \Uf) = 0} (48)
Now we consider equation E(f)/ A4, i.e.
E'(f):= l37(f)+f+§—0 (49)
= =0
Since 21 (f) =0, the application of 2; to (49) yields a system of differential equations only for 9 (f), namely
DE' () =A"D (T () +21(AHT () + 21 (A'B) =0.

In these equations, I (f) depends only on Ug(r) < Uy, and all the other functions depend on variables from Up U U;.
Thus we apply elimination map & to remove variables belonging in Vo = Ug \ U;.

Eo(21(E'(f)) =60 (A7) (T () + 80 (21(A™H) T () +60 (21 (A'B)) =0

Proceeding in a similar fashion, we split the above equations using U; \ Ug(f) as separation variables. In this way, we
derive a system for the first order derivatives of 9 (f). The resulting system then can be shifted backwards in the m
direction leading to another system R; for f and its derivatives.

Ry :={Coeffients (7! (6o (21 (E'(f))), T ' (U1 \Ug(p))) = 0}. (50)

Having derived two linear first-order systems of partial differential equations for f, namely (48) and (50), it is neces-
sary to check the compatibility among the equations constituting them. If Ry and R) are inconsistent, then equation (45)
does not have any solution. Otherwise, we have to include any consistency conditions into Ry U R; and solve the resulting
extended linear system for f. If the system admits a unique solution then we have to check that our original equation (45)
is also satisfied.
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5 Examples

In this section we consider specific quad (d = 1) and two-quad (d = 2) equations and derive their generalised symmetries.
We employ the corresponding determining equations following from (31-34) and apply our strategy from Section 4 to
solve them. Then, we use relations (22) to determine symmetry F (up to an arbitrary function of u,, ;) and substitute it
back into (8) to determine the dependence of F on u,, ;. It should be noted that for quad equations (d = 1), we can easily
rearrange all the formulae so that to compute symmetries in the m direction. Specifically we have to interchange indices
(Un+i,m+j Qij) — (Un+jm+irQj,i), aS well as the shift operators . and 7, in the definitions (23) and the determining
equations (31-34).

Example5.1. Our first illustrative example is about the symmetries of equation

UnmUn+1,m + Unm+1 Uns1,m+1 + Unsl,mUnm+1 (Unm + Uns1,me1 + 1)+ ¥ =0, (51)

which was first given in [19]. We start our derivations, according to Remark 2.2, with the choice N = d = 1. In this case
(31) and (32) become

(un—l,m + Un-1,m+1 + Un—1,mUn-1,m+1 + Un—1,m+1 un,m+l) (un,m+l + Un,m+1 un+l,m)

T 7 =0, (52)

Up-1,m+1 (1 + un,m) (un,m + Un,m+1 T UnmUnm+1 T Un,m+1 un+1,m+1)
(un,m + Un-1,mUnm T Unm+1 + Unm un,m+1) (um—l,m + Un,m+1 un+1,m) P 0 (53)
_1=0.
(1 + un—l,m+1) Un,m (un+1,m+1 + Un+1,m (1 + Un,m + un+l,m+l))

To make contact with the set notation of the previous sections, U = {ty—1,m, Un,m, Un+1,m} and it is sufficient to consider

g (F-1) -

Uo = {Un—1,m> Un,m> Un+1,m> Un,m+1} and U; = {Un—1,m+1, Unm+1> Un+1,m+1> Un,m}-
Following our strategy in the previous section, we apply to (52) operator 9y, which in this case is just

Un+1,m(Unme1 +1) Un-1,m + Un—1,m+1(Un—1,m + Upm+1 +1)
Un+l,m
e Unm (Un—1,m+1+1)

20,00 = Oy —

Un-1,m?’
Un,m + Un,m+1 (Un,m + Uns1,ms+1 +1)

then the elimination map &7, which boils down to replacing u;,4+1,m+1 and ©;—1,m+1 using relations

UnmUn+l,m + Un+1,mUnm+1 (Unm +1) + ¥ _ Up-1,mUnm T X
)y Upn—-1,m+1=— )
Upnm+1 + Un,m(Un—1,m + Un,m+1 +1)

Up+1l,m+1 = —
Un,m+1 (Uns1,m +1)

and finally we use Ug \ U = {uy, m+1} as a separation variable to find

W+3u+2(0+wx)— A +2u) ) + (1 +u) (u(—u+x)f1,, +ux(l+x)7, — (1 +y)xf1y) =0,
I+u@+2x)r —u(l+wr, +ux(l+x)r, + (y—)()fly =0,

where y = uy—1,m, U= Unm, X = Ups+1,m and 71 = F1(, u, X).
Next we solve equation (52) for 71 (or alternatively we may use (33)). We apply operator 21, which according to Remark
3.1 becomes

Un+1,m+1 + Unsl,m(Un,m + Uns1,me1 +1) Un—1,m+1Unm+1)

@(0 = au - 0 —
) ,m+1 Un+1,m+1 Unp-1,m+1?
o Un,m+1(Un+1,m +1) e Unm+1 + Unm(Un—1,m + Upme +1) "
to the resulting equation, then the elimination map &y, i.e. replace u,+1,,, and u,_1,,, using relations
Unm+1Un+1,m+1 T X Un-1,m+1Unm + Un—1,m+1Unm+1 (Unm +1) + )

Un+l,m = — Up-1,m = — )

)
Un,m + Un,m+1(Un,m + Up+1,m+1 + 1) Un,m(Un-1,m+1+1)

and finally we shift backwards in the m direction, i.e. we apply 9 ~!. After that we use I ! (U \Ugr f)) = {up,m-1} as
separation variable and this yields the following two equations.

(Fu+ph+u(u—n,+A+x)xr, — uy(1+y)fly =0,
(f+u(y +y@+u+ PN+ Wy +p) (—u(1+ WP, + (x— Y, + uy(1+y)f1y) =0.
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So far we have derived a homogeneous system of four linear equations for 71 and its three first-order derivatives. The
matrix of this system is invertible which implies that the only solution is #; = 0. Hence the symmetry cannot depend on
Un+1,m (see relation (22)).

Then we proceed to the second determining equation (53). Following exactly the same procedure as we did above we
conclude that 7_; = 0 as well, and consequently that the symmetry is independent of u,_1,,,. Hence we have shown that
the equation does not admit any symmetry of order one (i.e. depending only on the first order shifts of ), and we have
to proceed to the N =2 case.

Now the first two of the four determining equations (equations (31) and (32) with d = 1 and N = 2) involve only 7 and
7_2, respectively, and have the following forms.

(un—l,m + Un-1,m+1 (1 +Un-1,m+ un,m+l)) - (un+1,m+1 + Un+1,m+1 un+2,m) 2

G (F2) - =0 (54)

(un—l,m+l + Up—1,m+1 un,m) (un+1,m + Up+1,m+1 (1 +Up+1,m+ un+2,m+l))

T () (un—l,m+1 + Un-1,m (1 + Up-—2,m + un—l,m+1)) (un+1,m + Un,m+1 un+1,m) )
_2 -

=0. (55)
(un—l,m +U-2+n,1+m un—l,m) (un+1,m+1 + Un+1,m (1 + Up,m + un+1,m+1))

In this case U s = {tty—2,m, Un—1,m> Un,m> Un+1,m> Un+2,m} and U = U s U{up,me1} and Uy = T (Uf) U {un,m}-
Starting with equation (54) and applying the same procedure, we end up with the following linear system of four
equations for 7 and its first-order derivatives.

ny+tul=l+u(=2+x)+x1+2Q0+wx1x2+2y)) 2 +

I+wn (u(u -2, —uxi(1+ xl)ng1 +uxyixo(1+ )Cz)fzxz +(1+ yl))(fgyl) —

(2= x +uly +y2(y1 +x + 112N 72, =0, (56)

7 (u2x1 (X1 +2x1X%2 —2) = ¥ —2u(x1 + x1%2 + §)) P2 + uxy (uxy — Dxa(1+ x2) 31 P,

+ux+ ) (uyr [+ 0F, =10+ x0T, |+ 11 00= 1Tz, = (L4 32)xR2,, ) =0, (57)

(+u(x+x@+u+ i+ (0o —x+uly+x200+x+x1 )7, -

A+ (L 22y, + (= 0P, = 1A+ Yoy, + 1172(L+ 2P, )] =0, (58)

(u(+wxyy1 +ulx +y1 +x1y0)x +x2) Fo+ uxi 1 (1— uyn) yo (1 + y2)Fa, =

(yr+ 0 (1= x)x P,y + 31 (W + WP, + (=31 + T2, —upr (L +yDF,, | =0, (59)

where y; = up—i m, Xi = Up+im, With i =1,2, and u = uy ;.

The above system can be solved for four of the five first-order derivatives of 7, and we have chosen to solve them for
ngz , ngI , F2,, and fgn . Then one more equation arises from the compatibility of these equations, which is fgyz = 0. Taking
into account the last equation, the resulting system is consistent and has a unique solution. In this way we determine 7
up to an arbitrary function of n and m only. Then we substitute this solution into (54) to find that the arbitrary function
must be independent of m. Hence we can write function 7 as

p Un,m (Unm + DUne1,mUn—1,mUnm + X) (UnmUns1,m T X) ~
2 =

2 n
(Un-1,mUnmUn+1,m — X) (Un,m Un+1,mUn+2,m — X)

Then we focus on equation (55). We can solve this equation in exactly the same way and determine 7_, up to an
arbitrary function of n. More precisely we find that

Un,m (WUn,m + D Un—1,m(Un—1,mUnm + X) UnmUn+1,m + X) A

r-2 =

ne
(Un—1,mUnmUn+1,m — X) Un—2,mUn—1,mUn,m _X)z
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Finally, using relations (22) and the above expressions for 7, and 7_,, we can completely determine the dependence
of the symmetry on variables u,2 ;;, and u,—3 . Specifically we find that

_ (Un,m +DWn-1,mUnm + X) Un,mUn+1,m + X) (RnGn—l,m + ﬁnGn+1,m)

Gn—l,mGn,mGn+1,m

F +H, (60)
where Gy, = Un—1,mUn,mUn+1,m — ¥ and H = H(n, m, Up—1,m, Un,m, Un+1,m) 1S an arbitrary function.

Next we proceed to the second set of determining equations using the general form of function F (60) and relations
(22). Our strategy to analyse these equations is the same and leads to R, = —R,, = c € Rand H = 0. Hence the lowest order
symmetry of (51) is!

Un,m (1 + un,m) (X + Un-1,m un,m) (X + Un,m un+1,m) (un—z,m Up—1,m — Un+1,m un+2,m)

(un—Z,m Un-1,mUn,m — X) (un—l,m Upn,mUn+1,m — X) (un,m Un+1,mUn+2,m — X)

Orlinm = (61)

Finally, in view of our comments at the beginning of this section, we can easily compute the symmetries in the m direc-
tion for equation (51) which actually follow from (61) by changing shifts u,,;;; to U, n+; and then change (u,,m, ¥) to
(—upm—-1,—x-1. 0

Example5.2. Our second example is provided by the quadrilateral equation?

Y(un,m Un+1,m+1 — 1) (um—l,m Up,m+1+ 1) + (un,m Up,m+1+ 1) (un+1,m Up+1l,m+1t 1) =0, yeR;. (62)

The symmetry analysis in the m direction reveals that (62) admits no symmetries of order one. With N = 2, the determin-
ing equations (31-34) lead to

GumG r I'm— AT —Tm—1 QUp m (U +Upm_1)t+2
F= n,mYn,m+1 ( m _'m 1)_ m m-1 n,m\Un,m+1 n,m-1 +H(n,m, un,m)y (63a)
Kn,m Pn,m+1 Pn,m 4 Kn,m
where @ :=1+7, f:=1—y, His an arbitrary function and
Gom = Q+uUpm-1Unm) (ﬁ + QUpn,m-1Un,m), (63b)
Pum = 2@upm—2Unm-1Un,mUnm+1+ABWn,m—2 + Unm) Unm—1+ Un,m+1) + 2, (63¢)
Knm = 2Upm-1UnmUnm+1+ BUnm+1 + Unm—1). (63d)

Then, using equation (8) we find that H corresponds to point symmetries (hence we can choose H =0) and 7,41 = I'ij—1.
Thus, equation (62) admits two generalised symmetries of order two in the m direction generated by

Gn,m Gn,m+l
631 Unpm=—"7 " (un,m+2 - un,m—z) ) (64)
Pn,mPn,m+l
GumG 1 1 B Qupym(u +Upm-1)+2
601 Unm = (_Dm n,mYn,m+1 " 4 E n,m\Un,m+1 n,m-1 ] (65)
Kn,m Pn,m Pn,m+1 2 Gn,mGn,m+l
On the hand, the lowest order generalised symmetries in the n-direction of equation (62) are generated by
2 2 2 2
m u%,m + Un+1,mUn-1,m (un,m - un—l,m) (un,m - un+1,m) (u"'*'z,m - u”—zvm)
0pupm = (=1 and  Opupm= 5 , (66)
Un+1,m T Un-1,m (un—z,m + un,m) (un+1,m + un—l,m) (un,m + un+2,m)
respectively. See also [8, 7]. O

1The Miura transformation Vnom = (Wn—1,mUn,m + Y)Un+1,m! (Un—1,mUn,mUn+1,m — ¥) Maps symmetry (61) to the Bogoyavlensky lattice, [15],
0tvn,m = Vn,m Wn,m + D Wn+2,m Vn+1,m — Vn-1,mVn-2,m)-

2Up to point transformations and renaming of the parameters, this equation was given in [18]. It should also be noted that the particular equation
with y = —1 and its symmetries were studied in [8, 7]. Here we restrict to y > 0 since the equations with opposite values of y are related by the reciprocal
transformation uy, ;, — u;}m.
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Example 5.3. The two-quad equation

Un+1,m+1 — Un,m Un+2,m+1 — Un+1,m

— =0 (67)

Un+1,m+1 (Un+1,m+1 Un,m+1 — Un+1,mUn,m) Un+1,m (Un+2,m+1 Un+1,m+1 — Un+2,m Un+1,m)

was derived in [10]. Here we apply our method to compute the first order symmetries of (67), the determining equations
of which are

(Un+1,m — Unm+1) (Unm+1 — Un—-1,m) _ o (Un+1,m — Unm+1) (Unm+1 — Un-1,m)
_ ’ ' ’ —f =0, J(F1)- ’ : : —F1=0. (68

g (f) 1= -
(Un+1,m+1 — Un,m) (Un,m — Un—1,m+1) (Un+1,m+1 = Un,m) (Un,m — Un—1,m+1)

In these functional equations, functions 7, and 7y depend on U¢ = {un—1,m, Un,m, Un+1,m}, whereas the dynamical vari-
ables are Uy = {tn—2,m,..., Unt2,m} Ultnm+1, Uns1,me1} and Uy = {un_2 ma1,- .-, Unt2,me1} U {tn,m, Uns1,m}, since we are
dealing with a two-quad equation (d = 2).

Applying 9y to the first determining equation in (68) and then &;, we end up with two rational expressions. The
coefficients of uy,m+1 and Uy+1,m+1 in the numerators of these expressions lead to dy,,,, ,, 71 = 0y,_, ,,71 =0and dy,,,,, 71 =
271/ up,m, which clearly imply that 7, = an,mufl'm. Substituting back into the first equation in (68) we find a,, ;41 = an,m-
Hence 71 = a,, u% - In the same fashion, the second equation in (68) yields #; = b, u% - Finally, taking into account (22),
we conclude that the first order symmetries of (67) must be of the form

2
F=uy p(anunsr,m+ bpup_1,m) + f(n,m, uy m).

Then we substitute the above form of the symmetry into (8) and after the use of elimination maps we find that f cor-
responds to point symmetries, a,+1 —2a, + a,—1 = 0 and b, = —a,—». As we are interested in generalised symmetries
we choose f = 0, whereas the solution of the remaining two difference equations can be written as a, = ¢y + ¢;(n+ 1),
by, = —c0—c;(n—1). This implies that equation (67) admits two symmetries of order one, the modified Volterra equation,
OrUnm = ui,m(unﬂ,m — Up-1,m), [10], and its master symmetry, 0 U, = ui,m((” +Dups1i,m— (=D up_1,m). ]

Example 5.4. The last equation to present is

Un,mUn+2,m+1 (un+1,m+1(un+1,m + Un,m+1) + Unsl,m un+2,m) +a=0, (69)

which, as far as we are aware, is new. Starting with symmetries of order one (N = 1), the analysis of the corresponding
determining equations shows that there exist no such symmetries. The same is true for N = 2. It follows then that the
lowest order symmetries in the z direction are of order three, and they are generated by

2
un'm(un+3,m Un+2,mUn+1,m — Un—1,m Un—2,m Un—3,m)

H?c:O Fk (un—3,m Up-2,mUn-1,mUn,m — a’)

0t Unm = (70)

6 Applications, extensions and discussion

We presented a systematic and algorithmic way to compute generalised symmetries of difference equations. Our ap-
proach exploits the theory of integrability conditions, employs Laurent and Taylor formal series of pseudo-difference
operators and formulates algebraically the determining equations. We also presented a strategy to solve certain classes
of functional equations. The main advantage of our approach is that all the necessary equations and tools are given in
terms of the defining function Q of the difference equation (1) and the two invertible and lower triangular matrices L, T,
defined in (23), all of which can be easily implemented in a computer algebra software for symbolic computations.
Integrability conditions provide us also the means to construct conservation laws. More precisely, if we determine
the first K coefficients of the N-th order formal recursion operator using equations (31) with K > N, then we can employ
all these coefficients to derive higher order conserved densities by considering powers of the recursion operator and
computing their residues [14, 15]. To be more specific, if R” = f;’?\),ypN +oee 4 Fép) + fﬁ?é"l + ... is the p-th power of the

T
formal recursion operator ‘R, with p = 1,..., K, then the vectors 7 p) = (fl(f]’\), .. f((;’)_ I N) are determined recursively by
7P = PN (L(FV))- 7PV, p=2,..,K, (71)
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and the residue of R”, i.e. the function f(()p ), is a conserved density.

We can also use the strategy we presented in Section 4 to compute first integrals 9 (J) = J of equation (1), where
J=Jn,m,upm,...,un+r,m) and L = d. Indeed, to find J we have to solve the functional equation 9 (J) — J = 0 which is
the particular case of (45) with A= -1, B=0and a =0, b = L. Since there is no criterion for the choice of L, we have to
start with L = d and work successively as we have done with symmetries (see also Remark 2.2 3). However it would be
interesting to derive necessary and sufficient criteria for the existence of first integrals for d-quad equations.

Here we considered only equations satisfying Requirement 3. This assumption can be relaxed in order to consider
difference equations which can be solved uniquely for at least two values of u not lying on the same horizontal line
and not necessarily at the corners of the stencil on which the equation is defined. In this case we can easily adjust the
definitions of dynamical variables, elimination maps and differentiation to study equations of this kind. However we
cannot remove the second requirement completely as this will lead to difficulties with the elimination of variables.

Finally our framework can be extended straightforwardly to systems of difference equations of the form

QU) (W m, Wnt1,my Wi, ma1,Une1,m+1) =0, i=0,..., d-1, (72)

where u,,,; = (uﬁ%l, sy uﬁl‘?,;ll)), which satisfy conditions

dety :det(@u(ﬂ Q(”) #0, forall (k1) €{(0,0),(1,0),(0,1),(1, 1)},

n+k,m+l

and can be solved uniquely with respect to all values of u involved in (72). Such systems and the d-quad equation (1)
satisfying Requirements 1-4 are related in the following way. Starting with (1) we can set %/ (Q) = Q') and then apply the

. o) . . .
transformation u,, Jrpdmrq = Uy s o for j=0,...,d—1and p, g € Z. Our requirements for function Q guarantee that

the corresponding matrices Ji ; will be invertible and the system can be solved uniquely with respect to all values of u.
This connection readily provides a way to compute symmetries in the m direction for (1) by studying the corresponding
symmetries of the related d component quad system. It would be also interesting to consider quadrilateral systems
which do not necessarily satisfy all these requirements (see for instance [10]), derive necessary integrability conditions
and employ them in the computation of symmetries and conservation laws.
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