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ABSTRACT. We prove the Liouville and superintegrability of a generalized
Lotka-Volterra system and its Kahan discretization.
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1. Introduction

The Kac-van Moerbeke system is a prime example of an integrable system,

described by the differential equations
&y = 2i(Tip1 — Tio1), (i=1,....n), (1.1)
where ¢ = xp41 = 0. It was first introduced and studied, together with some of its

generalizations, by Lotka to model oscillating chemical reactions and by Volterra

to describe population evolution in a hierarchical system of competing species (see
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[11], 15]). By now, many generalizations of (LT have been introduced and studied,
often from the point of (Liouville or algebraic) integrability [2], 8, [9] or Lie theory
[2, 5], but also in relation with other integrable systems [7, 12, 14]. In our recent
study [14], a natural generalization of (LI]) came up in the study of a class of

multi-sums of products: we considered the system

Bi=a (Y =Y x|, (i=1,...,n), (1.2)

J>i J<i
we showed its Liouville and superintegrability and we used it to show the Liouville
and superintegrability (or non-commutative integrability) of the Hamiltonian sys-
tem defined by the above-mentionned class of functions. The system (2] has a
Hamiltonian structure, described by the Hamiltonian function and Poisson struc-

ture, which are respectively given by
n
H:ZZ'Z s {SCZ',SCj}:SCiZL'j R (Z<]) . (13)
i=1
We consider in the present paper the case of a general linear Hamiltonian
n
H = Zaixi s (14)
i=1

with the Poisson structure still given by (3. The differential equations which

describe this Hamiltonian system are given by

SCli.CCZ ZajxjfZajzj 5 (’L:L,Tl) (15)

J>i J<i
When all the parameters a; are different from zero, a trivial rescaling (which pre-
serves the Poisson structure) leads us back to ([[L3]), so the novelty of our study is
mainly concerned with the case where at least one (but not all!) of the parameters
a; is zero, though all results below are also valid in case all the parameters a; are
different from zero. By explicitly exhibiting a set of [(n 4 1)/2] involutive (Poisson
commuting) rational functions, which are shown to be functionally independent,
we show that (4] is Liouville integrable (Theorems and [24). We also exhibit
n — 1 functionally independent first integrals, thereby showing that (LH) is super-

integrable (Theorem 2.5). Finally, we construct for any initial conditions explicit
solutions of (IH) (Proposition 2.6).

In Section [3 we study the Kahan discretization (see e.g. [4]) of (LX), which
we explicitly describe (Proposition [B.1]). We also show that the map defined by
the Kahan discretization is a Poisson map (Proposition [3.2)). Upon comparing the
latter map with the solutions to the continuous system (L), we prove that the
Kahan map is a time advance map for this Hamiltonian system, and we derive
from it that the discrete system is both Liouville and superintegrable, with the

same first integrals as the continuous system (Proposition B.4] and Corollary B.3)).
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We finish the paper with some comments and perspectives for future work
(Section [)).
2. A generalized Lotka-Volterra system

Let n be an arbitrary positive integer. We consider on R™ the generalized

Lotka-Volterra system

n
fi:xiZAijxja (iZl,...,?’L), (2.1)
j=1
where A is the square matrix
0 as as ... ap
—aq 0 as ... Gp
A= —aq —a9 0 . Qp, , (22)
—a1 —as —az ... O

and (aq,...,a,) € R"\{(0,...,0)}. Like most Lotka-Volterra system, it has a linear
function as Hamiltonian, to wit H := a1x1 + asxs + - - - + anxy,; the corresponding
(quadratic) Poisson structure is defined by the brackets {x;,x;} := x;x;, for 1 <
i < j < n. The following elementary lemma, which will play a key réle in the
proof of Theorem below, shows that rescaling the parameters a; by non-zero

constants leads to isomorphic Hamiltonian systems.

LEMMA 2.1. Let cq,...,c, be arbitrary non-zero real constants. Then the lin-

ear change of coordinates x; — x;/c; transforms the generalized Lotka-Volterra

system with parameters ai,...,a, into the generalized Lotka-Volterra system with
parameters aicy, ..., apCr-
PRrROOF. Let y; := x;/c;. Then {y;,y;} = {zi,z;} /(cic;) = i::j = y,y;, for

any i < j, which shows that the change of variables preserves the Poisson structure.
Clearly, in terms of the new variables, the Hamiltonian reads H = ajciy1 + - +
GnCnYn, which is the Hamiltonian of the generalized Lotka-Volterra system with

constants a;c;. O

As an application of the lemma, we have that when the parameters a; are all
non-zero, we can rescale them all to 1, and (2.I)) becomes (2)) (which is system
(3.5) in [14]). In this case, the matrix A is skew-symmetric and so (Z1) is a genuine
Lotka-Volterra system, whose Liouville and superintegrability have extensively been
studied in [I4]. When some of the parameters a; are zero, we get new (non-
isomorphic) systems. As we will show in this section, all these systems are Liouville

and superintegrable.
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For the study of the general case, it is convenient to introduce the functions
v; = arx1 + -+ a;x;, for i = 1,...,n; we also set vp := 0. In terms of these

functions, H = v,, and the system (ZII) can equivalently be written as
SC'i:SCi(Hf’Uif’Uifl), (Z:L,n) (23)

For i < j, one has {v;,z;} = v;z;, and so the Poisson brackets of the functions v;

are given by
{vis v} = vilvy —vi) (i <j)- (2.4)

In particular, remembering that H = v,

Oi:{vi,H}:vi(H—vi) s (25)
fori=1,...,n. If a1as...a, # 0, the functions v; define new coordinates on R™,
since then x = (v — vg—1)/ax for k =1,...,n; moreover, the system (21 totally

decouples in terms of these coordinates since it takes the simple form v; = v;(H—v;),
for i =1,...,n. However, the functions v; do not define coordinates when at least

one of the ay, is zero, because if ap = 0 then vy = vi_1.

With a view to proving Liouville integrability, we define for k=1, ..., [%] the

functions
13 ...T2k—1
Jp = ———— (2.6)
ToX4...T2k
and for k =1,...,[21] the functions
L2k4+1T2k+3 - - - T . .
Vok—1 * * if nis odd,
L2k L2k+2 + - - Tn—1
Fj, = (2.7)
T2k4+2X2k+4 -+ - T . .
Vok * * n if n is even.

L2k+1T2k+3 - - - Tn—1

Notice that Fi,41)/2) = vn = H, the Hamiltonian (L4)). For odd n, we also

introduce the function

C = 13 ...Tp -
ToT4...Tp_1
PROPOSITION 2.2. For any k,l € {1,...,[2]},
{Je, iy = {Fy, B} = {Fy,, H} = 0. (2.8)

Moreover, when n is odd, C is a Casimir function of the Poisson bracket {-,-}.

PRrROOF. First, we notice that for any k =1,..., [%}
0Jy { (1)L, for 1 <i <2k, 2.9)

xia—xi: 0 for2k<i<n.
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It follows that, for k <l € {1,..., [%]}, we have

_ 0Jy 0J; 0Jy 0,
{Je, I} = Z Y%\ B, dr; Oz azi)

1<i<jsn

= > ()R = (1) (1))
1<i<j<2k
+ ) TR =0.
1<i<2k<j<21

This shows the first equality of (2.8)). We show the two other equalities of (28] for
even n. To do this, it suffices to show that {Fy, F;} =0 for 1 < k <1 < n/2 since
F,/2 = H. We set Fy, = vagly, i.e., we define I, by

T2k4+2L2k+4 - - - T

I = .
L2k+1T2k+3 - - - Tn—1

As in ([29), we have that

oI, 0 for 1 <i <2k,
Y T { (=1)'I, for 2k <i<n, (2.10)

from which it follows, as above, that {I;,[;} = 0 and that {Iy,J;} = 0 for all
k,le{l,...,n/2}. Also, for any j € {1,...,n}

{Lk, 25} = a—xi{wia%}z > Tig ~ > TG, |

i=1 1<i<j v j<ign
and using (2.I0) we derive that

L 0 forj <2k, e 0 for j < 2k,
Uk, 25} = { —Iyx; for 2k <j, and {Ii, v} = { —I(vj —vgg) for 2k < j.
(2.11)

It follows from (Z4) and (ZIT)) that, for any k <1 < n/2,
{Fp, Fi} = A{vardi,vali} = var i{I, var} + varlp{vor, I} + I Li{vak, var }
= —voplpli(va — vag) + 0 + vor Ly (vay — vor) = 0.

This shows the second half of (Z8) for n even; for n odd, the proof is very similar
(in this case, H = F{;,11)/2 and one proves as above that {F, F1} = 0 for 1 <k <
I < (n+1)/2). Finally we show that C is a Casimir function (when n is odd). For

j=1,...,n,
", aC oC oC
(Cod = 2 gpteead=| B aigr= 3 ag o
i=1 1<i<y j<i<n
= Y ()M Cx - Y (-1)FCr =0,
1<i<y j<i<n
which shows our claim. O

THEOREM 2.3. Suppose that n is even. Let { denote the smallest integer such

that agy1 # 0 (in particular, £ = 0 when a; # 0) and let A := [%} The 5 functions

Ji,Jay oy Iny Hy Faxpa, Faga, .., Fo_y are pairwise in involution and functionally

independent, hence they define a Liouwville integrable system on (R™,{-,-}).
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PrOOF. We know already from Proposition 2.2l that the functions Ji are pair-
wise in involution, and also the functions Fj (recall that F,,/, = H). We show that
{Jr,Fi} =0fork=1,...,Aand I = A+1,..., 5. To do this, we use the following
analog of ([ZIT]), which is easily obtained from ([29):

N Jrv;  for j <2k,
{J’“’”ﬂ}{ Jyvay  for 2k < j .

It follows that, for the above values of k,l, which satisfy k
{Jk,v21} = Jrvar = 0 (the last equality follows from 2k < 2A
1 < {), and so

< A < [, one has
<

¢ and v; = 0 for

{Ji, F1} = {Jk, v D1} = vor{ I, 1} + Li{ T, v} =0 ;

in the last step we also used that the functions I; and J; are in involution (see the

proof of Proposition 22). This shows that the % functions
J17J27"'7‘])\7H7FA+17FA+27"'7F%*1 (212)
are pairwise in involution.

We now show that these functions are functionally independent. We first do
this when all a; are zero, except for agy; which we may suppose to be equal to 1;
then v; = xy41 = H for ¢ > ¢ and v; = 0 for ¢ < ¢. The Jacobian matrix of the
above functions ([ZI2) with respect to x1,...,x, (in that order) is easily seen to

have the following block form:

A0 0
Jac=10 1 0],

0 ~ B
where A has size A x £ and B has size (§ — X — 1) x (n — £ —1). We show that
this matrix has full rank n/2 (which is equal to the number of rows of Jac). To
do this, it is sufficient to show that A has full rank A and that B has full rank
n/2 — A — 1 (the value of the column vector x is irrelevant). Consider the square
submatrix A’ of A cousisting only of its even-numbered columns. For k& < [ we have
Al = Agor = 0J/Ox9; = 0, since Ji, only depends on x1, ...,z It follows that
A’ is a lower triangular matrix. Moreover, A}, = Ay o = 0Ji/0x9, # 0, hence A’
is non-singular. This shows that rank (A) = rank (A’) = A. Similarly, we extract
from B a square submatrix B’ by selecting from B its even-numbered (respectively
odd-numbered) columns when ¢ is even (respectively odd). For k > [ we have
By, = OF\41/0vox+1420 = O(vartorIagk)/Oxarri421 = O(Tep1Intr)/0Torq1421 =
Xo410In41/Oxort1421 = 0, since Iny is independent of x1,...,xoxyok. How-
ever, By, = To410Ixi1/0%2x11421k # 0, because Inyy, does depend on @oxi142k.
This shows that B’ is a non-singular upper triangular matrix, hence rank (B) =
rank (B’) = n/2 — A — 1. We have thereby shown that if H = z,1, then the
n/2 functions in (ZI2)) are functionally independent; since the rank of the Poisson

structure {-,-} is n, we have shown Liouville integrability in this case.
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We now consider the general case, where several of the a; may be non-zero.

We may still suppose that agy; = 1; as above, a; = --- = ay = 0. Let us view
agy2, - .., 0, as arbitrary parameters and consider the matrix
A 0 0
Jad =0 1 0],
0 ~ B

where A’ and B’ are square matrices which are constructed as in the previous
paragraph. It depends polynomially on the parameters asys,...,a, and we have
shown that the determinant of Jac’ is non-zero when we set all the parameters
ag42, - - -, 0, equal to zero. By continuity, the determinant remains non-zero when
the parameters asyo, ..., a, are sufficiently close to zero, which proves that the n/2
functions in ([ZI2) are functionally independent for such values of the parameters.
In view of Lemma[2.]] any non-zero rescaling of the parameters leads to isomorphic
systems, so for any values of agto,...,a,, the functions in ([2I2]) are functionally
independent. This shows Liouville integrability for any values of the parameters

A1y ey Q. ]

When n is odd, the rank of the Poisson structure {-,-} is n — 1, so for Liouville
integrability we need (n + 1)/2 functionally independent functions in involution.
Recall from Proposition 222l that in this case C' is a Casimir function. The Liouville
integrability is in this case given by the following theorem, whose proof is omitted

because it is very similar to the proof of Theorem 2.3

THEOREM 2.4. Suppose that n is odd. As before, let £ denote the smallest inte-
ger such that ag11 # 0 and let X := [%] The "T'H functions Ji, Ja, ..., Ix, H, Fxq2,
Fyis,..., Fuo1,C are pairwise in involution and functionally independent, hence

2

define a Liouville integrable system on (R™,{-,-}).

We show in the following theorem that the Hamiltonian vector field defined by

H is also superintegrable.

THEOREM 2.5. The Hamiltonian system (IL3) has n — 1 functionally indepen-

dent first integrals, hence is superintegrable.

PrOOF. We denote, as before, by ¢ the smallest integer such that as11 # 0
(in particular, £ = 0 when a; # 0). Suppose first that agq is the only a; which
is different from zero; by a simple rescaling, we may assume ag4+; = 1, so that
H = x¢41. Then the equations of motion (3] take the following simple form:

iy = 0 i=0+1, (2.13)
—x; H i>0+1.
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When ¢ = 0, a complete set of n — 1 independent first integrals of [213)) is given by
H =2y and a; /22, (i =3,...,n). When £ # 0, we can take besides the Hamiltonian
H = 2441 the functions x; /21, (i =2,...,¢) and z12;, (i=0+2,...,n).

In the general case, we partition the set {1,2,...,n} into three subsets (A or

C may be empty):

A = {1,2,...,0},
B = {ilai#0},
C = {ili>{+1anda;=0}.

Since we have treated the case #B = 1, we may henceforth assume that #B > 2.
Notice that each function v; (and in particular H) depends only on the variables

x; with ¢ € B. Tt follows that the differential equations (23],
,fizmi(H—Ui—Ui_l), (iEB),

involve only the variables z; with j € B, so they form a subsystem which is the same
as the original system, but now of dimension m := #B, and with all parameters
a;, i € B different from zero. As explained above (see Lemma[ZT] and the remarks
which follow its proof) this subsystem is by a simple rescaling isomorphic to the
system ([2)), for which we know from [14] that it is superintegrable, with m — 1
first integrals which we denote here by Gi,...,G,,—1. We do not need here the
precise formulas for these functions, but only the fact that they depend only on the
variables x; with j € B; this obvious fact implies that the functions G1,...,Gn-1
are first integrals of the full system ([CH) as well. Consider, for i € A U C the
following rational function:

(H — apy12e41)x5

, 1€A,
Te41
Ki':
‘ H — app12041)07 )
( + Jr)z, ’LGC.
TiTp41

Notice that H — ag11x¢41 is different from zero, because #B > 2. For i € A, we
have that

(InK;) = (In(H —apprze1)) + (In(zi/zeg1))

Agy1T041
= T g =0
H —app1we44

Indeed, #¢11 = xp41(H — vop1 — ve) = o1 (H — agy1@e41). Similarly, for ¢ € C,
we have from (23] and (23] that
(InK;) = (In(H—apr1ze41)) + 2(Inv;) — (In(a;xp41))
= —ap12e41 +2(H —v;) — (H —2v;) — (H — agq412041) = 0.
This shows that the n — 1 functions G1,...,Gm—1 and K;, i € AU C, are first

integrals of (LH]). Recall that the functionally independent functions Gy, ..., Gpm-1
depend on x; with 7 € B only and notice that for : € AUC the variable z; appears
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only in K;. It follows that these n — 1 first integrals of (LE) are functionally
independent, hence (3] is superintegrable. O

Finally, we compute the solution x(¢) of (ZII) which corresponds to any given
O 40,

initial condition z(® = (x Iy, We also introduce the derived functions
vi(t) = a1z (t) + -+ - + a;z(t), for i = 1,...,n. We denote by hg the value of the
Hamiltonian H at the initial condition 2(©) and we denote v\*) := v;(0). Tt follows

from (2.3) and (2.5) that we need to solve
d:z:i

g O =ai)(ho —vi(t) —via (), (I=1,...,n), (2.14)
where
W) o - () . (=1ooom). 0.15)

When vgo) = 0, the latter equation has v;(t) = 0 as its unique solution; otherwise
[I3) is easily integrated by a separation of variables, giving
1 1

vi(t) = 5¥———— or w(t) = o

- , 2.16
e (2.16)

depending on whether hg # 0 or hg = 0. The integrating constants C; and C} are
computed from v;(0) = vfo), which leads to
1 1

1
Ci=———, and C]=—.
o® o O

The functions v;(¢) in [210) have very simple primitives, to wit

/ vi()dt = In (e;;t +ci) .o / s(B)dt =+ C) . (217)

Substituted in (ZI4), which we write now as %(t) = ho — vi(t) — vi—1(t), we

obtain by integration and by using the primitives ([2.1I7) (or [ v;(t)dt = constant in

case vz(o) = 0) and the initial condition z;(0) = zz(-o), the following result:
PROPOSITION 2.6. The solution x(t) of (21) which corresponds to the initial

O 4 O) i given b

1y Tn given by

0) (1 = f(H)ho)(1 + f()ho)

condition z(*) = (x

( .
zi(t) = x; , (i=1,...,n),
(1= F®ho + 28002, ) (1= F(Eho + 2£ (80"
(2.18)
where f(t) = (efbsfﬁ = hLo tanh(22%) when ho (the value of H at z(?)) is different

from zero and f(t) =t/2 otherwise. Also, {0 = alzgo) +otam”.

i A

Notice that when hg # 0, (2.I8)) can be rewritten as
20 ethop2

0 e ) for )

(i=1,...,n).
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REMARK 2.7. When several of the parameters a; in the Hamiltonian function
H are equal to zero, so that H is independent of the corresponding variables x;, the
vector field (L)) is a Hamiltonian vector field with respect to a family of compatible
Poisson structures, always with the same Hamiltonian H. Indeed, suppose that
a; = a; = 0, with 4 < j. Then, in the computation of the vector field & = {zy, H},
k =1,...,n, the Poisson brackets {z;,z;} = — {z;,2;} are not used, so we may
replace {z;,x;} = — {z;,x;} by an arbitrary function f;; of x1,...,z, without any
effect on the vector field. However, in order for the new bracket to be a Poisson
bracket, it has to satisfy the Jacobi identity, which puts several restrictions on the
function f;;. One way to satisfy this restriction is to take f;; := a;jx;x;, where a;;
is an arbitrary constant. In fact, replacing {z;,z;} = x;z; by {z:,z;} = ai;zix;
for all ¢ < j for which a; = a; = 0, the new brackets will still be of the general form
{z;,x;} = bijjx;x;, known in the literature as diagonal brackets; such brackets are
known to automatically satisfy the Jacobi identity [10, Example 8.14] so they are
Poisson brackets. Clearly, any linear combination of these diagonal Poisson brackets
is again a diagonal Poisson bracket, hence all these brackets are compatible. The
upshot is that when k > 2 parameters are equal to zero, then (LE) has a multi-
Hamiltonian structure: it is Hamiltonian with respect to a (g)—dimensional family

of Poisson brackets.

3. The Kahan discretization

In this section we consider the Kahan discretization of the system (ZI]). Let
us recall quickly the construction of the Kahan discretization of a quadratic vector
field @; = Q;(x) (see e.g. [4]). Let ®;(y,2) denote the symmetric bilinear form
which is associated to the quadratic form ; and let € denote a positive parameter,
which should be thought of as being small. Then the Kahan discretization with

step size € is the mapd x; — Z;, implicitly defined by
fi —X; = G(I)i(m, f) . (31)

We refer to this map as the Kahan map (associated to &; = Q;(z)). It is well
known that the Kahan map preserves the linear integrals of the initial continuous
system (quadratic vector field). So, in our case of the generalized Lotka-Volterra
system, its Hamiltonian function H = a1x1 + asx2 + - -+ + anx, is an invariant of
the Kahan map. As we are going to show in this section the Kahan map (of this
system) preserves the Poisson structure as well; we will also see in the next section
that all constants of motion, in particular the ones that appear in Theorems 23]

24 and BA are also invariants of the Kahan map.

WWhen the map which is defined by the discretization is iterated, one often writes it as
207 1y (D)
7 7 .
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We begin with a lemma which provides an explicit formula for the Kahan

discretization of the generalized Lotka-Volterra system.

PROPOSITION 3.1. The Kahan discretization with step size 2¢ of the system
(21) is the rational map K : (x1,...,2,) = (T1,...,3n), given by

_ (1—€eH)(1+€H)
“(1—eH +2ev;_1)(1 — eH + 2ev;) ’

T; =T

(i=1,...,n). (3.2)

PRroOF. Let us write ¥; = a1%1 + - - - 4+ a;¥;, in analogy with the functions v;.
According to (Bl), the Kahan discretization of (23)) (which is equivalent to (21I))
is given by

Ty —x; = exi(H — 0 — 1) + €2;(H —v; —vi—1) , (i=1,...,n), (3.3)
where we have used that H is invariant (H = H). Summing up these equations,
multiplied by a;, for i =1,...,7, we get

ﬁj —V; = G(UjH-i-’ljo — (S]) 5 (34)
where d; is given by
J J
5j = Zalxz(f)z =+ 171',1) =+ Zalii(vz =+ ’Uifl) = 2’Uj’L~)j .
i=1 i=1
The last equality can be proven by an easy recursion on j: on the one hand,
51 = alxlf)l + 0,1:2'1’[)1 = 2’01171, while on the other hand
Gir1 =0 = ajnzi1 (T4 +05) + @& (vipr + ;)
= 2aj+1zj+1f)j + 2aj+1:ij+1vj + 2&?+1£L'j+1ii'j+1 5

and so
Gj+1 = 2aj4125110) + 2a541Tj119; + 205412511 F 511 + 2050,
= 2(vj + aj112511)(05 + aj41%541) = 20541041 -
Solving [B4)) (with §; = 2v;7;) linearly for 7; we get

1+eH
v,
J1—6H+260j

Uj

(3.5)

Substituting this into (33)) leads to

B (H 1+eH 1+eH

i~ Ti = €X; Vi Vil T 7;(H —v; —v;—1)
i «r U1*6H+2€’UZ‘ v 11€H+26’Ui1)+6x( Vi = vi-1)

which can be solved linearly for Z;. It yields the formula (3.2)). O

PROPOSITION 3.2. The Kahan map X, given by (32), is a Poisson map with
respect to the Poisson bracket {-,-}.
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PRrROOF. Recall that the Poisson bracket {-,-} is given by {z;, z;} = z;x;, for
1 < i < j < n. Therefore, we need to show that {Z;,Z;} = &;&;, for 1 <i < j < n.
We set, for k=1,...,n,

A =xp(1—€eH)(1+€H), By = (1 —€eH +2¢evp_1)(1 — eH + 2evy,) ,

so that & = Ay/Bj. Then

(50,7} = AiAj{Bi,Bj} — AiB; {Bi, A;} — BiA; {Ai, B} + BiBj {Ai, Aj}
iy gy — B2R2 .
i

The Poisson brackets in the right-hand side of this equation can be computed using
besides (Z4) the following formulas:

{oo HY = aci(H — v~ i), {05} = {

After some computation, it leads to

{2, 75}

SCi(’Ujf’Uif’Uifl) fOI"L'gj,
—T;v; fori>j.

(1 — 62H2)21‘i$j
1—€eH +2ev;_1)(1 —eH + 2ev;)(1 — eH + 2¢v;_1)(1 — eH + 2¢v;
J J

= $i.%'j 5

as was to be shown.

O

An easy comparison of the solution (ZI8)) to the continuous system and the
Kahan map (32) shows that the Kahan map is a time advance map for the con-
tinuous system, hence preserves all integral curves of the continuous system and
so all constants of motion of the continuous system are invariants for the Kahan
map. Precisely, let z(0) = (xgo), . ,:cslo)) be any point of R™ and let € € R be small
but positive. As above, the value of H at () is denoted by hg. Let t. denote
the unique solution to the equation f(t.) = ¢, where f(¢) is the function given in
Proposition 2.6l With these notations, (ZI8) and B.2]) imply that z;(t.) = :iz(-o). It

leads, in view of Theorems and [Z4] to the following corollary:

COROLLARY 3.3. The Kahan discretization (33) is Liouwville integrable, with
invariants gwen in Theorem[Z.3 (resp. Theorem[2.]]) when n is even (resp. when n

is odd). It is also superintegrable, with invariants given in Theorem [2.0

Let us denote the k-th iterate of the Kahan map (3.2 starting from the initial
condition z(©) = (zgo), . ,z%o)) by 2(*®). Then the relation between the solutions
to the continuous system and the Kahan map can be written as z;(t.) = xgl). Now
notice that t. depends only on z(®) through hg; this implies that the restriction of
X to the integral curve through z(9) is the time t. flow of the continuous system
(restricted to the integral curve through x(o)). Thus, z(? is obtained from z(!) by
the time ¢, flow, and hence from z(9) by the time 2t. flow, () = z(2t.); more
generally, z("™) is obtained from z(®) by the time mt, flow, z(™ = x(mt.). Tt leads

to the following proposition.
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PROPOSITION 3.4. The solution of the discrete system
(1—eH)(1+€H)

T, = , (t=1,..., 3.6
A (1 —eH + 2ev;—1)(1 — €H + 2¢ev;) (i ") (36)
with H =" a;z; and initial condition 2z is given by
1+ehg mp2
J:Z(-m) — 2 (=a)" (3.7)

(ho + v ((Fhym = 1)) (ho + 0 () - 1))

when hq (the value of H at 2(9)) is different from zero. When hg = 0,

(m) _ _(0) L
x, =, . (3.8)
(1 + 2mev§2)1) (1 + 2mev§0))
PROOF. In view of Proposition 2.6]
J:Z(-m) = z;(mt.)
— O (1 = f(mte)ho)(1 + f(mte)ho)
’ (1 — f(mt)ho + 2f(mt6)v§8)1) (1 — f(mt)ho + 2f(mt5)v§0))
(3.9)

When hgy # 0, it follows easily from f(t) = (efht::%)lho and f(t.) = e that ef<ho =
1+hge

Tonc- In turn, we can compute f(mte) from it, namely

1+hge m
1 emteho —1 1 (1_;&) -1

= 7, omt.h =7 m ‘
hg emteho 41 ho (11—222) +1

F(mt.) (3.10)

It now suffices to substitute (BI0) in (3] and to simplify the resulting expression
to obtain (B.7). When hg = 0, we have that f(mt.) = me, since f(t) = t/2.
Substituted in @9) (with hg = 0), we get at once ([BJ). O

4. Conclusion

We presented a new class of generalized Lotka-Volterra systems which are, to-
gether with their Kahan discretizations, Liouville integrable and superintegrable,
and we provided their explicit solutions. Since linear Hamiltonians are always pre-
served under Kahan discretization and since the Poisson structure that we used is
quadratic, it is natural to ask which quadratic Poisson structures on R" are pre-
served by the Kahan discretization of every Hamiltonian vector field with linear
Hamiltonian; in view of what we have shown, the Poisson structure defined by de-
fined by the brackets {z;, z; } := x;x;, for 1 < ¢ < j < n, belongs to this class. The
Hamiltonian systems which are defined by them would then be good candidates
for being Liouville integrable and/or superintegrable. In view of the recent devel-
opments in discretization of polynomial vector fields by polarization ([3]), similar
questions can also be considered for higher degree polynomial Hamiltonian vector
fields.
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